Index and secondary index theory for flat bundles with
duality

Ulrich Bunke and Xiaonan Ma

ABSTRACT. We discuss some aspects of index and secondary index theory
for flat bundles with duality. This theory was first developed by Lott [21].
Our main purpose in the present paper is provide a modification with better
functorial properties.

1. The functor L,

1.1. Introduction and summary. The main object of this section is func-
tor L. from the category 7 op of topological spaces and continuous maps to the
category of Zs-graded rings and ring homomorphisms. For a space X the elements
of the ring L(X) are locally constant sheaves of (anti)symmetric forms over R con-
sidered up to isotropic reduction. The ring operations are induced by the direct
sum and the tensor product.

It turns out, that the functor L. factors over the homotopy category h7 op.
For a path-connected space X the ring L.(X) only depends on the fundamental
group of X (see Subsection 1.3 for more details).

On nice spaces a locally constant sheaf of finite-dimensional R-modules gives
rise to a real vector bundle. The form on the sheaf induces a form on the bundle.
This observation leads to a natural transformation from L. to the complex K-
theory functor K°. In this way we consider L. as a refinement of K°.

Given a K-oriented morphism 7 : X — B in 7op, say a locally trivial fi-
bre bundle with fibre a closed even-dimensional manifold which admits a vertical
Spinc-structure, there is a wrong-way homomorphism of groups 7T!Sp e KO(X) —
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K°(B). Analytically, it is given by the index of the twisted fibrewise Spin.-Dirac
operator.

If the fibres are merely oriented, then we can use the twisted fibrewise signa-
ture operator in order to define the wrong-way homomorphism 7" : K9(X) —
K°(B). The interesting point about the functor L is now that 7" can be lifted to
a group homomorphism 71 : L (X) — L. (B). It is essentially given by taking the
fibrewise cohomology of the locally constant sheaf on X. This yields a locally con-
stant sheaf on B. Using fibrewise Poincaré duality we define the (anti)symmetric
form on the cohomology sheaf.

It turns out, that this wrong-way map is functorial with respect to iterated
fibre bundles and natural with respect to pull-back of fibre bundles. A similar
functor LE°" was previously defined by Lott [21] using a smaller equivalence
relation so that L.(X) is a quotient of LE°*(X). The corresponding wrong-way
maps rlkott are not functorial with respect to iterated fibre bundles.

In Sections 1, 2, 3, we will denote X as a topological space, and M as a
manifold.

1.2. Definition and first properties.

1.2.1. Definition of L.. We now give in detail of the definition of the con-
travariant functor L. from the category 7 op of topological spaces and continuous
maps to Zs-graded rings.

Let X be a topological space. If R is a ring and F is a R-module, then the
constant sheaf of R-modules £y with stalk E is the associated sheaf to the presheaf
which is associates to any non-empty open subset U C X the space of sections M
such that the restriction to subsets is given by the identity. A sheaf F of R-modules
over X is called locally constant, if there is an open covering {Uy} of X such that
Flu, is a constant sheaf for all \.

If R is a field, then we say that F is a locally constant sheaf of finite-
dimensional R-modules, if there is a suitable open covering such that Fjy, is
the constant sheaf with the stalk being a finite-dimensional vector space over R.
If F is a locally constant sheaf of finite-dimensional R-modules over X, then let
F* := Homp(F, Ry) be its dual. If ¢ : F — £ is a homomorphism between two
such sheaves, then we have an adjoint ¢* : F* — £*.

(From now on we consider the case R := R. Let € € Zy = {—1,1}. An e-
symmetric duality structure on F is an isomorphism of sheaves ¢ : F = F*
satisfying ¢* = eq.
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In order to define the group L.(X) we first consider an abelian semigroup
L<(X) with zero element. Then we construct Lc(X) by introducing a relation. An
element of the semigroup L. (X) is an isomorphism class of a pair (F, ¢) consisting
of a locally constant sheaf of finite-dimensional R-modules and an e-symmetric du-
ality structure ¢. The operation in L.(X) is given by direct sum of representatives

(F,q)+ (F,.¢{)=(FoF,qad).

The relation on ﬁE(X ) is generated by lagrangian reduction. If i : £L — F
is an inclusion of a locally constant subsheaf, then we can consider the sheaf
L+ := ker(i* o q). This sheaf is again a locally constant subsheaf of F. The sheaf
L is called lagrangian, if it is isotropic, i.e. £ C L1, and coisotropic, i.e. L+ C L.

We say that the element (F,q) is equivalent to zero by lagrangian reduction,
(F,q) ~ 0, if it admits a locally constant lagrangian subsheaf. The equivalence
relation on ﬁe(X ) is now the minimal equivalence relation which is compatible
with the semigroup structure and contains lagrangian reductions.

DEFINITION 1.1. We define L (X) := L (X)/ ~.

The class of (F,q) in L.(X) will be denoted by [F, q].

LEMMA 1.2. L(X) is a group.

ProOOF. We have [F, ¢|+[F, —q| = 0. Indeed, consider the diagonal embedding
F — FoF. Its image is a locally constant lagrangian subsheaf of (F&F, ¢®—q). O

The Zs-graded ring structure L.(X) ® Lo (X) — Lee(X) is induced by the
tensor product:
Veve
Vee

The sign-convention is made such that later we have a natural transformation of
rings from L to complex K-theory K°.

(F.qdlF,q] = (FoF,q0q].

If f:Y — X is a morphism in Zop, then f*: L. (X) — L. (Y) is defined by
f*F,ql = [f*F, f*q]. Tt is easy to check, that f* is well-defined. Furthermore, it
follows from the fact that we work with locally constant sheaves, that the map f*
only depends on the homotopy class of f. Therefore, L factors over the homotopy
category h7 op in which maps are considered up to homotopy.

Remark: A version LE°!(X) of this ring was first introduced by Lott [21]. His
definition differs from ours since our relation ”lagrangian reduction” is replaced
by ”hyperbolic reduction” in the definition of Lott. Here a pair (F,q) is called
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hyperbolic if there is an lagrangian subsheaf £ C F such that this embedding
extends to an isomorphism (£ & L*, qean) = (F, q), where

(0 idg
qC“”"(mdﬁ 0 )

In particular, L.(X) is a quotient of LLo%*(X).

1.2.2. Some simple properties. In the definition of the functor L. we tried to
generate the equivalence relation in a certain minimal way. This simplifies the
check of the well-definedness of a transformation out of L.(X) which is given on
representatives. In order to check the well-definedness of a transformation with
values in L.(X) it is useful to know some list of further relations which hold in
L.(X).

Let (F,q) be as above. If N € End(F), then we define its adjoint with respect
togby N':=q 'oN*oq.

DEFINITION 1.3. A Z-grading of (F,q) of lengthn € Z is a semisimple element
N € End(F) such that N has integral eigenvalues in {0,...,n} and N' = n —
N. We set F* := ker(N — k). An element v € End(F) is called a compatible
differential, if it is of degree one with respect to the grading, v’ =0, and v/ = —v,
i.e. q(vx,y) + q(x,vy) =0 for z,y € F.

If (F,q) has a Z-grading of length n, then it is the sum of the subsheaves F*.
The duality pairs F* with Z7~*. If it has in addition a compatible differential
v, then we can consider the cohomology H := ker(v)/im(v). It is again a locally
constant sheaf of finite-dimensional R-modules with an induced duality structure
g and Z-grading of length n.

LEMMA 1.4. (1) If (F,q) admits a Z-grading of length n, then in L¢(X)
we have

0 n odd
7.ql = { [.7:"/2,q|fn/2} n even
(2) If (F,q) admits in addition a compatible differential, then in L.(X) we
have

[-7:7(]] = [quH] :

PROOF. In order to show the first assertion note that for k£ < n/2 we can split
off summands of the form (F* @ F "‘k,q| FhgFn—k). These summands represent

trivial elements of L (X), since they contain the Lagrangian subsheaves F* C
]:k ) ]:n—k_

In order to show the second assertion first note that —[H, qx| = [H, —qn]-
Hence [F,q] — [H,qn] = [F ®H,q® —qp]. Let i : ker(v) — F @ H given by i(z) =
x @ [x]. Then im(¢) is a locally constant Lagrangian subsheaf of (F & H, ¢ ® —qx).
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Therefore, [F ® H,q D —qn] = 0. a

Let (F*F)i=o...nt+1 be a decreasing filtration of F with F'F = F and
FHlEF = 0. We obtain a dual filtration (Fl}"*)lzo’,__nﬂ by setting F'F* =
Ann(FPHUF) = {z € Fra(y) = 0, forany y € F*TULF}) Let Gr¥(F) =
FkF/F*1F. We have a natural isomorphism Gr(F*) 22 Gr(F)* which identifies
Gr*(F)* with Gr" =% (F*).

DEFINITION 1.5. A compatible decreasing filtration of (F,q) of length n is
a decreasing filtration (Fk;]:)k:()’”"n+1 by locally constant subsheaves such that
q:F — F* preserves the filtrations.

Given a compatible filtration of (F,¢) we obtain an induced e-symmetric du-
ality structure Gr(q) : Gr(F) — Gr(F*) = Gr(F)*.
LEMMA 1.6. In L.(X) we have [F,q] ~ [Gr(F), Gr(q)].

PrOOF. Note that [Gr(F),Gr(g)] has a Z-grading of length n. In view of
Lemma 1.4, (1), it suffices to show that
0 n odd
F.q] = n
7l { [Gr /2(.7:),Gr(q)|Grn/z(f)] n even

By the following procedure we can decrease the length of the filtration by two.
Note that

[F.q = [F ® (Gr°(F) & Gr"(F)), 4 & qaeo(myoaem (7)) -

We introduce the Z-grading of length 2 on (F&(CGr®(F)@Gr™ (F)), 4Dq|Gro(F)aGrn (F))
such that Gr™(F) sits in degree zero, F is in degree one, and Gr’(F) is in degree
two. There is a compatible differential v given by the inclusion Gr™(F) — F and
the negative of the projection F — Gr’(F). Using Lemma 1.4, (2), we have

[F @ (Gr(F) @ Gr™(F)), ¢ @ giaromsarm )] = [F 4]
where 7/ = F1F/F"F, and ¢ is the induced e-symmetric duality structure. Note
that (F',q’) has an induced decreasing filtration of length n — 2.

Now we iterate this procedure. If n is odd, then it terminates at 0 € L.(X),
and if n is even, then we finally obtain (Gr™/2(F), Gr(q)Grm/2(5))- O

Let Z C F be an isotropic subsheaf. Then we can consider the locally constant
qzL

sheaf Fr := T+ /Z. Furthermore, we let g7 : Fr — Fj be given by 7+ = F* —
(Z4)*. Then g7 is an e-symmetric duality structure on F7.

DEFINITION 1.7. We call (Fz,qz) the isotropic reduction of (F,q) by T.
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LEMMA 1.8. In L. (M) we have [F,q] = [Fz, q7]

PRrROOF. We consider the filtration of length two on F such that 7 := F2F,
T+ := F'F. Then we can identify (Gr'(F), Gr(q)ar (7)) = (Fz,q7). We now apply
the Lemmas 1.6 and 1.4, (1). O

1.3. Computation of L.(X).

1.3.1. Definition of L.(G). Let G be any group. We define a Zs-graded ring
L(G). First we define the abelian semigroups iE(G), € € Zo, which consists of
isomorphism classes of tuples (F,q, p). Here F is a finite-dimensional real vector
space, q : F' — F* is an e-symmetric duality structure, and p: G — Aut(F,q) is a
representation of G which is compatible with ¢, i.e. ¢ : FF — F* is G-equivariant,
where G acts on F* by the adjoint representation p* given by p*(g) = p(g~1)*.
The operation in IA/G(G) is induced by direct sum of representatives.

We obtain L.(G) as the quotient of L.(G) with respect to the equivalence
relation generated by lagrangian reduction. First we declare that (F, g, p) ~ 0,
if there exists a G-invariant lagrangian subspace L C F', i.e. a G-invariant isotropic
subspace such that L+ = L. Then we extend ~ to the minimal equivalence relation
on ﬁE(G) which contains lagrangian reduction, and which is compatible with the
semigroup structure. Let [F, g, p] denote the class in L.(G) represented by (F, g, p).

Let (F,q,p) be a generator of L.(G) and i : L — F be the inclusion of a G-
invariant isotropic subspace. Then L+ is G-invariant, and the quotient L* /L =: Fy,
carries an induced e-symmetric form qr and a representation py .

DEFINITION 1.9. We say that (FL, qr, p1,) is the isotropic reduction of (F,q, p)
with respect to L.

LEMMA 1.10. In L.(G) we have [F,q,p] = [FL,qr, pL]-

Proor. We consider (F'® F,,q® —qr, p® pr,). This tuple represents the zero
element in L.(G) since it contains the invariant lagrangian subspace which is the
image of Lt — F @ Fy,, x — x @ [z]. Thus [F,q,p] — [Fr,q5,p1] = 0. a

The ring structure is given by

Ve

F,, .FI,I7/:\/E F®F,,®/,®/.

[Fq,p e [F',q, p'] \@[ 1®¢,p@p]

If X is path-connected, then L.(X) & L.(m1(X,2)) for any base point x € X.
Furthermore, if f : G’ — G is a homomorphism of groups, then there is a natural
ring homomorphism f* : L.(G) — L.(G’) given by f*[F,q,p] = [F,q,po f].
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1.3.2. Classification of irreducible e-symmetric forms. Let (F,p) be an irre-
ducible representation of GG. In the following we classify the invariant e-symmetric
duality structures on (F,p). We distinguish various cases, and in each case we
define a Zs-graded group A(F, p) by the following rule. A°(F, p) is trivial, if (F, p)
does not admit an e-symmetric form. If it admits one isomorphism class of such
forms, then we set A¢(F, p) := Zs. In the remaining case it admits two isomorphism
classes, and we set A¢(F, p) := Z. The group A¢(F, p) can naturally be interpreted
as the part of L.(G) which generated by triples with underlying representation of
the form (FF® W, p® 1), where W a finite-dimensional real vector space.

If ¢, p are two G-equivariant duality structures on F', then p~toq € Autg(F).
Thus there exists A € Autg(F) such that p = ¢*, where ¢*(x,y) = ¢(\z,y).

We call (F,p)

e real, if Endg(F) 2 R,
e complex, if Endg(F) = C and

~

e quarternionic, if Endg(F) 2 H

as algebras over R. By Schur’s lemma, every nonzero element in Endg(F) is in-
vertible and hence Endg(F') is a division algebra over R. By Frobenius’ Theorem,
Endg(F) must be one of the above three possibilities.

The real case

In this case A € R*. If A > 0, then ¢ and p are isomorphic, namely p(x,y) =
q(\f)\x, \f)\y) If A < 0, then p and ¢ are not isomorphic. Thus given a real represen-
tation (F, p) which admits an e-symmetric duality structure g, then € is determined,
and there are two isomorphism classes represented by (F,q, p) and (F, —q, p).

We define the Zs-graded groups
A(F,p):==Z&0 if e=1,
A(F,p):=0®Z if e=—1.
If G is compact, by [13, §2.6, Prop.6.5], € must be 1.
The complex case

In this case there is a unique up to sign I € Autg(F) satisfying I? = —1. For
X € Endg(F) we define X7 := ¢~ o X* o q. Then (I9)? = —1, and therefore we
distinguish two subcases:

e case Co: I1=1
e case C_: J9=—1.
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case C,: In this case q(ux,y) = q(x, py) for all u € Endg(F). There exists a root

VA € Autg(F), and we can write p(z,y) = ¢(v/Az, v/ Ay). Thus p and q are isomor-
phic. We conclude that given (F, p) in case C; admitting an e-symmetric duality
structure ¢, then € is determined and there is one isomorphism class represented

by (F,q; p).
We define the Zs-graded groups

A(F,p) :=Zs®0 if e=1,
A(F,p) =0®0Zy if e=-—1.

case C_: In this case q(Ix,y) = —q(x,Iy) = —eq(Iy,x). Thus if ¢ is e
symmetric, then ¢! is —e-symmetric. If p and ¢ are e-symmetric, then we write
XA =a+bl and p = aq + bg’ in order to conclude that b = 0. Moreover, ¢ is
isomorphic to p exactly if a > 0. If (F, p) admits an e-symmetric duality structure
q, then it also admits an —e-symmetric duality structure. The isomorphism classes
are represented by (F,q, p), (F,—q,p) for € and (F,q’,p) and (F,—q’, p) for —e.

We define the Zs-graded group
A(F,p) =Z&Z .

The quarternionic case

Let S? C Im(H) be the unit sphere of complex structures. The R-linear invo-
lution X ~— X9 acts on Im(H) and restricts to an involution of S?. We distinguish
the following three cases

e case Hg: The involution is trivial.
e case H,: The involution is non-trivial but has a fixed point on S?
e case H_: The involution has no fixed points on S? .

case H_: In this case X? = —X for any X € Im(H). We write A = a + bl for
some I € S2. Then the same discussion as in the case C_ shows the following. If
(F,p) admits an e-symmetric duality structure ¢ in case H_, then it also admits

an —e-symmetric duality structure. The isomorphism classes are represented by
(F,q,p), (F,—q,p) for e and (F,q",p) and (F,—q!, p) for —e.

We define the Zy-graded group
A(F,p)=Z&Z .

case Hp: We can write A = a + bl with 1?7 = I. The same discussion as in case
C shows the following. If (F, p) admits an e-duality structure ¢ in case Hy, then
e is determined. There is one isomorphism class represented by (F, g, p).
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We define the Zs-graded groups
A(F,p):=Za®0 if e=1,
A(F,p) =00Zy if e=-—1.

case H : In this case we can write A = a+bl+cJ, where I? = [ and J? = —J.
Writing p = aq +bg’ +cq”, as ¢’ is a —e symmetric duality structure, we see that
¢ = 0. On the one hand we argue as in the case C; that p and ¢ are isomorphic.
On the other hand (F,p) also admits the —e-symmetric duality structure ¢”/. If
(F,p) admits an e-symmetric duality structure ¢ in case H, then it also admits

an —e-symmetric duality structure. The isomorphism classes are represented by
(F,q,p) for e and (F,q”, p) for —e.

We define the Zs-graded groups
A(F,p) = ZQ EBZQ .

1.3.3. Computation of L.(G). Let Rep®(G) be the set isomorphism classes of
finite-dimensional irreducible representations (F, p) of G on real vector spaces ad-
mitting an e-symmetric duality structure. We set Rep®(G) := Rep ™ (G)URep* (G).
For each (F, p) € Rep®(G) we fix one e-symmetric form g.

THEOREM 1.11. We have an isomorphism of Zy-graded groups

Prc= P AF.

€€l (F,p)€Rep*(G)

Here if (F,p) € Rep ' (G) NRep' (G), we only count once in the right side.

PROOF. Fix € € Zy and a generator (V,p,o) of L.(G).

LEMMA 1.12. If (V, p, o) has no invariant isotropic subspace, then it is isomor-
phic to a direct sum @ r, p)erepc(c)n(F p)(F, q, p), where n(F, p) € Z is non-zero
for at most finitely many (F, p). Furthermore, n(F,p) € {0,1} if A°(F,p) = Zo,
and in the case AS(F,p) = Z we use the convention that —n(F,q,p) stands for
TL(F, —q, p)

PROOF. Leti: W — V be a minimal G-invariant subspace. Then there is a G-
invariant decomposition V =W @W. In fact, WNW+ = 0 since W was assumed
to be minimal and it cannot be isotropic by assumption. Iterating this argument
replacing V by W+ we obtain the required decomposition into irreducibles.

The multiplicity of (F,p) with A¢(F,p) = Zs can not be greater than 1. If
there would be two summands then (F, ¢, p)®(F, g, p) admits an invariant isotropic
subspace W ={z@®I(x) |z € F} C F@® F, where I € Autg(F) is an isomorphism
such that ¢(Iz, I'y) = —q(z,y) for any z,y € F.
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If A<(F,p) = Z, then either (F,q, p) or (F,—q, p) can occur with positive mul-
tiplicity. If they occurred both, then the sum (F, g, p) ® (F, —q, p) would admit the
invariant isotropic subspace W :={z @z |z € F} CF & F. O

LEmMA 1.13. If (V,p,0) does not admit an invariant isotropic subspace, then
the multiplicities n(F, p) are uniquely determined.

PROOF. Assume that (V,p, ) = @ p,p)creps () (EFs p)(F, ¢, p) = B (F,p)cRep (G)
n(F, p) (F,q, p) are two decompositions. Consider (F, p) € Rep®(G) with n(F, p) #
0 and the inclusion i : sign(n(F, p))(F,q,p) — (V,p,0) given by the first decom-
position. Then one can check that there is a summand (F”,¢’, p’) of the second de-
composition such that the composition of ¢ with the projection onto this summand
is an isomorphism. Therefore we can split off a summand sign(n(F, p))(F, g, p) from
both decompositions. Repeating this argument finitely many times we obtain the
assertion of the lemma. m|

LEMMA 1.14. Isotropic reduction in stages can be combined to a single isotropic
reduction.

PROOF. Fix a generator (F,q, p). Given an invariant isotropic subspace L C F
we form the reduction (Fr,qr,pr). If N C Fp, is an invariant isotropic subspace,
then we further form ((Fz)n, (¢z)~ (o) n). The preimage N of N under L+ — Fy,
is isotropic and G-invariant. There is a natural isomorphism

(Fysan:rx) = ((Fo)n, (q)ns (pr)n) -

O
So given (F, g, p) the possible maximal isotropic reductions are parameterized by
maximal invariant isotropic subspaces.

LEMMA 1.15. Let L,N C F be two mazximal isotropic invariant subspaces.
Then the corresponding reductions (Fr,qr,pr) and (Fn,qn,pN) are isomorphic.

PrOOF. First of all L N NV is an invariant isotropic. After reduction by LN N
we can assume that LN N = 0.

We now show that (L + N)L N (L+ N) =0.

We claim that NNL+ = 0. In fact L+ NNL* would be isotropic and invariant.
Since L was maximal, we conclude L+ NNL+t =L. Thus NNLt c NNL=0.

We have (L+ N)* = Lt NN+ Let +n € (L+N)N(L+N)*. Since I € L+
we conclude n € L+, too. By the claim above n = 0. Interchanging the roles of L
and N we also conclude [ = 0.
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Thus (L+N)@(L+N)+ = F,so L+ = L& (L+N)*. Therefore we can decom-

pose (F,q,p) = (L+N,qrsn, pren) S (L+N)*Y, giny s, p(p+n)+)- The second
summand is now naturally isomorphic to both, (Fr,qr, pr) and (Fy,qn,pn). O

Given a generator (V, p, o), then we have well-defined multiplicities (v, o) (F) p)
€ A(F, p) given by any maximal isotropic reduction of (V,p, o). One easily checks
that these multiplicities are additive, satisfy n(y,_p - (F, p) = —n(v,p,0)(F, p) and
Nv,p,o)(F,p) = vy pr o) (F p) for any isotropic reduction. They therefore define

the isomorphism
Pre—- H AFp.

