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Real structure Order-one Lepton/quark Fluctuations Spectral action

Real structure

Definition

A spectral triple (A,H,D), with A not necessarily commutative,
satisfies the noncommutative order-one condition if there exists
an anti-unitary operator J on H such that [a, JbJ−1] = 0 and
[[D,a], JbJ−1] = 0 for all a,b ∈ A.

J defines a real structure of KO-dimension k ∈ Z/8 if

J2 = ǫ , JD = ǫ′DJ , Jγ = ǫ′′γJ for p even

where the signs ǫ, ǫ′, ǫ′′ = ±1 are functions of k mod 8:

k 0 1 2 3 4 5 6 7

ε 1 1 −1 −1 −1 −1 1 1
ε′ 1 −1 1 1 1 −1 1 1
ε′′ 1 −1 1 −1
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Matrix-valued spectral triples in KO-dimension 6

We look for matrix solutions of the axioms for (A,H,D, J, γ)
with

J2 = 1 , JD = DJ , Jγ = −γJ , [a, JbJ] = 0 , [[D,a], JbJ] = 0 ,

γ = γ∗ , γ2 = 1 , Dγ = −γD ,

The conditions are implemented step by step and restrict an
initial matrix algebra A eventually to AF .

Requirements

1 H has a separating vector, i.e. there is a ξ ∈ H such that
A ∋ a 7→ aξ ∈ H is injective.

2 (A,H, J) is irreducible, i.e. there is no non-trivial (e 6= 0,1)
projector e ∈ B(H) which commutes with A and J.
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Lemma
1 Let e 6= 1 be a projector in the centre Z (A). Then

eJeJ−1 = 0.
2 Let e1,e2 ∈ Z (A) be projectors with e1e2 = 0. Then

e1Je2J−1 + e2Je1J−1 ∈ {0,1}

Proposition

Let AC be the complexification of A. Then one of the following
cases is realised:

1 Z (AC) = C1.
2 Z (AC) = Ce1 ⊕ Ce2 and e1 = Je2J−1 for the minimal

projectors e1,e2.
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Proposition

Let Z (AC) = C1 and γ a Z2-grading with γAγ−1 = A. Then
γJ = Jγ.

In particular, Z (AC) = Ce1 ⊕ Ce2 in KO-dimension 6.

First steps in the proof:

AC = Mk (C) for some k ∈ N
×

Existence of separating vector implies that H contains
subspace isomorphic to AC ⊗ JACJ−1 = Mk2(C)

Irreducibility implies H = Mk2(C) ∋ x with Jx = x∗

Raimar Wulkenhaar (Münster) The standard model in NCG



Real structure Order-one Lepton/quark Fluctuations Spectral action

Z (AC) = Ce1 ⊕ Ce2

AC = Mk1
(C) ⊕ Mk2

(C) for k1, k2 ∈ N
×

H = H1 ⊕H2 with Hi = eiH

e2 = Je1J−1 ⇒ JH1 = H2 and JH2 = H1

separating vector and irreducibility:

H1 ≃ M(k1 × k2,C) ∋ x and H2 ≃ M(k2 × k1,C) ∋ y

with J(x , y) = (y∗, x∗)

dim(AC) = k2
1 + k2

2 and dim(H) = 2k1k2

separating vector ⇒ k1 = k2 = k .

Conclusion: AC = Mk (C) ⊕ Mk(C) and H = Mk2(C) ⊕ Mk2(C)
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Requirements from particle physics

1 One block of the real algebra A is quaternionic

A = Mk (H) ⊕ M2k (C)
2 The quaternionic block has a non-trivial Z2-grading γ1

The minimal solution of these requirements is
A = M2(H) ⊕ M4(C).

Up to isomorphisms, we have

J
(

x
y

)

=

(

y∗

x∗

)

,

γ = (γ1,0) − J(γ1,0)J−1 ∈ AAop , γ

(

x
y

)

=

(

γ1x
−yγ1

)

with γ1 = diag(12,−12) ∈ M2(H).

The even part Aev of A is

Aev = (H ⊕ H) ⊕ M4(C)
Raimar Wulkenhaar (Münster) The standard model in NCG



Real structure Order-one Lepton/quark Fluctuations Spectral action

Order-one condition

We look for a D which

satisfies the order-one condition

connects the two blocks of the algebra, e1De2 6= 0

We show that this is only possible if Aev is further restricted to
AF .

Let πi(a) = eia. The representations πi are disjoint if there
are no common subrepresentations.

Let T ∈ End(H) with [T ,a] = 0. Then
e1Te2π2(a) = π1(a)e1Te2.

