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Abstract. We discuss some aspects of index and secondary index theory
for flat bundles with duality. This theory was first developed by Lott [21].

Our main purpose in the present paper is provide a modification with better
functorial properties.

1. The functor Lε

1.1. Introduction and summary. The main object of this section is func-
tor Lε from the category T op of topological spaces and continuous maps to the
category of Z2-graded rings and ring homomorphisms. For a space X the elements
of the ring Lε(X) are locally constant sheaves of (anti)symmetric forms over R con-
sidered up to isotropic reduction. The ring operations are induced by the direct
sum and the tensor product.

It turns out, that the functor Lε factors over the homotopy category hT op.
For a path-connected space X the ring Lε(X) only depends on the fundamental
group of X (see Subsection 1.3 for more details).

On nice spaces a locally constant sheaf of finite-dimensional R-modules gives
rise to a real vector bundle. The form on the sheaf induces a form on the bundle.
This observation leads to a natural transformation from Lε to the complex K-
theory functor K0. In this way we consider Lε as a refinement of K0.

Given a K-oriented morphism π : X → B in T op, say a locally trivial fi-
bre bundle with fibre a closed even-dimensional manifold which admits a vertical
Spinc-structure, there is a wrong-way homomorphism of groups πSpinc

! : K0(X) →
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K0(B). Analytically, it is given by the index of the twisted fibrewise Spinc-Dirac
operator.

If the fibres are merely oriented, then we can use the twisted fibrewise signa-
ture operator in order to define the wrong-way homomorphism πsign

! : K0(X) →
K0(B). The interesting point about the functor L is now that πsign

! can be lifted to
a group homomorphism πL

∗ : Lε(X) → Lε′(B). It is essentially given by taking the
fibrewise cohomology of the locally constant sheaf on X. This yields a locally con-
stant sheaf on B. Using fibrewise Poincaré duality we define the (anti)symmetric
form on the cohomology sheaf.

It turns out, that this wrong-way map is functorial with respect to iterated
fibre bundles and natural with respect to pull-back of fibre bundles. A similar
functor LLott

ε was previously defined by Lott [21] using a smaller equivalence
relation so that Lε(X) is a quotient of LLott

ε (X). The corresponding wrong-way
maps πL,Lott

∗ are not functorial with respect to iterated fibre bundles.

In Sections 1, 2, 3, we will denote X as a topological space, and M as a
manifold.

1.2. Definition and first properties.

1.2.1. Definition of Lε. We now give in detail of the definition of the con-
travariant functor Lε from the category T op of topological spaces and continuous
maps to Z2-graded rings.

Let X be a topological space. If R is a ring and E is a R-module, then the
constant sheaf of R-modules EX with stalk E is the associated sheaf to the presheaf
which is associates to any non-empty open subset U ⊂ X the space of sections M
such that the restriction to subsets is given by the identity. A sheaf F of R-modules
over X is called locally constant, if there is an open covering {Uλ} of X such that
F|Uλ

is a constant sheaf for all λ.

If R is a field, then we say that F is a locally constant sheaf of finite-
dimensional R-modules, if there is a suitable open covering such that F|Uλ

is
the constant sheaf with the stalk being a finite-dimensional vector space over R.
If F is a locally constant sheaf of finite-dimensional R-modules over X, then let
F∗ := HomR(F , RX) be its dual. If q : F → E is a homomorphism between two
such sheaves, then we have an adjoint q∗ : F∗ → E∗.

¿From now on we consider the case R := R. Let ε ∈ Z2 = {−1, 1}. An ε-
symmetric duality structure on F is an isomorphism of sheaves q : F ∼→ F∗
satisfying q∗ = εq.
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In order to define the group Lε(X) we first consider an abelian semigroup
L̂ε(X) with zero element. Then we construct Lε(X) by introducing a relation. An
element of the semigroup L̂ε(X) is an isomorphism class of a pair (F , q) consisting
of a locally constant sheaf of finite-dimensional R-modules and an ε-symmetric du-
ality structure q. The operation in L̂ε(X) is given by direct sum of representatives

(F , q) + (F ′, q′) := (F ⊕ F ′, q ⊕ q′) .

The relation on L̂ε(X) is generated by lagrangian reduction. If i : L ↪→ F
is an inclusion of a locally constant subsheaf, then we can consider the sheaf
L⊥ := ker(i∗ ◦ q). This sheaf is again a locally constant subsheaf of F . The sheaf
L is called lagrangian, if it is isotropic, i.e. L ⊂ L⊥, and coisotropic, i.e. L⊥ ⊂ L.

We say that the element (F , q) is equivalent to zero by lagrangian reduction,
(F , q) ∼ 0, if it admits a locally constant lagrangian subsheaf. The equivalence
relation on L̂ε(X) is now the minimal equivalence relation which is compatible
with the semigroup structure and contains lagrangian reductions.

Definition 1.1. We define Lε(X) := L̂ε(X)/ ∼.

The class of (F , q) in Lε(X) will be denoted by [F , q].

Lemma 1.2. Lε(X) is a group.

Proof. We have [F , q]+[F ,−q] = 0. Indeed, consider the diagonal embedding
F → F⊕F . Its image is a locally constant lagrangian subsheaf of (F⊕F , q⊕−q). 2

The Z2-graded ring structure Lε(X) ⊗ Lε′(X) → Lεε′(X) is induced by the
tensor product:

[F , q][F ′, q′] :=
√
ε
√
ε′√

εε′
[F ⊗ F ′, q ⊗ q′] .

The sign-convention is made such that later we have a natural transformation of
rings from L to complex K-theory K0.

If f : Y → X is a morphism in T op, then f∗ : Lε(X) → Lε(Y ) is defined by
f∗[F , q] = [f∗F , f∗q]. It is easy to check, that f∗ is well-defined. Furthermore, it
follows from the fact that we work with locally constant sheaves, that the map f∗

only depends on the homotopy class of f . Therefore, L factors over the homotopy
category hT op in which maps are considered up to homotopy.

Remark: A version LLott
ε (X) of this ring was first introduced by Lott [21]. His

definition differs from ours since our relation ”lagrangian reduction” is replaced
by ”hyperbolic reduction” in the definition of Lott. Here a pair (F , q) is called
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hyperbolic if there is an lagrangian subsheaf L ⊂ F such that this embedding
extends to an isomorphism (L ⊕ L∗, qcan) ∼= (F , q), where

qcan :=
(

0 idL
ε idL 0

)
.

In particular, Lε(X) is a quotient of LLott
ε (X).

1.2.2. Some simple properties. In the definition of the functor Lε we tried to
generate the equivalence relation in a certain minimal way. This simplifies the
check of the well-definedness of a transformation out of Lε(X) which is given on
representatives. In order to check the well-definedness of a transformation with
values in Lε(X) it is useful to know some list of further relations which hold in
Lε(X).

Let (F , q) be as above. If N ∈ End(F), then we define its adjoint with respect
to q by N ′ := q−1 ◦N∗ ◦ q.

Definition 1.3. A Z-grading of (F , q) of length n ∈ Z is a semisimple element
N ∈ End(F) such that N has integral eigenvalues in {0, . . . , n} and N ′ = n −
N . We set Fk := ker(N − k). An element v ∈ End(F) is called a compatible
differential, if it is of degree one with respect to the grading, v2 = 0, and v′ = −v,
i.e. q(vx, y) + q(x, vy) = 0 for x, y ∈ F .

If (F , q) has a Z-grading of length n, then it is the sum of the subsheaves Fk.
The duality pairs Fk with Fn−k. If it has in addition a compatible differential
v, then we can consider the cohomology H := ker(v)/im(v). It is again a locally
constant sheaf of finite-dimensional R-modules with an induced duality structure
qH and Z-grading of length n.

Lemma 1.4. (1) If (F , q) admits a Z-grading of length n, then in Lε(X)
we have

[F , q] =
{

0 n odd
[Fn/2, q|Fn/2 ] n even .

(2) If (F , q) admits in addition a compatible differential, then in Lε(X) we
have

[F , q] = [H, qH] .

Proof. In order to show the first assertion note that for k < n/2 we can split
off summands of the form (Fk ⊕ Fn−k, q|Fk⊕Fn−k). These summands represent
trivial elements of Lε(X), since they contain the Lagrangian subsheaves Fk ⊂
Fk ⊕Fn−k.

In order to show the second assertion first note that −[H, qH] = [H,−qH].
Hence [F , q]− [H, qH] = [F ⊕H, q⊕−qH]. Let i : ker(v) → F ⊕H given by i(x) =
x⊕ [x]. Then im(i) is a locally constant Lagrangian subsheaf of (F ⊕H, q⊕−qH).
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Therefore, [F ⊕H, q ⊕−qH] = 0. 2

Let (F kF)k=0,...,n+1 be a decreasing filtration of F with F 0F = F and
Fn+1F = 0. We obtain a dual filtration (F lF∗)l=0,...n+1 by setting F lF∗ =
Ann(Fn+1−lF) = {x ∈ F∗|x(y) = 0, for any y ∈ Fn+1−lF}. Let Grk(F) =
F kF/F k+1F . We have a natural isomorphism Gr(F∗) ∼= Gr(F)∗ which identifies
Grk(F)∗ with Grn−k(F∗).

Definition 1.5. A compatible decreasing filtration of (F , q) of length n is
a decreasing filtration (F kF)k=0,...,n+1 by locally constant subsheaves such that
q : F → F∗ preserves the filtrations.

Given a compatible filtration of (F , q) we obtain an induced ε-symmetric du-
ality structure Gr(q) : Gr(F) → Gr(F∗)

∼=→ Gr(F)∗.

Lemma 1.6. In Lε(X) we have [F , q] ∼ [Gr(F),Gr(q)].

Proof. Note that [Gr(F),Gr(q)] has a Z-grading of length n. In view of
Lemma 1.4, (1), it suffices to show that

[F , q] =
{

0 n odd
[Grn/2(F),Gr(q)|Grn/2(F)] n even

.

By the following procedure we can decrease the length of the filtration by two.
Note that

[F , q] = [F ⊕ (Gr0(F)⊕Grn(F)), q ⊕ q|Gr0(F)⊕Grn(F)] .

We introduce the Z-grading of length 2 on (F⊕(Gr0(F)⊕Grn(F)), q⊕q|Gr0(F)⊕Grn(F))
such that Grn(F) sits in degree zero, F is in degree one, and Gr0(F) is in degree
two. There is a compatible differential v given by the inclusion Grn(F) → F and
the negative of the projection F → Gr0(F). Using Lemma 1.4, (2), we have

[F ⊕ (Gr0(F)⊕Grn(F)), q ⊕ q|Gr0(F)⊕Grn(F)] = [F ′, q′] ,

where F ′ = F 1F/FnF , and q′ is the induced ε-symmetric duality structure. Note
that (F ′, q′) has an induced decreasing filtration of length n− 2.

Now we iterate this procedure. If n is odd, then it terminates at 0 ∈ Lε(X),
and if n is even, then we finally obtain (Grn/2(F),Gr(q)|Grn/2(F)). 2

Let I ⊂ F be an isotropic subsheaf. Then we can consider the locally constant

sheaf FI := I⊥/I. Furthermore, we let qI : FI → F∗I be given by I⊥
q|I⊥→ F∗ →

(I⊥)∗. Then qI is an ε-symmetric duality structure on FI .

Definition 1.7. We call (FI , qI) the isotropic reduction of (F , q) by I.
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Lemma 1.8. In Lε(M) we have [F , q] = [FI , qI ]

Proof. We consider the filtration of length two on F such that I := F 2F ,
I⊥ := F 1F . Then we can identify (Gr1(F),Gr(q)Gr1(F)) ∼= (FI , qI). We now apply
the Lemmas 1.6 and 1.4, (1). 2

1.3. Computation of Lε(X).

1.3.1. Definition of Lε(G). Let G be any group. We define a Z2-graded ring
L(G). First we define the abelian semigroups L̂ε(G), ε ∈ Z2, which consists of
isomorphism classes of tuples (F, q, ρ). Here F is a finite-dimensional real vector
space, q : F → F ∗ is an ε-symmetric duality structure, and ρ : G→ Aut(F, q) is a
representation of G which is compatible with q, i.e. q : F → F ∗ is G-equivariant,
where G acts on F ∗ by the adjoint representation ρ∗ given by ρ∗(g) = ρ(g−1)∗.
The operation in L̂ε(G) is induced by direct sum of representatives.

We obtain Lε(G) as the quotient of L̂ε(G) with respect to the equivalence
relation generated by lagrangian reduction. First we declare that (F , q, ρ) ∼ 0,
if there exists a G-invariant lagrangian subspace L ⊂ F , i.e. a G-invariant isotropic
subspace such that L⊥ = L. Then we extend ∼ to the minimal equivalence relation
on L̂ε(G) which contains lagrangian reduction, and which is compatible with the
semigroup structure. Let [F, q, ρ] denote the class in Lε(G) represented by (F, q, ρ).

Let (F, q, ρ) be a generator of Lε(G) and i : L → F be the inclusion of a G-
invariant isotropic subspace. Then L⊥ isG-invariant, and the quotient L⊥/L =: FL

carries an induced ε-symmetric form qL and a representation ρL.

Definition 1.9. We say that (FL, qL, ρL) is the isotropic reduction of (F, q, ρ)
with respect to L.

Lemma 1.10. In Lε(G) we have [F, q, ρ] = [FL, qL, ρL].

Proof. We consider (F ⊕FL, q⊕−qL, ρ⊕ρL). This tuple represents the zero
element in Lε(G) since it contains the invariant lagrangian subspace which is the
image of L⊥ → F ⊕ FL, x 7→ x⊕ [x]. Thus [F, q, ρ]− [FL, qL, ρL] = 0. 2

The ring structure is given by

[F, q, ρ] • [F ′, q′, ρ′] =
√
ε
√
ε′√

εε′
[F ⊗ F ′, q ⊗ q′, ρ⊗ ρ′] .

If X is path-connected, then Lε(X) ∼= Lε(π1(X,x)) for any base point x ∈ X.
Furthermore, if f : G′ → G is a homomorphism of groups, then there is a natural
ring homomorphism f∗ : Lε(G) → Lε(G′) given by f∗[F, q, ρ] = [F, q, ρ ◦ f ].
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1.3.2. Classification of irreducible ε-symmetric forms. Let (F, ρ) be an irre-
ducible representation of G. In the following we classify the invariant ε-symmetric
duality structures on (F, ρ). We distinguish various cases, and in each case we
define a Z2-graded group A(F, ρ) by the following rule. Aε(F, ρ) is trivial, if (F, ρ)
does not admit an ε-symmetric form. If it admits one isomorphism class of such
forms, then we set Aε(F, ρ) := Z2. In the remaining case it admits two isomorphism
classes, and we set Aε(F, ρ) := Z. The group Aε(F, ρ) can naturally be interpreted
as the part of Lε(G) which generated by triples with underlying representation of
the form (F ⊗W,ρ⊗ 1), where W a finite-dimensional real vector space.