€E€Zo (F,p)€Rep®(G)

This finishes the proof of the theorem. m|

1.4. The natural transformation to K-theory.

1.4.1. The bundle-construction. By 7T op,,.; we denote the full subcategory
of Top of paracompact metrizable topological spaces. Let K°(X) be the complex
K-theory functor. We construct a natural transformation b : L. — K of functors
from 7 op,,.; to rings.

A locally constant sheaf of finite-dimensional R-modules on X gives rise to a
locally trivial real vector bundle bundle(F) in a natural way. We will describe
bundle(F) by providing the local trivializations and the transition maps. Let
x € X and U C X be a neighborhood of z such that the restriction F|;; isomorphic
to the constant sheaf 7, , where F, denotes the stalk of F at x. Then we have
a local trivialization bundle(F)|y = U x F,. Consider another point 2’ € X and
the corresponding local trivialization bundle(F)y» = U’ x F,s of this type such

that U N U’ # 0. The isomorphism

(Fepvnv = Flunv = (Far ) junu

Pyur
induces an isomorphism F,, 2 F,, which we consider as the (constant) transition

map ¢yyr : UNU — Hom(F,, F,) between the two local trivializations.

The correspondence bundle is functorial with respect to morphisms of sheaves
and compatible with the linear operations direct sum, tensor product, and duality
on sheaves and vector bundles. Thus applying the bundle construction to (F,q)
we obtain a pair (F,Q) consisting of finite-dimensional real vector bundle and
an isomorphism @) : F' — F*. The bundle-construction is also compatible with
pull-back, i.e., if f : Y — X is a morphism in 7op,,.;, then there is a natural
isomorphism f*bundle(F) = bundle(f*F).
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1.4.2. Metric structures. Fix € € Zs. Let (F, @) be a real vector bundle with an
isomorphism @ : F' — F* such that Q* = e¢@. Following the language introduced
by Lott [21] we define the notion of a metric structure.

DEFINITION 1.16. An isomorphism J : F' — F is called a metric structure, if

(1) J* o Q defines a scalar product on F,
(2) J2 = € idF,
(3) J'oQ=cQoJ, ic. Qr,Jy) =€ QUIr,y).

Since we assume that X is metrizable and paracompact it admits partitions
of unity. This implies that metric structures exist, and that the space of all metric
structures is contractible.

Given (F, Q) as above we choose a metric structure J. Let Fr be the com-
plexification of F. Then z/ := ﬁJ is a Zy-grading of Fr, and the pair (Fg,2”)

represents an element of K°(X) which does not depend on the choice of J.

DEFINITION 1.17. We define the natural transformation b : L. — K° by
composing the latter construction with bundle.

1.5. Push-forward for L..

1.5.1. Definition of 7%. Let 7 : X — B be a locally trivial fibre bundle where
the fibre is a closed topological n-dimensional manifold Z. There is an open cov-
ering U = {Ux} of B such that ¢y : X\, = Uy x Z. If UxNU, # 0, then we have
an isomorphism

-1
UsN U, x 2 Xy, 25 UNOU, x Z

which is of the form (b, z) — (b, ¢x . (b)(2)), where ¢y, : UxNU, — Aut(Z) is a
continuous family of homeomorphisms of Z.

A fibrewise orientation of the bundle 7 : X — B is a choice of an orientation
of Z and of an atlas of local trivializations such that the ¢, , are orientation
preserving.

n(n+1)
2

= (—1)[%1]. In order to define
7l LX) — L., (B)

*

Set €, := (—1)

we assume that the bundle comes equipped with a fibrewise orientation. Let
[F,q] € L.(X). Then we construct a representative of 72 ([F, q]) as follows. Note
that (F) := HRm,.F := @ oR'm.(F) is a locally constant sheaf of finite dimen-
sional R-modules. In fact, let b € Uy and Z, = 7~ 1({b}). Then we have

ﬂ—(]:)\UA = ‘H(Zb’]:.\Zb)UA .
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By Poincaré duality over Z, we have an isomorphism H*(Z,, ‘7:|*Zb) = H"(Zy, Fiz,)*
for all k& € N. This isomorphism is preserved by the transition maps so that we
obtain an isomorphism w(F*) = 7w(F)*. If we compose this isomorphism with
the sum of the isomorphisms Rim.(q) : Rim.F — Rim.F*, then we obtain an

een-symmetric duality structure 7(q) on 7(F) (cf. Subsection 1.5.2).
DEFINITION 1.18. We define 7L ([F,q]) := [r(F), n(q)].

LEMMA 1.19. 7L is well-defined.

PROOF. By construction m(q) is an isomorphism with the correct symmetry
properties. Thus our prescription (F,q) — [7(F), (q)] provides a homomorphism
of semigroups &% : Lo (X) — Le, (B). We must show that it factors over L.(X) —
L.(X).Let £ C F be alagrangian subsheaf. It leads to a compatible (see Definition
1.5) filtration (F*F);—o1 of length 1 by FOF := F, F1F := L.

We obtain an induced filtration (F'm(F));—o,1 such that Flm(F) = im(HRm.L —
HRm,.F) of length 1 which is compatible with 7(¢). Here one has to check that
Fl7(F) is a lagrangian subsheaf. This can be verified either directly by looking
at the long exact cohomology sequence associated to 0 — £ — F — F/L — 0, or
by invoking the spectral sequence induced by the filtration and the discussion in
Subsection 3.4.1 below.

By a combination of Lemmas 1.6 and 1.4, (1), we have [7(F),7(¢)]=0. DO

Note that (7(F),n(¢)) comes with a natural Z-grading of length n. Thus we
can apply Lemma 1.4 in order to reduce to the middle term. In particular, we have
7L = 0if n is odd.

Remark : In [21] Lott defines w2=" . LLott(X) — LIe"(B) which induces
7E by passing to quotients.

1.5.2. Functoriality. Here we will show that 7% is functorial with respect to
iterated fibre bundles. Let 71 : W — V and 7y : V' — S be locally trivial fibre
bundles where the fibres are closed topological manifolds. We assume that both
bundles come equipped with fibrewise orientations. We set 73 := w5 o w1. We fur-
thermore assume that 73 : W — S is a locally trivial fibre bundle with fibrewise
orientation with fiber Z. The fibre Z, (s € S) is itself a fibre bundle. We assume
that this bundle structure is preserved by the transition maps between local triv-
ializations of m3. We assume that the orientation of the fibres Z; are induced by
the orientations of the fibres of 71 and 7. We will call this situation an iterated
fibre bundle with compatible fibrewise orientations.

In the smooth category, i.e. if W,... are smooth manifolds and the maps
m1,... are smooth maps to give a locally trivial fibre bundle is the same as to give
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a proper submersion. Furthermore, to give a fibrewise orientation is the same as to
give an orientation of the vertical bundle. The composition of proper submersion
is again a proper submersion. Thus if 73 : W — V and 7y : V' — S are locally
trivial fibre bundles in the smooth category with fibre X,Y, then automatically
w3 : W — S is a locally trivial fibre bundle with fiber Z. Using the existence
of connections and parallel transport on can produce local trivializations of 73
preserving the bundle structure of the fibres. The compatible fibrewise orientation
is obtained by the orientation of the vertical bundle T'Z, which can be identified
with the sum of oriented vertical bundles T'X & nfTY .

We now turn back to the general situation.

THEOREM 1.20. We have the equality of homomorphisms Le(W) — L, (S)

L _ L L
T3y = Moy O Ty -

PROOF. Let (F,q) be a generator of L.(W). We show that [r3(F), 73(q)] =
[mo(m1(F)), m2(m1(q))] using the fibrewise Leray-Serre spectral sequence (s Ey, psdy)
(r > 2) associated to the composition of functors 7, and ma, applied to F cf. [18,
Theorem 3.7.3], [17, p464]. The term 1 gFE> is given by psEY? = RPo, (RI71.F).
Furthermore, there are decreasing filtrations (F R*m3,F); on RFr3,.F, k € N, such

that Gr(R*ms.F) =3\ BT

One checks that the filtration (Fim3(F)); is compatible with 73(q). To do so
we can restrict to the fibre over some s € S. Let n be the dimension of the base
Y, of the bundle Z,. The length of the filtration is n. One has to show, that

(1) ms(g)(x)(y) =0, wheneverx € FPm3(F), , y € Fims(F)s , p+qg>n.

If one can compute the cohomology m3(F)s = H(Z, F|z,) using chain com-

plexes §)(Z,, F|z,) which are functorial in the sheaves, and on which one can
implement the Poinciuré duality st s UZs, Fiz,) A Q(ZS,}"l*ZS) — R as well
as the filtration (F'Q(Z,,F|z,)): leading to the Leray-Serre spectral sequence
(cf.[25]), then one checks on this level that st wAw =0if we FFQUZs, Fiz,),
W' oe Fplﬁ(Zs,}"*Zs), and p + p' > n. It follows that the filtration is compati-
ble with the form @ given by Q(w,w’) = fzs((fl)wﬂ\’dimz(ﬂ) A Q(g)(w'),

w,w' € Q(Zs, Fiz,), where N is the Z-grading of Q(Z,, Fiz.)- The form @Q induces
m3(q) in cohomology. This immediately implies (1).

To be more explicit in the smooth case we can take for Q(Z,, Fiz,) as UZs, Fiz,)

the smooth F-valued forms so that the symbols above aquire their usual meaning.
In this case F'Q(Z,, F|z,) = aj, Q7 (Y)QX, Fix) (also cf. [24, §2.1]).

By Lemma 1.6 we have [m5(F), m3(q)] = [Gr(m3(F)), Gr(ms(q))].
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Now ma(m1(F)) can be identified with the term gFEo(F) of the spectral se-
quence, and ma(m1(q)) is the induced form rgFs(q) (see 3.4.1 below). The same
model as above can be used to check that the n-th term psE,(F), n > 2, is a
locally constant sheaf on S with an induced form psE,(q), which carries a com-
patible Z-grading and a compatible differential. We obtain the n + 1’th stage of
the spectral sequence by taking cohomology. Thus, by Lemma 1.4, (2). we have
[LSEn(j:), LSEn(Q)} = [LSEn—i-l(]:)7 LSEn+1(Q)]~ We conclude with

[m2(7m1(F)), m2(m1(q))] = [Ls Ea(F), LsE2(q)] = [Ls Eoo(F), Ls Eoo(q)]
= [Gr(m3(F)), Gr(m3(q))] = [m3(F), m3(q)] -

Remark : Note that this functoriality does not hold in general for ploLott,

1.5.3. Compatibility and naturality. In the present Subsection we work in the
smooth category. Let m : M — B be a locally trivial fibre bundle over a compact
base B such that the fibres are compact even-dimensional smooth manifolds. We
further assume that the fibrewise tangent bundle TM/B is oriented. Then the
bundle has a fibrewise orientation. We have the following maps:

o 79" . H*(M,R) — H*(B,R) defined by 7, (w) = fM/Bw UL(TM/B),
where [, /p Is integration over the fibre and L(T"M/B) denotes the Hirze-
bruch L-class of the fibrewise tangent bundle.

o 19" . KO%(M) — K°(B) defined by n*9"([E]) = ind(D3’"), where
D}’;fgn is the fibrewise signature operator twisted by the complex vector
bundle E — M and ind(D59") € K°(B) denotes the class of the index
bundle.

o 7l L. (M) — L., (B) given in Definition 1.18.

Let ch : K — H®(.,R) denote the natural transformation of ring-valued
functors given by the Chern character.

THEOREM 1.21. The following diagram commutes:

b ch

L(M) % K°(M) & H(M,R)
nt | o | L
L. (B) > KB) £ H“(B,R)

PROOF. Recall that the map b is defined in Definition 1.17. Commutativity
of the right square is the assertion of the index theorem for families applied to
the family of twisted fibrewise signature operators. The commutativity of the left
square is a consequence of Hodge theory by which we can identify bundle(r(F))
with the bundle ker(Dyyna1e(#)c)- o
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The following proposition is an immediate consequence of the definition.

PROPOSITION 1.22. The push-forward ©F is natural with respect to pull-back
of fibre bundles, i.e. given [ : B’ — B we consider the pull back

ML M
[l Tl
B L B

and we have (f*m)% o ff = f*onl.

2. The functor L.

2.1. Introduction and summary. This subsection shall be considered as
an introduction to both, the present section, and Section 4. Our purpose here is
to motivate the introduction of L..

If we compose the natural transformation from b : L, — K° with the Chern
character ch : K — H®(.,R) we obtain a natural transformation from ch o b :
L. — H®(.,R). In the present Section we study the kernel of this map in detail.

Note that L. is given by a topological construction. Staying in the topological
framework we first define a functor LE/Z from topological spaces to Zg-graded
groups together with a surjective natural transformation to ker(ch o b). We can
consider ch : K — H(.,R) as a map between classifying spaces. Its homotopy
fibre is again a classifying space of a cohomology theory Kg,z. The functor LR/Z
is defined by a pull-back of Kﬂg/lz — K% via b: L. — K°. Using the geometric
description of K,z given in [20] one could also obtain a geometric description of
LR/Z,

As a cohomology theory Kg,7; admits wrong-way maps for suitably oriented
fibre bundles. The topic of secondary index theory [20] is to relate these topological
secondary index maps with their analytic counterparts. The main constituent of
the construction of the secondary analytic index is the n-form of a family of Dirac
operators. The well-definedness and functoriality of the wrong-way maps in the
geometric picture encode properties of n-forms. As a formal consequence of its
definition we have wrong-way maps for L®/Z with nice functorial properties.

The functor L®/% fits into an exact sequence
. HOdd(X, R)
im(ch : K1(X) — Ho4(X R))
It turns out that, working in the smooth category, we can define a refinement
L. — L®/” which fits into the sequence

0 — H°M(X,R) — L (X) — ker(chob: K°(X) — H®(X,R)) - 0.

— LR/2(X) = ker(chob : K°(X) — H®(X,R)) — 0.
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The definition of L. is geometric and not (obviously) related to a cohomology
theory. So it can be considered as a nontrivial fact that L. still admits wrong-
way maps with nice functorial properties. It is in fact the main purpose of
the present paper to construct these maps and verify their functorial
properties. These results thus encode some finer properties of the n-forms of
families of signature operators twisted with flat vector bundles.

In the present section we give the definition of the secondary L-functors and
discuss their easy properties and relations to other functors. The wrong-way maps
are introduced in Section 4 after a digression about n-forms and n-invariants.

2.2. Secondary K-theory.

2.2.1. Definition of KHQ}Z. We are going to recall the definition of the 2-
periodic cohomology theory Kg/z introduced by [19], [20]. Let BU be the classi-
fying space of complex K-theory. The Chern character (with real coefficients) is
induced by a map ch : BU — [['°] K(R,2n). The homotopy fibre of this map
classifies K /z. In particular, for any space X there is a natural exact sequence of
K°(X)-modules

— K7H(X) B H(X,R) — Kb (X) D KO(X) 8B H(X,R) —

where K°(X) acts on cohomology via the Chern character.

2.2.2. A geometric description. For a manifold M we recall the definition of
Ky /IZ(M ) in terms of generators and relations as given in [20, Def. 5 4+ 6]. We

form the abelian semigroup f(ﬂg /1Z(M ) consisting of isomorphism classes of tuples

(E,hF ,VE p), where E = E, ® E_ is a Zy-graded complex vector bundle, h*
is a hermitian metric and V¥ = V#+ @ VF- is a metric connection, both being
compatible with the grading, and p € Q°44(M)/im(d) satisfies dp = ch(V¥) :=
ch(VE+) — ch(VE-). The semigroup operation is induced by direct sum of gen-
erators. On IA(Hg /1Z(M ) we consider the minimal equivalence relation ~ which is
compatible with the semigroup structure and such that the following holds.

(1) change of connections : We have (E,h" V, p) ~ (E,hF V' p') iff
P = p+ch(V',V), (see Section 2.6 for a definition of the transgression
Chern form).

(2) trivial elements : If (E, ¥, VF) is a Zs-graded hermitean vector bundle
with connection, then (E @& E°?, hE®F VE @ V¥ 0) ~ 0, where E°P
denotes F with the opposite grading.

The group Kﬂg/lz(M) is the quotient of IA{H{;Z(M) by ~. By [E, h¥, V¥ p] we denote

the class of (E,h¥ ,VF, p)in Kﬂg/lz(M)'
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It was shown by Lott [20, §2] that the group given by this geometric definition
is naturally isomorphic to the topological defined object of Subsection 2.2.1.

2.3. The functor LR/Z,

2.3.1. The definition.

DEFINITION 2.1. We define the functor X — L®/%(X) from Topyarq 10 Za-
graded groups by the following pull-back diagram:

LYE(X) = Le(X)

! b
Kih(X) % K°(X)

The grading is induced from that of L.(X).

On morphisms the functor L®/% only depends on homotopy classes. Note that

K°(X) and Klg/lz(X) are graded L.(X)-modules via b. This induces a graded

L.(X)-module structure on L®/%(X). We have the following natural exact sequence
of L(X)-modules

KN(X) DB Hodd(X R) — L¥%(X) — L(X) 2" H(X,R) .

2.3.2. Secondary push-forwards. Let m : X — B be a smooth locally trivial
fibre bundle with closed even n-dimensional fibres and equipped with an orienta-
tion of the vertical tangent bundle TX/B. In order to define an index map for
Kg/z we need the further assumption that 7 is K-oriented. Thus assume that

TX/B has a Spinc-structure. Then there are maps 7T!Spm“ : K%(X) — K°(B) and
WFPZ"C’R/Z : Kﬂg/lz(X) — Kﬂg/lz(B) (the topological secondary index, compare e.g.
[20]), such that the following diagram commutes:

He4(X R) — K -(X) — K%X) — H®X,R)

, R/Z . )
Wfplncl ﬂ_!SPlnmR/Z l ﬂ.lslm’ﬂcl ,n_fpl’ﬂc l ,
HY(B,R) — Kg,(B) — KB) — H®(BR)

where 727" (W) = fX/B A(TX/B) ne /2N w and ¢ is the first Chern class
determined by the Spin.-structure. There is an unique element Eg;q4, € Ko(X)
such that 9" (z) = 77" (Eqign @ ). Note that ch(Eqgn) N A(TX/B) Nect/2 =
L(TX/B).

DEFINITION 2.2. (1) The secondary signature index map w59 ®/% . K1

R/Z
— Kﬂg/lz(B) is defined by

,n_signJR/Z(x) — 7TSpinCJR/Z(EvSZ_gn ° :C) )
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(2) The push-forward rL R/ LR/2(X) — LR/%(B) is defined as the map
induced by wfzgn’R/Z and Tk
COROLLARY 2.3. The following diagrams commute

H(X R) — K L(X) — K°%X) — HX,R)

R/Z
Wiignl ,/T'sign,]R/Z l Wfigni ﬂ_iign l
H*¥(B,R) — Kp,(B) — K°(B) — H®(BR)

HY(X,R) — L[*M%(X) — L(X) — H"(X,R)
7riignl 7T*L,]R/Z l Wfl 7Tiign l
H°4(B,R) — L*%(B) — L., (B) — H®(B,R)

All push-forward maps are natural with respect to pull-back of fibre bundles.
Moreover, they are functorial with respect to iterated fibre bundles. In more detail
we have the following. Let 7 : W — V and 73 : V' — S be locally trivial smooth
fibre bundles with closed even-dimensional fibres X, Y. Further assume that the
vertical bundles TX and TY are oriented and carry Spin.-structures. Then the
composition w3 = moomy : W — S is a locally trivial fibre bundle with closed even-
dimensional fibres Z, and the vertical bundle TZ carries an induced orientation
and Spinc-structure. In this situation the index maps on complex K-theory, Ky /1Z—
theory, L-theory (Theorem 1.20), and in cohomology behave functorially with
respect to the iterated fibre bundle. It now follows immediately from the definition,
that

LR/Zz  _LR/Z L,R/7Z
COROLLARY 2.4. w3, /" =my, 'Tomy, /7.

2.4. The functor L..

2.4.1. Definition of L. The functor X — L®/%(X) from T op,),., to Zy-graded
L.(X)-modules was defined by a purely homotopy-theoretic construction as an
extension of the functor

X —ker(chob: L (X)— H*(X,R))

by X — H¥(X R)/ch(K~!(X)).

Let Topg,,00tn denote the full subcategory of paracompact metrizable spaces
T 0p,,e+ Which are homotopy equivalent to smooth manifolds. In the present sub-
section we use a differential geometric construction in order to define on 7 op,,,otn
a functor X + L.(X) to graded L.(X)-modules which extends X + ker(ch o b)
by X +— H°M(X R).

It suffices to define L. as a homotopy invariant functor on the category of
smooth manifolds and smooth maps. Again we start with defining an abelian

semigroup L.(M) with identity and obtain the group L.(M) as the quotient of

L.(M) by an equivalence relation.
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Let (F,q) be a representative of an element of L.(M). Then we have a real
vector bundle F := bundle(F) which carries a natural flat connection V¥ such
that ker(V) = F. The form Q € End(F, F*) which is induced by ¢ is parallel
with respect to V. Let J be a smooth metric structure on (F, Q). It induces a
Zo-grading z7 := ﬁ‘] of the complexification F¢. In general, since J is not parallel
with respect to V¥, this grading is not preserved by the connection V¢ induced by
V¥, The even part of VIt with respect to z”is a connection on Fr which preserves
the Zy-grading. It will be denoted by V&7, Then Ve = Ve + 1 J=1(VF.]). We
can use this connection in order to define a characteristic form which represents
the Chern class of Fg.

DEFINITION 2.5. We define

p(VF,J) := ch(V) i= T, [exp(—(VF®7)?/27i)]
i=Tr [2/ exp(— (V)2 /27i)] .

An element of L.(M) is an isomorphism class of tuples (F,q,J, p), where
(F,q) is a representative of an element of ﬁE(M), J is a metric structure on F :=
bundle(F), and p € Q**~¢(M)/im(d) satisfies dp = p(VT', J). Here (Q*(M),d) is
the real de Rham complex of M. The semigroup operation is induced by direct
sum of representatives :

(F.oq,J.p)+ (F,d T p)=(FaF.qed,Jot p+p).