If πi are disjoint, then e1Te2 = 0 = e2Te1.

Same arguments for [T , JbJ−1] = 0. Disjoint πi imply
e1Te2 = 0 = e2Te1.

Conclusion: The πi are not disjoint.
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Proposition

Up to isomorphisms of Aev there is a unique involutive
subalgebra AF ⊂ Aev of maximal dimension which under the
order-one condition permits a connecting D. This solution is the
matrix algebra of the standard model

AF = H ⊕ C ⊕ M3(C) ⊂ M2(H) ⊕ M4(C)

∋











λ 0 0 0
0 λ̄ 0 0
0 0 α β
0 0 −β̄ ᾱ











⊕











λ 0 0 0
0 m11 m12 m13

0 m21 m22 m23

0 m31 m32 m33











The Hilbert space is M4(C) ⊕ M4(C) ∈
(x

y

)

. We have

J
(

x
y

)

=

(

y∗

x∗

)

, γ

(

x
y

)

=

(

γ1x
−yγ1

)
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The Hilbert space is M4(C) ⊕ M4(C). Its elements are
parametrised by elementary fermions:

H ∋





























νR uRr uRb uRg

eR dRr dRb dRg

νL uLr uLb uLg

eL dLr dLb dLg

νc
R ec

R
uc

Rr dc
Rr

uc
Rb dc

Rb
uc

Rg dc
Rg

νc
L ec

L
uc

Lr dc
Lr

uc
Lb dc

Lb
uc

Lg dc
Lg





























We now look for the complete D (not only e1De2) which is even
and satisfies order-one.
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Lepton/quark decomposition

We want to represent D as a matrix acting on HF :

HF = H1⊕H3 , H1 ≃ C
8 ∋











ℓR

ℓL

ℓc
R
ℓc

L











, H3 ≃ C
24 ∋











qR
qL
qc

R
qc

L











with leptons ν,e ∈ C

ℓR =

(

νR

eR

)

, ℓL =

(

νL

eL

)

, ℓc
R =

(

νc
R

ec
R

)

, ℓc
L =

(

νc
L

ec
L

)

and quarks u,d ∈ C
3

qR =

(

uR

dR

)

, qL =

(

uL

dL

)

, qc
R =

(

uc
R

dc
R

)

, qc
L =

(

uc
L

dc
L

)

.
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Write operators on HF as TF =

(

T11 T13

T31 T33

)

with

T11 ∈ M8(C) and T33 ∈ M24(C).

AF , JF , γF diagonal (no 13,31-blocks)

D13 = 0 and D31 = 0 from order-one and DFγF = −γF DF
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Real structure Order-one Lepton/quark Fluctuations Spectral action

diagonal parts of AF :

(q, λ,m)11 =











qλ 0 0 0
0 q 0 0
0 0 λ12 0
0 0 0 λ12











, qλ =

(

λ 0
0 λ̄

)

(q, λ,m)33 =











qλ ⊗ 13 0 0 0
0 q ⊗ 13 0 0
0 0 12 ⊗ m 0
0 0 0 12 ⊗ m











,

with q ∈ H, λ ∈ C, m ∈ M3(C)
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diagonal part of JF :

J11 =











0 0 12 0
0 0 0 12

12 0 0 0
0 12 0 0











◦ CC

J33 =











0 0 12 ⊗ 13 0
0 0 0 12 ⊗ 13

12 ⊗ 13 0 0 0
0 12 ⊗ 13 0 0











◦ CC

where CC means complex conjugation
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diagonal part of γF :

γ11 =











12 0 0 0
0 −12 0 0
0 0 −12 0
0 0 0 12











,

γ33 =











12 ⊗ 13 0 0 0
0 −12 ⊗ 13 0 0
0 0 −12 ⊗ 13 0
0 0 0 12 ⊗ 13











.

γ2
F = 1, γF = γ∗F , J2

F = 1 and γF JF = −JFγF satisfied
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Real structure Order-one Lepton/quark Fluctuations Spectral action

Diagonal part of DF ; from {DF , γF} = 0, [DF , JF ] = 0 and
connecting part:

D11 =











0 Y1 T 0
Y ∗

1 0 0 0
T ∗ 0 0 Y1

0 0 Y t
1 0











, D33 =











0 Y 3 0 0
Y ∗

3 0 0 0
0 0 0 Y 3

0 0 Y t
3 0











,

with Y1 ∈ M2(C), Y 3 ∈ M2(C) ⊗ M3(C) and

T = T t =

(

YR 0
0 0

)

with YR ∈ C

order-one: Y 3 = Y3 ⊗ 13 with Y3 ∈ M2(C)

