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Real structure

Definition

A spectral triple (A, H, D), with .4 not necessarily commutative,
satisfies the noncommutative order-one condition if there exists
an anti-unitary operator J on # such that [a, JoJ~!] = 0 and
[[D,a],JbJ~1] = 0foralla,b € A.

J defines a real structure of KO-dimension k € Z/8 if
J2=¢, JD =¢€DJ, Jy =¢"yJ forp even
where the signs ¢, ¢/, ¢’ = +1 are functions of k mod 8:
k]Oo 1 2 3 4 5 6 7]
e |1 1 -1 -1 -1 -1 11
g1 -1 1 1 1 -1 11
g1 -1 1 -1
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Matrix-valued spectral triples in KO-dimension 6

We look for matrix solutions of the axioms for (A, H,D,J,7)
with

J2=1, JD=DJ, Jy=-+3, [aJb)]=0, [D,a],dbd]=0,
y=v*, +¥*=1, Dy=-D,

The conditions are implemented step by step and restrict an
initial matrix algebra A eventually to Ag.

Requirements

© H has a separating vector, i.e. there is a £ € H such that
A > a— af € His injective.

Q (A, H,J) is irreducible, i.e. there is no non-trivial (e # 0,1)
projector e € B(H) which commutes with .4 and J.
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© Lete # 1 be a projector in the centre Z(.A). Then

eJeJ 1 =0.

Q Letes,e; € Z(A) be projectors with e;e, = 0. Then
erJe,J ! +eyde;J € {0,1}

Let Ac be the complexification of .A. Then one of the following
cases is realised:
Oz (Ac) = C1.
Q Z(Ac) = Ce; @ Ce, and e; = Je,J 1 for the minimal
projectors eq, e;.
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Proposition
Let Z(Ac) = C1 and v a Z,-grading with v.4y~1 = A. Then
vJ =Jv.

In particular, Z(Ac) = Ce; @ Ce; in KO-dimension 6.

First steps in the proof:
@ Ac = Mi(C) for some k € N*

@ Existence of separating vector implies that H contains
subspace isomorphic to Ac ® JAcJ ™! = M,2(C)
@ Irreducibility implies H = M, 2(C) > x with Jx = x*

Raimar Wulkenhaar  (Munster) The standard model in NCG



Real structure
0000e0

Z (A((j) = Ce1 @ Cey

@ Ac = My, (C) ® My, (C) for kq, ko € NX

@ H =Hy®Hy with H; = ejH

0e,=Jedt = JHi=Hr,andIH, =H;

@ separating vector and irreducibility:
Hi ~ M(Ky x ko,C) > x and Hy ~M(ky x k1,C) >y
with J(x,y) = (y*,x*)

o dim(Ac) = k? + k2 and dim(H) = 2k;k,
separating vector = k; =k, =Kk.

Conclusion: Ac = Mg (C) & Mg (C) and H = My2(C) & M2(C)
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Requirements from particle physics

© One block of the real algebra A is quaternionic
A = My (H) & M2k (C)
@ The quaternionic block has a non-trivial Z,-grading 1
The minimal solution of these requirements is
A = Mz(H) & My(C).

Up to isomorphisms, we have

30\ - y: ’
v = (m1,0) J(’Vl,o)gyl)e A<“zl(0p>’ 7<§> N (j;:d)

with Y1 = dlag(lz, —12) S MQ(H)
The even part A®Y of A is
A% = (H & H) & My(C)
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Order-one condition

We look for a D which
@ satisfies the order-one condition
@ connects the two blocks of the algebra, e;De, # 0
We show that this is only possible if A is further restricted to
Af.
@ Let mj(a) = eja. The representations ; are disjoint if there
are no common subrepresentations.
@ Let T € End(H) with [T,a] = 0. Then
eiTepymp(a) = m(a)erTes.
@ If 1y are disjoint, then e;Te, = 0 = e, Te;.
@ Same arguments for [T, JbJ~1] = 0. Disjoint 7; imply
ei1Te; =0 =esTe;.