Before introducing the equivalence relation we recall the definition of the trans-
gression Chern form. Let £ — M be a Zs-graded complex vector bundle, and let
V, V'’ be two connections on E preserving the grading. Then we consider the bun-
dle E := pr*E — [0, 1] x M with the connection V which is given by Vi, := ; (t is
the coordinate of [0,1]), and Vx = (1 —1)Vx +tV’y for X € TM. We decompose

ch(V) = dt Ay + r where r does not contain dt, and where v : [0,1] — Q(M) is a
smooth family of forms.

DEFINITION 2.6. The transgression Chern form is defined by ch(E, V' V) :=
1
fo v(t)dt.

It satisfies
dch(E,V',V) = ch(V') — ch(V) .

We now introduce the equivalence relation which is again generated by la-
grangian reduction. We consider (F,q) and a metric structure J on F. Let
L C F be a locally constant lagrangian subsheaf and L := bundle(L). Then we
have a decomposition F' = L @ J(L). Let V¥ denote be the part of V¢/ which
preserves this decomposition.
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DEFINITION 2.7. We define
ﬁ(va7 ‘]7[') = Ch(FC’V@’VFCvJ) .

We require that the equivalence relations contains the relation
(.4, J,p) ~(0,0,0,p+p(F,q,J,£)) .
Note that (0, 0,0, p+p(F,q, J, L)) is a generator of L. (M) since ch(V®) = ﬁTr[J
exp(—V®2/27i)] = 0 and hence
dp + dp(F,q,J, L) = ch(V'®7) + ch(V®) — ch(V®7) = 0.

Then we extend ~ to the minimal equivalence relation on fe (M) which contains
lagrangian reduction, and which is compatible with the semigroup structure.

DEFINITION 2.8. We define the Za-graded semigroup L.(M) = ie(M)/ ~.

By [F,q,J, p] we denote the class in L.(M) represented by (F,q,J, p).
LEMMA 2.9. L.(M) is a group.

PrOOF. We have [F,q,J, p| + [F,—q,—J,—p] = 0. Indeed, we consider the
locally constant lagrangian subsheaf £ C F @& F which is the image of the diagonal
embedding F — F & F =: F. Let J := J & (—J) be the metric structure on
F = bundle(]—' ). Then vEed already preserves the decomposition F' = L @ JL.
Hence p(F,q,J,L) = 0, where q := ¢ ® —q. Therefore we have

(F,q,J,0)~0.
O
2.4.2. Change of the metric structure. We consider (F,q) and two metric
structures J, J’ on the associated bundle F'. We define the transgression from
B(VE, ', J) == ch(Fg, vFed vreT)
such that we have
dp(VE, 7', J) = p(VE, T = p(VE,T) .
LEMMA 2.10. In L (M) we have
F.a.J' 01 = [F,q, 7,0 = 10,0,0,0" = p = (VF, T, J)] .

PrOOF. Let M be the space of all metric structures on M and pr: M x M —
M be the projection. Let F := pr*F, § := prq. On the associated bundle F we
consider the metric structure J which over M x {J } restricts to J.

Furthermore, we consider the sheaf F = F& F with the form § = qP® —q and
the metric structure J = J @& —J on the associated bundle £
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~ Finally, we define F := pr*F and g = pr*§. As metric structure on F we take
J=J® —pr*J. We set Jy :=pr*J & —pr*J.

Let £ C F be the image of the diagonal 7 — F & F. Furthermore, we set
L = pr*L. We define the form w := p(V¥, J, pr*J) + p(F,q,J, L) on M x M. It
is closed since

dw = p(VF,J)=p(VF,pr*J) - ch(V'7)
= p(VF,J) = p(V, o) = p(VF,J) + p(VF prd) =0 .

The metric structure J’ induces an embedding i, : M — M x {J'} = M x M.
We have

BVE T T) = inp(VE,

ﬁ(Fan7Ja‘C) = Zj’ﬁ(ﬁ767 J_a‘c_) .
Therefore,

PV T D)+ p(F, G, J, L) =i%w .
Since w is closed, iy is homotopic to 7z, and

P p(VE, pr*d, J) = 0 = i%p(F,q,J, L)

we conclude that p(VE, J', J)+p( v L) is exact. In L.(M) we have the equality

(F,q. 00| = [F.aq.J.p] = [F,q.J,p — p] = [0,0,0, 0" — p+ p(F,q4,J, L)]
= [0,0,prl _p_ﬁ(vFaJlaJ)}
Od

Remark : In [21, Def. 23] Lott defined a similar functor L% (M). Tt is also

obtained as a quotient of L.(M) by an equivalence relation ~“°*. This relation is
the minimal equivalence relation which is compatible with the semigroup opera-
tion, and which contains (F,q,J', p’) ~ (F,q,J,p) +(0,0,0,p" — p—p(VE, J', J)),
and "lagrangian reduction” in the special case that the lagrangian subsheaf ad-
mits a lagrangian complement. As a consequence of Lemma 2.10 the relation ~ is
coarser than ~L°* 5o that we have a natural surjective map LL°* (M) — L (M).

2.4.3. The module structure.

DEFINITION 2.11. The graded module structure of E(M) = @€EZQI’6(M) over
L(M) = ®eez, L (M) is defined by

G

7.4, 7,1 o [€,p] = F®Eqop,JoJ% pAch(VET)]

4

where JE is any metric structure on bundle(£).

LEMMA 2.12. The L.(M)-module structure of L.(M) is well-defined.
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PROOF. Let JF, i = 0,1 be two choices of metric structures on (£, q). Then
we must show that

[Fo&qepJ @I pAch(VN) = [F@ & qep J @ pAch(VE)] .
In view of Lemma 2.10 we must show that

p Ach(VESI) = p A ch(VEIT) = (VFEE T JE ] JF)
is exact. We compute

p Ach(VEIY — p A ch(VESIT) — 5(VFCE T JE J® JF)
= oA dc}l(vEC,JéS,vEc,JlE) . Cil(VFg®EC,J®Jf7VFC®E‘C,J®J{5)
= —d(pA CB(VEC’J‘?, VEC’JlE)) +dp A c}l(VEC’JOE,VEC’JF)
—ch(VFe) A ch(VEIS Pl
= —d(pAch(VEIT wEIT))
O

2.4.4. Complezxes and n-forms. We consider a pair (F,q) together with a Z-
grading N of length n and a compatible differential v (cf. Definition 1.3).

DEFINITION 2.13. A metric structure J is called compatible with N if JN +
NJ =nJ.

Equivalently one could require that the decomposition F' = @ZZOF’“ of F into
eigenspaces of IV is orthogonal with respect to the metric induced by J.

The adjoint of v with respect to the metric induced by .J is given by v/ =
—eJowvolJ. Set V =1+ v. By Hodge theory we can canonically identify the
cohomology bundle H = bundle(H) with ker(v) N ker(v’). Since the latter is J-
invariant we obtain an induced metric structure J# := Jiu for (H, qn).

The theory of characteristic classes and forms extends to superconnections
(cf. [27], [3, §1.4]). Since we consider several Zy-gradings at the same time we will
speak of z-superconnection in order to indicate that z is the relevant grading. In
particular, given a z-superconnection A we set

A2

ch(A) = Tr[z exp(—%)
Here the trace is given by TrjwA] = wTr[A] for w € A*(T*M), A € End(F).
Furthermore, if A’ is a (—1)"-superconnection on F', then the odd part A with

respect to z7 = ﬁJ is a z/-superconnection. In this case we define p(A4’,J) :=

ch(A).

) Let M := (0, 4+00) x M an~d pr : M — M be the projection. We consider
F = pr*F and ¢ := pr*q on M. It has the Z-grading N := pr*N of length n
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and the compatible differential v := pr*v. We further consider the compatible
metric structure J which restricts to t=N/2tn/4 o J o ¢N/2=n/4 — J o (N=n/2 on
{t} x M. We have a (—1)"-superconnection A’ := V¥ + 4. Let us decompose
p(A’, J) = dt A~ +r, where r does not contain dt. Here ~ : (0, +00) — Q(M) is a
smooth family of forms on M. More precisely, let ¢ : Q(M) — Q(M) be the map
ow = (2mi)~(de8w)/2, then

~y(t) = —(2ﬁi)*1/24;\/E<pTr [JVeXp(—(VFC’J + gVF)}

Remark that JV = —V.J. Thus V is odd with respect to the Zy-grading 2.

By [21, Prop. 28 and Prop. 29|, (cf. also [8, (2.26)]) the following integral
exists.

DEFINITION 2.14. [21, Def. 32]. The n-form 7(F, N, J,v) € Q(M) is defined
by
+oo
AEN T == [
0

It was shown in [21, (216)] (cf. [7, Theorem 2.8]), that
(2) dﬁ(]-—va J?”) :p(VF,J) _p(vHvJH) :
PROPOSITION 2.15. In L.(M) we have [F,q, J, p] = [H, qr, J7, p—ii(F, N, J, v)]

PrOOF. We cousider (G, qg) := (F®H,q¢® —qx). It admits a locally constant
lagrangian subsheaf £ given by the image of ker(v) — F @ H, x — = @ [z]. We
consider the metric structure J& := .J @ —J. Then we have

[faanﬂp} - [HJqH7JH7p_77](]:7N7J7’U)] = [gaqgajcaﬁ(faN7J7v)]
[07070,77(.7‘-,N,J7U)—|—]§(g,qg,JG,£)] .

It remains to show that 7(F, N, J,v) + p(G,qg, J¢, L) is exact. This will be a
consequence of the following general result.

LEMMA 2.16. Let Eta be a construction which associates to a tuple (F, V¥, Q,
N, J,v) (a real vector bundle with flat connection, parallel e-symmetric form, com-
patible parallel Z-grading and compatible parallel differential, and a metric struc-
ture (not necessarily parallel)) over a manifold M a form Eta(F, VY Q, N, J,v) €
Q(M) such that

(1) dEta(F,V",Q, N, J,v) = p(V",J) = p(VT, JH)
(2) For a smooth map f: M' — M we have
f*Eta(F,V",Q, N, J,v) = Eta(f*F, f*V", f*Q, f*N, f*J, f*v) .

(3) Eta(F,VF, Q, N, J,v) depends smoothly on the data V¥, Q,J (note that
we fit N and v).
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(4) If (F,V¥,Q, N, J,v) splits, then Eta(F, V¥, Q, N, J v) = 0. Here (F, V¥,
Q, N, J,v) splits iff the complex (F, N,v) is of the form

0 E'9H’ - E'eH'9F' — ...... E"2pH" ' E" ! S ®E" '¢H" -0

with flat vector bundles E*, H*, and where the differential v is given by
the obvious maps. Furthermore, E"~'=1 = (EY)*, H' = (H"™%)*, and
this identification gives (with the suitable signs) the form Q. The metric
structure J shall induce a metric such that this splitting is orthogonal,
and the identifications E"~'"1 = (E)*, H' = (H"™%)* are isometries.

Then Eta(F, VY, Q, N, J,v) — ii(F, N, J,v) is exact.

PROOF. The proof is very similar to the axiomatic characterizations of ana-
lytic torsion forms [12, Al1.2] (in the acyclic case), and its extension for the case
with cohomology [24, Lemma 3.1].

First one shows that the n-form 7(F, N, J,v) has the four properties above.
Given another construction Eta(F, V¥, Q, N, J,v) with these properties one con-
siders the difference A(F, V¥, Q, N, J,v) := Eta(F, V¥, Q, N, J,v) —i(F, N, J,v).
Then one applies the argument of [12, A1.2] in order to show that A(F, VE, Q, N, J,v)
is exact. First observe by property 1. that A(F,V¥,Q, N, J,v) is closed. Then
the idea is that we can deform V,Q,J to approach the split case. Using the
properties 2.,3., and 4., we see that A(F, V¥ Q, N, J,v) can be smoothly de-
formed to zero without changing its cohomology class. This implies exactness of
A(F,VF Q,N, Jv). ]

We now finish the proof of Lemma 2.15. Given (F,V¥,Q, N, J,v) we can
construct (G, qg, JY, L) as above. Let Eta(F, V¥, Q,N, J,v) := —p(G,qg, JC, L).
One checks that it satisfies the four conditions of the lemma. We conclude that
A(F,N,J,v) +p(G,qg, J¢, L) is exact. O

2.4.5. Filtration. Let (F,q,J,p) be given with a compatible filtration (F*F);
of length n. Assume that we have chosen a metric structure J* (%) on (Gr(F), Gr(q))
which is compatible with the Z-grading. For i < n/2 we consider the following
sheaves

& = F'F/F"F @ Gr" ' (F) © Gr'(F) .
We introduce forms ¢; and metric structures J; by induction on 1.

The sheaf & admits a Z-grading N; of length 2 such that E0 = Gr"Y(F),
El = ‘1‘7“‘3’-'/F"’”17 and £2 = Gr’(F). The differential v; is given by the embedding
Gr" Y (F) — F'F/F"~*F1F and the negative of the projection F'F/F"~ 1 F —
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Gr'(F). For i = 0 we have an obvious form qo := ¢z @ G1(q)|Gr0 (F)@arn (7) and a
Gr(F)

compatible metric structure Jy := J EBJI GO (F)y@ G (F) such that v is compatible.

Assume that we already have defined ¢; such that the grading and the differen-
tial are compatible. We identify F*+!F/F"~¢F with the cohomology of v;. There-
fore, we have an induced form gpi+1 7/ pn—i 7. We now define g1 := qpit17/pn—i 7@
Gr(q)|grn—i—1(F)@cri+1 (#)- The grading and the differential of &1 are again com-
patible with g;41.

Assume that we have already defined J; such that it is compatible with the Z-
grading. Then we have an induced metric structure .J FPUF/FY'F We now define
Jig1 = JFlH]:/Fnﬂ}—EBJ\%rr(i)iq(}-)@(;rwl(}‘)' Then J;4; is again compatible with
the Z-grading.

DEFINITION 2.17. We define the n-form #(F, Gr(F), J, J&*F) € Q(M) of the
filtration by

[(n—-1)/2] .
A, Ge(F), TP = 38 N Ty i) +5 (G F T T )
i=0

LEMMA 2.18. In L.(M) we have

[F,q,J, p) = [Gr(F), Gr(q), JP), p — §(F, Gr(F), J, J& )]

_ [ (G Cr(@) gy T ) oy~ AFLCHF). L)) =0 mod (2)
[0,0,0, p — 7(F, Gr(F), J, JEU)] n=1 mod (2)

PROOF. We reduce the length of the filtration by two as in the proof of Lemma
1.6. Note that
JGr(]:

(G (F) & Gr'(F), Gr(a) (e (ypcr () Tycnn 2 (ryoars ) 0 = 0

by lagrangian reduction along the lagrangian subsheaf Gr™*(F). In fact, in this
case

n—i i . gGr(F)
(Gr (.F)GBGr (:F))(L’J\Grn*i(}‘)@Gri(}') _ v@

v
~ n—1u 7 Gr(F n—1
so that p(GI‘ (.F)@GI’ (f),Gr(q)|Gr"_7"(‘7:)@Gri(}')v J|Gr("*)i(.7:)@Gri(]:)’Gr (‘7)) =

0.

Therefore, we obtain by Lemma 2.15
[Fif/Fn_i+1~7:7 QFi]:/F"*i*l]-V JFif/F7L7i+1fa pP— Z ﬁ(g’u Ni7 J’i7 ’Ui)]
j<i
= [5i7Qi7Ji7P_Zﬁ(ghNiaJi,Ui)}
j<i
[FVF Y F qpivs g jpnige, U TETF > i€ Ny Jivi)] -
j<it1
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The assertion of the Lemma now follows by induction on . |

2.4.6. Isotropic reduction. Assume that we are given a tuple (F,q,J,p) and
an isotropic locally constant subsheaf Z, i.e. Z C Zt. We consider the filtration
of length two on F such that 7 := F2F, T+ := F'F so that we can identify
(Grl(}"),Gr(q)Grl(f)) >~ (Fz,qz). We choose any metric structure J 7). Let

JFr = J‘%rr(lf(-;.). Then we have the form 7(F, Gr(F), J, Jé"¥)). The following

assertion is an immediate consequence of Lemma 2.18.
COROLLARY 2.19. In L.(M) we have

[qua‘]ap} = []:IaQI7JF17p_ﬁ(f7Gr(f)a']7JGr(:F))] .

Sometimes we would like to work with easier transgressed characteristic classes
than with n-forms. It is an interesting observation that one can do isotropic re-
duction without appealing to n-forms.

Assume again that we are given a tuple (F,q,J,p) and an isotropic locally
constant subsheaf Z. Then we obtain an orthogonal decomposition F = I @ (I+©
I) @ (F © 1), here we denote F'© I+ as the orthogonal complement subbundle
of I+ in F with respect to the metric J* o ¢. Note that J induces an isomorphism
12 F o It. There is a natural identification of bundles I+ & I = Fr. The metric
structure J restricts to I+ & I and therefore defines a metric structure J¥Z on Fy.

We consider the Z-grading on F' which is given with respect to the decom-
position above by N = diag(0,1,2). The connection V¥ is upper-triangular with
respect to this decomposition. Therefore,

(3) VE =y NviyN

is regular at u = 0. In fact, VE = VI @ VI*Z ®VF/T" The tuple (F,V{,J) is thus
isomorphic to the tuple obtained as follows. Under thee identification F//I+ — I
by the metric Q(z)(y) = Q(x)(Jz) for y € F/I+, VF/T™ identifies to (VH)*, where
(V1)* is the adjoint of V! with respect to the induced metric. We consider the
sum Fr @ (Z @ F/I+) with associated bundle Fr @ (I @ I), metric structure

0 1

Fr

g @< e 0 > ’
and connection V77 ¢ VI ¢ (V1)*.

We now consider M = [0,1] x M. Let pr : M — M be the projection, F =
pr*F, ¢ := pr*q. On the corresponding bundle we consider the metric structure J
which on {u} x M restricts to J,, := u™N Ju=N. We decompose p(V¥', J) = dury+r,
where r does not contain du, and where «y : [0,1] — Q(M) is a smooth family of
forms. By the discussion above, after shifting the rescaling from the connection to
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the metric structure we see that ~ is regular at u = 0 so that we can make the
following definition.

DEFINITION 2.20. We define

1
ﬁ(fv% JaI) = 7/0 ’y(u)du .

If 7 is lagrangian, then it is easy to check that this definition coincides with
the former Def. 2.7. Furthermore note, that

dﬁ(fa(b‘]az) :p(szv']FZ) _p(vF7‘]) .

Next we consider isotropic reduction in stages. Assume that £ is a locally
constant lagrangian subsheaf of F such that Z C £. Then we obtain an induced
lagrangian subsheaf L7 C F7.

LEMMA 2.21. Modulo exact forms we have

ﬁ(qua‘]a‘c) Eﬁ(fZaQIanzvﬁf)+ﬁ(]:aQ7‘LI) .

PROOF. We consider the orthogonal decompositions
F=Ia(Lche(tol)a(Foltb)

and the commuting Z-gradings M := diag(0,1, 1,2) and K := diag(0,0, 1,1). Note
that V¥ is upper triangular with respect to the gradings. Thus, if we define Vuw i=
u™ My~ K EyEyM | then this family of connections extends to (u,v) € [0,1]x [0, 1].
We identify F = I @& Fr @ I such that Fr = I+ © I and the last component is
identified with F' © I+ by J. Furthermore, let VIZ be constructed as in (3) using
L1 C Fr and J7Z. In this identification we can write

Voo =Viaevire (vh*.

We decompose L := I @ (L © I) and set N := diag(0,1). Then we define VL :=
u=NVEuN. We now identify F = L @ L such that the second component goes to
F o L via J. Then we can write

Vo=V @ (V)"

Let us now consider the manifold M := [0,1] x [0,1] x M. Let F := pr*F and
g = pr*q. We consider the metric structure J on F which restricts on {(u,v)} x M
to uMuE Ju=Ky=M_ This works for uv # 0. Nevertheless, it follows from the
discussion above after shifting the rescaling from the connection to the metric
structure that p(F,.J) is a closed smooth form on M. We decompose p(F,J) =

duNdvAo+r, where r contains at most one of du, dv, and o : [0,1] x [0,1] — Q(M)
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is a smooth family of forms. It follows from Stokes theorem and the structure of
Vo, and V,, o that

d/ o(u,v)dudv = p(Fr,qr, J*%, L) + p(F,q,J,T) — p(F,q,J, L) ,
[0,1]x[0,1]

where the contributions come from the boundary components {u = 0}, {v = 1},
and {u = 1}, respectively. This proves the assertion. |

LEMMA 2.22. In L (M) we have [F,q,J,p| = [Fz,qz, JF=, p + B(F,q, J,T)]

PROOF. We consider the sheaf G := F @ F7 together with the form ¢g =
qP —qz. We have the lagrangian subsheaf £ of G which is the image of the diagonal
map Z+ — F & Fz. It contains the isotropic subsheaf Z@®0. We consider the metric
structure J¢ := J @ —J7. Then we have by Lemma 2.21

[qua Ja p} - [ffv(JIa JFva"_ﬁ(qua J,I)]
[gv qg, JG» _25(‘7:3 q, J,I)]
- [070107ﬁ(g7qQ7JG7[')_ﬁ(fchvJvI)]
= [07 07 Ovﬁ(gv qg, JG?‘T) + ﬁ(gfa (qg)Ia JGI7 ‘CI) - ﬁ(fa q, J7I)}
Now note that p(G,qg, J%,Z) = p(F,q,J,Z) and p(Gz1, (q5)z, J*,Ls) = 0. The
reason for the first equality is that V& and J¢ preserve the decomposition G =

F @ Fz, and that I C F & 0. The second identity can be seen by noting that V&=
preserves the decomposition Gz = L7 @ J¢T L. O

2.5. Functorial properties.

2.5.1. Homotopy invariance of pull-back. It f : M — N is a smooth map of
manifolds, then we obtain an induced map f* : Lo(N) — L.(M), which is given
on generators by pull-back of structures.

LEMMA 2.23. f* only depends on the smooth homotopy class of f.

PrOOF. Consider a generator (F, q, J, p). Let (f;)icjo,1) be a smooth homotopy
of maps from M to N. Then we have an isomorphism ¢ : (foF, f5a) — (ffF, ffa).
Let M :=10,1] x M and H : M — N be induced by (f;). We compute

fop— fip—B(VIE 2T ¢t frI) = fap— fip— /M/M p(VHF B )

= —d H*p+/ dH*,o—/ p(VIE H*J)
M/M M/M M/M

- /M/M(p(vH*ﬂH*J) (VT ) =0,
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where = means equality modulo exact forms. It now follows from Lemma 2.10 that

(foF, foa fod, fopl = LN Fs fia, [ s fiel -
m

One can also check that the pull-back f* is compatible with the L.(M) (resp.
L.(N))-module structures.