If q, p are two G-equivariant duality structures on F , then p−1 ◦ q ∈ AutG(F ).
Thus there exists λ ∈ AutG(F ) such that p = qλ, where qλ(x, y) = q(λx, y).

We call (F, ρ)

• real, if EndG(F ) ∼= R,
• complex, if EndG(F ) ∼= C and
• quarternionic, if EndG(F ) ∼= H

as algebras over R. By Schur’s lemma, every nonzero element in EndG(F ) is in-
vertible and hence EndG(F ) is a division algebra over R. By Frobenius’ Theorem,
EndG(F ) must be one of the above three possibilities.

The real case

In this case λ ∈ R∗. If λ > 0, then q and p are isomorphic, namely p(x, y) =
q(
√
λx,

√
λy). If λ < 0, then p and q are not isomorphic. Thus given a real represen-

tation (F, ρ) which admits an ε-symmetric duality structure q, then ε is determined,
and there are two isomorphism classes represented by (F, q, ρ) and (F,−q, ρ).

We define the Z2-graded groups

A(F, ρ) := Z⊕ 0 if ε = 1,
A(F, ρ) := 0⊕ Z if ε = −1.

If G is compact, by [13, §2.6, Prop.6.5], ε must be 1.

The complex case

In this case there is a unique up to sign I ∈ AutG(F ) satisfying I2 = −1. For
X ∈ EndG(F ) we define Xq := q−1 ◦X∗ ◦ q. Then (Iq)2 = −1, and therefore we
distinguish two subcases:

• case C+: Iq = I
• case C−: Iq = −I.
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case C+: In this case q(µx, y) = q(x, µy) for all µ ∈ EndG(F ). There exists a root√
λ ∈ AutG(F ), and we can write p(x, y) = q(

√
λx,

√
λy). Thus p and q are isomor-

phic. We conclude that given (F, ρ) in case C+ admitting an ε-symmetric duality
structure q, then ε is determined and there is one isomorphism class represented
by (F, q, ρ).

We define the Z2-graded groups

A(F, ρ) := Z2 ⊕ 0 if ε = 1,
A(F, ρ) := 0⊕ Z2 if ε = −1.

case C−: In this case q(Ix, y) = −q(x, Iy) = −εq(Iy, x). Thus if q is ε-
symmetric, then qI is −ε-symmetric. If p and q are ε-symmetric, then we write
λ = a + bI and p = aq + bqI in order to conclude that b = 0. Moreover, q is
isomorphic to p exactly if a > 0. If (F, ρ) admits an ε-symmetric duality structure
q, then it also admits an −ε-symmetric duality structure. The isomorphism classes
are represented by (F, q, ρ), (F,−q, ρ) for ε and (F, qI , ρ) and (F,−qI , ρ) for −ε.

We define the Z2-graded group

A(F, ρ) := Z⊕ Z .

The quarternionic case

Let S2 ⊂ Im(H) be the unit sphere of complex structures. The R-linear invo-
lution X 7→ Xq acts on Im(H) and restricts to an involution of S2. We distinguish
the following three cases

• case H0: The involution is trivial.
• case H+: The involution is non-trivial but has a fixed point on S2

• case H−: The involution has no fixed points on S2 .

case H−: In this case Xq = −X for any X ∈ Im(H). We write λ = a+ bI for
some I ∈ S2. Then the same discussion as in the case C− shows the following. If
(F, ρ) admits an ε-symmetric duality structure q in case H−, then it also admits
an −ε-symmetric duality structure. The isomorphism classes are represented by
(F, q, ρ), (F,−q, ρ) for ε and (F, qI , ρ) and (F,−qI , ρ) for −ε.

We define the Z2-graded group

A(F, ρ) = Z⊕ Z .

case H0: We can write λ = a+ bI with Iq = I. The same discussion as in case
C+ shows the following. If (F, ρ) admits an ε-duality structure q in case H0, then
ε is determined. There is one isomorphism class represented by (F, q, ρ).
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We define the Z2-graded groups

A(F, ρ) := Z2 ⊕ 0 if ε = 1,
A(F, ρ) := 0⊕ Z2 if ε = −1.

case H+: In this case we can write λ = a+bI+cJ , where Iq = I and Jq = −J .
Writing p = aq+ bqI + cqJ , as qJ is a −ε symmetric duality structure, we see that
c = 0. On the one hand we argue as in the case C+ that p and q are isomorphic.
On the other hand (F, ρ) also admits the −ε-symmetric duality structure qJ . If
(F, ρ) admits an ε-symmetric duality structure q in case H+, then it also admits
an −ε-symmetric duality structure. The isomorphism classes are represented by
(F, q, ρ) for ε and (F, qJ , ρ) for −ε.

We define the Z2-graded groups

A(F, ρ) = Z2 ⊕ Z2 .

1.3.3. Computation of Lε(G). Let Repε(G) be the set isomorphism classes of
finite-dimensional irreducible representations (F, ρ) of G on real vector spaces ad-
mitting an ε-symmetric duality structure. We set Reps(G) := Rep−1(G)∪Rep1(G).
For each (F, ρ) ∈ Repε(G) we fix one ε-symmetric form q.

Theorem 1.11. We have an isomorphism of Z2-graded groups⊕
ε∈Z2

Lε(G) ∼=
⊕

(F,ρ)∈Reps(G)

A(F, ρ) .

Here if (F, ρ) ∈ Rep−1(G) ∩ Rep1(G), we only count once in the right side.

Proof. Fix ε ∈ Z2 and a generator (V, p, σ) of Lε(G).

Lemma 1.12. If (V, p, σ) has no invariant isotropic subspace, then it is isomor-
phic to a direct sum ⊕(F,ρ)∈Repε(G)n(F, ρ)(F, q, ρ), where n(F, ρ) ∈ Z is non-zero
for at most finitely many (F, ρ). Furthermore, n(F, ρ) ∈ {0, 1} if Aε(F, ρ) = Z2,
and in the case Aε(F, ρ) = Z we use the convention that −n(F, q, ρ) stands for
n(F,−q, ρ).

Proof. Let i : W ↪→ V be a minimal G-invariant subspace. Then there is a G-
invariant decomposition V = W⊕W⊥. In fact, W ∩W⊥ = 0 since W was assumed
to be minimal and it cannot be isotropic by assumption. Iterating this argument
replacing V by W⊥ we obtain the required decomposition into irreducibles.

The multiplicity of (F, ρ) with Aε(F, ρ) = Z2 can not be greater than 1. If
there would be two summands then (F, q, ρ)⊕(F, q, ρ) admits an invariant isotropic
subspace W = {x⊕ I(x) |x ∈ F} ⊂ F ⊕F , where I ∈ AutG(F ) is an isomorphism
such that q(Ix, Iy) = −q(x, y) for any x, y ∈ F .
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If Aε(F, ρ) = Z, then either (F, q, ρ) or (F,−q, ρ) can occur with positive mul-
tiplicity. If they occurred both, then the sum (F, q, ρ)⊕ (F,−q, ρ) would admit the
invariant isotropic subspace W := {x⊕ x | x ∈ F} ⊂ F ⊕ F . 2

Lemma 1.13. If (V, p, σ) does not admit an invariant isotropic subspace, then
the multiplicities n(F, ρ) are uniquely determined.

Proof. Assume that (V, p, σ) ∼= ⊕(F,ρ)∈Repε(G)n(F, ρ)(F, q, ρ)∼= ⊕(F,ρ)∈Repε(G)

n(F, ρ)′(F, q, ρ) are two decompositions. Consider (F, ρ) ∈ Repε(G) with n(F, ρ) 6=
0 and the inclusion i : sign(n(F, ρ))(F, q, ρ) ↪→ (V, p, σ) given by the first decom-
position. Then one can check that there is a summand (F ′, q′, ρ′) of the second de-
composition such that the composition of i with the projection onto this summand
is an isomorphism. Therefore we can split off a summand sign(n(F, ρ))(F, q, ρ) from
both decompositions. Repeating this argument finitely many times we obtain the
assertion of the lemma. 2

Lemma 1.14. Isotropic reduction in stages can be combined to a single isotropic
reduction.

Proof. Fix a generator (F, q, ρ). Given an invariant isotropic subspace L ⊂ F
we form the reduction (FL, qL, ρL). If N ⊂ FL is an invariant isotropic subspace,
then we further form ((FL)N , (qL)N , (ρL)N ). The preimage Ñ ofN under L⊥ → FL

is isotropic and G-invariant. There is a natural isomorphism

(FÑ , qÑ , ρÑ ) ∼= ((FL)N , (qL)N , (ρL)N ) .

2

So given (F, q, ρ) the possible maximal isotropic reductions are parameterized by
maximal invariant isotropic subspaces.

Lemma 1.15. Let L,N ⊂ F be two maximal isotropic invariant subspaces.
Then the corresponding reductions (FL, qL, ρL) and (FN , qN , ρN ) are isomorphic.

Proof. First of all L∩N is an invariant isotropic. After reduction by L∩N
we can assume that L ∩N = 0.

We now show that (L+N)⊥ ∩ (L+N) = 0.

We claim that N∩L⊥ = 0. In fact L+N∩L⊥ would be isotropic and invariant.
Since L was maximal, we conclude L+N ∩ L⊥ = L. Thus N ∩ L⊥ ⊂ N ∩ L = 0.

We have (L+N)⊥ = L⊥ ∩N⊥. Let l+n ∈ (L+N)∩ (L+N)⊥. Since l ∈ L⊥
we conclude n ∈ L⊥, too. By the claim above n = 0. Interchanging the roles of L
and N we also conclude l = 0.
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Thus (L+N)⊕(L+N)⊥ = F , so L⊥ = L⊕(L+N)⊥. Therefore we can decom-
pose (F, q, ρ) = (L+N, qL+N , ρL+N )⊕ ((L+N)⊥, q(L+N)⊥ , ρ(L+N)⊥). The second
summand is now naturally isomorphic to both, (FL, qL, ρL) and (FN , qN , ρN ). 2

Given a generator (V, p, σ), then we have well-defined multiplicities n(V,p,σ)(F, ρ)
∈ A(F, ρ) given by any maximal isotropic reduction of (V, p, σ). One easily checks
that these multiplicities are additive, satisfy n(V,−p,σ)(F, ρ) = −n(V,p,σ)(F, ρ) and
n(V,p,σ)(F, ρ) = n(VL,pL,σL)(F, ρ) for any isotropic reduction. They therefore define
the isomorphism ⊕

ε∈Z2

Lε(G) →
⊕

(F,ρ)∈Reps(G)

A(F, ρ) .

This finishes the proof of the theorem. 2

1.4. The natural transformation to K-theory.

1.4.1. The bundle-construction. By T opmet we denote the full subcategory
of T op of paracompact metrizable topological spaces. Let K0(X) be the complex
K-theory functor. We construct a natural transformation b : Lε → K0 of functors
from T opmet to rings.

A locally constant sheaf of finite-dimensional R-modules on X gives rise to a
locally trivial real vector bundle bundle(F) in a natural way. We will describe
bundle(F) by providing the local trivializations and the transition maps. Let
x ∈ X and U ⊂ X be a neighborhood of x such that the restriction F|U isomorphic
to the constant sheaf FxU

, where Fx denotes the stalk of F at x. Then we have
a local trivialization bundle(F)|U ∼= U × Fx. Consider another point x′ ∈ X and
the corresponding local trivialization bundle(F)|U ′ ∼= U ′ × Fx′ of this type such
that U ∩ U ′ 6= ∅. The isomorphism

(FxU
)|U∩U ′ ∼= F|U ′∩U

∼= (Fx′U ′)|U∩U ′

induces an isomorphism Fx

φUU′∼= Fx′ which we consider as the (constant) transition
map φUU ′ : U ∩ U ′ → Hom(Fx,Fx′) between the two local trivializations.

The correspondence bundle is functorial with respect to morphisms of sheaves
and compatible with the linear operations direct sum, tensor product, and duality
on sheaves and vector bundles. Thus applying the bundle construction to (F , q)
we obtain a pair (F,Q) consisting of finite-dimensional real vector bundle and
an isomorphism Q : F → F ∗. The bundle-construction is also compatible with
pull-back, i.e., if f : Y → X is a morphism in T opmet, then there is a natural
isomorphism f∗bundle(F) ∼= bundle(f∗F).
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1.4.2. Metric structures. Fix ε ∈ Z2. Let (F,Q) be a real vector bundle with an
isomorphism Q : F → F ∗ such that Q∗ = εQ. Following the language introduced
by Lott [21] we define the notion of a metric structure.

Definition 1.16. An isomorphism J : F → F is called a metric structure, if

(1) J∗ ◦Q defines a scalar product on F ,
(2) J2 = ε idF ,
(3) J∗ ◦Q = ε Q ◦ J , i.e. Q(x, Jy) = ε Q(Jx, y).

Since we assume that X is metrizable and paracompact it admits partitions
of unity. This implies that metric structures exist, and that the space of all metric
structures is contractible.

Given (F,Q) as above we choose a metric structure J . Let FC be the com-
plexification of F . Then zJ := 1√

ε
J is a Z2-grading of FC, and the pair (FC, z

J)
represents an element of K0(X) which does not depend on the choice of J .

Definition 1.17. We define the natural transformation b : Lε → K0 by
composing the latter construction with bundle.

1.5. Push-forward for Lε.

1.5.1. Definition of πL
∗ . Let π : X → B be a locally trivial fibre bundle where

the fibre is a closed topological n-dimensional manifold Z. There is an open cov-
ering U = {Uλ}λ of B such that φλ : X|Uλ

∼= Uλ×Z. If Uλ ∩Uµ 6= ∅, then we have
an isomorphism

Uλ ∩ Uµ × Z
φ−1

λ→ X|Uλ∩Uµ

φµ→ Uλ ∩ Uµ × Z

which is of the form (b, z) 7→ (b, φλ,µ(b)(z)), where φλ,µ : Uλ ∩ Uµ → Aut(Z) is a
continuous family of homeomorphisms of Z.