Physical condition: DF commutes with representation of C

in AF , i.e. with (qλ, λ,0)

leads to Y1 =

(

Yν 0
0 Ye

)

, Y3 =

(

Yu 0
0 Yd

)

Raimar Wulkenhaar (Münster) The standard model in NCG



Real structure Order-one Lepton/quark Fluctuations Spectral action

Cabibbo-Kobayashi-Maskawa matrices

Standard model needs 3 copies of HF .
leptons ν,e ∈ C

3, quarks u,d ∈ C
3 ⊗ C

3

Yν,e,u,d ,R ∈ M3(C) in D

We say that DF ,D′

F are equivalent if D′

F = UDF U∗ for a unitary
matrix U which commutes with AF , JF , γF .

U11 =











diag(V1,V2) 0 0 0
0 diag(V3,V3) 0 0
0 0 diag(V1,V2) 0
0 0 0 diag(V3,V3)











U33 =











diag(W1,W2) ⊗ 13 0 0 0
0 diag(W3,W3) ⊗ 13 0 0
0 0 diag(W1,W2) ⊗ 13 0
0 0 0 diag(W3,W3) ⊗ 13











with Vi ,Wi ∈ U(3)
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Product of spectral triples

A = AM ⊗AF , H = HM ⊗HF , D = DM ⊗ 1F + γM ⊗ DF ,

J = JM ⊗ JF , γ = γM ⊗ γF

with
AM = C∞(M), HM = L2(M,S), γM = γ5, JM = γ2 ◦ CC and

DM = ieµ
aγ

a∇s
µ , ∇S

µ = ∂µ +
1
8
ωab

µ [γa, γb]

ea
µ vierbein, ωab

µ spin connection form:

δabea
µeb

ν = gµν , ∂µeν
a − Γν

µρeρ
a + ωab

µ eν
b = 0

Lichnerowicz formula

D2
M = ∆LC+

1
4

R, ∆LC = −gµν(∂µ∂ν − Γρ
µν∂ρ), R = gµνRµν
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Fluctuations

replace D by fluctuated operator DA = D + A + JAJ−1,
where A = A∗ =

∑

α aα[D,bα]
DA satisfies the same axioms as D
DM ⊗ 1 generates 1-forms G = eµ

aγ
aGµ with

Gµ =
∑

α aα∂µ(bα) ∈ A
γM ⊗ DF generates 1-forms γ5Φ = γ5∑

α aα[DF ,bα]

Φ11 =











0 Φℓ 0 0
Φ∗

ℓ 0 0 0
0 0 0 0
0 0 0 0











, Φℓ =

(

MνCℓφ1 MνCℓφ2

−Meφ2 Meφ1

)

Φ33 =











0 Φq ⊗ 13 0 0
Φq ⊗ 13 0 0 0

0 0 0 0
0 0 0 0











, Φq =

(

MuCqφ1 MuCqφ2

−Mdφ2 Mdφ1

)
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lepton part of DA is:

DA,11 =















iγaeµ
a∇

S,B
µ γ5Φℓ T 0

γ5Φ
∗

ℓ iγaeµ
a∇

S,B,W
µ 0 0

T ∗ 0 iγaeµ
a∇

S,B
µ γ5Φℓ

0 0 γ5Φ
t
ℓ iγaeµ

a∇
S,B,W
µ















with

∇S,B
µ =

(

∇S
µ 0

0 ∇S
µ−2iBµ

)

1Y ,

∇S,B,W
µ =

(

∇S
µ + i(−Bµ − W 3

µ) −i(W 1
µ − iW 2

µ)

−i(W 1
µ + iW 2

µ) ∇S
µ + i(−Bµ + W 3

µ )

)

13

Bµ,W a
µ ∈ C∞(X ) real-valued
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quark part of DA is

DA,33 =















iγaeµ
a∇

S,B,G
µ γ5Φq 0 0

γ5Φ
∗

q iγaeµ
a∇

S,W ,G
µ 0 0

0 0 iγaeµ
a∇

S,B,G
µ γ5Φq

0 0 γ5Φ
t
q iγaeµ

a∇
S,W ,G
µ















with

∇S,B,G
µ =





∇S
µ13 + i((−G0

µ + Bµ)13 − Gµ) 0

0 ∇S
µ13 + i(−(G0

µ + Bµ)13 − Gµ)



 13

∇S,W ,G
µ =





∇S
µ13 + i((−G0

µ − W 3
µ )13 + Gµ) −i(W 1

µ − iW 2
µ )13

−i(W 1
µ + iW 2

µ)13 ∇S
µ13 + i((−G0

µ + W 3
µ ) + Gµ)