2.5.2. Eract sequences. We define natural maps H°%(M,R) — L.(M) and
L (M) — L (M) by [p] — [0,0,0, p] and [F, g, J, p] — [F, q]. We consider H°% (M, R)
as an L.(M)-module such that every element of L.(M) acts trivially. H¥(M,R)
becomes an L.(M)-module via the ring structure of H(M,R) and the homomor-
phism chob: L (M) — H®(M,R).

LEMMA 2.24. We have the exact sequence of L.(M)-modules
H(M,R) — L (M) — L (M) — H®(M,R) .

PROOF. It is obvious from the definition of the maps that the composition
of two of them vanishes. Therefore it remains to check exactness. We have the
following commutative diagram

HOdd(M7 R) N Ié/ott (M) N LfOtt (M) - Hev (‘2\47 R)

I ! ! |
Ho%(M,R) — L(M) — LJ(M) — H“(MR)

The upper sequence is exact by [21, Prop. 21]. The vertical maps are all surjective.
It follows by diagram chasing that the lower sequence is exact at L.(M).

We now show exactness at L.(M). Let (F,q,J,p) be given such that [F,q] =
0. Then there exists (Fi,q1) which admits a lagrangian subsheaf £; such that
(F ® F1,q9® q1) also admits a lagrangian subsheaf £. We choose a metric struc-
ture J; and define p; such that [Fi,q1,J1,p1] = 0. In fact we must take p; :=
—p(F1,q1, J1,L1). Lagrangian reduction by £ shows that [F & Fi,q @ q1,J @
Ji,p+ p1] =1[0,0,0,w] for the form w:=p+ p1 + p(F & F1,q D q1,J & J1, L). Tt
follows that [F,q, J, p] = [0,0,0,w] comes from H°%(M,R). ]

2.5.3. Injectivity of H®(M,R) — L.(M).
PROPOSITION 2.25. The map H°(M,R) — L.(M) is injective.

PROOF. Let w € Q°%(M) be a closed form. If [0,0, 0,w] = 0 in L.(M), by Def-
inition 2.8, there there exists (F,q, J, p) together with two lagrangian subsheaves
Lo, L1 such that

[w] = [ﬁ(‘jfﬂqv Jvﬁ()) _;5(‘7:7(]7 Jvﬁl)] '
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We claim that [p(F,q, J, Lo) — p(F,q, J, L1)] is independent of J. In order to
show this we consider the space M of all metric structures and M = M x M.
Furthermore, let (.7:", 4,p) = pr*(F,q,p). We define the metric structure J on
F such that it restricts to J’ on M x {J'}. Using the two lagrangian subspaces
L; := pr*L; we get define the closed form

The metric structure J provides an embedding iy : M — M, and we have
Yo = p(F,q,J,Lo) — p(F,q,J, L1). Since the embeddings I; and I, for two
metric structures J,J' are homotopic, the classes [t%a] and [i%, ] coincide. This
proves the claim.

We next claim that we can assume that £LoN Ly = {0}. Note that Z := LoN Ly
is an isotropic subsheaf. The reduction (Fz,qz) admits two induced lagrangian
subsheaves (£;)z. We have by Lemma 2.21 that

[ﬁ(f7qa Ja ‘CO) _ﬁ(F7Qa JaL"l)] = []5(-7:1—7(11-7‘]an (‘CO)I) _ﬁ(FIyql'a JFIa (‘Cl)I)] .
Thus we can replace (F,q,J, p) by (Fz,qz, J¥Z, p+p(F,q,J,T)) and L; by (L;)z1.

Let us now assume that Lo N Ly = {0}. Then by the similar argument in [26,
Prop. 2.50], we can choose J such that JL; = Li_;, ¢ = 0,1. With this choice
B(F,q,J,Lo) — B(F,q, J, L1) = 0 so that [w] = 0. O

2.5.4. The transformation to Ky /1Z—theory. We construct a natural transfor-
mation 7 : L, — Kﬂg/lz. Let M be a manifold. Note that KHQ/IZ(M) is a module
over the ring K°(M) and therefore, by b : L.(M) — K°(M), a L.(M)-module.
We in fact construct morphism L (M )-modules Fas : Le(M) — KDQ/IZ(M) which
depends naturally on M.

In order to define this morphism on generators (F, g, J, p) we use the geometric
definition of K /IZ(M ) in terms of generators and relations which was recalled in
Subsection 2.2.2.

We define Ja7 : L(M) — Ky}, (M) by Gn[F,q,J,p] = [Fe, b, V5, ],
where hft is the hermitian extension of the metric J* o Q on F.

LEMMA 2.26. s is well-defined and has the properties as stated above.

PROOF. Since 7y is induced by an obvious homomorphism s : ie(M ) —
Ky /1Z(M ) of semigroups (which is natural in M) it suffices to show that 7, is
compatible with lagrangian reduction, and that it induces a L (M )-module iso-
morphism. The latter property we leave as an exercise.



32 ULRICH BUNKE AND XIAONAN MA

Let £ C F be alocally constant lagrangian subsheaf. Then we have [F, q, J, p] =
[0,0,0,p + B(F,q,J,£)]. In Ky (M) we have (using h'® = h' @ p", V& =
Vi@ vl) that

[F(Cv hFC; VFC’J, P]

[Fe,he, V¥, p + ch(V®, Vi)
= [LeLh"ah" V&V p+p(F,q,J, L)
= [0,0,0,p+4 p(F,q,J,L)] .
This shows that v is well-defined. O

As an immediate consequence of the definition we get:

COROLLARY 2.27. The following diagram commutes
Z’G(M) — L (M)
1 1

Kpp(M) —  K°(M)

It follows from Definition 2.1 of L®/%(M) as a pull-back that :
COROLLARY 2.28. There is a natural surjective map
Lo(M) — L¥2(M) .

3. Eta homomorphisms

3.1. Introduction and summary. It is an interesting problem to detect
non-trivial elements of L.(M) for a manifold M.

(From the homotopy theoretic definition of Ky /1Z there is a natural pairing
K (M) ® Ki (M) — R/Z |

where K (M) denotes K-homology of M. In [20] Lott gave a analytic description
of this pairing. If M is odd-dimensional and the K-homology class is represented by
a Dirac operator, then its pairing with a class in Kp /1Z(M ) given in the geometric
picture can be expressed through spectral invariants of the corresponding twisted
Dirac operator, in particular through the n-invariant. In the present section we
consider the K-homology class given by the signature operator, which leads to a
homomorphism

ey Kgjg(M) = R/Z .
The latter pulls back to

% IR (M) - R/Z .

It further induces a homomorphism from L.(M) to R/Z.
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The main objective of the present section is to refine the homomorphism to
an R-valued one. From the analytic definition of nﬂg/lz it is quite obvious that it
cannot be lifted to R since the relevant n-invariants jump by integers if the kernels
of the corresponding operators change. But the dimension on the kernel is not an
invariant of the data given by the classes K /1Z(M ) and K1(M).

However in our special case we work with the signature operator and with
flat vector bundles. The kernels are tied to cohomology and thus have stronger
invariance properties. Lott has defined a lift nl°t* : LLot (M) — R. Unfortunately,
this homomorphism does not factor over L.(M). But we can analyze this failure in
detail. These considerations lead to the definition of the extended group L¢*(M)
fitting into a sequence

0—Z— L(M) — L (M)—0.

The homomorphism from Lc(M) — R/Z lifts then to a homomorphism 7 :
Le*(M) — R.

The extended groups are only defined for closed odd-dimensional oriented
manifolds M. Note that they are not functorial with respect to smooth maps (only
for homotopy equivalences). But they admit extended secondary index maps.

3.2. gy : Kg (M) — R/Z.

3.2.1. The definition. Let M be an oriented n-dimensional closed manifold. If
we choose a Riemannian metric, then we can define the signature operator D$¥9".
Assume now that n is odd. Then D%"9" is a selfadjoint operator which induces a
class [M*%9"] € K;(M), and which is independent of the choice of the metric.

DEFINITION 3.1. We deﬁneﬁﬂg}z : Kﬂg/lZ(M) —R/Z by nﬂg/lz(as) =<z, [M59"] >.
Furthermore, we define n*/% : LR/“(M) — R/Z as the composition of nﬂg/lz with

the natural transformation L®/% — Ky /12-

3.2.2. Geometric description of nﬂg/lz. We fix a Riemannian metric g7 on M.
Let [E,hE,VE p| € KHQ/IZ(M). Then one can express nﬂg/lz(x) in analytic terms.

Let D39 : Q(M, E) — Q(M, E) be the odd signature operator of M twisted by
the bundle E. Then its n-invariant is given by

(Dsign) - L oo Tr [l)szlgne—t(ny;gn)2 ﬁ
g RGN E /2 "

Let L(VTM) = det'/? (M) € Q(M) be the L-form of the tan-

tanh(— VT M2 277)
gent bundle TM equipped with the Levi-Civita connection V'™ on (M, gT™).
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Then we have
2B, WE V5, ) = (D) — 2 /M LV A g] |

where [.] on the right-hand side takes the class in R/Z. Using the local variation
formula for the n-invariant we see that this combination indeed is independent of
the Riemannian metric and only depends on the class of [E, h¥ V¥, p]. For details
we refer to Lott [20, Prop. 3].

Note that this homomorphisms cannot be refined to have values in R since the
dimension of the kernel of D79 depends on the choice of the connection for the
representative [E, h¥ VE pl.

3.3. R-valued 7-homomorphisms. Since the L.-groups involve flat bun-
dles F' = bundle(F) the kernel of the twisted signature operator D39" defined
in (5) is isomorphic to the sheaf cohomology H*(M,F). In particular, it is inde-
pendent of the choice of a metric structure. This eventually allows us to define
R-valued n-homomorphisms.

3.3.1. nLet. We start with describing the homomorphism nte® : LEot (M) —
R which has been defined by Lott in [21, §3.3]. Let M be a closed smooth m-
dimensional oriented manifold. The Z-graded vector space of real differential forms

Q(M) carries the €, = (—1)[7”’;r *l_symmetric duality structure (compare (7))

Npy (Npr—1)
q(w’w/) ::/ <(71) hYACEY: ’erNMw) /\w/’
M

where Nj; denotes the Z-grading on Q(M), i.e. Nj; acts by multiplication by p

m,+1]

on QP(M). We fix the convention /&, = (v/—1)[*2

A choice of a Riemannian metric g”™ and of the orientation on M induces
the Hodge-* operator which is characterized by

wAxw' = (w,w') radoy .

Here dvys is the Riemannian volume element of (M, gT*). We define the Nj;-
compatible metric structure

JM — oy (_1)71\,]”(1\;”’71) +mNy

Let now (F,q) be e-symmetric. By Q(M, F') we denote the space of F-valued
smooth forms on M, where F' := bundle(F). If w € Q(M) and ¢ € C>*(M, F), then
we have a product w ® ¢ € Q(M, F). The space Q(M, F) carries an €,,e-duality
structure

(4) q(w® g, @) ::/

(T ) A (6,0
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It further has a natural Z-grading Ny of length m. If J" is a metric structure on F,
then JMF(w®¢) = JMw® JF ¢ is a Nj-compatible metric structure on Q(M, F)
(cf. Def. 2.13). Let d¥' be the twisted de Rham differential on Q(M, F) induced by
the flat connection V¥ on F. Let (d¥')* be the adjoint of d with respect to this
metric on Q(M, F). Then we have (dF)* = (=1)"*lee,, JM-FdE JME

We now assume that m = —e mod (4), then €e,, = 1. Then define the self
adjoint operator (cf. also [2, (4.6)], [7, (1.38)])

The operator D39" is a compatible Dirac operator on M, and we can define the

n-invariant

1 oo y signy2] dt
n(D) == 7/ Tr {D}Z‘q"e_t(DP )2}
0

Vevemv/T t/2

Let L(VTM) be the Hirzebruch L-form of the tangent bundle TM with the
Levi-Civita connection V™M,

DEFINITION 3.2. The homomorphism n*°t : LEU*(M) — R is defined by

WF T = (D) =2 [ LV

By the argument in [21, Prop.24], n%°* is well-defined and independent of the

choice of the Riemannian metric g”™ of M. It also follows from the definitions,
that the following diagram commutes.

Lott

LMy " R
! !

R/Z

Kpp(M) "= R/Z
3.3.2. Motivation of extended L-groups. A natural problem is now to lift the
composition

— R/Z
Ld(M) — Ky 1, (M) "= R/Z

to a R-valued homomorphism ”7” : L.(M) — R. This problem could be solved
by factoring n%°! over the quotient LE°(M) — L.(M). Unfortunately, this fac-
torization does not exist in general. For this reason we will define modified L and
L-groups which will be denoted by L and L&*. They fit into the diagram

HOY(MR) — LE"™(M) — LF™(M) — H(M,R)
l l |

(6) HY(MR) —  L&(M) —  L&(M) — H*(MR)
l | |

HO(MR) — L(M) — L(M) — H®M,R)
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The advantage of L¢” is that we can extend the homomorphism 7™°* to an
homomorphism 7 : L¢* (M) — R. The draw-back of the extended L.-groups is that
they are not functors on the category of manifolds.

3.4. Definition of the extended L-groups.

3.4.1. Some linear algebra. Let V be a real vector space with a non-degenerate
form r: V — V*. We will call (V,r) a duality space.

DEFINITION 3.3. A Z-graded duality space of length n € Z is a triple (V,r,N),
where (V,r) is a duality space and N is a Z-grading operator such that r~1oN*or =
n—N.

If (Vi,ri,N;), i = 1,2, are Z-graded duality spaces of length n;, then their
tensor product is a Z-graded duality space of length n, + ns.

Let (V,r,N) be a Z-graded duality space of length n. Assume further that
r is graded symmetric, i.e. 7(v,w) = (=1)/*II*lr(w,v). Then we can define an
e = (=1 -duality structure on V by

(7) q(v,w) := r((—l)N(g71)+”NU,w).

Let R[—n] be the graded vector space which has R in degree n and 0 in all
remaining degrees. The duality structure r induces a map of graded vector spaces
7: VRV - R[-n] by v®@w — r(v,w).

We now consider a differential d : V' — V of degree one. It induces a differential
onVeVbydvew)=dv@w+ (—=1)*ly ® dw, where v is homogeneous of degree
|v]. On R[—n] we consider the trivial differential.

DEFINITION 3.4. The differential d is called compatible with r if 7 : V QV —
R[—n] is a map of complexes. Equivalently, r(dv,w) + (=1)I*lr(v, dw) = 0 for all
v,w € V with v homogeneous of degree |v|.

We now assume that d is compatible with r. Let H (V') denote the cohomology
of (V,d). It is a Z-graded vector space. The map H(#) : H(V®V) — H(R[-n]) =
R[—n] together with the Kuenneth-formula H(V)® H(V) = H(V @ V) induces a
graded-symmetric duality structure rgy on H(V). In order to see that this pairing
is non-degenerate, note that im(d)* = ker(d) and hence ker(d)* = im(d).

Let (V,r,N) be a Z-graded duality space of length n with compatible dif-
ferential d where r is graded symmetric. Then we have a (—1)"*!e,-symmetric
form

Qv,w) = r((=1) "% Ny, dw) = (v, dw) .
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In particular, if V is finite-dimensional and (—1)"*!¢, = 1, then we can consider
the signature of the quadratic form Q.

DEFINITION 3.5. 7(V,r, N,d) := 2sign(Q).

Let J be a metric structure on (V,q). Let d*/ denote the adjoint of d with
respect to the scalar product ¢(., J.) induced by J. We have d*7 = (—1)"*¢, JdJ.
Assume that (—1)"*te, = 1. Then we can form the selfadjoint operator D :=
Jd+ (=1)"*ttdJ = J(d + d*7).

LEMMA 3.6. We have sign(D) = (1 + (—1)"*1)7(V,r, N,d).

ProOF. By Hodge theory we can identify H (V') with H := ker(d) Nker(d*”).

We decompose V into D-invariant subspaces V' = im(d) @im(d*’) @H. The metric
structure J maps im(d) isomorphically to im(d*7). Furthermore for z,y € im(d) we
have ¢(DJz, JJy) = (—1)"tq(JdJx,y) = q(dJx, Jy) = (—1)"*q (D:L' Jy). Let
P be the projection to im(d*”). Then sign(D) = (1+(—1)"*1)sign(DP). For all 2,y
we have ¢(z, JDPy) = (—=1)""'q(z,dy). Thus sign(DP) = (-1)""'7(V,r, N, d).
O

Let (V,r) be a duality space with grading N of length n and compatible dif-
ferential d. Furthermore, let --- C FPY'V C FPV C ... be a decreasing filtration
of the complex (V,d, N) by subcomplexes. Further we assume that there exists
np such that r(FPV,F1V)=0if p+¢q >np. On V ®V we consider the induced
filtration F"(V o V) =3 . _ FPV ® FIV. Let Ef?(V) be the corresponding

spectral sequence cf. [17, §3.5].

We filter R[—n| such that F*R[—n] = R[-n] if s < np and F*R[—n] = 0 for
s > np. The map 7 is then a map of filtered complexes. We therefore obtain a
morphism of associated spectral sequences, which we also denote by 7. The target
EP4(R[—n]) is easy to describe. We have EP*?(R[—n]) = 0 for all s > 0, p, ¢ except
for p+ ¢ =n and p = np, where EP-9 = R. All differentials vanish.

The Kuenneth formula for spectral sequences yields a map
EPYV)® ESY(V) — ERTS1TH YV @ V) .

If we compose this with the morphism of spectral sequences induced by 7 we
obtain pairings r, : EPY(V)Q ES'(V) - Rifp+q+s+t=nand p+s=ng.In
particular, we obtain a pairing on E, (V) which is compatible with the Z-grading
Ng, of length n and has the same symmetry properties as r.

The differential d,, is compatible with the duality structure r, on E, and the
duality structure r,4+1 on E, 41 is obtained from r, by considering F, 41 as the
cohomology of FE,, as described above. If ry is non-degenerate, then so are the r,
for all u > 0.
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Assume now that 7 is graded symmetric and (—1)"*1¢,, = 1. Then the form
r,, induced on E, (V) is graded symmetric as well. If £, (V) is finite-dimensional
for w > i, then we define

DEFINITION 3.7. 7;(Ey) ==Y s, T(Ey(V), 74, Ng,,dy) -

u>t

3.4.2. Hypercohomology and spectral sequences. Let M be a smooth manifold.
Let F be a locally constant sheaf of finite-dimensional real vector spaces and
(F,VT) be the associated flat vector bundle. We further assume, that F is Z-
graded by Ng and has a differential v (cf. Def. 1.3). We use the same symbols in
order to denote the corresponding parallel endmorphisms of F. The cohomology
H of (F,v) is again a locally constant sheaf of real vector spaces with Z-grading
Nyg.

There are two spectral sequences which converge to the hypercohomology
H(M, (F, Ng,v)) of this complex, the local-global spectral sequence and the hyper-
cohomology spectral sequence. Let us take the soft resolution of (F, N,v) given
by the twisted de Rham complex (Q(M,F),d" + v) with the total Z-grading
Ny = Ny + Np. Its cohomology is naturally isomorphic to H(M, (F, Ng,v)).
The two spectral sequences are associated to the two natural filtrations of this
complex.

We first describe the local-global spectral sequence which is associated to the
filtration

FPQ(M,F) => QUM,F).

q>p

We have 1,EP? = QP(M, F9) and j4dy = v : 1, EL? — 1, BP9t The first terms
is given by 1, EP? = QP(M, H?) and 1,d; = d : ,EP? — , BV We obtain
1gEY? = HP(M,H?). The local-global spectral sequences is natural and finite-
dimensional starting with its second term.

We now describe the hypercohomology spectral sequence which is associated
to the filtration

FPQ(M,F) =Y Q(M,F9) .
q2p
We have ,.Ef? = Q¢(M,FP) and p.dy = dF : . E5? — hCEg’qH. The first
term is given by p.EV? = HIY(M,F?) and pedy = H(v) : pEP? — thfH’q,

where H(v) is induced by v. The hypercohomology spectral sequence is natural
and finite-dimensional starting with its first term.

Now assume that ¢ is an e-duality structure on F such that Np and v are
compatible with ¢ (cf. Def. 1.3). Let M be closed and oriented, and set m :=
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dim M. On (M, F) we define the ee,,-duality structure

(8) (e ® 6, B ® ) = (1) L= Hlalm /M o A B, ) -

As in [12, §1(a)], we will consider v as an element which anticommutes with the
operator XA,i, for X € T*M,e € TM. Thus (d¥ 4+ v)?> = 0. The differential
dr = d¥ + v and the total grading Ny, = Ny + Np are compatible with
gm,r- As explained in Subsection 3.4.1. we obtain induced pairings on the spectral
sequences.

We first consider the local-global spectral sequence. We put ng := m and
obtain pairings
19dr 1 1gEPY @ BN — R
for p+q+s+t =m+nand p+s=m. On ;, EV @, Ey" = QP (M, F1)®@Q° (M, F*)
this pairing is just gas, 7. In particular, it is nondegenerated. As in Subsection 3.4.1,
the (—1)™Tlee,,-symmetry form gnrp(z, (d¥ + v)y) induces the corresponding
(—1)™*+Lee,,-symmetry form on 1gEr. If €6, = 1, and m is odd, then we can define

DEFINITION 3.8. 1,72(F, ¢, N, v) = ﬁng(lgE*) )

In the case of the hypercohomology spectral sequence we put ng = n. We
have parings
heqr - th’;ﬁ),q ® lgE:JI —R

forp+q+s+t=m+nandp+s=n. On pE?®,E' = QM FP)®
Qf (M, F*) this pairing is again just qu r. In particular, it is nondegenerated. As
in Subsection 3.4.1, the (—1)™*tee,,-symmetry form gps g(z, (df + v)y) induces
the corresponding (—1)m+leem—symmetry form on p.F,. If €e,,, = 1, and m is odd,
then we can define

DEFINITION 3.9. 71 (F,q, Np,v) : L7 (heEy) .

Finally we define
DEFINITION 3.10.

T(falJaNFav) = thl(fa(LNFaU)7lg7—2(f>anFav) .

3.4.3. Definition of L¢*(M) and Le"(M). We fix closed odd-dimensional ori-

ented manifold M. We assume that ¢ € Zs is such that ee,, = 1,where ¢,, :=
m41

(-1)*271 € Zy and m = dim M.

Let (F,q) be a e-symmetric and £ be a locally constant lagrangian subsheaf
of F. Then we define an integer 7(F, g, L) by the following construction.