A fibrewise orientation of the bundle π : X → B is a choice of an orientation
of Z and of an atlas of local trivializations such that the φλ,µ are orientation
preserving.

Set εn := (−1)
n(n+1)

2 = (−1)[
n+1

2 ]. In order to define

πL
∗ : Lε(X) → Lεεn(B)

we assume that the bundle comes equipped with a fibrewise orientation. Let
[F , q] ∈ Lε(X). Then we construct a representative of πL

∗ ([F , q]) as follows. Note
that π(F) := HRπ∗F := ⊕n

i=0R
iπ∗(F) is a locally constant sheaf of finite dimen-

sional R-modules. In fact, let b ∈ Uλ and Zb = π−1({b}). Then we have

π(F)|Uλ
∼= H(Zb,F|Zb

)
Uλ

.
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By Poincaré duality over Zb we have an isomorphismHk(Zb,F∗|Zb
) ∼= Hn−k(Zb,F|Zb

)∗

for all k ∈ N. This isomorphism is preserved by the transition maps so that we
obtain an isomorphism π(F∗) ∼= π(F)∗. If we compose this isomorphism with
the sum of the isomorphisms Riπ∗(q) : Riπ∗F → Riπ∗F∗, then we obtain an
εεn-symmetric duality structure π(q) on π(F) (cf. Subsection 1.5.2).

Definition 1.18. We define πL
∗ ([F , q]) := [π(F), π(q)].

Lemma 1.19. πL
∗ is well-defined.

Proof. By construction π(q) is an isomorphism with the correct symmetry
properties. Thus our prescription (F , q) 7→ [π(F), π(q)] provides a homomorphism
of semigroups π̂L

∗ : L̂ε(X) → Lεεn(B). We must show that it factors over L̂ε(X) →
Lε(X). Let L ⊂ F be a lagrangian subsheaf. It leads to a compatible (see Definition
1.5) filtration (F iF)i=0,1 of length 1 by F 0F := F , F 1F := L.

We obtain an induced filtration (F iπ(F))i=0,1 such that F 1π(F) = im(HRπ∗L →
HRπ∗F) of length 1 which is compatible with π(q). Here one has to check that
F 1π(F) is a lagrangian subsheaf. This can be verified either directly by looking
at the long exact cohomology sequence associated to 0 → L → F → F/L → 0, or
by invoking the spectral sequence induced by the filtration and the discussion in
Subsection 3.4.1 below.

By a combination of Lemmas 1.6 and 1.4, (1), we have [π(F), π(q)] = 0. 2

Note that (π(F), π(q)) comes with a natural Z-grading of length n. Thus we
can apply Lemma 1.4 in order to reduce to the middle term. In particular, we have
πL
∗ = 0 if n is odd.

Remark : In [21] Lott defines πL,Lott
∗ : LLott

ε (X) → LLott
εεn

(B) which induces
πL
∗ by passing to quotients.

1.5.2. Functoriality. Here we will show that πL
∗ is functorial with respect to

iterated fibre bundles. Let π1 : W → V and π2 : V → S be locally trivial fibre
bundles where the fibres are closed topological manifolds. We assume that both
bundles come equipped with fibrewise orientations. We set π3 := π2 ◦ π1. We fur-
thermore assume that π3 : W → S is a locally trivial fibre bundle with fibrewise
orientation with fiber Z. The fibre Zs (s ∈ S) is itself a fibre bundle. We assume
that this bundle structure is preserved by the transition maps between local triv-
ializations of π3. We assume that the orientation of the fibres Zs are induced by
the orientations of the fibres of π1 and π2. We will call this situation an iterated
fibre bundle with compatible fibrewise orientations.

In the smooth category, i.e. if W, . . . are smooth manifolds and the maps
π1, . . . are smooth maps to give a locally trivial fibre bundle is the same as to give
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a proper submersion. Furthermore, to give a fibrewise orientation is the same as to
give an orientation of the vertical bundle. The composition of proper submersion
is again a proper submersion. Thus if π1 : W → V and π2 : V → S are locally
trivial fibre bundles in the smooth category with fibre X,Y , then automatically
π3 : W → S is a locally trivial fibre bundle with fiber Z. Using the existence
of connections and parallel transport on can produce local trivializations of π3

preserving the bundle structure of the fibres. The compatible fibrewise orientation
is obtained by the orientation of the vertical bundle TZ, which can be identified
with the sum of oriented vertical bundles TX ⊕ π∗1TY .

We now turn back to the general situation.

Theorem 1.20. We have the equality of homomorphisms Lε(W ) → Lεεn
(S)

πL
3∗ = πL

2∗ ◦ πL
1∗ .

Proof. Let (F , q) be a generator of Lε(W ). We show that [π3(F), π3(q)] =
[π2(π1(F)), π2(π1(q))] using the fibrewise Leray-Serre spectral sequence (LSEr, LSdr)
(r ≥ 2) associated to the composition of functors π1∗ and π2∗ applied to F cf. [18,
Theorem 3.7.3], [17, p464]. The term LSE2 is given by LSE

p,q
2 = Rpπ2∗(Rqπ1∗F).

Furthermore, there are decreasing filtrations (F iRkπ3∗F)i on Rkπ3∗F , k ∈ N, such
that Gr(Rkπ3∗F) ∼=

∑
p+q=k E

p,q
∞ .

One checks that the filtration (F iπ3(F))i is compatible with π3(q). To do so
we can restrict to the fibre over some s ∈ S. Let n be the dimension of the base
Ys of the bundle Zs. The length of the filtration is n. One has to show, that

(1) π3(q)(x)(y) = 0, whenever x ∈ F pπ3(F)s , y ∈ F qπ3(F)s , p+ q > n .

If one can compute the cohomology π3(F)s = H(Zs,F|Zs
) using chain com-

plexes Ω(Zs,F|Zs
) which are functorial in the sheaves, and on which one can

implement the Poincaré duality
∫

Zs
: Ω(Zs,F|Zs

) ∧ Ω(Zs,F∗|Zs
) → R as well

as the filtration (F iΩ(Zs,F|Zs
))i leading to the Leray-Serre spectral sequence

(cf.[25]), then one checks on this level that
∫

Zs
ω ∧ ω′ = 0 if ω ∈ F pΩ(Zs,F|Zs

),
ω′ ∈ F p′Ω(Zs,F∗|Zs

), and p + p′ > n. It follows that the filtration is compati-

ble with the form Q given by Q(ω, ω′) =
∫

Zs
((−1)

N(N−1)
2 +N dim Zω) ∧ Ω(q)(ω′),

ω, ω′ ∈ Ω(Zs,F|Zs
), where N is the Z-grading of Ω(Zs,F|Zs

). The form Q induces
π3(q) in cohomology. This immediately implies (1).

To be more explicit in the smooth case we can take for Ω(Zs,F∗|Zs
) as Ω(Zs,F|Zs

)
the smooth F-valued forms so that the symbols above aquire their usual meaning.
In this case F iΩ(Zs,F|Zs

) = α∗|Zs
Ω≥i(Ys)Ω(X,F|X) (also cf. [24, §2.1]).

By Lemma 1.6 we have [π3(F), π3(q)] = [Gr(π3(F)),Gr(π3(q))].
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Now π2(π1(F)) can be identified with the term LSE2(F) of the spectral se-
quence, and π2(π1(q)) is the induced form LSE2(q) (see 3.4.1 below). The same
model as above can be used to check that the n-th term LSEn(F), n ≥ 2, is a
locally constant sheaf on S with an induced form LSEn(q), which carries a com-
patible Z-grading and a compatible differential. We obtain the n + 1’th stage of
the spectral sequence by taking cohomology. Thus, by Lemma 1.4, (2). we have
[LSEn(F), LSEn(q)] = [LSEn+1(F), LSEn+1(q)]. We conclude with

[π2(π1(F)), π2(π1(q))] = [LSE2(F), LSE2(q)] = [LSE∞(F), LSE∞(q)]

= [Gr(π3(F)),Gr(π3(q))] = [π3(F), π3(q)] .

2

Remark : Note that this functoriality does not hold in general for πL,Lott
∗ .

1.5.3. Compatibility and naturality. In the present Subsection we work in the
smooth category. Let π : M → B be a locally trivial fibre bundle over a compact
base B such that the fibres are compact even-dimensional smooth manifolds. We
further assume that the fibrewise tangent bundle TM/B is oriented. Then the
bundle has a fibrewise orientation. We have the following maps:

• πsign
∗ : H∗(M,R) → H∗(B,R) defined by π∗(ω) =

∫
M/B

ω ∪ L(TM/B),
where

∫
M/B

is integration over the fibre and L(TM/B) denotes the Hirze-
bruch L-class of the fibrewise tangent bundle.

• πsign
! : K0(M) → K0(B) defined by πsign([E]) = ind(Dsign

E ), where
Dsign

E is the fibrewise signature operator twisted by the complex vector
bundle E → M and ind(Dsign

E ) ∈ K0(B) denotes the class of the index
bundle.

• πL
∗ : Lε(M) → Lεεn(B) given in Definition 1.18.

Let ch : K0 → Hev(.,R) denote the natural transformation of ring-valued
functors given by the Chern character.

Theorem 1.21. The following diagram commutes:

Lε(M) b→ K0(M) ch→ Hev(M,R)
πL
∗ ↓ πsign

! ↓ πsign
∗ ↓

Lεεn
(B) b→ K0(B) ch→ Hev(B,R)

.

Proof. Recall that the map b is defined in Definition 1.17. Commutativity
of the right square is the assertion of the index theorem for families applied to
the family of twisted fibrewise signature operators. The commutativity of the left
square is a consequence of Hodge theory by which we can identify bundle(π(F))
with the bundle ker(Dbundle(F)C). 2
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The following proposition is an immediate consequence of the definition.

Proposition 1.22. The push-forward πL
∗ is natural with respect to pull-back

of fibre bundles, i.e. given f : B′ → B we consider the pull back

f∗M
f]→ M

f∗π ↓ π ↓
B′

f→ B

,

and we have (f∗π)L
∗ ◦ f∗] = f∗ ◦ πL

∗ .

2. The functor L̄ε

2.1. Introduction and summary. This subsection shall be considered as
an introduction to both, the present section, and Section 4. Our purpose here is
to motivate the introduction of L̄ε.

If we compose the natural transformation from b : Lε → K0 with the Chern
character ch : K0 → Hev(.,R) we obtain a natural transformation from ch ◦ b :
Lε → Hev(.,R). In the present Section we study the kernel of this map in detail.

Note that Lε is given by a topological construction. Staying in the topological
framework we first define a functor L̄R/Z from topological spaces to Z2-graded
groups together with a surjective natural transformation to ker(ch ◦ b). We can
consider ch : K → H(.,R) as a map between classifying spaces. Its homotopy
fibre is again a classifying space of a cohomology theory KR/Z. The functor L̄R/Z

is defined by a pull-back of K−1
R/Z → K0 via b : Lε → K0. Using the geometric

description of KR/Z given in [20] one could also obtain a geometric description of
L̄R/Z.

As a cohomology theory KR/Z admits wrong-way maps for suitably oriented
fibre bundles. The topic of secondary index theory [20] is to relate these topological
secondary index maps with their analytic counterparts. The main constituent of
the construction of the secondary analytic index is the η-form of a family of Dirac
operators. The well-definedness and functoriality of the wrong-way maps in the
geometric picture encode properties of η-forms. As a formal consequence of its
definition we have wrong-way maps for L̄R/Z with nice functorial properties.

The functor L̄R/Z fits into an exact sequence

0 → Hodd(X,R)
im(ch : K1(X) → Hodd(X,R))

→ L̄R/Z(X) → ker(ch◦b : K0(X) → Hev(X,R)) → 0 .

It turns out that, working in the smooth category, we can define a refinement
L̄ε → L̄R/Z which fits into the sequence

0 → Hodd(X,R) → L̄ε(X) → ker(ch ◦ b : K0(X) → Hev(X,R)) → 0 .
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The definition of L̄ε is geometric and not (obviously) related to a cohomology
theory. So it can be considered as a nontrivial fact that L̄ε still admits wrong-
way maps with nice functorial properties. It is in fact the main purpose of
the present paper to construct these maps and verify their functorial
properties. These results thus encode some finer properties of the η-forms of
families of signature operators twisted with flat vector bundles.

In the present section we give the definition of the secondary L-functors and
discuss their easy properties and relations to other functors. The wrong-way maps
are introduced in Section 4 after a digression about η-forms and η-invariants.

2.2. Secondary K-theory.

2.2.1. Definition of K−1
R/Z. We are going to recall the definition of the 2-

periodic cohomology theory KR/Z introduced by [19], [20]. Let BU be the classi-
fying space of complex K-theory. The Chern character (with real coefficients) is
induced by a map ch : BU →

∏+∞
n=1K(R, 2n). The homotopy fibre of this map

classifies KR/Z. In particular, for any space X there is a natural exact sequence of
K0(X)-modules

→ K−1(X) ch→ Hodd(X,R) → K−1
R/Z(X)

β→ K0(X) ch→ Hev(X,R) → ,

where K0(X) acts on cohomology via the Chern character.

2.2.2. A geometric description. For a manifold M we recall the definition of
K−1

R/Z(M) in terms of generators and relations as given in [20, Def. 5 + 6]. We

form the abelian semigroup K̂−1
R/Z(M) consisting of isomorphism classes of tuples

(E, hE ,∇E , ρ), where E = E+ ⊕ E− is a Z2-graded complex vector bundle, hE

is a hermitian metric and ∇E = ∇E+ ⊕ ∇E− is a metric connection, both being
compatible with the grading, and ρ ∈ Ωodd(M)/im(d) satisfies dρ = ch(∇E) :=
ch(∇E+) − ch(∇E−). The semigroup operation is induced by direct sum of gen-
erators. On K̂−1

R/Z(M) we consider the minimal equivalence relation ∼ which is
compatible with the semigroup structure and such that the following holds.

(1) change of connections : We have (E, hE ,∇, ρ) ∼ (E, hE ,∇′, ρ′) iff
ρ′ = ρ + c̃h(∇′,∇), (see Section 2.6 for a definition of the transgression
Chern form).

(2) trivial elements : If (E, hE ,∇E) is a Z2-graded hermitean vector bundle
with connection, then (E ⊕ Eop, hE⊕E ,∇E ⊕ ∇E , 0) ∼ 0, where Eop

denotes E with the opposite grading.