13

G0
µ ∈ C∞(X ) real Gµ ∈ M3(C∞(X )) hermitian and traceless

Unimodularity condition tr(A) = 0 ⇒ G0
µ = −1

3Bµ
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The action functional

Fermionic action functional

SF = 〈Jψ,DAψ〉

where ψ = γψ ∈ H+ are Grassmann-valued

Spectral action principle [Chanseddine-Connes]

The bosonic action is a functional only of the spectrum of D2
A.

functional calculus and Laplace transformation

SA = Tr(χ(D2
A)) =

∫

∞

0
dt χ̂(t) Tr(e−tD2

A) ,

with χ(s) =
∫

∞

0 dt e−st χ̂(t)
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Proposition (heat kernel expansion)

Let F be a vector bundle over (M,g). A second-order
differential operator P = −(gµν∂µ∂ν + Aρ∂ρ + B) (locally),
where Aµ,B ∈ End(F), has an asymptotic expansion

Tr(e−tP) ∼
∞
∑

k=0

t
k−p

2

∫

M
dx ak (x ,P) ,

where ak (x ,P) are the Seeley-de Witt coefficients.

inversion of Laplace transformation

SA ∼

∞
∑

k=0

χ k−p
2

∫

M
dx ak(x ,D2

A) ,

χz =

∫

∞

0
dt tz χ̂(t) =

{

1
Γ(−z)

∫

∞

0 ds s−z−1χ(s) für z /∈ N

(−1)kχ(k)(0) für z = k ∈ N
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The Seeley-de Witt coefficients are given in the book of Gilkey,
but expressed in terms of P = ∆F − E , where ∆F is the
connection Laplacian for ∇f = dxµ ⊗ (∂µf + ωµf ). One finds

P = ∆F − E ⇔ ωµ =
1
2

gµν(Aν + gρσΓν
ρσ)

E = B − gµν(ωµων + ∂µων − Γρ
µνωρ)
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The first coefficients are

a0(x ,P) = (4π)−
p
2 tr(id) ,

a2(x ,P) =
1
6

(4π)−
p
2 tr(−Rid + 6E) ,

a4(x ,P) =
(4π)−

p
2

360
tr
(

(5R2 − 2RµνRµν + 2RµνρσRµνρσ − 12∆LC(R))id

+ 60∆F (E) − 60RE + 180E2 + 30ΩµνΩ
µν
)

where Ωµν = ∂µων − ∂νωµ + ωµων − ωνωµ
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Spectral action

SA =
1
π2

(

48χ−2 − cχ−1 + dχ0
)

∫

d4x
√

det g

+
1

24π2

(

96χ−1 − cχ0
)

∫

d4x
√

det g R

+
χ0

10π2

∫

d4x
√

det g
(11

6
R∗R∗ − 3CµνρσCµνρσ

)

+
1
π2 (−2aχ−1 + eχ0)

∫

d4x
√

det g |φ|2

+
χ0

2π2

∫

d4x
√

det g a
(

|Dµφ|
2 −

1
6

R|φ|2
)

+
2χ0

π2

∫

d4x
√

det g
(1

2
tr3(GµνGµν) +

1
2

tr2(WµνW µν) +
5
3

BµνBµν
)

+
χ0

2π2

∫

d4x
√

det g|φ|4
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with

Gµν = ∂µGν − ∂νGµ − i(GµGν − GνGµ) ∈ M3(C
∞(M)) ,

Wµν = ∂µWν − ∂νWµ − i(WµWν − WνWµ) ∈ M2(C
∞(M)) ,

Bµν = ∂µBν − ∂νBµ ∈ C∞(M)

|φ|2 := |φ1|
2 + |φ2|

2 ,
(

Dµφ1

Dµφ2

)

=

(

∂µφ1

∂µφ2

)

+ i

(

W 3
µ − Bµ W 1

µ − iW 2
µ

W 1
µ − iW 2

µ − W 3
µ − Bµ

)(

φ1

φ2

)

and

a = tr(Y ∗

ν Yν + Y ∗

e Ye + 3Y ∗

u Yu + Y ∗

d Yd) ,

b = tr((Y ∗

ν Yν)
2 + (Y ∗

e Ye)
2 + 3(Y ∗

u Yu)2 + (Y ∗

d Yd )2) ,

c = tr(Y ∗

RYR) , d = 4tr((Y ∗

RYR)2) , e = tr((Y ∗

RYR)(Y ∗

ν Yν)) .
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