40 ULRICH BUNKE AND XIAONAN MA

We consider the sheaf G := L & F @ F/L. It carries a natural e-symmetric
duality structure gg. Note that ¢ induces maps gz : £ — (F/L)" and qr/r :
F/L — L*. Then gg : G — G* is given by

0 0 gr/ic
0 ¢ 0
gc 0 0

A compatible Z-grading is given by Ng = diag(0, 1,2). We define a differential on
g by

0 ¢« O
vg:=|( 0 0 —pr ,
0 0 O

where ¢ : £ — F is the inclusion and pr : F — F/L is the projection. We introduce
the sign in order to make the differential compatible with gg. We now define the
following integer.

DEFINITION 3.11. 7(F,q,L) :=7(G, g5, Ng,vg)
LEMMA 3.12. If £ has a lagrangian complement, then we have 7(F,q, L) = 0.

PRrOOF. In this case the spectral sequences degenerate. O

We now define the group L (note that ee,, = 1). First we define the semi-
group ﬁix(M) of isomorphism classes of tuples (F,q,z), where (F,q) is locally
constant sheaf of real vector spaces with e-symmetric duality structure ¢, and
z € Z. The semigroup operation is given by the sum of the entries. Next we define
an equivalence relation ~ generated by lagrangian reduction. Let (F, g, z) as above
and £ C F a locally constant lagrangian subsheaf. Then we require that

(F,q,2) ~(0,0,z4+7(F,q, L)) .

We extend ~ to the minimal equivalence relation which contains lagrangian re-
duction and which is compatible with the sum.

DEFINITION 3.13. We define LE*(M) := L¢*(M)/ ~

The semigroup L¢¥(M) is in fact a group. Let [F,q, z] denote the class rep-
resented by (F,q, z). Its inverse is given by [F, —q, —z], since by Lemma 3.12 we

have
T(F®&F,q®—q,F)=0.

There is a surjective homomorphism L¢* (M) — L.(M) induced by (F, ¢, z) —
(F, q). Furthermore, there is homomorphism Z — L¢* (M) induced by z — (0,0, 2).

LEMMA 3.14. The following exact sequence is exact :
0—>7Z— L¥(M)— L(M)—0.
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PROOF. We must show that Z — L¢(M) is injective. This will be a conse-
quence of the fact that n : L¢* (M) — R is well defined which will be proved below
(cf. Lemma 3.19). O

Of course, there should be a purely algebraic proof of Lemma 3.14. Another
open problem is to turn M — L¢* (M) into a functor.

Using Lemma 3.12 we see that (F, q) — (F, ¢, 0) defines a homomorphism
Lot (M) — LE°(M)

DEFINITION 3.15. We define L¢*(M) by the following pull-back diagram:
L&(M) —  LeE(M)

_l |
Lo(M) —  LJ(M)

An element of L¢% (M) can be written as [F, q, J, p, z]. The following assertions
follow immediately from the definition, Lemma 2.24 and Proposition 2.25.

COROLLARY 3.16. We have the exact sequences
0—Z— L(M)— L (M)—0

and
0 — H¥" ¢(M,R) — L& (M) — L¢*(M) — H*T=¢(M,R) .

By (F,q,J,p) — (F,q,J,p,0) we define a morphism
LEM(M) — LE (M)

It is now easy to check, that the diagram (6) commutes.

3.5. Construction of 1 : L& (M) — R.

3.5.1. The n-invariant of a compler. Let € € Zy. We assume that M is a
smooth closed oriented manifold of dimension m such that m is odd and €€, = 1,
equivalently m = —e mod (4). Let (F,q) be a locally constant sheaf of finite
dimensional real vector spaces with e-symmetric form. Let furthermore N be a
compatible Z-grading and v be a compatible differential. By (H,gy) we denote
the associated cohomology. We choose a compatible metric structure J* and let

JH be the induced metric structure. Then we can define the operators D;fgn and

Di}g" as in (5). The following theorem is the main ingredient in the construction of
7. Recall Definitions 2.14 and 3.10 of the n-form 7(F, Nr, J¥',v) and of the integer
T7(F,q,Np,v).
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THEOREM 3.17. We have

n(Dp") = n(D3") = 2 A ) L(VTMY Nij(F, Np, J¥ v) = 7(F,q, Np,v) .

PROOF. A sketch of the proof is given in Subsection 5.2. |

3.5.2. Definition and well-definedness of 1. Let [F,q,J, p,2] € L¢(M). We
choose any Riemannian metric g7 on M. It induces the Levi-Civita connection
V™ on M.

DEFINITION 3.18. We define
NF.a.Jp.z2) = n"(F,q. 0", p) 2

= (D) - 2/M LIVTMyYAp -2

LemMA 3.19. The map (F,q,J,p,2) — n(F,q,J,p,z) € R induces a well-
defined homomorphism n : LE* (M) — R.

PROOF. It follows from the well-definedness of nZ°% [21, Prop.24] that 7 is
independent of the choice of the Riemannian metric on M. It therefore suffices to
show that (F,q, J, p,2) ~ 0 implies that n(F,q,J,p,2) = 0. Thus let £L C F be
a locally constant lagrangian subsheaf of F such that p + p(F,q,J, L) = 0 and
z+7(F,q, L) =0.

We construct the complex (G, qg, Ng,vg) as in Subsection 3.4.3. Using the

compositions Jy : L — F EAY atiat F/L and Jp/r, : F/L - FS L 7. L we define
the metric structure

0o 0 Jg
JY = 0o J 0
Jeg, 00

As in the proof of Proposition 2.15 we see that modulo exact forms
(G, Ng, J9,vg) = =p(F,q.J, L) .
By definition we have
T(F.q,L) =7(G,q9,Ng, vg) -

The complex G is exact. By Theorem 3.17 we have

n(Dg) = 2/ LVTM) A (G, Ng, J9, vg) — (G, 4, Na, vg) -
M
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Thus

WF.adp2) = w0 -2 [ L™ np-
M
= 2/ L(VTM)/\ﬁ(g,Ng,JgJ}g)—T(Q,qg,Ng’Ug)
M
—2/ LIVT™MYAp -z
M

= _2/ L(VTM) /\(ﬁ(fvtb Jaﬁ) +p) - (Z+T(g7QQ)Ngvvg) =0.
M
O

4. The secondary index map

4.1. Introduction and summary. In this section we consider the secondary
index map (i.e. the wrong-way or push-forward map) for L. associated to fibre
bundles. It is constructed by refining the geometric construction of ﬂfig"’R/ Z This
construction naturally involves 7-forms for fibre bundles. The proofs of the facts
that 7% is well-defined, and that it has nice functorial properties are all based on
the study of various adiabatic limits of these 7-forms. We start this Section with
the introduction of the n-form associated to a fibre bundle and the statements of
the adiabatic limit results. Then we introduce the secondary index maps and dis-
cuss their functorial properties. We give the algebraic parts of the proofs in detail
using the corresponding adiabatic limit results.

4.2. Adiabatic limits of eta invariants, the eta form.

4.2.1. Generalized connections. Let M be a smooth manifold and FF — M be
a smooth real vector bundle. Let V be a connection on F'. Using the Leibnitz rule
we extend V to Q(M, F) (cf. [3, Def. 1.14]).

DEFINITION 4.1. A generalized connection on F' is an operator A : Q(M, F) —
Q(M, F) of the form A=V + S with S € Q(M,End(F)).

Let ¢ : FF — F* be a duality structure on F. We extend ¢ to a form q :
QM, F) @ Q(M, F) — Q(M) by q(u® z,w®y) = uAwq(z,y).

DEFINITION 4.2. We say that a generalized connection A on Q(M, F) is com-
patible with q, if dq(¢,¥) = q(Ad, V) + q(¢, AY).

4.2.2. The n-form of a fibre bundle. Let m: M — B be a smooth locally trivial
fibre bundle with closed fibres Z;, b € B, of dimension n. Set €, = (—1)[%17 Veén =
(\/—1)[%1}. We assume that the vertical bundle T'Z := ker(dm) C T'M is oriented.
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Let (F, gr) be alocally constant sheaf of finite dimensional real vector spaces over
M with a e-symmetric duality structure gz, and let F' be the corresponding flat
vector bundle (cf. Subsection 1.4.1).

We consider the infinite-dimensional Z-graded (with grading Nz by form de-
gree) vector bundle Q(Z, F') — B with fibre Q(Z, F), = Q(Zy, F|z,) such that its
space of smooth sections on B is C°(M,A*(T*Z) ® F'). The orientation of TZ
and ¢ induce an ee,-duality structure gz p on Q(Z, F') which is given by

tzew® 6.0 ©0) = [ ((()FFN0) A 42(6,)

z
Then the Z-grading Nz on Q(Z, F) is a compatible Z-grading of length n.

Nz(Nz—-1)
Pl

Our next goal is the interpretation of the twisted de Rham differential df' on
Q(M, F) induced by the flat connection V¥ on F as a superconnection (cf. [12,
§I11(a)]). We choose a horizontal distribution T#M C TM, i.e. a complement
to TZ. This choice induces an identification Q(M, F) = Q(B,Q(Z, F)). Then d
can be viewed as a generalized connection (see Def.4.2) on Q(Z, F'). For a vector
field X € C*°(B,TB) we denote by X € C°°(M, TH M) its horizontal lift, i.e.
mXH =X . ffu®¢e C®(B,QZ,F)) CQM,F), then we set

V0@ ¢ :=Lxynw®¢+we Ving,

where Lxw denotes the Lie derivative. In this way we define a connection on
Q(Z,F), we extend V4 to Q(B,Q(Z,F)) by using the Leibnitz rule. Now we
decompose (cf. [12, Prop. 3.4])

¥ =d?" + VP +ir

where d%¥ is the fibrewise twisted de Rham differential along the fiber Z and ir
is the insertion of a tensor field T € C°(M,A*>(THM)* ® TZ). To be precise,
A2(THM)* is considered here as a subspace of A2(T*M) and ir is interpreted as
an element of C*°(B, A%(T*B) @ End(2(Z, F))). It turns out that d¥ is a (—1)N2-
superconnection of Nz-degree one (cf. Subsection 2.4.4) which is flat because of
df odf = 0.

We can form the (finite-dimensional) cohomology H(Z, F) of d%¥" which comes
equipped with a flat connection VH(ZF) (cf. [12, §ITI(f)]) and a parallel ee,,-
duality structure gz ry. The sheaf of of parallel sections of H(Z, F') is naturally
isomorphic to H(Z, F') := m(F) so that gz r) corresponds to the form gz 7y :=
7(gz,r) on H(Z, F) (cf. Subsection 1.5.1 for notation).

We now choose a vertical Riemannian metric g4 on TZ and a metric structure
J¥ on F. The vertical metric and orientation on T'Z together induce a Hodge *-
operator * : Q(Z) — Q(Z) as in Subsection 3.3.1. We define a metric structure on
O(Z,F) by

Nz(Nz—-1)
2

JEF = (x(~1) +nNz) @ JF
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This metric structure is compatible with the Z-grading Nz. On the cohomology
H(Z, F) we obtain a metric structure J7(%F) induced by J%¥. Let (d*)*, (d%F)*,
(ir)*, (VZF)* be the adjoint of d¥', d%¥, ir, V% with respect to the scalar
product q(-, JZ*-) on Q(Z, F) defined by J%*.

e If n is even, by an easy computation we see that df is compatible with
gz,r in the sense of Def. 4.2. This in particular implies, that the differential d4r
is compatible with ¢z p. Though Q(Z, F) is infinite-dimensional the theory of
characteristic classes and forms extends to certain nice superconnections. In par-
ticular, p(df', J%F) € Q(B) is well-defined. Let ¢ : Q(B) — Q(B) be the map

-\ —(deg w £\ Z,F
pw = (2mi)~(d8«)/2y Then A = L(dF + (dF)*) is the 2/ = \/g\l/aJZ’F—

superconnection, and

(9) p(d", J5F) = e[z exp(—A?)].

We now introduce the rescaling. Let B := (0, +0c) x B and pr : B — B be the
projection. We consider the bundle M = pr* M over B together with the canonical
projection Pr: M — M. We define (F, Gz, THM,J) := Pr*(F,qr, TH M, JF).

We obtain the Z-graded ee,-duality bundle Q(Z, F') over B with (—1)VZ-superconnection
A" := d¥ | which is the twisted de Rham differential on Q(M, F) induced by V¥,

We fix the vertical metric g7# which restricts to %gTZ over {t} x M. It induces

the metric structure J on Q(Z, F). The form p(A4’,.J) € Q(B) is now well-defined

as in (9). Let us decompose p(A’,.J) = dt Ay + r, where  does not contain dt.

Here 7 : (0,400) — §(B) is a smooth family of forms on M. More precisely, for

t > 0, set

(10) Ci = %(th/Z’dFt*Nz/? N2 (@F )y eNa ),

Then

0
Te [ J2F(2-C) exp(—C2)|

(11) 1) = —(2mi) /2 o

1
Veva”

By [21, Prop. 31], we have y(t) = O(t"2) as t — +o0o and ~(t) = O(1) as
t — 0, so that we can define ([21, Def. 33], [8, Def.4.33])

DEFINITION 4.3. 7)((Z, F), Nz, J%F dF) := — [F 4(t)dt .

Note that g74 and T M induce a canonical connection VT4 on TZ (cf. [5,
Theorem 1.9], [3, Prop. 10.2]). Let L(VT%) € Q(M) be the L-form of TZ as in
Subsection 3.2.2. To define p(VH(%F) | JH(Z.F)) we use the Zy-grading on H(Z, F)
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F 1

= Veven

induced by 277 J%¥F . We have

(12) dﬁ(Q(Z7F)7NZ,JZ’F,dF)=/L(VTZ)/\p(VF,JF)
Z
— p(VHEE) JH(ZF)y

e If n is odd. Then A, d%¥ + (d%F)*, ir + (ir)* commute with J%¥. For
A€ End(Q(Z,F)), we A(T*B), put

(13) Troddw A] = wev Tr[A], TroddwA] = w4 Tr[A].

even

Here w®¥®", w°dd denote the even and odd degree part of w.

By [9, Theorem 2.10], the form
(14) (A", J) = (20)2Tro% 277" exp(—A?)]

is closed. Thus p(A'lj) = (24)Y/2Tyedd [sz’F exp(—A?)] is closed on B. Let
us decompose p(A’,J) = dt Ay + r, where r does not contain dt. Thus r =

(20)1/2Tr0%4 277" exp(—C2)] is closed and its cohomology class does not depend
on t. And

F, 0
(15) (1) = Pemeen |77 (2 Cexp(=C7) |
By the same argument as in [10, Theorem 2.11], we have v(¢) = O(1) as t — 0,

and as in [3, Theorem 9.23], we have (t) = O(t~2) as t — +00. So we can define
(cf. [8, Def. 4.93])

DEFINITION 4.4. (U Z, F), Nz, J%F dF) .= — f0+°° y(t)dt .

Then 77(°) the 0 degree part of 7 is %U(D‘;gﬁ) for the fibrewise operator in (5).
By the argument in [9, Theorem 2.10], as in [8, Theorem 4.95], we have

(16) di(QUZ, F), Ny, J%F dF) = / L(VTZ) A p(VE, JF).

z
Since the fibres Z are odd dimensional, we must make precise our sign coneven-
tions, when integrating differential form along the fibres Z. If & € Q(B), § a
section of A(T*Z) on M with compact support, then [, 7*(a) A = o [, 3. This
sign convention will be compatible with the sign convention of Tr in Subsection
2.4.4 and (14).

Remark : Assume that n is odd. In [21, (233)], Lott defined also an even
form pLott(A’, JW (t)). Actually, p=ott(A’, JW (t)) = 0. In fact, we only need show

prOt(AT TV (1)) = 0. Set A = L(VAF + (VAF)*) 4 2777 (dZF 4 (d2F)* +ir +
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(i7)*). Recall that 277" commutes with VEE (V) dZF 4 (dZF)* ip+(ip)*.
If we use the notation here,

PP AL T (1) = Va7 (— )N exp(—A2)]
= Ve T 77T (—1)N7 exp(—A°)].

As A preserves the Nz-grading, and z7 o changes the parity of the Nz-grading.
Thus the above trace must be zero. The same argument tells us the eta form in
[21, (238)] is zero if n is odd.

We now decribe how 7(2(Z, F), Nz, J%* d") depends on its arguments. Let
(THM, gT% JF), (T/HM, g7z, JlF) be two triples. We will mark the objects as-
sociated to the second triple with a ’.

Let L(TZ,NT2 N'TZ) 5(VE,JF J'F), p(VHZE) JH(ZF) JH(ZF)) he the
Chern-Simons classes such that

dL(TZ,V72 V' T2) = L(VTZ) - L(V'T?),
dp(VF, JE, T Y = p(VE, JF) = p(VE, T,
dﬁ(vH(Z,F)’JH(Z,F),J/H(Z,F))

_ p(vH(Z,F)’ JH(Z,F)) _ MVH(Z,F)7 J’H(Z,F)).
If n is odd, we understand p(VH(Z’F\Z), JH(Z’F\Z)) is zero, as JH(Z:F2) change the
parity of the Z-grading Nz on H(Z, F|z), thus the corresponding p is also zero.

THEOREM 4.5. Modulo exact forms on B, we have
M(UZ F), Nz, J5F,d") = (2, F), Nz, T #F,d")

:/i(TZ,vTZ,v’TZ)p(vF,JF)+/ L(TZ, N T9)p(vE, I8, JF)
Z Z
_ﬁ(vH(Z,F)7JH(Z,F)’J'H(ZF)).

PROOF. : If THM = T'HM, ¢7% = ¢'T7 by [21, (246)-(251)], we get Theo-
rem 4.5. For the general case, by using (12), (16), we prove it by the same way as
in the proof of [12, Theorem 3.24]. O

4.2.3. Adiabatic limits and the formula of Dai. We keep the notation which
was introduced in Subsection 4.2.2. Furthermore, we assume that dim Z := n is
even and that B is closed, oriented, and of odd dimension np such that eey4p,,, = 1.
We choose a Riemannian metric g® on the base B. Using the horizontal distribu-
tion TH M we define the family of Riemannian metrics =M := 7*¢g?8 @ %gTZ,
T > 0. The orientations of B and T'Z induce an orientation of M. Let D := D}?g"

be defined as in (5) using the metric g% and let n(DZX) be its n-invariant. On
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the base B we consider the twisted signature operator DH(ZF) .— p3i9"  and

H(Z,F)
Z,F)) TB JH(Z,F)_

its n-invariant n(D ( with respect to g

There is a decreasing filtration on the cohomological group H(M,F) and a
Leray spectral sequence (1sEy, sd,) (r > 2) with s EY'? = HP (B, H%(Z, F)) con-
verging to GrH*(M, F). In the present smooth model this spectral sequence is asso-
ciated to the filtration of Q(M, F) given by FPQ(M,F) = ®4>,m*Q(B,QZ, F))
(cf. [17, §3.5]). Then sEY? = QP(B,Q4(Z, F)). The induced symmetric pairing
1sEP @ Byt — R, p+q+s+t=dimM,p+s= Np=dim B, is given by (8).
In particular, it is non-degenerated. This spectral sequence with duality structure
gives rise to the integer ps72(Z, F) = ﬁTQ(LSE*) as in Def. 3.7 using the

€€ntnp-Symmetry structure on 1,gF, induced by JM:F = JM @ JF.

Let VB be the Levi-Civita connection on TB. Let L(VTB) be the corre-
sponding L-form on T'B. We can now state the main result of [16].

THEOREM 4.6. [Dai, [16, Thm. 0.3]/

lim n(D;“):n(DH<Z»F>)+2/ LIVTPVANG(QUZ, F), Ny, J%F dF )+ s pmo(Z, F) .
B

T—+00

4.2.4. The n-form and complexes. We make the same assumptions as in Sub-
section 4.2.2. In addition we assume that F admits a Z-grading Np of length np
and a compatible differential v. Let H be the cohomology of v. Let H be the flat
vector bundle corresponding to H.

We choose a metric strucutre J¥ on F such that it is compatible with Np.
Then we obtain an induced metric structure J on H.

We modify the construction of the eta form in Subsection 4.2.2 by replacing
d¥ by d := d¥ 4+, here (d¥ +v)? = 0 by the convention after (8). This differential
is now a flat (—1)N-superconnection, where N := Nz + N is the total grading.
Here N is a grading of length n 4+ np which is compatible with the form ¢z p.

The cohomology of the zero part d?f v of d is the fibrewise hypercohomology
HH of the complex (F,v) along the fibre Z. By HH we denote the corresponding
bundle which acquires an induced metric structure J# .

We now introduce the rescaling. Let again B := (0,+0c0) X B and pr: B — B
be the projection. We consider the bundle M := pr* M over B together with the
canonical projection Pr: M — M. We define (.7:', ('jf,THM,ﬁ,NF) = Pr*(F,qr,
THM, v, Np). We obtain the (by N := Ny + Np)) Z-graded ee,-duality bundle
Q(Z, F) over B with (—1)¥-superconnection A’ := d = d¥ +&. We fix the vertical

metric g7Z which restricts to %gTZ over {t} x M. Furthermore, we consider the

metric structure J¥ which restricts to ¢~Nr/24nr/4 JF{Nr/2-np/4 ::]FtNF’”FN/2
(cf. Def. 2.13) on {t} x M. These choices induce the metric structure J on Q(Z, F).
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Moreover, d is still compatible with the form ¢z r if n is even. The form
p(A’,J) € Q(B) is now well-defined as in Subsecction 4.2.2. Let us decompose
p(A’,J) = dt A~ + r, where r does not contain dt. Here v : (0, +00) — Q(B) is a
smooth family of forms on B.

LEMMA 4.7. We have v(t) = O(t™%) as t — 400 and v = O(1) as t — 0. The
form

+oo
HQZ, F), N, JPF d) o= — / (bt
0

satisfies

7 Z,F [z L Ap(VE, JEY — p(VEE  JHE) if n is even,
(2, F),N, 777, d) { fZ Ap(VE, JEY if n is odd.

PRrROOF. This Lemma can be shown using the techniques of the proof of [12
Theorem 3.21], [9, Theorem 2.10]. O

There are two spectral sequences of locally constant sheaves of finite-dimensional
real vector spaces which converge to the hypercohomology HH of (F,v) along the
fibre Z, namely the fibrewise hypercohomology spectral sequence (&, ped,) and
the fibrewise local-global spectral sequence (;4&r, 14dy). Both are obtained from fil-
trations of Q(Z, F') which are compatible with the duality. Therefore we obtain ee,,
duality structures g, g, and g, g,. We further obtain corresponding metric struc-
tures JreEr and JisPr. We identify p.Gr(HH) & o€ and 1,Gr(HH) & ;€ (cf.
Subsection 3.4.2). Recall the eta form for a complex or a filtration were defined in

Subsection 2.4.4 and 2.4.5 corresponding to the Zy grading 2T = \[FJ’LC

1gEr . .
on p.E, and 27" = JiaEr on 19Er if 1 is even.