The group K−1
R/Z(M) is the quotient of K̂−1

R/Z(M) by ∼. By [E, hE ,∇E , ρ] we denote
the class of (E, hE ,∇E , ρ) in K−1

R/Z(M).
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It was shown by Lott [20, §2] that the group given by this geometric definition
is naturally isomorphic to the topological defined object of Subsection 2.2.1.

2.3. The functor L̄R/Z.

2.3.1. The definition.

Definition 2.1. We define the functor X 7→ L̄R/Z(X) from T oppara to Z2-
graded groups by the following pull-back diagram:

L̄R/Z(X) → Lε(X)
↓ ↓ b

K−1
R/Z(X)

β→ K0(X)
.

The grading is induced from that of Lε(X).

On morphisms the functor L̄R/Z only depends on homotopy classes. Note that
K0(X) and K−1

R/Z(X) are graded Lε(X)-modules via b. This induces a graded
Lε(X)-module structure on L̄R/Z(X). We have the following natural exact sequence
of Lε(X)-modules

K−1(X) ch→ Hodd(X,R) → L̄R/Z(X) → Lε(X) ch◦b→ Hev(X,R) .

2.3.2. Secondary push-forwards. Let π : X → B be a smooth locally trivial
fibre bundle with closed even n-dimensional fibres and equipped with an orienta-
tion of the vertical tangent bundle TX/B. In order to define an index map for
KR/Z we need the further assumption that π is K-oriented. Thus assume that
TX/B has a Spinc-structure. Then there are maps πSpinc

! : K0(X) → K0(B) and
π

Spinc,R/Z
! : K−1

R/Z(X) → K−1
R/Z(B) (the topological secondary index, compare e.g.

[20]), such that the following diagram commutes:

Hodd(X,R) → K−1
R/Z(X) → K0(X) → Hev(X,R)

πSpinc
∗ ↓ π

Spinc,R/Z
! ↓ πSpinc

! ↓ πSpinc
∗ ↓

Hodd(B,R) → K−1
R/Z(B) → K0(B) → Hev(B,R)

,

where πSpinc
∗ (ω) =

∫
X/B

Â(TX/B) ∩ ec1/2 ∩ ω and c1 is the first Chern class
determined by the Spinc-structure. There is an unique element Esign ∈ K0(X)
such that πsign

! (x) = πSpinc

! (Esign •x). Note that ch(Esign)∩ Â(TX/B)∩ ec1/2 =
L(TX/B).

Definition 2.2. (1) The secondary signature index map πsign,R/Z : K−1
R/Z(X)

→ K−1
R/Z(B) is defined by

πsign,R/Z(x) := πSpinc,R/Z(Esign • x) .
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(2) The push-forward π
L̄,R/Z
∗ : L̄R/Z(X) → L̄R/Z(B) is defined as the map

induced by πsign,R/Z
! and πL

∗ .

Corollary 2.3. The following diagrams commute

Hodd(X,R) → K−1
R/Z(X) → K0(X) → Hev(X,R)

πsign
∗ ↓ π

sign,R/Z
! ↓ πsign

! ↓ πsign
∗ ↓

Hodd(B,R) → K−1
R/Z(B) → K0(B) → Hev(B,R)

.

Hodd(X,R) → L̄R/Z(X) → Lε(X) → Hev(X,R)
πsign
∗ ↓ π

L̄,R/Z
∗ ↓ πL

∗ ↓ πsign
∗ ↓

Hodd(B,R) → L̄R/Z(B) → Lεεn
(B) → Hev(B,R)

.

All push-forward maps are natural with respect to pull-back of fibre bundles.
Moreover, they are functorial with respect to iterated fibre bundles. In more detail
we have the following. Let π1 : W → V and π2 : V → S be locally trivial smooth
fibre bundles with closed even-dimensional fibres X,Y . Further assume that the
vertical bundles TX and TY are oriented and carry Spinc-structures. Then the
composition π3 = π2◦π1 : W → S is a locally trivial fibre bundle with closed even-
dimensional fibres Z, and the vertical bundle TZ carries an induced orientation
and Spinc-structure. In this situation the index maps on complex K-theory, K−1

R/Z-
theory, L-theory (Theorem 1.20), and in cohomology behave functorially with
respect to the iterated fibre bundle. It now follows immediately from the definition,
that

Corollary 2.4. πL̄,R/Z
3∗ = π

L̄,R/Z
2∗ ◦ πL̄,R/Z

1∗ .

2.4. The functor L̄ε.

2.4.1. Definition of L̄ε. The functor X 7→ L̄R/Z(X) from T opmet to Z2-graded
Lε(X)-modules was defined by a purely homotopy-theoretic construction as an
extension of the functor

X 7→ ker (ch ◦ b : Lε(X) → Hev(X,R))

by X 7→ Hodd(X,R)/ch(K−1(X)).

Let T opsmooth denote the full subcategory of paracompact metrizable spaces
T opmet which are homotopy equivalent to smooth manifolds. In the present sub-
section we use a differential geometric construction in order to define on T opsmooth

a functor X 7→ L̄ε(X) to graded Lε(X)-modules which extends X 7→ ker(ch ◦ b)
by X 7→ Hodd(X,R).

It suffices to define L̄ε as a homotopy invariant functor on the category of
smooth manifolds and smooth maps. Again we start with defining an abelian
semigroup ˆ̄Lε(M) with identity and obtain the group L̄ε(M) as the quotient of
ˆ̄Lε(M) by an equivalence relation.
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Let (F , q) be a representative of an element of L̂ε(M). Then we have a real
vector bundle F := bundle(F) which carries a natural flat connection ∇F such
that ker(∇F ) = F . The form Q ∈ End(F, F ∗) which is induced by q is parallel
with respect to ∇F . Let J be a smooth metric structure on (F,Q). It induces a
Z2-grading zJ := 1√

ε
J of the complexification FC. In general, since J is not parallel

with respect to∇F , this grading is not preserved by the connection∇FC induced by
∇F . The even part of ∇FC with respect to zJ is a connection on FC which preserves
the Z2-grading. It will be denoted by ∇FC,J . Then ∇FC,J = ∇FC + 1

2J
−1(∇FJ). We

can use this connection in order to define a characteristic form which represents
the Chern class of FC.

Definition 2.5. We define

p(∇F , J) := ch(∇FC,J) := Trs

[
exp(−(∇FC,J)2/2πi)

]
:= Tr

[
zJ exp(−(∇FC,J)2/2πi)

]
.

An element of ˆ̄Lε(M) is an isomorphism class of tuples (F , q, J, ρ), where
(F , q) is a representative of an element of L̂ε(M), J is a metric structure on F :=
bundle(F), and ρ ∈ Ω4∗−ε(M)/im(d) satisfies dρ = p(∇F , J). Here (Ω∗(M), d) is
the real de Rham complex of M . The semigroup operation is induced by direct
sum of representatives :

(F , q, J, ρ) + (F ′, q′, J ′, ρ′) := (F ⊕ F ′, q ⊕ q′, J ⊕ J ′, ρ+ ρ′) .

Before introducing the equivalence relation we recall the definition of the trans-
gression Chern form. Let E →M be a Z2-graded complex vector bundle, and let
∇,∇′ be two connections on E preserving the grading. Then we consider the bun-
dle Ẽ := pr∗E → [0, 1]×M with the connection ∇̃ which is given by ∇̃∂t := ∂t (t is
the coordinate of [0, 1]), and ∇̃X = (1− t)∇X + t∇′X for X ∈ TM . We decompose
ch(∇̃) = dt ∧ γ + r where r does not contain dt, and where γ : [0, 1] → Ω(M) is a
smooth family of forms.

Definition 2.6. The transgression Chern form is defined by c̃h(E,∇′,∇) :=∫ 1

0
γ(t)dt.

It satisfies
dc̃h(E,∇′,∇) = ch(∇′)− ch(∇) .

We now introduce the equivalence relation which is again generated by la-
grangian reduction. We consider (F , q) and a metric structure J on F . Let
L ⊂ F be a locally constant lagrangian subsheaf and L := bundle(L). Then we
have a decomposition F = L ⊕ J(L). Let ∇⊕ denote be the part of ∇FC,J which
preserves this decomposition.



SECONDARY INDEX 21

Definition 2.7. We define

p̃(F , q, J,L) := c̃h(FC,∇⊕,∇FC,J) .

We require that the equivalence relations contains the relation

(F , q, J, ρ) ∼ (0, 0, 0, ρ+ p̃(F , q, J,L)) .

Note that (0, 0, 0, ρ+ p̃(F , q, J,L)) is a generator of ˆ̄Lε(M) since ch(∇⊕) = 1√
ε
Tr[J

exp(−∇⊕,2/2πi)] = 0 and hence

dρ+ dp̃(F , q, J,L) = ch(∇FC,J) + ch(∇⊕)− ch(∇FC,J) = 0 .

Then we extend ∼ to the minimal equivalence relation on ˆ̄Lε(M) which contains
lagrangian reduction, and which is compatible with the semigroup structure.

Definition 2.8. We define the Z2-graded semigroup L̄ε(M) := ˆ̄Lε(M)/ ∼.

By [F , q, J, ρ] we denote the class in L̄ε(M) represented by (F , q, J, ρ).

Lemma 2.9. L̄ε(M) is a group.

Proof. We have [F , q, J, ρ] + [F ,−q,−J,−ρ] = 0. Indeed, we consider the
locally constant lagrangian subsheaf L ⊂ F⊕F which is the image of the diagonal
embedding F → F ⊕ F =: F̄ . Let J̄ := J ⊕ (−J) be the metric structure on
F̄ := bundle(F̄). Then ∇F̄C,J̄ already preserves the decomposition F̄ = L ⊕ J̄L.
Hence p̃(F̄ , q̄, J̄ ,L) = 0, where q̄ := q ⊕−q. Therefore we have

(F̄ , q̄, J̄ , 0) ∼ 0 .

2

2.4.2. Change of the metric structure. We consider (F , q) and two metric
structures J, J ′ on the associated bundle F . We define the transgression from

p̃(∇F , J ′, J) := c̃h(FC,∇FC,J ′ ,∇FC,J)

such that we have

dp̃(∇F , J ′, J) = p(∇F , J ′)− p(∇F , J) .

Lemma 2.10. In L̄ε(M) we have

[F , q, J ′, ρ′]− [F , q, J, ρ] = [0, 0, 0, ρ′ − ρ− p̃(∇F , J ′, J)] .

Proof. Let M be the space of all metric structures on M and pr : M×M→
M be the projection. Let F̃ := pr∗F , q̃ := pr∗q. On the associated bundle F̃ we
consider the metric structure J̃ which over M × {J̃} restricts to J̃ .

Furthermore, we consider the sheaf F̂ := F ⊕F with the form q̂ = q̃⊕−q̃ and
the metric structure Ĵ = J̃ ⊕−J on the associated bundle F̂ .
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Finally, we define F̄ := pr∗F̂ and q̄ = pr∗q̂. As metric structure on F̄ we take
J̄ = J̃ ⊕−pr∗J . We set J̄0 := pr∗J ⊕−pr∗J .

Let L ⊂ F̂ be the image of the diagonal F → F ⊕ F . Furthermore, we set
L̄ = pr∗L. We define the form ω := p̃(∇F̃ , J̃ ,pr∗J) + p̃(F̄ , q̄, J̄ , L̄) on M ×M. It
is closed since

dω = p(∇F̃ , J̃)− p(∇F̃ ,pr∗J)− ch(∇F̄C,J̄)

= p(∇F̃ , J̃)− p(∇F̃ ,pr∗J)− p(∇F̃ , J̃) + p(∇F̃ ,pr∗J) = 0 .

The metric structure J ′ induces an embedding iJ′ : M → M × {J ′} → M ×M.
We have

p̃(∇F , J ′, J) = i∗J′ p̃(∇F̃ , J̃ ,pr∗J)

p̃(F̂ , q̂, Ĵ ,L) = i∗J′ p̃(F̄ , q̄, J̄ , L̄) .

Therefore,
p̃(∇F , J ′, J) + p̃(F̂ , q̂, Ĵ ,L) = i∗J′ω .

Since ω is closed, iJ′ is homotopic to iJ , and

i∗J p̃(∇F̃ ,pr∗J, J̃) = 0 = i∗J p̃(F̄ , q̄, J̄ , L̄) ,

we conclude that p̃(∇F , J ′, J)+p̃(F̂ , q̂, Ĵ ,L) is exact. In L̄ε(M) we have the equality

[F , q, J ′, ρ′]− [F , q, J, ρ] = [F̂ , q̂, Ĵ , ρ′ − ρ] = [0, 0, 0, ρ′ − ρ+ p(F̂ , q̂, Ĵ ,L)]

= [0, 0, 0, ρ′ − ρ− p̃(∇F , J ′, J)].

2

Remark : In [21, Def. 23] Lott defined a similar functor L̄Lott
ε (M). It is also

obtained as a quotient of ˆ̄Lε(M) by an equivalence relation ∼Lott. This relation is
the minimal equivalence relation which is compatible with the semigroup opera-
tion, and which contains (F , q, J ′, ρ′) ∼ (F , q, J, ρ)+ (0, 0, 0, ρ′−ρ− p̃(∇F , J ′, J)),
and ”lagrangian reduction” in the special case that the lagrangian subsheaf ad-
mits a lagrangian complement. As a consequence of Lemma 2.10 the relation ∼ is
coarser than ∼Lott so that we have a natural surjective map L̄Lott

ε (M) → L̄ε(M).

2.4.3. The module structure.

Definition 2.11. The graded module structure of L̄(M) = ⊕ε∈Z2L̄ε(M) over
L(M) = ⊕ε∈Z2Lε(M) is defined by

[F , q, J, ρ] • [E , p] :=
√
ε
√
ε′√

εε′
[F ⊗ E , q ⊗ p, J ⊗ JE , ρ ∧ ch(∇EC,JE

)] ,

where JE is any metric structure on bundle(E).

Lemma 2.12. The Lε(M)-module structure of L̄ε(M) is well-defined.
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Proof. Let JE
i , i = 0, 1 be two choices of metric structures on (E , q). Then

we must show that

[F ⊗ E , q ⊗ p, J ⊗ JE
0 , ρ ∧ ch(∇EC,JE

0 )] = [F ⊗ E , q ⊗ p, J ⊗ JE
1 , ρ ∧ ch(∇EC,JE

1 )] .