Conclusion: The 7; are not disjoint.
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Proposition

Up to isomorphisms of A there is a unique involutive
subalgebra A € A®¥ of maximal dimension which under the
order-one condition permits a connecting D. This solution is the
matrix algebra of the standard model

.AF =HaeCas Mg((C) C Mz(H) ) M4((C)

A0 O O A0 0 0
5 0 5\ 0 0 @ 0 M1 M2 M43

00 o p 0 mpy; My mog

0 0 —B Q 0 M31 M3z2 M33

The Hilbert space is M4(C) ® M4(C) € (j). We have

) =0 6= (50
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The Hilbert space is M4 (C) @ My(C). Its elements are
parametrised by elementary fermions:

VR | URr Urp URg
er | drr drp dRg
V| Uy Uy Ug

ugeb Rb Ukb Lb
Urg ng Ulq dl_g

We now look for the complete D (not only e;De,) which is even
and satisfies order-one.
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Lepton/quark decomposition

We want to represent D as a matrix acting on Hg:

lr dr
He = Hi®Hs, Hy~C8> jg . Ha~cs | AL
: p
G ar

with leptons v,e € C

_ (VR _(n c VI% c _ V(L:
‘R‘<eR>’“‘(e)’“‘(eQ’“‘(ef)

and quarks u,d € C3

_ (YR _ (UL c _ u%) c _ <UE>
qR <dR>7qL (dL>7qR <d% 7qL dE .
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Write operators on Hg as Tg = T T1s ) it
Ta1 Tss3

Tl]_ S Mg(@) and T33 € M24((C)

@ Ag,Je, e diagonal (no 13,31-blocks)
@ D13 =0 and D3; = 0 from order-one and Dy = —yeDg
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diagonal parts of Ag:

© 0 0 O
[ oqg 0 o (o0
00 0 M\,
G ©ls O 0 0
B 0 q®ly O 0
(q; A? m)33 - O O 12 ® m 0 )
0 0 0 L,@m

withq € H, A € C, m € M3(C)
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diagonal part of Jg:

0 0 1, O
| o 0o o0 1
Ju=14 0 0 o |°¢C
0 1, 0 O
0 0 1, ® 13 0
B 0 0 0 1,91,
=1 1 91, o0 0 0 °oCC
0 1L,®1ly O 0

where CC means complex conjugation
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diagonal part of g:

1, O 0O O
| o -1, 0o o
Y11 = 0 0 1, 0 )
0 0 0 1,
1, ® 13 0 0 0
B 0 -1, ® 13 0 0
a3 = 0 0 ~1,®13 O
0 0 0 1, ® 13

72 =1,v =%, 32 = 1and v Jp = —JpF satisfied
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Diagonal part of Dg; from {Dg,v} =0, [Df,Jg] = 0 and
connecting part:

0 Yi|T © 0 Y3/ 0 O

ou= | Tt v | P |0 oo v |
0 0|Y! O 0 0|Y; O

with Y1 € My(C), Y3 € Mz(C) ® M3(C) and

T=Tt= [ R 7 withvg e

@ order-one: Y3 = Y3 ® 13 with Y3 € M,(C)

@ Physical condition: D commutes with representation of C
in Ag, i.e. with (qx, A,0)

(Y, O [ Yy O
oIeadstoY1_< 0 Ye)’ Y3_< 0 Yd)
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Cabibbo-Kobayashi-Maskawa matrices

@ Standard model needs 3 copies of He.

@ leptons v,e € C3, quarks u,d € C3 ® C®

o YV,e,u,d,R € M3((C) inD
We say that Dg, Df: are equivalent if D = UDgU* for a unitary
matrix U which commutes with Ag, Jg, Ve.

Usr — 0 dlag(V3, V3) 0 0
ne 0 0 diag(V1,V2) 0
0 0 0 diag(V3, V3)
diag(Wl, W2) X 13 0 0 0
Unn — 0 diag(W3, W3) ® 13 0 0
33 0 0 diag(Wi,W,)® 13 0
0 0 0 diag(W3, W3) ® 13

with Vi, W; € U(3
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Product of spectral triples

A=Ay ® Ag , H="Hm ® Hg , D =Dy ® 1 +vw ®Dg,
J=Iu®J, Y= D
with

@ Ay = C>®(M), Hy = L2(M,S), yu = 1°, Iu = +% o CC and
. 1
Dy =ie5y2V5 . V5 =0, + ngb[’}’aa'}’b]
o eg vierbein, wﬁb spin connection form:

Saneled =g, ey — TV el +wiPey =0
@ Lichnerowicz formula
1 v v
D2 = A'—C—i-ZR, A = —g"(0,0, —T4,0,), R=g"Ru
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Fluctuations

@ replace D by fluctuated operator Dy = D + A + JAJ L,
where A =A* =" a,[D,b,]

@ D, satisfies the same axioms as D

@ Dy ® 1 generates 1-forms G = e4+?G,, with
Gu = Y 8adu(ba) € A

@ v ® Dr generates 1-forms v°¢ =% 3" a,[Df, b,]