\/\/5
If n is odd, the , D, = pcd, + ped): commute with JreBr and | D, = 198 + 194},

commute with Jisr. By [7, Prop. 2.12], [27, §5], the form

(17) p(hedy, J;LCET) _ (Qi)l/QTr(’dd |:ZJthr exp(—(Vh“E""JhCET " hDr)Q)jl

is closed and exact. Thus, as before, we define

(18) ﬁ(thT,thEra JhCErvhcdr)

2

Then as in [8, Theorem 2.43], [7, Theorem 2.17], it is a closed form on B, and its
cohomology class is %[ch(thr,w) — ch(peEr <0)], where ncEy >0, neFr <o are the

direct sum of the eigenspaces of ,.F, associated to positive, negative eigenvalues
JheEr

IR oEr oEr t
= 74\/7?/ pTreven {z‘]h " nDy exp(—(V’wE“‘]h K + \[hDT)Z)} .
0

of z nD,. We define in same way for other terms of 7.

The following Theorems are the main ingredients of the proof of well-definedness
of the secondary index map.
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THEOREM 4.8. Modulo exact forms on B we have
(2, F),N,J%".d) = §(QZ, F), Nz, J>", d")
3 s Ny oy T2 edy)
r>1
— A(HH, pGr(HH), JEH | jreGrHH))
THEOREM 4.9. Modulo exact forms on B we have
(2, F),N,J*".d) = 42, H), Nz, J#, d")
+ Z ﬁ(lggTa ngfm Jlg87‘7 lgdr)

r>2

—n(HH, [gGI‘(HH)’JHH,JlgGr(HH))

+ / L(VT2) Nj(F,Ng, JE  v).
Z

The proof of both results will be sketched in Section 5.

Remark that if ng is odd, then 7(Q(Z, F), Nz, JZF dF) and 7(Q(Z, H), Nz,
JZH dHY is zero, as JZF change the parity of Z-grading Np.

4.2.5. The n-form of an iterated fibre bundle. Let W,V S be smooth mani-
folds. Let my : W — V| mp : V. — S be smooth fibrations with compact fibres
X and Y, respectively. Then 3 = mpom; : W — S is a smooth fibration with
compact fiber Z of dimension n. Let ng = dim X, mg = dimY. Let TX,TY,TZ
be the corresponding vertical tangent bundles. We assume that TX,TY,TZ are
compatibly oriented such that we have an iterated fibre bundle with compatible
orientation as in Subsection 1.5.2.

Let F be a locally constant sheaf of finite dimensional real vector spaces over
W with a e-symmetric duality structure gz. We choose a metric structure J* on
F :=bundle(F).

By taking fibrewise cohomology we obtain locally constant sheaves of finite-
dimensional real vector spaces H(X, F) over V, and H(Y, H(X,F)) and H(Z,F)
over S. These come with induced duality structures g (x, ), ¢ (z,7)s (Y, H(X,F))
on H(X,F), H(Z,F), H(Y,H(X,F)).

We choose horizontal subbundles THW, TV, THW | i.e. complements in TW,
TV, TW to TX, TY,TZ. Furthermore, we choose vertical metrics g7 %, g7~, g7

on TZ, TX, TY. Then we obtain induced metric structures J7(XF) JH(Z.F)
JHYH(X,F))

Let VIX VTV VT2 be the connections on TX,TY,TZ which are induced
by the choice of horizontal subspaces and vertical metrics (cf. [5, Def. 1.6], [3,
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Prop. 10.2]). We get a further connection °V' 7 = m*VTY & VIX on TZ =
TX & (TEWNTZ). Let L(VTX), L(VTY), L(VT?), L(OVTZ) be the associated
L-forms as in Subsection 4.2.2. By I~/(TZ, \VAES OVTZ) we denote the transgression
L-form such that

(19) dL(TZ, V7% °v"%) = L(vTZ) - L(°V"?

).

Since the fibre Z has the structure of a fibre bundle we have a fibrewise Leray
spectral sequence (1s&, Lsdy) (r > 2) of locally constant sheaves on S (cf also.
[24, Prop.2.1]). All terms have ee,- duality structures g, ;¢ induced by ¢z p on
Q(Z, F). The Z-gradings N, ;¢ and the differentials 1 sd, are compatible with the
duality. In particular, we have ps€ = H(Y, H(X,F)). Hence, we have an induced
compatible metric structure Jrs€ = JHIHXF))  Since the the other terms
are obtained by taking cohomology successively, we get induced metric structures
Jrsér and the Zg-grading \/E\l/aJLsgr on 1,s&, for all r > 2. There is a filtration
on H(Z,F) and a natural isomorphism GrH(Z, F) = 1s€x. Therefore, we have
the form 7(H(Z, F), 500, JAZT) JrsPe) as in Def. 2.17.

The following theorem provides the relation of the n-forms of the total fibration
w3 with the n-forms of the partial fibrations 7; and mo. It is the main ingredient
in the proof of the fact, that the secondary index map is functorial with respect
to iterated fibre bundles.

THEOREM 4.10. The following identity holds modulo exact forms on S,
i(Z, F),Ng, 72T ,d") = / LV™Y) A(Q(X, F), Nx, J5F, d)
Y

HiHQUY, H(X, F)), Ny, J¥HEF) g )

—i)(H(Z, F), 15Eoc, JHET) | Jrsboc)
+o0o

+ > ii(rsEr Nyse,, J2°7, 1sdy)
r=2

+/ L(T2Z,Vv7% 0% ) A p(VE, JF).
zZ

PROOF. The proof of this theorem will be sketched in Subsection 5.5. The for-
mula above arrises from a detailed investigation of the adiabatic limit of 7(2(Z, F),
Ny, J4F aF). O

Remark : Theorem 4.10 has four cases. Assume at first n is even. Then 7(Q(Z, F), -),

n(H(Z,F),-), 71(Ls&r,-), are defined as in Def. 4.3, 2.14, 2.17. If ng is even, then
(Y, H(X,F)),-), 7(AX, F),-) are defined as in Def. 4.3. If ng is odd, then
(Y, H(X,F)),-),n(QUX, F),-) are defined as in Def. 4.4, and (Y, H(X, F)),-)
is zero by the same argument of the remark after Theorem 4.9.
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Assume now n is odd. Then 77(2(Z, F), ), 1(H(Z,F),-), 1(rs&r, *), are defined
as in Def. 4.4, (18). If ng is odd, then 7(2(Y, H(X, .’F)) ), (X, F),-) are defined
as in Def. 4.3, 4.4, and 7(Q(Y, H(X,F)),-) is zero by the same argument of the

remark after Theorem 4.9. If ng is even, then 7(Q(X, F),) is defined as in Def.
4.3 and (Y, H(X,F)),-) is defined as in Def. 4.4.

4.3. Definition of the secondary index maps.

4.3.1. The map 7rL Lott ‘Tt M — B be a smooth locally trivial fibre bundle
with even-dimensional closed fibres Z over a compact base B such that the vertical
n+1
bundle T'Z is oriented. We set n := dim Z, €, = (—1)! enll

In [21, §3.6] Lott constructed a secondary index map

ﬂ,E,Lott . EeLott(M) LLott(B)

€€y,

which fits into the commutative diagram

H"¢(M,R) — Lt(M) — LI%(M) — Ky (M)
ﬂ_::zgnl LLotti Wf,R/Zl izgn R/Zl
HY=(B,R) — LLMB) — L (B) — Kg),(B)

We recall the definition of 7=, We choose a metric 7% and a horizontal

distribution TH M. This fixes a connection VT4 on the vertical bundle TZ.

DEFINITION 4.11. Given a class [F,qr, J¥', plrowr € LE (M) its secondary
index is defined by

7-(-57[/0“ [fv qr, JF, p]Lott
= [H(Za f)vQH(Z,}')v JH(ZJ:)a/ L(VTZ) A P — ﬁ(Q(Z7 F)vNZw]Z’FadF)}Lott .
Z

By [21, Prop. 32], 7 L Lot is well-defined. In particular, it is independent of
the additional choices.

4.3.2. Construction of 71'5. We can now define the secondary analytic index
map

k. L (M) — Le, (B) .

*

Recall that we have surjective homomorphisms

L (M) — Le(M) ,  Le2"(B) = Lee, (B) -

€€y,
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DEFINITION 4.12. We define ﬂ'f by the condition that the following diagram
commautes :

_n_E,Lott

pbron) "2 Lk()
l
L)

(R

Effn (B)
THEOREM 4.13. The index map WE’LO“ induces a well-defined secondary index
map

:L (M) — L., (B) .

* 1

™

PROOF. Let [F,qr,JF,p] € Ld(M) and £ C F be a locally constant la-
grangian subsheaf. We must show that

[H(Z7 f)qu(Z,]:)aJH(ZV}-%\/ L(VTZ) /\p - TN](Q(Z) F)vNZ7‘]Z7F7dF)]
Z

~ [0.0,0, /Z LOVT?) A (p 4 5(F,qr, 7 L))

We repeat the construction of G, q.a, J°¢, vg, etc. as in Subsection 3.5.2 in order
to write

(20) 723(?7(].7:3 JF;‘C) :ﬁ(g,Ng,Jg,’Ug) .

We consider the sum G° @ G? together with the corresponding form and metric
structure. Note that

0 2
[H(Za gO) D H(Zv g2)7 dH(2,6%)eH(Z,62)> JH(Z’g JOH(Z,6 )v 0] =0.

Moreover, we have 7j(2(Z, G° ® G?), Nz coga2, JGO@Gz,dZ’GO@Gz) = 0. Thus

[H(Zﬂf)qu(Z,f)vJH(Z’]:)v/ L(VTZ)/\p_ﬁ(Q(ZvF)vNZ»JZ)FadF)}
Z

= [H(va)aqH(Z,]:)vJH(Z’]:)v/ L(VTZ) Ap—ﬁ(Q(Za F)aNZ7JZ7F7dF)]
Z

+[H(Z,G°) @ H(Z,G%), aru(z,60)0m(2,02) JH(Z.G8H(2.6%) o)

[H(Z7 g)7 aH(2,G)» JH(Zﬁg)7 / L(VTZ) A pP— TN](Q(Za G)) NZa JZ’Ga dG)]
Z

Next observe that we have H(Z,G) = ,.&1. This relation respects the other struc-
tures. Let HH be the fibrewise hypercohomology of the complex G along the fibre
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Z. Using Lemma 2.15 repeatedly and finally Lemma 2.18, we get

[H(va)aqH(Z,]:)aJH(Z’}_)»/ L(VTZ) /\p_ﬁ(Q(Za F)aNZvjz’F,dF)
A

- [hch; [P JhCE27/ L(VTZ) A pP— ﬁ(Q(Z7 G)7 NZ» JZ)Gv dG)
7Z
_ﬁ(h(;gla N;LcEl 5 JhCEl ) hcdl)]
N N / LOV'%) A p — #(Q(Z, G), Ny, 779, d)

Z
- Z ﬁ(hcgra thErv JhCETa hcdr)]
r>1
= [HH7 qHH, JHH7 / L(VTZ) A pP— ﬁ(Q(Z7 G)7 NZa JZ’G) dG)
A
= iiheEr, Nty 5 nedy) + G(HH, pGr(HH), JHH, JEHEN]
r>1

(Note that in fact HH = 0). We now apply first Theorem 4.8 and then Theorem
4.9 in order to conclude that

[H(Z7f)aqH(Z,f)a']H(Zﬁj:)t/ L(VTZ) /\p_ﬁ(Q(Za F)aNZ7JZ7F7dF)
Z
= (g, 0, [ LT N~ 1(RZ,6), Nz J2€, )
zZ

— [HH, g, T, / LIVT%) A (p— ii(G. Nes, T, vg))
Z

- Z ﬁ(lggr, ngEr7 JlgET7 lng) + ﬁ(HHa lgGI'(HH), JHH7 JlgGr(HH))}
r>2

Remark that in this case, 4, = 0 for » > 2, and HH = 0, as G is a short exact
sequence. By (20) and the above equation, we get

(H(Z, F), anz.5), T 57, / L(V"?) N p = ii(QUZ, F), Ng, JZF,d? "))
Z

=[0,0,0, /Z LIV"?) AN (p+ B(F.qr, J". L)) .

O

4.4. Functorial properties.

4.4.1. Compatibility and naturality. The following two Propositions are im-
mediate consequences of the definition of the secondary index map.
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PROPOSITION 4.14. The following diagram commutes

H4*_f(M, R) — EegM) — L (M)
" | ot mk |
H¥=¢2(B,R) — Le,(B) — Le,(B)

PROPOSITION 4.15. The secondary indexr map is natural with respect to pull-
back of fibre bundles, i.e. given f : B’ — B we consider the pull back

Iy

FMOE M
frm | Tl
B L B

where f*M — B’ has the induced fibrewise orientation, and we have (f*w)fofﬁ* =

froxk.

4.4.2. Functoriality. We adopt the notation of Subsection 4.2.5. In particular,
we have smooth fibre bundles 7 : W — V, mp : V' — S with closed fibres X,Y.
The composition w3 = mp o : W — S is a fibre bundle with closed fibre Z. Let
n = dim Z,ng = dim X, mg = dimY such that n = ng + mg. We assume that all
dimensions are even. Furthermore, we assume that the relative tangent bundles
TX, TY,TZ are compatibly oriented.

Note that €, = €,,€m,. We have well-defined secondary index maps

bt Ld(W) — L., (S)
771E,* I_/e(W) - I_Jeeno (V)
k. Lec,, (V) = Lec, (S) -

THEOREM 4.16. We have the equality of homomorphisms L.(W) — L., (S)

L __L L
T3 = T25 O T 5

PROOF. Let (F,qr, JF, p) represent some element of L.(W). Then 7T3E* [F,qr,JF, p]
is represented by

(H(Z, F), oz, ), T 57, / L(VT™?) A p = (U2, F), Ng, J#F,d")] .
Z

There is a filtration of H(Z, F) such that the corresponding graded sheaf is the
limit ;g€ of the fibrewise Leray-Serre spectral sequence. Using Lemma 2.18 we
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get

b Foar, JT )
= [H(Z,F),an(z,7) JH(Z’f)7/ L(VT?) N p—ii(QUZ, F), Nz, J%F d")]
z

= [LSSOO’QLSSwaJLsEOO’/ L(VTZ)/\p—ﬁ(Q(Z,F),NZ,JZ’F’dF)
zZ
_ﬁ<H(Z7‘7:)aLSSOO>JH(Z7]:)aJLSEOO)} .

Note that H(Y, H(X,F)) = rs&> with all induced structures. Next we use Lemma
2.15 several times in order to get

Tr?{*[]:? qrF, JFap] = [H(K H(Xv f))vQH(Y,’H(X,]:))aJH(Y’H(XV}-))v
[ L) Ao~ RO 2, F), Nz AT )
4
+oo

— J(H(Z, F), LsEoo, JTZT) JrsF) 3 "ii(15Er, N, s, J577, L5dy)]

r=2
Now we start with the other side. We have
mlF ar, I7 pl = [H(X, F), arex ), TP,

/ LVIX) A p— (X, F), Ny, X, dF)] .
X

Furthermore, we get

7T2L,* OWE*[}-an, JE p]
= [H Y,H(X,f)),qH(Y,H(X}]_-)),JH(Yvﬂ(va))7

+ YL(VTY) A </X L(VTX) Ap — A(QUX, F),NX,JX’F,dF)>
—i(QUY, H(X, F)), Ny, JOHEF) gHXFy)

Thus the assertion of the theorem would is proved if we can show that

@ [ L) np— (U2, F), Ng, JEF )
Z
—i(H(Z, F), L5Eoor JTEF) Jrstie) +Zan Nysp., J*5F, 1sd,)

= / L(VTY) A </ L(VTX) Ap— ﬁ(Q(X7 F),NX, JX,F7dF)>
Y X
_ﬁ(Q(K H(Xv ‘F))a NY7 JY’H(X’]:), dH(X’]:)
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modulo exact forms. Note that we have

/YL(VTY)/\/ LVI¥) Ap

X

/ s L(VIYYAL(VTX) A p
A

/ (L(VTZ) Ap—dL(TZ, VT2 OvT2) A p)
zZ

/ (L(VTZ) Ap—L(TZ, VT2 O0vTZ) A dp)
Z

/ (L(VTZ) Ap— L(TZ,VTZ ,OVTZ) A p(VF, JF)> .
zZ

Using this identity we see that (21) is equivalent to

_ﬁ(Q(Z7 F)7NZa‘]ZVF7dF) - f](H(Za f)7LSgwaJH(Z’f),JLSEW)
+oo

+> i(nsEr Nk, J*57, Lsd,)
r=2

— / L(TZ,NT% 02y A p(VEF, JF)
Z

—/ LIVT) Nij(QUX, F), Nx, 5T, d")
Y
—A(QUY, H(X, F)), Ny, JOHEXF) gV HXF))

This relation is now exactly the assertion of Theorem 4.10. O

4.5. The index map for L¢ and L¢*.

4.5.1. Definition. Let m : M — B be a fibre bundle with even dimensional
closed fibres Z of dimension n. We assume that the relative tangent bundle T'Z
is oriented. Furthermore, we assume that B is closed, oriented, and of dimension
m such that ee,e,, = 1 and m is odd. Let (F, ¢x) be a locally constant sheaf of
finite dimensional real vector spaces on M with an e-symmetric duality structure
qr- Recall from Subsection 4.2.3 that in this situation we have the Leray spectral
sequence (1s&r, rsd,) of finite dimensional vector spaces which carries induced
duality structures g, c¢,.. It gives rise to the integer

1 1
77—2(LSE*) ey — T(LSgTaq STvN 5,«7Lsd'r) .
\ﬁ‘/En-‘rm \/Ew/en,-i—m ; LS LS

DEFINITION 4.17. (1) We define the extended primary index w="" = L (M)
— L (B) by

LsTe(Z, F) :=

ﬂ—LEI[qu]:vZ] = H(Z,JT),QH(ZJ:),Z—LS’TQ(Z,F) .
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(2) We define the extended secondary index map & : L¢™(M) — Lez (B)
by

ex

Tt Far I 2] = [HZ,F), arz,ey, IO,

/ LOVTZ) A p— (2, F), Ny, J2F P, 2 — Lma(Z, F)] .
7

THEOREM 4.18. 7£°" and ﬂf” are well-defined.

PROOF. Let #L° : Lem(M) — L2 (B) and #L : Le2(M) — Le* (B) be
given by the above formulas.

LEMMA 4.19. We have
77(7%561(]:7q}—7‘]Fap?Z)) :n(77QF7JF,PaZ) -

ProOF. This is just a reformulation of Theorem 4.6. In fact, since the 7-
homomorphism of Def. 3.18 is independent of the metric we can perform the adi-
abatic limit and obtain (using that in this limit L(VZM) — 7*L(VIB) A L(VTZ)
(cf. [24, Theorem 5.1]))

n(F,qr, I, p,z) = U(D?g")_Q/L(VTZ)Ap—Z
zZ
= WD} ) +2 [ L) NOUZ ), Nz TEE )

+L5T2(Z, F) — 2/
B

= WH(Z,F),qrz.7), J7E),

TB TZ _,
LV )/\/ZL(V YA p

/ L(VTZ) /\p_ﬁ(Q(Z7F>7NZaJZ7FadF)7Z - LST2(Za F))
Z

T ex

- 77(7%*L (f,q;:,,]F’p,Z)) :
LEMMA 4.20. 7T*ECI is well-defined.

PROOF. Assume that (F,qp,J,p,2) € Iﬁ/?_(M) satisfies (F,qr,J,p,2) ~ 0.
Then we have [F, qr, J, p| = 0in L.(M). Since % is well-defined, we have £ ([F, ¢r,

*

J, p]) = 0. By an inspection of the definitions we observe that ﬁf (F,qr,J,p,2)) ~
(0,0,0,0,u) for some u € Z. We must show that v = 0. In fact, since the n-
homomorphism is well-defined, we can compute (using also Lemma 4.19)

Ozn(faqF7Jap7z) :ﬁ-few(]:aqFaJapaz)
=1(0,0,0,0,u) = —u .
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LEMMA 4.21. 7L is well-defined.

PROOF. Let (F,qr,z) € L& (M) satisfy (F,q,z) ~ 0. Then we can find a
metric structure J¥ and a form p such that (F,qr, JF,p,2) ~ 0 in L (M). It
follows from Lemma 4.20 that

7 (Foar, IT p.2) ~ 0
This implies 7% (F, ¢, 2) ~ 0. O

Remark : The assertion of Lemma 4.21 should have a purely algebraic proof.
In particular, such a proof should be independent of analytic results about n-
invariants and n-forms. We were not able to find such an argument.

The proof of Theorem 4.18 is now finished. O

Let us state as a Corollary the following consequence of Lemma 4.19.
COROLLARY 4.22. The following diagram commutes:

Les(M) 5 R
AU

*

Lz (B) - R

4.5.2. Functoriality. We adopt the notation and assumptions of Subsection
4.4.2. In addition we assume that the dimension ng is odd and ee,4pg = 1. We
have well-defined extended secondary index maps

mh. ¢ LE(W) — L2 (S)
mfl o LEW) = L (V)
iy o L (V)= LE(S) -

THEOREM 4.23. We have the equality of homomorphisms L.(W) — Le, (5)

e e fe
7T3 * T 7T'2 * 7-‘-1 *

PROOF. Let [F,qr, J¥, p,z] € Lo(W) be given. Then we have by Theorems
1.20 and 4.16

7k (F,qr, T, p) — 7k, 0wl (IF,ar, JF,p)) = 0.
Thus
o (F I 0, 2) — 7k ol ((F,ax, 7, p, 2]) = [0,0,0,0,4]
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for some v € Z. We must show, that v = 0. We again use the n-homomorphism
and Lemma 4.22.

—u = n(0,0,0,0,u)

(
(k. (F ar I p,2))) — (k) only (1F,ar, ¥, p,2))
= 77([7:; q]_-“]F?p’ Z]) _n(ﬁfiz(["fﬂ q.7:7JF7p7 Z]))
(

)

= 77[faq}-v']Fapvz])_n([qufaJF7p7Z])

Remark : We conjecture, that we also have

i =ny, ol
There should be a purely algebraic-topological proof of this identity. This together
with Theorem 1.20 would again imply Theorem 4.23. Unfortunately we were not
able to find such a proof. The difficulties are very similar to the problems in an
algebraic approach to Lemma 4.21.

In fact we could conclude the well-definedness and the functoriality of m”
from a combination of these hypothetical algebraic-topological results with Dai’s
formula for adiabatic limits of n-invariants and the well-definedness of the n-
homomorphisms. In this case we would obtain an independent verification of the
adiabatic limit results for n-forms.