In view of Lemma 2.10 we must show that

ρ ∧ ch(∇EC,JE
0 )− ρ ∧ ch(∇EC,JE

1 )− p̃(∇F⊗E , J ⊗ JE
0 , J ⊗ JE

1 )

is exact. We compute

ρ ∧ ch(∇EC,JE
0 )− ρ ∧ ch(∇EC,JE

1 )− p̃(∇F⊗E , J ⊗ JE
0 , J ⊗ JE

1 )

= ρ ∧ dc̃h(∇EC,JE
0 ,∇EC,JE

1 )− c̃h(∇FC⊗EC,J⊗JE
0 ,∇FC⊗EC,J⊗JE

1 )

= −d(ρ ∧ c̃h(∇EC,JE
0 ,∇EC,JE

1 )) + dρ ∧ c̃h(∇EC,JE
0 ,∇EC,JE

1 )

−ch(∇FC,J) ∧ c̃h(∇EC,JE
0 ,∇EC,JE

1 )

= −d(ρ ∧ c̃h(∇EC,JE
0 ,∇EC,JE

1 ))

2

2.4.4. Complexes and η-forms. We consider a pair (F , q) together with a Z-
grading N of length n and a compatible differential v (cf. Definition 1.3).

Definition 2.13. A metric structure J is called compatible with N if JN +
NJ = nJ .

Equivalently one could require that the decomposition F = ⊕n
k=0F

k of F into
eigenspaces of N is orthogonal with respect to the metric induced by J .

The adjoint of v with respect to the metric induced by J is given by v′ =
−εJ ◦ v ◦ J . Set V = v′ + v. By Hodge theory we can canonically identify the
cohomology bundle H = bundle(H) with ker(v) ∩ ker(v′). Since the latter is J-
invariant we obtain an induced metric structure JH := J|H for (H, qH).

The theory of characteristic classes and forms extends to superconnections
(cf. [27], [3, §1.4]). Since we consider several Z2-gradings at the same time we will
speak of z-superconnection in order to indicate that z is the relevant grading. In
particular, given a z-superconnection A we set

ch(A) := Tr
[
z exp(−A2

2πi
)
]
.

Here the trace is given by Tr[ωA] = ωTr[A] for ω ∈ Λ∗(T ∗M),A ∈ End(F ).
Furthermore, if A′ is a (−1)N -superconnection on F , then the odd part A with
respect to zJ = 1√

ε
J is a zJ -superconnection. In this case we define p(A′, J) :=

ch(A).

Let M̃ := (0,+∞) ×M and pr : M̃ → M be the projection. We consider
F̃ = pr∗F and q̃ := pr∗q on M̃ . It has the Z-grading Ñ := pr∗N of length n
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and the compatible differential ṽ := pr∗v. We further consider the compatible
metric structure J̃ which restricts to t−N/2+n/4 ◦ J ◦ tN/2−n/4 = J ◦ tN−n/2 on
{t} × M . We have a (−1)Ñ -superconnection A′ := ∇F̃ + ṽ. Let us decompose
p(A′, J̃) = dt ∧ γ + r, where r does not contain dt. Here γ : (0,+∞) → Ω(M) is a
smooth family of forms on M . More precisely, let ϕ : Ω(M) → Ω(M) be the map
ϕω = (2πi)−(deg ω)/2ω, then

γ(t) = −(2πi)−1/2 1
4
√
tε
ϕTr

[
JV exp(−(∇FC,J +

√
t

2
V )2)

]
.

Remark that JV = −V J . Thus V is odd with respect to the Z2-grading zJ .

By [21, Prop. 28 and Prop. 29], (cf. also [8, (2.26)]) the following integral
exists.

Definition 2.14. [21, Def. 32]. The η-form η̃(F , N, J, v) ∈ Ω(M) is defined
by

η̃(F , N, J, v) := −
∫ +∞

0

γ(t)dt .

It was shown in [21, (216)] (cf. [7, Theorem 2.8]), that

(2) dη̃(F , N, J, v) = p(∇F , J)− p(∇H , JH) .

Proposition 2.15. In L̄ε(M) we have [F , q, J, ρ] = [H, qH, JH , ρ−η̃(F , N, J, v)]

Proof. We consider (G, qG) := (F⊕H, q⊕−qH). It admits a locally constant
lagrangian subsheaf L given by the image of ker(v) ↪→ F ⊕ H, x 7→ x ⊕ [x]. We
consider the metric structure JG := J ⊕−JH . Then we have

[F , q, J, ρ]− [H, qH, JH , ρ− η̃(F , N, J, v)] = [G, qG , JG, η̃(F , N, J, v)]
= [0, 0, 0, η̃(F , N, J, v) + p̃(G, qG , JG,L)] .

It remains to show that η̃(F , N, J, v) + p̃(G, qG , JG,L) is exact. This will be a
consequence of the following general result.

Lemma 2.16. Let Eta be a construction which associates to a tuple (F,∇F , Q,
N, J, v) (a real vector bundle with flat connection, parallel ε-symmetric form, com-
patible parallel Z-grading and compatible parallel differential, and a metric struc-
ture (not necessarily parallel)) over a manifold M a form Eta(F,∇F , Q,N, J, v) ∈
Ω(M) such that

(1) dEta(F,∇F , Q,N, J, v) = p(∇F , J)− p(∇H , JH)
(2) For a smooth map f : M ′ →M we have

f∗Eta(F,∇F , Q,N, J, v) = Eta(f∗F, f∗∇F , f∗Q, f∗N, f∗J, f∗v) .

(3) Eta(F,∇F , Q,N, J, v) depends smoothly on the data ∇F , Q, J (note that
we fix N and v).
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(4) If (F,∇F , Q,N, J, v) splits, then Eta(F,∇F , Q,N, J, v) = 0. Here (F,∇F ,
Q,N, J, v) splits iff the complex (F,N, v) is of the form

0 → E0⊕H0 → E0⊕H1⊕E1 → . . . . . . En−2⊕Hn−1⊕En−1 → ⊕En−1⊕Hn → 0

with flat vector bundles Ei,Hi, and where the differential v is given by
the obvious maps. Furthermore, En−i−1 = (Ei)∗, Hi = (Hn−i)∗, and
this identification gives (with the suitable signs) the form Q. The metric
structure J shall induce a metric such that this splitting is orthogonal,
and the identifications En−i−1 = (Ei)∗, Hi = (Hn−i)∗ are isometries.

Then Eta(F,∇F , Q,N, J, v)− η̃(F , N, J, v) is exact.

Proof. The proof is very similar to the axiomatic characterizations of ana-
lytic torsion forms [12, A1.2] (in the acyclic case), and its extension for the case
with cohomology [24, Lemma 3.1].

First one shows that the η-form η̃(F , N, J, v) has the four properties above.
Given another construction Eta(F,∇F , Q,N, J, v) with these properties one con-
siders the difference ∆(F,∇F , Q,N, J, v) := Eta(F,∇F , Q,N, J, v)− η̃(F , N, J, v).
Then one applies the argument of [12, A1.2] in order to show that ∆(F,∇F , Q,N, J, v)
is exact. First observe by property 1. that ∆(F,∇F , Q,N, J, v) is closed. Then
the idea is that we can deform ∇, Q, J to approach the split case. Using the
properties 2.,3., and 4., we see that ∆(F,∇F , Q,N, J, v) can be smoothly de-
formed to zero without changing its cohomology class. This implies exactness of
∆(F,∇F , Q,N, J, v). 2

We now finish the proof of Lemma 2.15. Given (F,∇F , Q,N, J, v) we can
construct (G, qG , JG,L) as above. Let Eta(F,∇F , Q,N, J, v) := −p̃(G, qG , JG,L).
One checks that it satisfies the four conditions of the lemma. We conclude that
η̃(F , N, J, v) + p̃(G, qG , JG,L) is exact. 2

2.4.5. Filtration. Let (F , q, J, ρ) be given with a compatible filtration (F iF)i

of length n. Assume that we have chosen a metric structure JGr(F) on (Gr(F),Gr(q))
which is compatible with the Z-grading. For i < n/2 we consider the following
sheaves

Ei := F iF/Fn−i+1F ⊕Grn−i(F)⊕Gri(F) .

We introduce forms qi and metric structures Ji by induction on i.

The sheaf Ei admits a Z-grading Ni of length 2 such that E0 = Grn−i(F),
E1 = F iF/Fn−i+1, and E2 = Gri(F). The differential vi is given by the embedding
Grn−i(F) ↪→ F iF/Fn−i+1F and the negative of the projection F iF/Fn−i+1F →
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Gri(F). For i = 0 we have an obvious form q0 := qF ⊕Gr(q)|Gr0(F)⊕Grn(F) and a

compatible metric structure J0 := JF⊕JGr(F )

|Gr0(F)⊕Grn(F)
such that v0 is compatible.

Assume that we already have defined qi such that the grading and the differen-
tial are compatible. We identify F i+1F/Fn−iF with the cohomology of vi. There-
fore, we have an induced form qF i+1F/F n−iF . We now define qi+1 := qF i+1F/F n−iF⊕
Gr(q)|Grn−i−1(F)⊕Gri+1(F). The grading and the differential of Ei+1 are again com-
patible with qi+1.

Assume that we have already defined Ji such that it is compatible with the Z-
grading. Then we have an induced metric structure JF i+1F/F n−iF . We now define
Ji+1 := JF i+1F/F n−iF⊕JGr(F )

|Grn−i−1(F)⊕Gri+1(F)
. Then Ji+1 is again compatible with

the Z-grading.

Definition 2.17. We define the η-form η̃(F ,Gr(F), J, JGr(F) ∈ Ω(M) of the
filtration by

η̃(F ,Gr(F), J, JGr(F)) :=
[(n−1)/2]∑

i=0

η̃(Ei, Ni, Ji, vi) + p̃
(
Grn/2F, Jn/2, J

Gr(F )

|Grn/2(F)

)
.

Lemma 2.18. In L̄ε(M) we have

[F , q, J, ρ] = [Gr(F),Gr(q), JGr(F), ρ− η̃(F ,Gr(F), J, JGr(F))]

=

{
[Gr[

n
2 ](F),Gr(q)|Gr[

n
2 ](F)

, J
Gr(F)

|Gr[
n
2 ](F)

, ρ− η̃(F ,Gr(F), J, JGr(F))] n ≡ 0 mod (2)

[0, 0, 0, ρ− η̃(F ,Gr(F), J, JGr(F))] n ≡ 1 mod (2)

Proof. We reduce the length of the filtration by two as in the proof of Lemma
1.6. Note that

[Grn−i(F)⊕Gri(F),Gr(q)|Grn−i(F)⊕Gri(F), J
Gr(F)

|Grn−i(F)⊕Gri(F)
, 0] = 0

by lagrangian reduction along the lagrangian subsheaf Grn−i(F). In fact, in this
case

∇(Grn−i(F)⊕Gri(F))C,J
Gr(F)
|Grn−i(F)⊕Gri(F) = ∇⊕

so that p̃(Grn−i(F)⊕Gri(F),Gr(q)|Grn−i(F)⊕Gri(F), J
Gr(F)

|Grn−i(F)⊕Gri(F)
,Grn−i(F)) =

0.

Therefore, we obtain by Lemma 2.15

[F iF/Fn−i+1F , qF iF/F n−i+1F , J
F iF/F n−i+1F , ρ−

∑
j<i

η̃(Ei, Ni, Ji, vi)]

= [Ei, qi, Ji, ρ−
∑
j<i

η̃(Ei, Ni, Ji, vi)]

= [F i+1F/Fn−iF , qF i+1F/F n−iF , J
F i+1F/F n−iF , ρ−

∑
j<i+1

η̃(Ei, Ni, Ji, vi)] .
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The assertion of the Lemma now follows by induction on i. 2

2.4.6. Isotropic reduction. Assume that we are given a tuple (F , q, J, ρ) and
an isotropic locally constant subsheaf I, i.e. I ⊂ I⊥. We consider the filtration
of length two on F such that I := F 2F , I⊥ := F 1F so that we can identify
(Gr1(F),Gr(q)Gr1(F)) ∼= (FI , qI). We choose any metric structure JGr(F). Let

JFI := J
Gr(F)

|Gr1(F)
. Then we have the form η̃(F ,Gr(F), J, JGr(F)). The following

assertion is an immediate consequence of Lemma 2.18.

Corollary 2.19. In L̄ε(M) we have

[F , q, J, ρ] = [FI , qI , JFI , ρ− η̃(F ,Gr(F), J, JGr(F))] .

Sometimes we would like to work with easier transgressed characteristic classes
than with η-forms. It is an interesting observation that one can do isotropic re-
duction without appealing to η-forms.

Assume again that we are given a tuple (F , q, J, ρ) and an isotropic locally
constant subsheaf I. Then we obtain an orthogonal decomposition F = I ⊕ (I⊥	
I) ⊕ (F 	 I⊥), here we denote F 	 I⊥ as the orthogonal complement subbundle
of I⊥ in F with respect to the metric J∗ ◦ q. Note that J induces an isomorphism
I ∼= F 	 I⊥. There is a natural identification of bundles I⊥ 	 I = FI . The metric
structure J restricts to I⊥	 I and therefore defines a metric structure JFI on FI .

We consider the Z-grading on F which is given with respect to the decom-
position above by N = diag(0, 1, 2). The connection ∇F is upper-triangular with
respect to this decomposition. Therefore,

(3) ∇F
u := u−N∇FuN

is regular at u = 0. In fact, ∇F
0 = ∇I ⊕∇FI ⊕∇F/I⊥ . The tuple (F,∇F

0 , J) is thus
isomorphic to the tuple obtained as follows. Under thee identification F/I⊥ → I

by the metric Q(x)(y) = Q(x)(Jz) for y ∈ F/I⊥, ∇F/I⊥ identifies to (∇I)∗, where
(∇I)∗ is the adjoint of ∇I with respect to the induced metric. We consider the
sum FI ⊕ (I ⊕ F/I⊥) with associated bundle FI ⊕ (I ⊕ I), metric structure

JFI ⊕
(

0 1
ε 0

)
,

and connection ∇FI ⊕∇I ⊕ (∇I)∗.

We now consider M̃ = [0, 1] ×M . Let pr : M̃ → M be the projection, F̃ =
pr∗F , q̃ := pr∗q. On the corresponding bundle we consider the metric structure J̃
which on {u}×M restricts to Ju := uNJu−N . We decompose p(∇F̃ , J̃) = du∧γ+r,
where r does not contain du, and where γ : [0, 1] → Ω(M) is a smooth family of
forms. By the discussion above, after shifting the rescaling from the connection to
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the metric structure we see that γ is regular at u = 0 so that we can make the
following definition.