0 &0 0
By — (Dz 0|0 O o, — MVCE¢1 MVCE¢2
7170 oo o0 |~ 7 ~“Med2  Medy
0 0/00
0 dq13|0 0
bgp— | Pa®la 0 1O O [ MuCqr MiCadr
0 0 00 —Mg¢2 Mg
0 0 |00
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lepton part of Dy is:

indelvs? oy T 0
D . ’75(Dé Iy eavs B 0 0
M T 0 iv2es v Y5y
0 0 75¢t€ i’Yaegv,SjB’W
with
A 0
SB _ P
Vi ( 0 V;-2iB, ) v
TSBW _ Vs +i(-B, —W2)  —i(w!-iw2) 1,
o —i(Wi+iw2) VS +i(-B, +w3)

B, Wg € C*(X) real-valued
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quark part of D, is

in2elViPC® 450, 0 0
5 5P4 Wae“VS W.G 0 0
Mo 0 |Vt 150
0 0 ST B VAV
with
e VS13 +i((—GY + B,)1s — G,) 0 .
= 3
a 0 vglg +i(—(GY +B,)13 — G,)
SSWG_ VS1s +i((—GY —~W2)15 + G,) —i(WE—iW2)1g .
I - . . .
—i(Wh+iw?2)1s Vils +i((-=GJ +W2) +G,)

GY € C=(X) real G, € M3(C>(X)) hermitian and traceless
Unimodularity condition tr(A) =0 = Gg = —1B,
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The action functional

Fermionic action functional

Sk = (39, Da?)
where ) = v € HT™ are Grassmann-valued

Spectral action principle [Chanseddine-Connes]

The bosonic action is a functional only of the spectrum of D2.

functional calculus and Laplace transformation
> 2
Sa = Tr(x(DR)) = [~ dt 2(0)Tr(e™®%).
0

with x(s) = [5° dt e St%(t)
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Proposition (heat kernel expansion)

Let F be a vector bundle over (M, g). A second-order
differential operator P = — (90,0, + A0, + B) (locally),
where A*, B € End (), has an asymptotic expansion

Tr(e®) ~ 3t / dx ay (X, P) ,
k=0 i

where ax(x, P) are the Seeley-de Witt coefficients.

inversion of Laplace transformation
o0

Sa~ ) Xkp / dx ax(x,D3) ,
ko - /M

oo 1 (®dssZly(s) firz ¢ N
_ [Tty = T
Xz /0 X(t) { (—1)*x®)(0) firz=k e N
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The Seeley-de Witt coefficients are given in the book of Gilkey,
but expressed in terms of P = AF — &£, where AF is the
connection Laplacian for Vf = dx* ® (0,f + w,f). One finds

1
P=AF-—¢ < wy = ng(A” +977T7,)
£ =B - 0" (wuwy + Opwy, — I'fwwp)
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The first coefficients are

ao(x,P) = (4m)~ ztr(id) ,
]

a,(x.P) = ¢ 47)”ztr(—Rid + 6¢) ,

p
4r)~2 :
as(x,P) = %tr((SR2 — 2R, R"™ + 2R, ,,R"" — 12A"(R))id

+ 60AF(£) — 6ORE + 1802 + 309, Q)

where Q,, = 0w, — Oywy + wWyuw, — wywy,
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Spectral action

Sp = i(48X_2 —Cx-1+ de /d4x \/detg
7T
(96x_1 — Cxo0 /d x y/detgR
d4 d tg 1R *R* - 3C cHrree
10 2 X € 6 Qv po >
s (-2ax1 +exo) [ d'x V/etg jof
1
-5 /d4x J/detg a(|DM¢\2 . 6R|¢\2)

2 1 5
£Xo / d“x \/detg tr3(GWG‘“’)+—trz(WWW’“’)+ ~B,.,B" )

2
+—2 d*x \/detg|o[*
27

1
242




with
G, = 9,6, — 9,6, —i(G,G, — G,G,) € M3(C>®(M)),
W, = 9,W, — W, —i(W,W, — W,W,) € Mp(C>®(M)),
B = 8,B, — 8,B, € C*(M)
82 == [$1]* + |¢2|? |
(o) = (o) =1 (e s e ) ()
D¢z Ou2 Wi —iw2 —W3—-B,/) \¢2

and

a=tr(Y Y, + Y Yo +3YYy + YiYq),
b = tr((Y;Y,)? + (Y& Ye)? + 3(Yo Vo) + (YaYa)?) .
C=U(YaYR), d=4u((Y3Yr)), e=t((YAYR)(Y;Y.)).
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