5. Adiabatic limits - sketches of proofs

5.1. Remarks : This Section contains the proofs of the assertions about adi-
abatic limits of n-forms and invariants which were formulated earlier. The general
techniques were developed mainly in the work of Bismut and coworkers, but also
by Dai and others. Unfortunately, the details were worked out in specific cases
which are similar to the situations of the present paper, but not exactly the same.
In order to show the results needed in the present paper one can use the methods
after adaptation.

We decided to choose for the present section a coarser level of detailedness
of our arguments. While Subsection 5.2 is still rather detailed in the remaining
Subsections we just stated the main intermediate results with references to the
literature, where proofs of similar results in slightly different situations can be
found, and which can be adapted to the present cases. It is not by coincidence,
that the formulations of these intermediate results in the last three subsections
almost agree.
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5.2. The proof of Theorem 3.17. Let ¢ € Z;. We assume that M is
a smooth closed oriented Riemannian manifold of odd dimension m such that
€€m = 1, i.e. m = —e mod (4). Let (F, qr) be a locally constant sheaf of finite-
dimensional real vector spaces with e-symmetric form. Let furthermore Ng be
a compatible Z-grading of length ngp and v be a compatible differential on F.
By (H, g»¢) we denote the associated cohomology. We choose a compatible metric
structure J¥ on F and let J¥ be the induced metric structure on the cohomology
H. Then we can define the operators D" and D" as in (5). In the present
section we sketch the proof of the following formula.

THEOREM 5.1 (3.17). We have

n(Dp") —n(Dy") =2 /M LV Nij(F, N, JT0) = 7(F, 45, NF,v) -

PROOF. We are going give a detailed sketch of the proof. The methods have
been developed in connection with similar questions about analytic torsion(forms)
and for the study of adiabatic limits of n-invariants. The proof of 3.17 is achieved
by adapting these methods correspondingly to the present situation.

We abbreviate D := ﬁ\l/anfg". Let JM:F be the metric structure on Q(M, F')
induced by J¥ and the Riemannian metric ¢”™ as in Subsection 3.3.1. let v* be
the adjoint of v with respect to the metric (-, J¥'-) on F. Then v* = —eJvJF.
Let V. = v 4 v*. Recall that the action of v extends on Q(M, F'), thus v* =
(—1)™Hee,,, JM:Fy JMF it is also the adjoint of v with respect to the metric
structure JM¥" on Q(M, F). Let d* be the adjoint of d with respect to the metric

structure JMF on Q(M, F). Recall also PR L__ JM.F  Furthermore, we

— Ve
define the operator D := z/" "9 + 927" = z']M'F(ﬁ + 0%), where 9 := d¥ +v.
Then D = D + W, where W := IV = My 4027 s of zero order,
and D = 27" (d + d*) = (d+ d*)zJM’F. Note that D is not a compatible Dirac
operator. Therefore, we must define its n-invariant by zeta function regularization.
Thus, we define the n-invariant 7(D) as the value of the function

1 Foo P21
= / Tr De P 5724t
I(s+3) Jo

at s = 0, where the integral converges for Re(s) >> 0 and has a meromorphic
continuation which is regular at s = 0. In fact, we will see below (Prop. 5.4) that
the integral converges locally uniformly for Re(s) > f%.

For T' > 0 we define the rescaled metric structure J¥ (T) := T~ Nr/2+nr/4 JETNr/2=nr /4
= JETNr=nr/2 (cf. Def. 2.13). Let JMF(T) be the metric structure on Q(M, F)
induced by J¥(T) and g?™ and define D(T') using J™:¥(T). Then we have

Npg Np 1
Dp:=T7 DT % =D+T*W .
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Note that Dy = D is well-defined. Furthermore, we have n(Dr) = n(D(T)). Below
we show that n(Dr) is independent of T € (0, 400). We obtain the proof of the
Theorem 3.17 by considering the limits 7" — 0 and T — +o0.

PROPOSITION 5.2. n(Dr) is constant for T € (0,400).

ProOOF. By Hodge theory the kernel of D(T') for T' € (0, +00) can be identified
with the cohomology of the total complex (M, F),d), i.e. with the hypercoho-
mology HH (M, F). The kernel of Dy is isomorphic to the kernel of D(T') and thus
has constant dimension. It follows that n(Dyr) is a smooth function of T', and its
derivative is given by the coefficient —%b,l /2, Where b_ /5 is a coefficient of the
asymptotic expansion

Traﬁe_m% 20 Z bt
oT v

i€ 37

We now show that we can apply [8, Lemma 2.11], which states that b_; 5 = 0.
Let D be the restriction of DM := JMd + dJ™ to Q(M)*’, where JM de-
notes the metric structure on (M) induced by the Riemannian metric g7™.
By D we denote the twist with F, or, what is the same, the restriction of D
to Q°V(M, F') (the superscript refers to the form degree). We have an isomor-
phism 27" Qedd(M, F) = Q¢ (M, F) such that we can identify Q(M,F)
O (M, F) @ Q°(M, F). In this identification D and W correspond to

DF 0 0oV
o Df )0 \v, o )"

Up to a sign D has the form [8, (2.5)]. The role of that sign in the argument of [8,
Lemma 2.11], is to assure that the anti commutator of the Dirac operator and the
potential is a zero order operator. Since in our situation DW +WD = [(d+d*), V]
is still of zero order the argument of [8] applies. O

Let pert := pem1(F,qr, Np,v) be as in paragraph 3.4.2 associated with the
hyper-cohomology spectral sequence.

PROPOSITION 5.3. For T € (0,400) we have n(Dr) — n(Doy) = peT1-

PrOOF. n(Dr)—n(Dy) is the difference of the numbers of eigenvalues (counted
with multiplicity) of D which become positive and negative when 7' moves from
0 to positive values.

The eigenvalues of D7 which tend to zero as T'— 0 can be described in terms
of the hypercohomology spectral sequence (pcFr,nedy). We employ the method
developed in [4, §VI]. In particular, we realize the spaces ;. F, using Hodge theory
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in order to obtain natural metric structures J"<¥r. Let 5.d* be the adjoint of ;.d,

. weEr Qi JreBr 1 hoEnr
with respect to J . Still denote z ﬁm.] .

Fix 7 > 1 and € > 0 sufficiently small. We can find a > 0 such that +a7'2
is not in the spectrum of Dy for T' € (0,¢). Let Py := ET,%DT(—(LQ) be the
spectral projection, i.e. the orthogonal projection from Q(M, F') on the direct sum

of the eigenspaces of T~"/2Dp associated to eigenvalues lying in (—a,a). Then
as T — 0 the spectrum of T‘gDTPT‘,fT converges to the spectrum of ,.D, =

ﬁ(hcd’r‘]thr + JreBry d,) = pInetr (hedy + ned?) (cf. [4, (6.55)]). This implies
(using Definition 3.7 and Lemma 3.6 for the second equality) that
n(Dr) —n(Do) = > sign(neDy) = et -

r>1

O

Recall the definition of the families of forms (¢) in (M) which enters into
Definition 2.14 of 7(F, Np, J¥',v). Recall also that L(VT™) is defined in Subsec-
tion 3.2.2.

PROPOSITION 5.4. There is some N € N such that

Tr Dye~'Pr = 2\/7?/ LVTMY A~(Tt) + 1201 + TNV |
M

PRrROOF. This follows from [8, (3.1)], and some local index theory calculation.
In fact our operator is (locally) the spin Dirac operator twisted with the tensor
product of the spinor bundle and F. Remark that if m is odd, let S(T'M) be
the spinor bundle on M, let 7 = (/—1)™"! % (—1)M+NM, then under the
isomorphism as C(7'M)-Clifford module A®V*"(T*M) ~ S(TM) @ S(TM)*, for
a € AP(T*M), the Clifford action of e € TM on AV (T*M) is 7(e* A —i.)a, here
e* € T*M corresponds to e by the metric gZ™ (cf. [7, (1.35)]). This explains the
appearance of the L-form above and the matrix structure of D, W in the proof of
Proposition 5.2. O

It follows from (5.4) and the fact that v(t) = O(1) as ¢ — 0 (see [21, Prop.
29]) that

n(Dr) = % /O+°° Tr DTe_tDQT% .
If we choose o > 0 so small that 1 — a > 1{3:\,1\/, then we have
T dt
Llim i TY26120(1 + TNtN)m =0

and thus after some transformation
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COROLLARY 5.5.

: Lo _p2. dt TMY A ~ F
TEIEOOﬁ/O TI"DTG Tm: /ML(V )/\n(f,NF,J ,U) .
LEMMA 5.6. Given N € N there are functions a;(z) bounded for z € [1,400),
and rn(t,T) bounded for T € [1,+00), t > T~ such that
, N _
TP Te Dpe Pt = > a; o (THE? + N ey (8, T)

i=—n

ProOF. This is essentially [16, Theorem 1.7] (cf. [8, (4.81)]). In [16] the sit-
uation is more complicated since it corresponds to an infinite dimensional bundle
F and unbounded differential v, namely a fibrewise de Rham complex. But the
proof given in [16, §3] can be applied in our situation with many simplifications.
First we write Dy = TY2(T~Y2D + W) so that the parameters x and ¢ in [16]
correspond to T~/2 and Tt in the present paper.

The localization part [16, §3.1], is just the usual finite propagation speed argu-
ment. Now we construct the rough parametrix as in [16, §3.2]. Then we verify that
the proof of [16, Lemma 3.4] goes through in our situation. Note that the formula
[16, (3.5)], simplifies a lot in the present situation. The remaining argument using
Duhamel’s principle can be taken without change. O

We employ the suggestive notation Dy, := D = ZJM'H(dH + (d)*) with
(d")* be the adjoint of d* with respect to the metric structure J*# on Q(M, H),
and establish the estimate which corresponds to [16, (1.14)]. For an operator A,
we denote o(A) the spectral set of A.

PROPOSITION 5.7. Given o € (0,1) there exists constants C > 0, N € N such
that for T > 1, t > T~ we have
—tD2 —tD2 c
_ ol <
|Tr Dre™"PT — Tr Doce | < T2 min(1, 1Y) °

PrROOF. We decompose A*T*M ® F := Eg & E1, where Eg := ker W and Eq := EOL. Let Q
be the projection onto Ey. With respect to this decomposition we write

Dy _:< Dr1 Drpo )
' Drs3 Dra '

Dr.1 is independent of T" and can be identified with Doo. We extend Do by zero to C° (M, E1).

Let
Ur={MeC|N<aVT, inf |A—ul>ca},
n€o(Doo)

where c¢1,c2 > 0 are sufficiently small and will be fixed below. Following [11, §9], we first show
the following Lemma:
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LEMMA 5.8. For p > dim(M) + 1 there exist constants C > 0, Ty > 1, such that for T > Ty
and X\ € Up

(22) [A=Dr)™" = (A= D) "QI1 < %(1+\>\|)” :

where ||.||1 denotes the norm on trace class operators.

PROOF. In some sense, this is a special case of [11, §9] corresponding to Y = X therein.
Instead of writing all details we explain how the the arguments given in [11] can be gotten easily
in the present case.

The operator D is as in [11, §9(b)], but much simpler. Furthermore, Dr ;, i = 2,3, are
independent of T' and bounded. Therefore, we have a stronger version of the estimate [11, (9.38)].

If $ € C°°(M, E1), then using elliptic regularity, the fact that DW + WD is bounded, and
that W|g, is injective, we obtain the estimate [11, (9.48)]:

[ Drol|? (Dr¢, Dro)

(¢, (D2 + TV/*(DW + WD) + TW?) )

= IDel* +T'/%(p,(DW + WD)) + T|[W||*
(23) > A8 . + (T — dI6I) |
where dy,d2 > 0 are independent of T' > 1 and ¢, ||.|| denotes the L2-norm, and W (M, E1) is
the L2-based Sobolev space of order one. We now conclude [11, (9.104)]: There are constants

Ty > 1 and ds > 0 such that for T > Ty, ¢ € C°(M, E)

(24)

D146l > d3(||6llwi(ar,my) + VTSI -

Thus there exists a constant Cq such that for T' > Tp, || < ‘%3\/? we have [11, (9.106)],

_ C
(A = Dra) "1l < —=lI¢ll,
T
A = Dr.a) " dllw (ar ) < Cllgll,

for all ¢ € C*°(M, E1). The following estimates are proved exactly as in [11, Prop. 9.18]. For
p > dim(M) + 1 there is a constant Ca > 0 such that for T > Tp, |A| < %"ﬁ

_ Co
=D Hloo < ==,
II( T,4)" lloo < Vi
(X =Dra) " p < Co,
_ C
ID72(A = Dra) oo < 7; :

where ||.||, denotes the norm of the p‘th Schatten class.

We now fix c2 such that o(Ds) N (—2c2,2c2) C {0}. Furthermore, we assume that at least
2¢1 < d3. Following [11, (9.120)], for A € Ur and T > Ty we define

MT(/\) =\ — DT,l — 'DT72(A — DT,4)71/DT73 .
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We have the estimates which correspond to [11, (9.124)]: If ¢; is sufficiently small, then there
are constants Cs > 0, T1 > Ty such that for "> T, A € U we have

[M7(N) oo < Cs,

D73 Mr(X) 1| < Cs,

[ M2 (N) " Hlp < Ca(1+ |A),

_ C3

[Mr(N) ™ = (A =Di7)lh < ﬁ(l +1ADP.

Note that in our case the operator defined in [11, (9.125)], is trivial, and this gives the better

power p instead of p+ 1 in the last estimate above. Now we follow the proof of [11, Thm. 9.23],
in order to finish the proof of (22). O

Let § C C be the circle of radius ca centered at the origin and oriented counter clockwise.
For T' > T} we have o(Dr)Né = 0. Let Pr and P be the spectral projections of Dy and Do
corresponding to the interval (—<2, 22). Recall that Q is the projection onto Eo.Then for T > Ty
we have

Pr— PoQ = ﬁfév—l (A=Dr)™P — (A~ Do) PQ) dA .

We conclude from (22) that | Pr — P Q|1 < % for some Cy independent of T'. Since Dy Poc @ =
0 and PsoDoo = 0 there exists a constant Cs such that for T' > T3

C
(25) D7 Pr — Do Poollt < ||PrDr(Pr — PoQ)|l1 < 7;

We conclude that there is a constant Cg such that for T' > T}

Cs
T1/2 7

(26) Tt PrDre™tPF — Tr PogDoge™ P | <

Let A be the oriented path in C which goes parallel to the real axis from —oo—ica to ca —ica,
then parallel to the imaginary axis to ca2 + ica, and then parallel to the real axis to —oo + ic2 ;
and goes parallel to the real axis from +oo 4+ ica to ca + ica, then parallel to the imaginary axis
to cg — ic2, and then parallel to the real axis to +o00 — icg .

Let hp () be holomorphic on C\iR such that hép_l)(/\) =(p— 1)!Ae’)‘2. So up to a constant
it is the function fp_1 as defined in [11, (9.165)]. In particular, we have the estimate [11, (9.169)],

lhp(N)] < Cre=esM* xea
where ¢4 > 0 and C7 are independent of A\. We have

(1 — Pr)Dre™tPF — (1 — Pog)Doce 1P
17
= — [ 2™ (A=Dr) ' = (A= D) 1Q) dA
21 JA
L[ hp(t/2)) p “p
o AW((A—DT) — (A= D)7 PQ) dX .
We split the integral into the parts Ay (T) := AN{N € Ur} = An{|A < c1VT} and Ax(T) :=
AN{|A > c1VT}. Let p := dim(M) + 1. By Lemma 5.8, there is are constants Cg, Cg such that
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for T>T1,t>0

1 / hp(t1/23) (A=Dr)™? — (A= Do) PQ) dA

27) | —
S P N IE

1
Cs —eat|A? P Co
s T1/2¢(p+1)/2 /AI(T)e (L +ADPdr < T1/2¢p+1 ~

It follows from (23) that there is a constant C'1g such that for all T > T, A € Ax(T)
(A =Dr) Pl < Cio, (A =Doo) ?Qll1 < Cio -
We obtain constants C11,C12,C13 such that for all 77> T} and t > T~ 1+

1/2
09 lor [ (0D - (- Do) PR s

2mi Jagp(ry tPH/2
_Cn —cat|A?| Ciz  _cy1ies2 Ci3
c < c4 G L —
— t(p+1)/2 /AQ(T)E dA < tor2/2° = /Ttr+2)/2
We combine (27) and (28) in order to obtain
C
(29) I(1 = Pr)Dre "PF — (1 — Pog)Doe™ Poo||; < 14

= /T min(tP+1,1)
for T > Ty and t > T~ where C14 is independent of T, t. Together with (26) this implies the

assertion of the proposition. O

The estimates 5.4, 5.6, and 5.7 are all the ingredients which are nessecary to
perform the proof of [16, Prop. 1.8]. We conclude

COROLLARY 5.9. For 8 > 0 sufficiently small we have

L dt
2
lim Tr Dre tPr— = .
T—+o0o Jp—1+ta t

We fix 1 —a > (8 > 0 such that Corollary 5.9 holds. Note that ’ITDOOe_tho =
O(1) as t — 0 (cf. [9, Theorem 2.4]). The following is an immediate consequence
of Proposition 5.7.

COROLLARY 5.10.

1 1

dt dt

lim Tr DTe_tD% — = / Tr ’Dooe_tho —_ .
T—4oc0 T8 t 0 t1/2

It follows from (29) that ||(1 — Pr)Dre~P7||; is uniformly bounded for T >
1. Since PrDr > ¢y and all T > Ty we have a constant C' such that ||(1 —
PT)e’(t*I)D%H < Ce™t2 for all T > Ty, t > 1. We conclude that there is a
constant Cy such that for all T > T}

I(1 = Pr)Dre~ |y < Cre~te .

Using (29) and Lebesgue’s theorem about majorized convergence we obtain
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COROLLARY 5.11.
+o0

TEIEOO . Tr (1 — PT)DTG t1/2

dt

~top 4t At
t1/2

+oo 9
= / Tr (1 — Py)Dosoe P
1

Note that Pr and P, are finite-dimensional projections. Since Dy, Py = 0 it
follows from (25) that the spectrum of PrDr converges to zero as T — +o00. We
have

1 [t > dt 1 [t > dt

lim — Tr PrDre PT— = lim Z —tp
T—1>I—Qr—loo ﬁ/l rhrere t1/2 T—1>+oo ﬁ e t1/2
I

: Lo e dt . .
“n, ¥ R[S, 3 s

2
neo(Dr Pr) pneo(Dr Pr)

Let ;475 := 14m2(F, q, N,v) be associated to the local-global spectral sequence
as in Def. 3.8.

PROPOSITION 5.12. We have

Jim Y s =
/,LGO‘(DTPT)

PrROOF. The eigenvalues of Dy which tend to zero as T — 400 can be
described in terms of the local-global spectral sequence (i4E;,4d,). We write
Dy = TY?*(V + T~Y2D) and apply the method of [4, §VI], to V + T~'/2D.
In particular, we realize the spaces 4/, using Hodge theory in order to obtain
natural metric structures JioFr.

Fix r > 2. We can find @ > 0, 77 > 1 such that a7~ ""1/2 is not in
the spectrum of Dr for T > Ti. Let Plp := Er¢-1/2p,.(—a,a) be the spectral
projection. Then as T — 0 the spectrum of T(T_l)/QDTPT‘fT converges to the

spectrum of ;, D, := ﬁ(lgdrﬂg& + JioEry d,). This implies
LY sign(u) =) sign(yD;) = 1572
nweo(Dr Pr) r>2
and hence the proposition. a

Combining Propositions 5.2, 5.3, 5.5, 5.9, 5.10, 5.11, and 5.12 we finish the
proof of Theorem 3.17. O

5.3. Proof of Theorem 4.8. We consider a family of super connections
depending on two parameters (T, u) € (0,400) x (0,+00). The parameter u is
the usual rescaling parameter associated to the total grading of Q(Z, F). The
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parameter T is associated to the form degree. If T' becomes large, then the de Rham
differential is scaled large compared to the differential v of the complex. In order to
stay in our formalism we are going to work over the base B:= (0, +00) x (0, +00) x
B. Let pr : B — B denote the projection and define & : M := pr*M — B with
fiber Z. Let pry M — M be the projection. Let TZ be the relative tangent
bundle of #, then T2 = pry;T'Z. This bundle is equipped with the vertical metric
477 on TZ which restricts to 729" 2 on the fibre over (T, u) x {b} € B. We define
the metric structure J on pri, F such that it restricts to u=Nrt7r/2 JFyNe—nr/2
= JEy2Nr=nr (cf. Def. 2.13) over (T,u) x M. The metric §7% and J¥ together

induce the metric structure J%F on Q(Z, pr’, F).

Let dP*MF be the twisted de Rham differential on Q(M,pri, F). Let d =
P 4 priy,v, let p(él7 jZF) be the form on B defined in Subsection 4.2.4 as (9)
if 7 is even (resp. (14) if n is odd) with respect to d, JZF.

_ DEFINITION 5.13. We define B := du A B* + dT A BT to be the part of
p(d, JZF) € Q(B) of degree one w.r.t. the coordinates (T,u), with functions
B, B+ (0, +00) x (0, +00) — Q(B).

The following fact is an immediate consequence of the fact that p(&7 JZF ) is
closed. Let d = dr,, + d® be the decomposition of the de Rham differential on
(0, +00) x (0, 4+00) x B.

COROLLARY 5.14. There exists a smooth family o : (0, +00)x (0, +00) — Q(B)
such that

(30) dr.uB=dT AdudPa

The following theorems can be shown by adapting the the method of the
corresponding reference to our present situation. Actually, the following results
are analogues of some related properties about Bismut-Lott’s real analytic torsion
forms, especially [24, Theorems 4.3-4.9], where we work on much more complicate
case (instead the finite dimensional flat vector bundle here, we work on infinite
dimensional vector bundles). See also Subsection 5.5 for more details.

Let B := (0, +00)x B. We consider the metric structure J?(%%) on H(Z, F) :=
pr*H(Z,F) which restricts to uNuz.mtnuzr/2 JHZF)yNaz 5 —nuzr/2 =
JHEZF)2Nuz.7—nu@zr) over {u} x B.

We consider the flat (—1)V#(z# superconnection B’ := V7 (%) 1 VH(Z,F)

where the differential vy (z 7) on H(Z, F) is induced by v. Let p(df(ZF) | JH(ZTF)\he
the form on B defined in Subsection 2.4.4 if n is even (resp. (17) if n is odd) Let
v : (0,400) — Q(B) be such that

p(d?EF) JHEF)N = du ny 1,
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where the remainder r» does not contain du.
THEOREM 5.15. (1) For any u > 0,

(31 Jim 5T = A (w).