Definition 2.20. We define

p̃(F , q, J, I) := −
∫ 1

0

γ(u)du .

If I is lagrangian, then it is easy to check that this definition coincides with
the former Def. 2.7. Furthermore note, that

dp̃(F , q, J, I) = p(∇FI , JFI )− p(∇F , J) .

Next we consider isotropic reduction in stages. Assume that L is a locally
constant lagrangian subsheaf of F such that I ⊂ L. Then we obtain an induced
lagrangian subsheaf LI ⊂ FI .

Lemma 2.21. Modulo exact forms we have

p̃(F , q, J,L) ≡ p̃(FI , qI , JFI ,LI) + p̃(F , q, J, I) .

Proof. We consider the orthogonal decompositions

F = I ⊕ (L	 I)⊕ (I⊥ 	 L)⊕ (F 	 I⊥)

and the commuting Z-gradings M := diag(0, 1, 1, 2) and K := diag(0, 0, 1, 1). Note
that∇F is upper triangular with respect to the gradings. Thus, if we define∇u,v :=
u−Mv−K∇F vKuM , then this family of connections extends to (u, v) ∈ [0, 1]×[0, 1].
We identify F ∼= I ⊕ FI ⊕ I such that FI ∼= I⊥ 	 I and the last component is
identified with F 	 I⊥ by J . Furthermore, let ∇FI

v be constructed as in (3) using
LI ⊂ FI and JFI . In this identification we can write

∇0,v = ∇I ⊕∇FI
v ⊕ (∇I)∗ .

We decompose L := I ⊕ (L 	 I) and set N := diag(0, 1). Then we define ∇L
u :=

u−N∇LuN . We now identify F = L⊕ L such that the second component goes to
F 	 L via J . Then we can write

∇u,0 = ∇L
u ⊕ (∇L

u )∗ .

Let us now consider the manifold M̄ := [0, 1]× [0, 1]×M . Let F̄ := pr∗F and
q̄ = pr∗q. We consider the metric structure J̄ on F̄ which restricts on {(u, v)}×M
to uMvKJv−Ku−M . This works for uv 6= 0. Nevertheless, it follows from the
discussion above after shifting the rescaling from the connection to the metric
structure that p(F̄ , J̄) is a closed smooth form on M̄ . We decompose p(F̄ , J̄) =
du∧dv∧σ+r, where r contains at most one of du, dv, and σ : [0, 1]×[0, 1] → Ω(M)
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is a smooth family of forms. It follows from Stokes theorem and the structure of
∇0,v and ∇u,0 that

d

∫
[0,1]×[0,1]

σ(u, v)dudv = p̃(FI , qI , JFI ,LI) + p̃(F , q, J, I)− p̃(F , q, J,L) ,

where the contributions come from the boundary components {u = 0}, {v = 1},
and {u = 1}, respectively. This proves the assertion. 2

Lemma 2.22. In L̄ε(M) we have [F , q, J, ρ] = [FI , qI , JFI , ρ+ p̃(F , q, J, I)]

Proof. We consider the sheaf G := F ⊕ FI together with the form qG =
q⊕−qI . We have the lagrangian subsheaf L of G which is the image of the diagonal
map I⊥ → F⊕FI . It contains the isotropic subsheaf I⊕0. We consider the metric
structure JG := J ⊕−JFI . Then we have by Lemma 2.21

[F , q, J, ρ]− [FI , qI , JFI , ρ+ p̃(F , q, J, I)]

= [G, qG , JG,−p̃(F , q, J, I)]

= [0, 0, 0, p̃(G, qG , JG,L)− p̃(F , q, J, I)]

= [0, 0, 0, p̃(G, qG , JG, I) + p̃(GI , (qG)I , JGI ,LI)− p̃(F , q, J, I)]

Now note that p̃(G, qG , JG, I) = p̃(F , q, J, I) and p̃(GI , (qG)I , JGI ,LI) = 0. The
reason for the first equality is that ∇G and JG preserve the decomposition G =
F ⊕FI , and that I ⊂ F ⊕ 0. The second identity can be seen by noting that ∇GI

preserves the decomposition GI = LI ⊕ JGILI . 2

2.5. Functorial properties.

2.5.1. Homotopy invariance of pull-back. If f : M → N is a smooth map of
manifolds, then we obtain an induced map f∗ : L̄ε(N) → L̄ε(M), which is given
on generators by pull-back of structures.

Lemma 2.23. f∗ only depends on the smooth homotopy class of f .

Proof. Consider a generator (F , q, J, ρ). Let (ft)t∈[0,1] be a smooth homotopy
of maps from M to N . Then we have an isomorphism φ : (f∗0F , f∗0 q) → (f∗1F , f∗1 q).
Let M̃ := [0, 1]×M and H : M̃ → N be induced by (ft). We compute

f∗0 ρ− f∗1 ρ− p̃(∇f∗0 F , f∗0 J, φ
∗f∗1 J) ≡ f∗0 ρ− f∗1 ρ−

∫
M̃/M

p(∇H∗F ,H∗J)

= −d
∫

M̃/M

H∗ρ+
∫

M̃/M

dH∗ρ−
∫

M̃/M

p(∇H∗F ,H∗J)

≡
∫

M̃/M

(p(∇H∗F ,H∗J)− p(∇H∗F ,H∗J)) = 0 ,



30 ULRICH BUNKE AND XIAONAN MA

where ≡ means equality modulo exact forms. It now follows from Lemma 2.10 that

[f∗0F , f∗0 q, f∗0 J, f∗0 ρ] = [f∗1F , f∗1 q, f∗1 J, f∗1 ρ] .

2

One can also check that the pull-back f∗ is compatible with the Lε(M) (resp.
Lε(N))-module structures.

2.5.2. Exact sequences. We define natural maps Hodd(M,R) → L̄ε(M) and
L̄ε(M) → Lε(M) by [ρ] 7→ [0, 0, 0, ρ] and [F , q, J, ρ] 7→ [F , q]. We considerHodd(M,R)
as an Lε(M)-module such that every element of Lε(M) acts trivially. Hev(M,R)
becomes an Lε(M)-module via the ring structure of Hev(M,R) and the homomor-
phism ch ◦ b : Lε(M) → Hev(M,R).

Lemma 2.24. We have the exact sequence of Lε(M)-modules

Hodd(M,R) → L̄ε(M) → Lε(M) → Hev(M,R) .

Proof. It is obvious from the definition of the maps that the composition
of two of them vanishes. Therefore it remains to check exactness. We have the
following commutative diagram

Hodd(M,R) → L̄Lott
ε (M) → LLott

ε (M) → Hev(M,R)
‖ ↓ ↓ ‖

Hodd(M,R) → L̄ε(M) → Lε(M) → Hev(M,R)
.

The upper sequence is exact by [21, Prop. 21]. The vertical maps are all surjective.
It follows by diagram chasing that the lower sequence is exact at Lε(M).

We now show exactness at L̄ε(M). Let (F , q, J, ρ) be given such that [F , q] =
0. Then there exists (F1, q1) which admits a lagrangian subsheaf L1 such that
(F ⊕ F1, q ⊕ q1) also admits a lagrangian subsheaf L. We choose a metric struc-
ture J1 and define ρ1 such that [F1, q1, J1, ρ1] = 0. In fact we must take ρ1 :=
−p̃(F1, q1, J1,L1). Lagrangian reduction by L shows that [F ⊕ F1, q ⊕ q1, J ⊕
J1, ρ+ ρ1] = [0, 0, 0, ω] for the form ω := ρ+ ρ1 + p̃(F ⊕ F1, q ⊕ q1, J ⊕ J1,L). It
follows that [F , q, J, ρ] = [0, 0, 0, ω] comes from Hodd(M,R). 2

2.5.3. Injectivity of Hodd(M,R) → L̄ε(M).

Proposition 2.25. The map Hodd(M,R) → L̄ε(M) is injective.

Proof. Let ω ∈ Ωodd(M) be a closed form. If [0, 0, 0, ω] = 0 in L̄ε(M), by Def-
inition 2.8, there there exists (F , q, J, ρ) together with two lagrangian subsheaves
L0, L1 such that

[ω] = [p̃(F , q, J,L0)− p̃(F , q, J,L1)] .
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We claim that [p̃(F , q, J,L0)− p̃(F , q, J,L1)] is independent of J . In order to
show this we consider the space M of all metric structures and M̃ := M ×M.
Furthermore, let (F̃ , q̃, ρ̃) := pr∗(F , q, ρ). We define the metric structure J̃ on
F̃ such that it restricts to J ′ on M × {J ′}. Using the two lagrangian subspaces
L̃i := pr∗Li we get define the closed form

α := p̃(F̃ , q̃, J̃ , L̃0)− p̃(F̃ , q̃, J̃ , L̃1) .

The metric structure J provides an embedding iJ : M → M̃ , and we have
i∗Jα = p̃(F , q, J,L0) − p̃(F , q, J,L1). Since the embeddings IJ and IJ′ for two
metric structures J, J ′ are homotopic, the classes [i∗Jα] and [i∗J′α] coincide. This
proves the claim.

We next claim that we can assume that L0∩L1 = {0}. Note that I := L0∩L1

is an isotropic subsheaf. The reduction (FI , qI) admits two induced lagrangian
subsheaves (Li)I . We have by Lemma 2.21 that

[p̃(F , q, J,L0)− p̃(F , q, J,L1)] = [p̃(FI , qI , JFI , (L0)I)− p̃(FI , qI , JFI , (L1)I)] .

Thus we can replace (F , q, J, ρ) by (FI , qI , JFI , ρ+ p(F , q, J, I)) and Li by (Li)I .

Let us now assume that L0 ∩L1 = {0}. Then by the similar argument in [26,
Prop. 2.50], we can choose J such that JLi = L1−i, i = 0, 1. With this choice
p̃(F , q, J,L0)− p̃(F , q, J,L1) = 0 so that [ω] = 0. 2

2.5.4. The transformation to K−1
R/Z-theory. We construct a natural transfor-

mation γ̄ : L̄ε → K−1
R/Z. Let M be a manifold. Note that K−1

R/Z(M) is a module
over the ring K0(M) and therefore, by b : Lε(M) → K0(M), a Lε(M)-module.
We in fact construct morphism Lε(M)-modules γ̄M : L̄ε(M) → K−1

R/Z(M) which
depends naturally on M .

In order to define this morphism on generators (F , q, J, ρ) we use the geometric
definition of K−1

R/Z(M) in terms of generators and relations which was recalled in
Subsection 2.2.2.

We define γ̄M : L̄ε(M) → K−1
R/Z(M) by γ̄M [F , q, J, ρ] = [FC, h

FC ,∇FC,J , ρ],
where hFC is the hermitian extension of the metric J∗ ◦Q on F .

Lemma 2.26. γ̄M is well-defined and has the properties as stated above.

Proof. Since γ̄M is induced by an obvious homomorphism ˆ̄γM : ˆ̄Lε(M) →
K−1

R/Z(M) of semigroups (which is natural in M) it suffices to show that ˆ̄γM is
compatible with lagrangian reduction, and that it induces a Lε(M)-module iso-
morphism. The latter property we leave as an exercise.
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Let L ⊂ F be a locally constant lagrangian subsheaf. Then we have [F , q, J, ρ] =
[0, 0, 0, ρ + p̃(F , q, J,L)]. In K−1

R/Z(M) we have (using hFC = hL ⊕ hL, ∇⊕ =
∇L ⊕∇L) that

[FC, h
FC ,∇FC,J , ρ] = [FC, h

FC ,∇⊕, ρ+ c̃h(∇⊕,∇FC,J)]

= [L⊕ L, hL ⊕ hL,∇L ⊕∇L, ρ+ p̃(F , q, J,L)]
= [0, 0, 0, ρ+ p̃(F , q, J,L)] .

This shows that γM is well-defined. 2

As an immediate consequence of the definition we get:

Corollary 2.27. The following diagram commutes

L̄ε(M) → Lε(M)
↓ ↓

K−1
R/Z(M) → K0(M)

.

It follows from Definition 2.1 of L̄R/Z(M) as a pull-back that :

Corollary 2.28. There is a natural surjective map

L̄ε(M) → L̄R/Z(M) .

3. Eta homomorphisms

3.1. Introduction and summary. It is an interesting problem to detect
non-trivial elements of L̄ε(M) for a manifold M .

¿From the homotopy theoretic definition of K−1
R/Z there is a natural pairing

K−1
R/Z(M)⊗K1(M) → R/Z ,

where K1(M) denotes K-homology of M . In [20] Lott gave a analytic description
of this pairing. IfM is odd-dimensional and theK-homology class is represented by
a Dirac operator, then its pairing with a class in K−1

R/Z(M) given in the geometric
picture can be expressed through spectral invariants of the corresponding twisted
Dirac operator, in particular through the η-invariant. In the present section we
consider the K-homology class given by the signature operator, which leads to a
homomorphism

η−1
R/Z : K−1

R/Z(M) → R/Z .

The latter pulls back to

ηR/Z : L̄R/Z(M) → R/Z .

It further induces a homomorphism from L̄ε(M) to R/Z.
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The main objective of the present section is to refine the homomorphism to
an R-valued one. From the analytic definition of η−1

R/Z it is quite obvious that it
cannot be lifted to R since the relevant η-invariants jump by integers if the kernels
of the corresponding operators change. But the dimension on the kernel is not an
invariant of the data given by the classes K−1

R/Z(M) and K1(M).

However in our special case we work with the signature operator and with
flat vector bundles. The kernels are tied to cohomology and thus have stronger
invariance properties. Lott has defined a lift ηLott : L̄Lott(M) → R. Unfortunately,
this homomorphism does not factor over L̄ε(M). But we can analyze this failure in
detail. These considerations lead to the definition of the extended group L̄ex

ε (M)
fitting into a sequence

0 → Z → L̄ex
ε (M) → L̄ε(M) → 0 .

The homomorphism from L̄ε(M) → R/Z lifts then to a homomorphism η :
L̄ex

ε (M) → R.

The extended groups are only defined for closed odd-dimensional oriented
manifolds M . Note that they are not functorial with respect to smooth maps (only
for homotopy equivalences). But they admit extended secondary index maps.

3.2. η−1
R/Z : K−1

R/Z(M) → R/Z.

3.2.1. The definition. Let M be an oriented n-dimensional closed manifold. If
we choose a Riemannian metric, then we can define the signature operator Dsign.
Assume now that n is odd. Then Dsign is a selfadjoint operator which induces a
class [Msign] ∈ K1(M), and which is independent of the choice of the metric.

Definition 3.1. We define η−1
R/Z : K−1

R/Z(M) → R/Z by η−1
R/Z(x) :=< x, [Msign] >.

Furthermore, we define ηR/Z : L̄R/Z(M) → R/Z as the composition of η−1
R/Z with

the natural transformation L̄R/Z → K−1
R/Z.

3.2.2. Geometric description of η−1
R/Z. We fix a Riemannian metric gTM on M .

Let [E, hE ,∇E , ρ] ∈ K−1
R/Z(M). Then one can express η−1

R/Z(x) in analytic terms.

Let Dsign
E : Ω(M,E) → Ω(M,E) be the odd signature operator of M twisted by

the bundle E. Then its η-invariant is given by

η(Dsign
E ) :=

1√
π

∫ +∞

0

Tr
[
Dsign

E e−t(Dsign
E )2

] dt

t1/2
.

Let L(∇TM ) = det1/2
(

−∇T M,2/2πi
tanh(−∇T M,2/2πi)

)
∈ Ω(M) be the L-form of the tan-

gent bundle TM equipped with the Levi-Civita connection ∇TM on (M, gTM ).
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Then we have

ηR/Z([E, hE ,∇E , ρ]) := [η(Dsign
E )− 2

∫
M

L(∇TM ) ∧ ρ] ,

where [.] on the right-hand side takes the class in R/Z. Using the local variation
formula for the η-invariant we see that this combination indeed is independent of
the Riemannian metric and only depends on the class of [E, hE ,∇E , ρ]. For details
we refer to Lott [20, Prop. 3].

Note that this homomorphisms cannot be refined to have values in R since the
dimension of the kernel of Dsign

E depends on the choice of the connection for the
representative [E, hE ,∇E , ρ].

3.3. R-valued η-homomorphisms. Since the L̄ε-groups involve flat bun-
dles F = bundle(F) the kernel of the twisted signature operator Dsign

F defined
in (5) is isomorphic to the sheaf cohomology H∗(M,F). In particular, it is inde-
pendent of the choice of a metric structure. This eventually allows us to define
R-valued η-homomorphisms.

3.3.1. ηLott. We start with describing the homomorphism ηLott : L̄Lott
ε (M) →

R which has been defined by Lott in [21, §3.3]. Let M be a closed smooth m-
dimensional oriented manifold. The Z-graded vector space of real differential forms
Ω(M) carries the εm = (−1)[

m+1
2 ]-symmetric duality structure (compare (7))

q(ω, ω′) :=
∫

M

(
(−1)

NM (NM−1)
2 +mNMω

)
∧ ω′ ,

where NM denotes the Z-grading on Ω(M), i.e. NM acts by multiplication by p

on Ωp(M). We fix the convention
√
εm = (

√
−1)[

m+1
2 ].

A choice of a Riemannian metric gTM and of the orientation on M induces
the Hodge-∗ operator which is characterized by

ω ∧ ∗ω′ = (ω, ω′)gT MdvM .

Here dvM is the Riemannian volume element of (M, gTM ). We define the NM -
compatible metric structure

JM := ∗ (−1)
NM (NM−1)

2 +mNM .

Let now (F , q) be ε-symmetric. By Ω(M,F ) we denote the space of F -valued
smooth forms onM , where F := bundle(F). If ω ∈ Ω(M) and φ ∈ C∞(M,F ), then
we have a product ω ⊗ φ ∈ Ω(M,F ). The space Ω(M,F ) carries an εmε-duality
structure

(4) q(ω ⊗ φ, ω′ ⊗ φ′) :=
∫

M

(
(−1)

NM (NM−1)
2 +mNMω

)
∧ ω′ q(φ, φ′)F .
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It further has a natural Z-gradingNM of lengthm. If JF is a metric structure on F ,
then JM,F (ω⊗φ) := JMω⊗JFφ is a NM -compatible metric structure on Ω(M,F )
(cf. Def. 2.13). Let dF be the twisted de Rham differential on Ω(M,F ) induced by
the flat connection ∇F on F . Let (dF )∗ be the adjoint of dF with respect to this
metric on Ω(M,F ). Then we have (dF )∗ = (−1)m+1εεmJ

M,F dFJM,F .

We now assume that m ≡ −ε mod (4), then εεm = 1. Then define the self
adjoint operator (cf. also [2, (4.6)], [7, (1.38)])

(5) Dsign
F := JM,F dF + dFJM,F = JM,F (dF + (dF )∗) .

The operator Dsign
F is a compatible Dirac operator on M , and we can define the

η-invariant

η(DF ) :=
1√

ε
√
εm
√
π

∫ +∞

0

Tr
[
Dsign

F e−t(Dsign
F )2

] dt

t1/2
.

Let L(∇TM ) be the Hirzebruch L-form of the tangent bundle TM with the
Levi-Civita connection ∇TM .

Definition 3.2. The homomorphism ηLott : L̄Lott
ε (M) → R is defined by

ηLott(F , q, J, ρ) := η(Dsign
F )− 2

∫
M

L(∇TM ) ∧ ρ .

By the argument in [21, Prop.24], ηLott is well-defined and independent of the
choice of the Riemannian metric gTM of M . It also follows from the definitions,
that the following diagram commutes.

L̄Lott
ε (M)

ηLott

→ R
↓ ↓

K−1
R/Z(M)

ηR/Z

→ R/Z
.

3.3.2. Motivation of extended L-groups. A natural problem is now to lift the
composition

L̄ε(M) → K−1
R/Z(M)

ηR/Z

→ R/Z

to a R-valued homomorphism ”η” : L̄ε(M) → R. This problem could be solved
by factoring ηLott over the quotient L̄Lott

ε (M) → L̄ε(M). Unfortunately, this fac-
torization does not exist in general. For this reason we will define modified L and
L̄-groups which will be denoted by Lex

ε and L̄ex
ε . They fit into the diagram

(6)

Hodd(M,R) → L̄Lott
ε (M) → LLott

ε (M) → Hev(M,R)
‖ ↓ ↓ ‖

Hodd(M,R) → L̄ex
ε (M) → Lex

ε (M) → Hev(M,R)
‖ ↓ ↓ ‖

Hodd(M,R) → L̄ε(M) → Lε(M) → Hev(M,R)

.
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The advantage of L̄ex
ε is that we can extend the homomorphism ηLott to an

homomorphism η : L̄ex
ε (M) → R. The draw-back of the extended Lε-groups is that

they are not functors on the category of manifolds.

3.4. Definition of the extended L-groups.

3.4.1. Some linear algebra. Let V be a real vector space with a non-degenerate
form r : V → V ∗. We will call (V, r) a duality space.

Definition 3.3. A Z-graded duality space of length n ∈ Z is a triple (V, r,N),
where (V, r) is a duality space and N is a Z-grading operator such that r−1◦N∗◦r =
n−N .

If (Vi, ri, Ni), i = 1, 2, are Z-graded duality spaces of length ni, then their
tensor product is a Z-graded duality space of length n1 + n2.

Let (V, r,N) be a Z-graded duality space of length n. Assume further that
r is graded symmetric, i.e. r(v, w) = (−1)|v||w|r(w, v). Then we can define an
εn := (−1)[

n+1
2 ]-duality structure on V by

(7) q(v, w) := r((−1)
N(N−1)

2 +nNv, w).

Let R[−n] be the graded vector space which has R in degree n and 0 in all
remaining degrees. The duality structure r induces a map of graded vector spaces
r̂ : V ⊗ V → R[−n] by v ⊗ w → r(v, w).

We now consider a differential d : V → V of degree one. It induces a differential
on V ⊗V by d(v⊗w) = dv⊗w+(−1)|v|v⊗dw, where v is homogeneous of degree
|v|. On R[−n] we consider the trivial differential.

Definition 3.4. The differential d is called compatible with r if r̂ : V ⊗ V →
R[−n] is a map of complexes. Equivalently, r(dv, w) + (−1)|v|r(v, dw) = 0 for all
v, w ∈ V with v homogeneous of degree |v|.

We now assume that d is compatible with r. Let H(V ) denote the cohomology
of (V, d). It is a Z-graded vector space. The map H(r̂) : H(V ⊗V ) → H(R[−n]) =
R[−n] together with the Kuenneth-formula H(V )⊗H(V )

∼=→ H(V ⊗ V ) induces a
graded-symmetric duality structure rH on H(V ). In order to see that this pairing
is non-degenerate, note that im(d)⊥ = ker(d) and hence ker(d)⊥ = im(d).

Let (V, r,N) be a Z-graded duality space of length n with compatible dif-
ferential d where r is graded symmetric. Then we have a (−1)n+1εn-symmetric
form

Q(v, w) := r((−1)
N(N−1)

2 +nNv, dw) = q(v, dw) .
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In particular, if V is finite-dimensional and (−1)n+1εn = 1, then we can consider
the signature of the quadratic form Q.

Definition 3.5. τ(V, r,N, d) := 2sign(Q).

Let J be a metric structure on (V, q). Let d∗J denote the adjoint of d with
respect to the scalar product q(., J.) induced by J . We have d∗J = (−1)n+1εnJdJ .
Assume that (−1)n+1εn = 1. Then we can form the selfadjoint operator D :=
Jd+ (−1)n+1dJ = J(d+ d∗J).

Lemma 3.6. We have sign(D) = 1
2 (1 + (−1)n+1)τ(V, r,N, d).

Proof. By Hodge theory we can identify H(V ) with H := ker(d) ∩ ker(d∗J ).
We decompose V into D-invariant subspaces V = im(d)⊕ im(d∗J )⊕H. The metric
structure J maps im(d) isomorphically to im(d∗J ). Furthermore for x, y ∈ im(d) we
have q(DJx, JJy) = (−1)n+1q(JdJx, y) = q(dJx, Jy) = (−1)n+1q(Dx, Jy). Let
P be the projection to im(d∗J ). Then sign(D) = (1+(−1)n+1)sign(DP ). For all x, y
we have q(x, JDPy) = (−1)n+1q(x, dy). Thus sign(DP ) = 1

2 (−1)n+1τ(V, r,N, d).
2

Let (V, r) be a duality space with grading N of length n and compatible dif-
ferential d. Furthermore, let · · · ⊂ F p+1V ⊂ F pV ⊂ . . . be a decreasing filtration
of the complex (V, d,N) by subcomplexes. Further we assume that there exists
nB such that r(F pV, F qV ) = 0 if p+ q > nB . On V ⊗ V we consider the induced
filtration F r(V ⊗ V ) =

∑
p+q=r F

pV ⊗ F qV . Let Ep,q
u (V ) be the corresponding

spectral sequence cf. [17, §3.5].

We filter R[−n] such that F sR[−n] = R[−n] if s ≤ nB and F sR[−n] = 0 for
s > nB . The map r̂ is then a map of filtered complexes. We therefore obtain a
morphism of associated spectral sequences, which we also denote by r̂. The target
Ep,q

s (R[−n]) is easy to describe. We have Ep,q
s (R[−n]) = 0 for all s ≥ 0, p, q except

for p+ q = n and p = nB , where Ep,q
s

∼= R. All differentials vanish.

The Kuenneth formula for spectral sequences yields a map

Ep,q
u (V )⊗ Es,t

u (V ) → Ep+s,q+t
u (V ⊗ V ) .

If we compose this with the morphism of spectral sequences induced by r̂ we
obtain pairings ru : Ep,q

u (V )⊗Es,t
u (V ) → R if p+ q+ s+ t = n and p+ s = nB . In

particular, we obtain a pairing on Eu(V ) which is compatible with the Z-grading
NEu of length n and has the same symmetry properties as r.

The differential du is compatible with the duality structure ru on Eu and the
duality structure ru+1 on Eu+1 is obtained from ru by considering Eu+1 as the
cohomology of Eu as described above. If r0 is non-degenerate, then so are the ru
for all u ≥ 0.
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Assume now that r is graded symmetric and (−1)n+1εn = 1. Then the form
ru induced on Eu(V ) is graded symmetric as well. If Eu(V ) is finite-dimensional
for u ≥ i, then we define

Definition 3.7. τi(E∗) :=
∑

u≥i τ(Eu(V ), ru, NEu
, du) .

3.4.2. Hypercohomology and spectral sequences. Let M be a smooth manifold.
Let F be a locally constant sheaf of finite-dimensional real vector spaces and
(F,∇F ) be the associated flat vector bundle. We further assume, that F is Z-
graded by NF and has a differential v (cf. Def. 1.3). We use the same symbols in
order to denote the corresponding parallel endmorphisms of F . The cohomology
H of (F , v) is again a locally constant sheaf of real vector spaces with Z-grading
NH .

There are two spectral sequences which converge to the hypercohomology
H(M, (F , NF , v)) of this complex, the local-global spectral sequence and the hyper-
cohomology spectral sequence. Let us take the soft resolution of (F , N, v) given
by the twisted de Rham complex (Ω(M,F ), dF + v) with the total Z-grading
NM,F = NM +NF . Its cohomology is naturally isomorphic to H(M, (F , NF , v)).
The two spectral sequences are associated to the two natural filtrations of this
complex.

We first describe the local-global spectral sequence which is associated to the
filtration

F pΩ(M,F ) =
∑
q≥p

Ωq(M,F ) .

We have lgE
p,q
0 = Ωp(M,F q) and lgd0 = v : lgE

p,q
0 → lgE

p,q+1
0 . The first terms

is given by lgE
p,q
1 = Ωp(M,Hq) and lgd1 = dH : lgE

p,q
1 → lgE

p+1,q
1 . We obtain

lgE
p,q
2 = Hp(M,Hq). The local-global spectral sequences is natural and finite-

dimensional starting with its second term.

We now describe the hypercohomology spectral sequence which is associated
to the filtration

F pΩ(M,F ) =
∑
q≥p

Ω(M,F q) .

We have hcE
p,q
0 = Ωq(M,F p) and hcd0 = dF : hcE

p,q
0 → hcE

p,q+1
0 . The first

term is given by hcE
p,q
1 = Hq(M,Fp) and hcd1 := H(v) : hcE

p,q
1 → hcE

p+1,q
1 ,

where H(v) is induced by v. The hypercohomology spectral sequence is natural
and finite-dimensional starting with its first term.