(2) For 0 < uy < ug fized, there exists C > 0 such that for u € [uy,us],
T > 1, we have

(32) |3“(T,u)| < C.
(3) We have the following identity

+oo —+oo
(33) ThI-E BT, u)du = / ~v(u)du — Z (helry N, 5,y J"E7 hed,).
e ! r>2
THEOREM 5.16. (1) There exists a smooth family o : (0,+00) — Q(B)

such that for T > 1 we have
lim BT(T,u) = o(T) .

uU——+00
(2) There exist constants C > 0, 6 > 0 such that for T > 1 we have the
following estimate

C

(34) lo(T)| < Ti6

(3) We have the following identity, modulo exact forms on B,

“+o0
(35) [ o = i, Ga(a), g1, S D)
1

Remark that (35) follows from Lemma 2.16 as the proof of [24, Theorem 4.5].

Let M = (0,400) x M, Pr : M — M be the canonical projection. We consider
the vertical metric g7 on M for the fibration M — B which restricts to u—gPr*gTZ

on the fibre over (u,b) € (0,+00) x B. It induces a metric structure J%F on
Pr*Q(Z, F) on B. We define the smooth family 0 : (0, +o0) — Q(B) such that (cf.
Subsection 4.2.2)

p(d™ T JHEY = dung+r
such that r does not contain du. Note that by Definitions 4.3 and 4.4

“+o0
/ O(u)du = —ii((Z, F), Ny, J%F.,d") .
0

THEOREM b5.17. (1) For any u > 0, there exist C > 0,0 > 0 such that
forT > 1,

(36) 1B7(T, u)| <
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(2) For any T > 1 we have

(37) lim e 187 (Te 1, e) = 0(T) .

e—0

(3) There exists C > 0 such that fore € (0,1], e <T <1,
(38) e BT (Te o) < C.
(4) There exist § € (0,1], C > 0 such that for e € (0,1],T > 1,

C

(39) e AT (Te ™t e)| < T

We now finish the proof of Theorem 4.8. For 0 < ¢ < A and 1 < Ty we
consider the rectangle (T, u) € R := [1,Tp] x [e, A]. By Corollary 5.14 we have

JopB=dP [;a. Thus

A To A To
/ ﬁu(Tm u)du— ﬁT(T7 A)dT_/ Bu(lv U)du+ ﬁT(Tv E)dT = h+lo+I3+1,
€ 1 € 1

is an exact form on B. We take the limits A — 400, Ty — 400, and then ¢ — 0
as in [4, §4(c)], [22, §4(c)] . Compare to [4, §4(c)], [22, §4(c)], no divergent term
will appear here in the process of the limit. Thus the calculation is much simpler
here. Let IF, j =1,...4, k = 1,2,3 denote the limit of the part I; after the k’th

limit. Then modulo exact form on B, Z?Zl I ]3 = 0. We obtain by definition of
(QZ, F),q, 77, d) that

I3 =7(QZ,F),Nzp,J?F d) .
Furthermore, by Theorem 5.16 and in particular (35) we get
I3 = I3 = f(HH, Gr(HH), JHH, jreGr i)
(From (31), (32), (33), v(u) = O(1) as u — 0, andby Def. 2.14,

+oo
[ 2 = =i Ny 7 )
0
we conclude that

If == Z ﬁ(}wST, thEr7 JhCET’ hcdr) .

r>1
Finally, using Theorem 5.17 we get
I} = —7(UZ,F),Ng, J%F d") .

These four equations imply Theorem 4.8. O
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5.4. Proof of Theorem 4.9. We consider again two parameters (T, u). Here
u is the rescaling parameter corresponding to the total grading of Q(Z, F') and T
is associated to the grading of F'. For large T the differential v is rescaled large
compared with respect to the de Rham differential.

Let B := (0, +00) x (0,4+00) x B. Let pr : B — B denote the projection and de-
fine M := pr*M — B with fiber Z. This bundle is equipped with the vertical metric
477 on TZ which restricts to 23977 on the fibre over (T, u) x {b} € B. We define
the metric structure J¥ such that it restricts to (Tw)~Nrtne/2 JF (Ty)Ne—nr/2
over (T,u)x M. The metric 7% and JE together induce the metric structure JZF
on Q(Z,pri, F).

As in Section 5.3, let d = dP*m ¥ + prj,;v be the pull-back of d. Let p(a, jZF)
be the form on B defined in Subsection 4.2.4 as (9) if n is even (resp. (14) if n is
odd) with respect to d, JZF.

DEFINITION 5.18. We define 8 = duAB*+dT ABT to be the part ofp(a, jZF)
of degree one w.r.t. the coordinates (T,u), with functions 3%, BT : (0,4+00) x
(0, +0) — Q(B).

The following Corollary is an immediate consequence of the fact that p(d, JZF)
is closed.

COROLLARY 5.19. There exists a smooth family c : (0, +00)x (0, +00) — Q(B)
such that

(40) dr.uB=dT Adud®a

The following theorems can be shown by adapting the the method of the
corresponding reference to our present situation. Actually, the following results
are analogues of some related properties about Bismut-Lott’s real analytic torsion
forms, especially [24, Theorems 4.3-4.9], where we work on much more complicate
case (instead the finite dimensional flat vector bundle here, we work on infinite
dimensional vector bundles). See also Subsection 5.5 for more details.

Let B := (0,4+00) x B and pr; : B — B be the projection. We consider
the bundle M := priM — B with fiber Z. Let Pr : M — M be the in-
duced map and H = Pr*H be the pull-back of the flat cohomology bundle H
of (F,v) on M. We consider the metric structure J# on H which restricts to
uNutna/2(py* JHYy Nu=nu/2 gver {u} x M. Furthermore, we consider the verti-
cal metric §74 on TZ, which restricts to %Pr*gTZ on the fibre over (u,b) € B.
They induce the metric structure J%H on priQ(Z, H). let Ny be the Z-grading
on H induced by Np. The total Z-grading on Q(Z, H) is Nz g = Nz + Ng. Let
d* be the twisted de Rham differential on Q(M, H), then d¥ is a flat (—1)Nz.7-
super connection on pri(Q(Z, H)) here Nz = priNz . We define the family



SECONDARY INDEX 73
v :(0,400) — Q(B) such that
p(d?, JZH) = du Ay + 7 |
where 7 does not contain du. By Def. 4.3 and 4.4,
+00
(41) /0 y(u)du = —7(QZ, H), Ny, JZH a7

= _ﬁ(hcgl, thEl 9 JhCEl ) hcdl)-

THEOREM 5.20. (1) For any u > 0 we have
42 li “(T,u) = .
(42) pim 54T u) =7(u)

(2) For 0 < w1 < ug fized, there exists C > 0 such that for v € [ui,us],

T>1,
(43) |8“(T,u)] < C.
(3) We have the following identity
+oo +oo
(44) Tlll}rl ﬂu(T, u)du = / "}/(U)du — Zﬁ(lg&n, ngET’ Jl_qET»’ lgdr) .
—+o0 Jq 1 =2
THEOREM 5.21. (1) There exists a smooth family o : (0,4+00) — Q(B)

such that for T > 1 we have
lim A7(T,u) = o(T) .

Uu——+00
(2) There exist constants C > 0, 6 > 0 such that for T > 1 we have the
following
C
(45) lo(T)| < T1T5

(3) We have the following identity, modulo exact forms on B

+oo
(46) / o(T)dT = —(HH, lgGr(HH))JHH7JlgGF(HH)).
1

We consider the metric structure J¥ on Pr* F, which restricts to u=Ne+tnr/2 JF
uNFE=nr/2 = JFy2Nr=nr over {u} x M. We consider V¥ 4-v as (—1)V* supercon-
nection on F. We define the smooth family 6 : (0, +00) — Q(M) such that

p(Pr*(VE +v), J) =dund +r
such that r does not contain du. Note that by Definition 2.14

—+oo
/ O(u)du = —7(F,Np, J",v) .
0



74 ULRICH BUNKE AND XIAONAN MA

THEOREM 5.22. (1) For any u > 0, there exist C > 0,6 > 0 such that
for T > 1 we have
C

(47) 87 (W) < oy

(2) For any T > 1 we have
(48) lim e~ 47 (T ) = / LVTZ) A O(T) .

E—> z

(3) There exists C > 0 such that for e € (0,1], e <T <1 we have
(49) e Hpt(Te o) < C.

(4) There exist 6 € (0,1], C > 0 such that for e € (0,1],T > 1 we have

_ _ C

(50) € 1|5T(T5 175)|§T1+6.

We now finish the proof of Theorem 4.9. For 0 < ¢ < A and 1 < T we
consider the rectangle (T,u) € R := [1,Ty] x [, A]. By Corollary 5.19 we have
Jor B =dP [, a. Thus

A To A To
/ BTy, u)du— | BY(T, A)dT— / BU(1,u)dut [ BT(T,e)dT = I+ Ir+13+14
€ 1 € 1

is an exact form. We take the limits A — 400, Ty — 400, and then € — 0. as
in [4, §4(c)], [22, §4(c)] . Compare to [4, §4(c)], [22, §4(c)], no divergent term
will appear here in the process of the limit. Thus the calculation is much simpler
here. Let IJ’-“, j=1,...4, k =1,2,3 denote the limit of the part I; after the k’th

limit. Then modulo exact form on B, Z?Zl ]j3 = 0. We obtain by definition of
ﬁ(Q(Zv F>7 NZ,Fa JZ’F7 d) that

I3 = (U2, F),Nzp,J7F . d) .
Furthermore, by Theorem 5.21 and in particular (46) we get
I3 = I3 = f(HH, pGr(HH), JHH, jreGrUHHD)
(From (41), (42), (43), (44), we conclude that

1113 = _ﬁ(Q(Za H)7NZa ‘]Z’Hvdz) - Zﬁ(lgé‘?"szgEM JlgEr’lng) .
r>2

Finally, using Theorem 5.22 we get
I = —/ L(VTZY Nij(F,Np, JF v) .
z

These four equations imply the Theorem. O



SECONDARY INDEX 75

5.5. The proof of Theorem 4.10. We consider a family of super connec-
tions depending on two parameters (T, u) € (0,+00) x (0,4+00). The parameter u
is the usual rescaling parameter associated to the total grading of Q(Z, F'). In the
present case the fibre Z is the total space of a fibre bundle Z — Y with fibre X.
The parameter T is introduced to perform an adiabatic limit in this fibration. For
large T the vertical part corresponding to dXf" of the differential d¥ is scaled to
become large with respect to the horizontal part.

At first, by the variation formula for eta forms, Theorem 4.5, to prove Theorem
4.10, we only need to prove it for a particular choice of THW, THV  THW  and
g%, g"X, g™Y . So we may and we will suppose that

(51) THw c Tl'w,

gT% = gTX @ pgTY .

Let us now fit this idea in the formalism. We consider the space S := (0, +00) X
(0,+00) x S. Let pr : § — S denote the projection and define W := pr*W — §
with fiber Z. Let pryy : W — W be the canonical projection. We consider the
decomposition of the vertical bundle TZ = TX ®TH Z, where TH Z .= THWNTZ.
Then THZ = 73 TY. We choose vertical metrics g7¥ and g7*. Then we define the
metric §7%on Z = priy, (TX @ 7{TY) such that it restricts to L (Fg™ X enig™Y)
over (T,u) x S. The metric §7% and priy, JI together induce the metric structure
JZF on pr*Q(Z, F).

For oy, as two differential forms on S, we denote {a; + duas}* = s, and
{0[1 + dTOéQ}dT = (9.

Let dPw F be the twisted de Rham differential on Q(W, pry, F). Let p(dP™w F, JZF)
be the form on S defined by (9) if n is even (resp. (14) if n is odd).

DEFINITION 5.23. We define 3 = duB*+dTABT to be the part of p(dP*w T jZF)
of degree one w.r.t. the coordinates (T,u), with functions 3%, BT : (0,+00) x
(0, +00) — Q(S5).

Let JTZ’F7 *7 be the metric structure and the Hodge star operator on Q(Z, F')
with respect to the metrics %QTX @ migTY and J¥ (cf. Subsection 3.3.1). Then
JI@F — T-Nx+dimX/2 jZ, FrpNx—dim X/2 _ jZ,F2Nx—dimX | ot dZ,F7vZ,F7Z~T
be the operator defined in Subsection 4.2.2. Let (d¥)4,(d% )., (i7)%, (VZE): be
the formal adjoint of d¥, d%F, ip, V% with respect to the metric structure JZ*
on Q(Z, F). Then
*71 8*T _ l

Tor T
(d)y = T2V (@F )72,

(52) (2Nx — dim X),
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For w > 0, set

’ Nz jF, —N 1 —N F N

Cs 2 =u"?d"u "7, 32T = U Z(d" )2,

C _ l(cl 1 D _ ]' 1 C/
3,u2,T — 2 3,u2,T + S,uQ,T)7 3u?2,T — 5( 3u2, T — 3,u2,T)~

For T > 1, set A, = TNx nguzyTT*NX. Then by the above equations, we
get

d
TNxD TN Nyl=T-—A, .
[ 3u2,T s X] 6TA T

e If n is even, then

N 0
(53) 0" = (2mi) 2T [ I (- C ) exp(=CE o 1)

1
Ve o

N 1 1 _1 0%
ﬁT = (27'('2) 1/2W@Tr |:J/IZW’F[§D3,U27T7 *Tl 8777:] eXp(_Cg’u’z’T)] .

Remark that here the commutator [A, B] = AB — BA.

Denote 277 = ﬁf/?JTZ’F. Thus we get
zFr O
(54) T[T (5 Caunr) exp(=CE e r)]

, 9 du
= {Tr [ZJZ ’ GXP(—Ai,T + du(auAu,T))} } )

JZF

1 _q 0%
§TI‘|:Z T [D3,u27T’*TIT;]eXp(_Cg’UZ’T)}

or 0 a
= {Tr [ZJ exp(—AL p + dT(a—TA%T))} } :
e If n is odd, then
— even Z,F 8
(55) B = (m) VA [T (S Cy e p) exp(=CF e r).

o1 O
T = (w)_l/zgoTreven [z"g F[§D3,uz7T, *;18—;] exp(—Cg’uz’T)].

Remark that Jf’F commute with (V4 +(VZE)x  dZF 4 (d2F)s ip+ (ir)%. Set
AS}T be the part of A, r of degree i in A(T*S). Then Aq(jzf = (VL (VEI)).
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Set Ayz = ALy + 277" (AL + AP)). Then

even zZF a
(56) Tr [ZJT (%03,u2,T)CXp(_C§,u2,T):|

~ 9 _ du
o even _ A2 —_
= { Ir [exp( AL+ du(auAu,T))} } )

even zr 1 - 6*T
Ty [ZJT [§D3’u2’T’*T187T] exp(—C§7u27T)]

§ ) 5 - dT
= {T\reve |:eXp(_A124,T + dT(aiTAu’T))} } .

The following fact is an immediate consequence of the fact that p(éL JZF ) is
closed. Let d = dr,, + d® be the decomposition of the de Rham differential on
(0, +00) x (0,+00) x S.

COROLLARY 5.24. There exists a smooth family « : (0, +00) x (0, +00) — (S5)
such that

(57) druB=dT ANduda

The following theorems can be shown by adapting the the method of the
corresponding reference to our present situation. Actually, the following results
are analogues of some related properties about Bismut-Lott’s real analytic torsion
forms, especially [24, Theorems 4.3-4.9]. In fact, compare to [24, Theorems 4.3-
4.9], here, we work on same operator A, r if n is even (AU,T if n is odd), but
here we mainly work on the spectral functions involved in the definition of eta
form. To get Theorem 5.25, we should establish the corresponding estimates for
the heat kernel exp(—A2 » + du(Z A, 1)), this corrsponds to [24, §5], to get
Theorem 5.28 (1), we should establish the various estimates for the heat kernel
exp (—u?(Af ; — TdT (2= A1,1))), we can still apply the technique in [24, §5]. To
get the rest part of Theorem 5.28, we should establish the various estimates for
the heat kernel exp (—Ag,T/g + dT(%AsyT/s))) this corrsponds to [24, §7,8,9].

Finally, Theorem 5.26 corrsponds to [24, Theorem 4.5].

Let S := (0,4+00) x S and pr; : S — S be the projection. We consider
the bundle V := pr*V — S. Let pry V — V be the induced map and
H(X,F) = pri, H(X, F) be the pull-back of the flat cohomology bundle H (X, F)

of (X, F),dXF). We consider the metric structure J7(X%) which restricts to
U_NH(X,]-')+nH(X,7-')/2pr;‘/JH(X7]:) uNHX A —nHx,7)/2 — pr*vJH(Xa]:)u2NH(X,7—')_nH(X,}')
over {u} x V. Furthermore, we consider the vertical metric §7Y, which restricts to
Lpri g on {u}xV. They induce the metric structure JY# (%) on priQ(Y, H(X, F)).
Let d(X-%) be the twisted de Rham differential on Q(V, pri, H(X, F)). Remark

that the number operators Nz, Nx, Ny act naturally on Q(Y, H(X,F). Then
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dHXF) s a flat (—1)VZ-superconnection on priQ(Y, H(X,F)). We define the
family v : (0, +00) — Q(S) such that

p(dT ) JYHEFN — gy ny 47 |

where 7 does not contain du. Remark that p(d? %) JY-HXF)Y — 0 if dim X is
odd, as JYH(X7) change the parity of Nx . Note that by Definitions 4.3 and 4.4

+oo
(58) / Y(u)du = —i(Q(Y, H(X, F)), Ny, JWHET) gl X 7))
0

= —ii(ne€1, Ny 5y I F0 hedn).

THEOREM 5.25. (1) For any u > 0 we have
(59) Jim 54T, 0) = 5(w).

(2) For 0 < uy < ug fized, there exists C > 0 such that for u € [uy,us],
T > 1 we have

(60) 13“(T,u)| < C.
(3) We have the following identity :

+oo +oo
(61) lim BT, u)du = / ) du—Yi(15Er Ny, T-5F7, Lody) |
T'—+oo Jq 1 >2
THEOREM 5.26. (1) There exists a smooth family o : (0,4+00) — Q(S)

such that for T > 1 we have
lim A7(T,u) = o(T) .

u——+00

(2) There exist constants C' > 0, 6 > 0 such that for T > 1 we have the
following estimate :

C
T1+6

(62) lo(T)] <

(3) We have the following identity :

+o0
(63) / o(T)dT = —i(H(Z, F), LsGr(H(Z, F)), JHEF) | jrsGrH(Z.F)
1

We consider the fibration W = (0,400) x W — V equipped with the vertical
metric §7* which restricts to -z¢”* on {u} x W. It induces a metric structure
JXF on priQ(X, F). Let Pryy : W — W be the projection. Let dPTwF be
the twisted de Rham differential on Q(W,Prj, F'). We define the smooth family
6 :(0,400) — Q(V) such that

p(dPWE JXFY —du NG+
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such that r does not contain du. Note that by Definitions 4.3 and 4.4

+o0
[ btudu= (X F) Ny 5 )
0

The adiabatic family of metrics g7X @ %ﬂ‘gﬂ/ on PrjyTZ on W induces

a family of connections V77 of Pri,TZ, which when restricts to {T'} x W, is
the connection VEZ on TZ with respect to ghZ, THW, w3 defined by [5, Def.
1.6]. By [24, Theorem 5.1], for large T, V17 converges to V14 + A3 ., where
Asz.00 € T*WREnd(TH Z, TX). We define the smooth family \ : (0, +00) — Q(W)
such that
L(VTZ)=dT A X+ 7

and r does not contain dT. Now, by the same argument as in [24, §5.7], we have
the following Proposition for the transgression L class.

PROPOSITION 5.27. When T — +oo, we have \(T) = O(=). Modulo ezact
form on W, we have

~ +OO
(64) L(TZz,vT% 0vT%) = - / \(T)dT.
1

THEOREM b5.28. (1) For any u > 0, there exist C > 0,6 > 0 such that
for T > 1 we have

C

(65) 57 (Tl € =y

(2) For any T > 0 we have

(66) lim e 187 (Te ", e) = /Y LVTY) A O(T) .

e—0

(3) There exists C > 0 such that fore € (0,1], e <T <1,
(67) e AT (T e) —/p(vF,JF) ANTe 1) < C.
z

(4) There exist 6 € (0,1], C > 0 such that for e € (0,1],T > 1,

C

(68) 5_1|ﬁT(Ts_1,5)| < Ti+s"

We now finish the proof of Theorem 4.10. For 0 < ¢ < A and 1 < Ty we
consider the rectangle (T,u) € R := [1,Ty] x [, A]. By Corollary 5.24 we have
Jor B =d® [ o. Thus

A To A To
/ ﬁu(T(h u)du_ ﬁT(T7 A)dT_/ Bu(lv U)du+ ﬁT(Tv €)dT = h+I+I3+1,
€ 1 € 1

is an exact form. We take the limits A — 400, Ty — 400, and then ¢ — 0. as
in [4, §4(c)], [22, §4(c)] . Compare to [4, §4(c)], [22, §4(c)], no divergent term
will appear here in the process of the limit. Thus the calculation is much simpler
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here. Let I, j = 1,...4, k = 1,2,3 denote the limit of the part I; after the k’th
limit. Then modulo exact form on B, Z?Zl I ]3 = 0. We obtain by definition of
7(QZ, F), Nz, J%F df') that

I3 =7(QZ,F),Ng,J5F afy .
Furthermore, by Theorem 5.26 and in particular (63) we get
12 = I3 = j(HH, ,.Gr(HH), JAH | jreGriHH))
(From (58), (59), (60), (61), we conclude that

I} = =i(QY, H(X, F)), Nx mx.), JH) dH TN N G980, N, g,y T 1gd,)
r>2

Finally, using Theorem 5.28 we get

1=~ [ LR P, Ny, T8 0) - [ LT 29T O p(v T )
Y z
as follows. Convergence of the integrals below is granted by (65). We write
+oo +oo
BT(T, e)dT = / e 1T (Tt e)dT .
1 €
Using Proposition 5.27, (66) and (68) we get

+oo

lim e_lﬁT(Te_l,e)dT:/
e—0 1 v

L(VTY) /1 = 0(T)dT ,

1

lim [ ! [ﬂT(Tel,e)/Zp(VF,JF)/\)\(Tel)} dT—/YL(vTY)/Ole(T)dT.

—
606

The remaining part of the integral yields by (64)

1 —+00
lim/ e_l/p(VF,JF)/\)\(Te_l)dT:/p(VF7JF)/\/ NT)dT
€ Z Z 1

e—0
_ —/ E(T2,V77, 9977y p p(VF, JF) .
Z

These four equations for the I}, k =1,...,4, imply Theorem 4.10. m|
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