Now assume that q is an ε-duality structure on F such that NF and v are
compatible with q (cf. Def. 1.3). Let M be closed and oriented, and set m :=
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dimM . On Ω(M,F ) we define the εεm-duality structure

qM,F (α⊗ φ, β ⊗ ψ) = (−1)
|α|(|α|−1)

2 +|α|m
∫

M

α ∧ βq(ψ, φ) .(8)

As in [12, §1(a)], we will consider v as an element which anticommutes with the
operator X∧, ie for X ∈ T ∗M, e ∈ TM . Thus (dF + v)2 = 0. The differential
dF = dF + v and the total grading NM,F = NM + NF are compatible with
qM,F . As explained in Subsection 3.4.1. we obtain induced pairings on the spectral
sequences.

We first consider the local-global spectral sequence. We put nB := m and
obtain pairings

lgqr : lgE
p,q
r ⊗ lgE

s,t
r → R

for p+q+s+t = m+n and p+s = m. On lgE
p,q
0 ⊗lgE

s,t
0 = Ωp(M,F q)⊗Ωs(M,F t)

this pairing is just qM,F . In particular, it is nondegenerated. As in Subsection 3.4.1,
the (−1)m+1εεm-symmetry form qM,F (x, (dF + v)y) induces the corresponding
(−1)m+1εεm-symmetry form on lgEr. If εεm = 1, and m is odd, then we can define

Definition 3.8. lgτ2(F , q,NF , v) := 1√
ε
√

εm
τ2(lgE∗) .

In the case of the hypercohomology spectral sequence we put nB = n. We
have parings

hcqr : hcE
p,q
r ⊗ lgE

s,t
r → R

for p + q + s + t = m + n and p + s = n. On hcE
p,q
0 ⊗ hcE

s,t
0 = Ωq(M,F p) ⊗

Ωt(M,F s) this pairing is again just qM,F . In particular, it is nondegenerated. As
in Subsection 3.4.1, the (−1)m+1εεm-symmetry form qM,F (x, (dF + v)y) induces
the corresponding (−1)m+1εεm-symmetry form on hcEr. If εεm = 1, and m is odd,
then we can define

Definition 3.9. hcτ1(F , q,NF , v) := 1√
ε
√

εm
τ1(hcE∗) .

Finally we define

Definition 3.10.

τ(F , q,NF , v) := hcτ1(F , q,NF , v)− lgτ2(F , q,NF , v) .

3.4.3. Definition of Lex
ε (M) and L̄ex

ε (M). We fix closed odd-dimensional ori-
ented manifold M . We assume that ε ∈ Z2 is such that εεm = 1,where εm :=
(−1)[

m+1
2 ] ∈ Z2 and m = dimM .

Let (F , q) be a ε-symmetric and L be a locally constant lagrangian subsheaf
of F . Then we define an integer τ(F , q,L) by the following construction.
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We consider the sheaf G := L ⊕ F ⊕ F/L. It carries a natural ε-symmetric
duality structure qG . Note that q induces maps qL : L → (F/L)∗ and qF/L :
F/L → L∗. Then qG : G → G∗ is given by 0 0 qF/L

0 q 0
qL 0 0

 .

A compatible Z-grading is given by NG = diag(0, 1, 2). We define a differential on
G by

vG :=

 0 i 0
0 0 −pr
0 0 0

 ,

where i : L → F is the inclusion and pr : F → F/L is the projection. We introduce
the sign in order to make the differential compatible with qG . We now define the
following integer.

Definition 3.11. τ(F , q,L) := τ(G, qG , NG , vG)

Lemma 3.12. If L has a lagrangian complement, then we have τ(F , q,L) = 0.

Proof. In this case the spectral sequences degenerate. 2

We now define the group Lex
ε (note that εεm = 1). First we define the semi-

group L̂ex
ε (M) of isomorphism classes of tuples (F , q, z), where (F , q) is locally

constant sheaf of real vector spaces with ε-symmetric duality structure q, and
z ∈ Z. The semigroup operation is given by the sum of the entries. Next we define
an equivalence relation ∼ generated by lagrangian reduction. Let (F , q, z) as above
and L ⊂ F a locally constant lagrangian subsheaf. Then we require that

(F , q, z) ∼ (0, 0, z + τ(F , q,L)) .

We extend ∼ to the minimal equivalence relation which contains lagrangian re-
duction and which is compatible with the sum.

Definition 3.13. We define Lex
ε (M) := L̂ex

ε (M)/ ∼

The semigroup Lex
ε (M) is in fact a group. Let [F , q, z] denote the class rep-

resented by (F , q, z). Its inverse is given by [F ,−q,−z], since by Lemma 3.12 we
have

τ(F ⊕ F , q ⊕−q,F) = 0 .

There is a surjective homomorphism Lex
ε (M) → Lε(M) induced by (F , q, z) 7→

(F , q). Furthermore, there is homomorphism Z → Lex
ε (M) induced by z 7→ (0, 0, z).

Lemma 3.14. The following exact sequence is exact :

0 → Z → Lex
ε (M) → Lε(M) → 0 .
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Proof. We must show that Z → Lex
ε (M) is injective. This will be a conse-

quence of the fact that η : Lex
ε (M) → R is well defined which will be proved below

(cf. Lemma 3.19). 2

Of course, there should be a purely algebraic proof of Lemma 3.14. Another
open problem is to turn M → Lex

ε (M) into a functor.

Using Lemma 3.12 we see that (F , q) 7→ (F , q, 0) defines a homomorphism

LLott
ε (M) → Lex

ε (M) .

Definition 3.15. We define L̄ex
ε (M) by the following pull-back diagram:

L̄ex
ε (M) → Lex

ε (M)
↓ ↓

L̄ε(M) → Lε(M)
.

An element of L̄ex
ε (M) can be written as [F , q, J, ρ, z]. The following assertions

follow immediately from the definition, Lemma 2.24 and Proposition 2.25.

Corollary 3.16. We have the exact sequences

0 → Z → L̄ex
ε (M) → L̄ε(M) → 0

and
0 → H4∗−ε(M,R) → L̄ex

ε (M) → Lex
ε (M) → H4∗+1−ε(M,R) .

By (F , q, J, ρ) 7→ (F , q, J, ρ, 0) we define a morphism

L̄Lott
ε (M) → L̄ex

ε (M) .

It is now easy to check, that the diagram (6) commutes.

3.5. Construction of η : L̄ex
ε (M) → R.

3.5.1. The η-invariant of a complex. Let ε ∈ Z2. We assume that M is a
smooth closed oriented manifold of dimension m such that m is odd and εεm = 1,
equivalently m ≡ −ε mod (4). Let (F , q) be a locally constant sheaf of finite
dimensional real vector spaces with ε-symmetric form. Let furthermore NF be a
compatible Z-grading and v be a compatible differential. By (H, qH) we denote
the associated cohomology. We choose a compatible metric structure JF and let
JH be the induced metric structure. Then we can define the operators Dsign

F and
Dsign

H as in (5). The following theorem is the main ingredient in the construction of
η. Recall Definitions 2.14 and 3.10 of the η-form η̃(F , NF , J

F , v) and of the integer
τ(F , q,NF , v).
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Theorem 3.17. We have

η(Dsign
F )− η(Dsign

H ) = 2
∫

M

L(∇TM ) ∧ η̃(F , NF , J
F , v)− τ(F , q,NF , v) .

Proof. A sketch of the proof is given in Subsection 5.2. 2

3.5.2. Definition and well-definedness of η. Let [F , q, J, ρ, z] ∈ L̄ex
ε (M). We

choose any Riemannian metric gTM on M . It induces the Levi-Civita connection
∇TM on M .

Definition 3.18. We define

η(F , q, J, ρ, z) := ηLott(F , q, JF , ρ)− z

= η(Dsign
F )− 2

∫
M

L(∇TM ) ∧ ρ− z

Lemma 3.19. The map (F , q, J, ρ, z) 7→ η(F , q, J, ρ, z) ∈ R induces a well-
defined homomorphism η : L̄ex

ε (M) → R.

Proof. It follows from the well-definedness of ηLott [21, Prop.24] that η is
independent of the choice of the Riemannian metric on M . It therefore suffices to
show that (F , q, J, ρ, z) ∼ 0 implies that η(F , q, J, ρ, z) = 0. Thus let L ⊂ F be
a locally constant lagrangian subsheaf of F such that ρ + p̃(F , q, J,L) ≡ 0 and
z + τ(F , q,L) = 0.

We construct the complex (G, qG , NG , vG) as in Subsection 3.4.3. Using the
compositions JL : L → F

J→ F
pr→ F/L and JF/L : F/L → F 	 L

J→ L we define
the metric structure

JG :=

 0 0 JL

0 J 0
JF/L 0 0

 .

As in the proof of Proposition 2.15 we see that modulo exact forms

η̃(G, NG , JG , vG) ≡ −p̃(F , q, J,L) .

By definition we have

τ(F , q,L) = τ(G, qG , NG , vG) .

The complex G is exact. By Theorem 3.17 we have

η(Dsign
G ) = 2

∫
M

L(∇TM ) ∧ η̃(G, NG , JG , vG)− τ(G, qG , NG , vG) .



SECONDARY INDEX 43

Thus

η(F , q, J, ρ, z) = η(Dsign
F )− 2

∫
M

L(∇TM ) ∧ ρ− z

= 2
∫

M

L(∇TM ) ∧ η̃(G, NG , JG , vG)− τ(G, qG , NG , vG)

−2
∫

M

L(∇TM ) ∧ ρ− z

= −2
∫

M

L(∇TM ) ∧ (p̃(F , q, J,L) + ρ)− (z + τ(G, qG , NG , vG) = 0 .

2

4. The secondary index map

4.1. Introduction and summary. In this section we consider the secondary
index map (i.e. the wrong-way or push-forward map) for L̄ε associated to fibre
bundles. It is constructed by refining the geometric construction of πsign,R/Z

! . This
construction naturally involves η-forms for fibre bundles. The proofs of the facts
that πL̄

∗ is well-defined, and that it has nice functorial properties are all based on
the study of various adiabatic limits of these η-forms. We start this Section with
the introduction of the η-form associated to a fibre bundle and the statements of
the adiabatic limit results. Then we introduce the secondary index maps and dis-
cuss their functorial properties. We give the algebraic parts of the proofs in detail
using the corresponding adiabatic limit results.

4.2. Adiabatic limits of eta invariants, the eta form.

4.2.1. Generalized connections. Let M be a smooth manifold and F →M be
a smooth real vector bundle. Let ∇ be a connection on F . Using the Leibnitz rule
we extend ∇ to Ω(M,F ) (cf. [3, Def. 1.14]).

Definition 4.1. A generalized connection on F is an operator A : Ω(M,F ) →
Ω(M,F ) of the form A = ∇+ S with S ∈ Ω(M,End(F )).

Let q : F → F ∗ be a duality structure on F . We extend q to a form q :
Ω(M,F )⊗ Ω(M,F ) → Ω(M) by q(u⊗ x,w ⊗ y) = u ∧ wq(x, y).

Definition 4.2. We say that a generalized connection A on Ω(M,F ) is com-
patible with q, if dq(φ, ψ) = q(Aφ,ψ) + q(φ,Aψ).

4.2.2. The η-form of a fibre bundle. Let π : M → B be a smooth locally trivial
fibre bundle with closed fibres Zb, b ∈ B, of dimension n. Set εn = (−1)[

n+1
2 ],

√
εn =

(
√
−1)[

n+1
2 ]. We assume that the vertical bundle TZ := ker(dπ) ⊂ TM is oriented.
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Let (F , qF ) be a locally constant sheaf of finite dimensional real vector spaces over
M with a ε-symmetric duality structure qF , and let F be the corresponding flat
vector bundle (cf. Subsection 1.4.1).

We consider the infinite-dimensional Z-graded (with grading NZ by form de-
gree) vector bundle Ω(Z,F ) → B with fibre Ω(Z,F )b = Ω(Zb, F|Zb

) such that its
space of smooth sections on B is C∞(M,Λ∗(T ∗Z) ⊗ F ). The orientation of TZ
and qF induce an εεn-duality structure qZ,F on Ω(Z,F ) which is given by

qZ,F (ω ⊗ φ, ω′ ⊗ φ′) :=
∫

Z

(
(−1)

NZ (NZ−1)
2 +nNZω

)
∧ ω′ qF (φ, φ′) .

Then the Z-grading NZ on Ω(Z,F ) is a compatible Z-grading of length n.

Our next goal is the interpretation of the twisted de Rham differential dF on
Ω(M,F ) induced by the flat connection ∇F on F as a superconnection (cf. [12,
§III(a)]). We choose a horizontal distribution THM ⊂ TM , i.e. a complement
to TZ. This choice induces an identification Ω(M,F ) ∼= Ω(B,Ω(Z,F )). Then dF

can be viewed as a generalized connection (see Def.4.2) on Ω(Z,F ). For a vector
field X ∈ C∞(B, TB) we denote by XH ∈ C∞(M,THM) its horizontal lift, i.e.
π∗X

H = X. If ω ⊗ φ ∈ C∞(B,Ω(Z,F )) ⊂ Ω(M,F ), then we set

∇Z,F
X ω ⊗ φ := LXHω ⊗ φ+ ω ⊗∇F

XHφ ,

where LXH denotes the Lie derivative. In this way we define a connection on
Ω(Z,F ), we extend ∇Z,F to Ω(B,Ω(Z,F )) by using the Leibnitz rule. Now we
decompose (cf. [12, Prop. 3.4])

dF = dZ,F +∇Z,F + iT ,

where dZ,F is the fibrewise twisted de Rham differential along the fiber Z and iT
is the insertion of a tensor field T ∈ C∞(M,Λ2(THM)∗ ⊗ TZ). To be precise,
Λ2(THM)∗ is considered here as a subspace of Λ2(T ∗M) and iT is interpreted as
an element of C∞(B,Λ2(T ∗B)⊗End(Ω(Z,F ))). It turns out that dF is a (−1)NZ -
superconnection of NZ-degree one (cf. Subsection 2.4.4) which is flat because of
dF ◦ dF = 0.

We can form the (finite-dimensional) cohomologyH(Z,F ) of dZ,F which comes
equipped with a flat connection ∇H(Z,F ) (cf. [12, §III(f)]) and a parallel εεn-
duality structure qH(Z,F ). The sheaf of of parallel sections of H(Z,F ) is naturally
isomorphic to H(Z,F ) := π(F) so that qH(Z,F ) corresponds to the form qH(Z,F ) :=
π(qZ,F ) on H(Z,F ) (cf. Subsection 1.5.1 for notation).

We now choose a vertical Riemannian metric gTZ on TZ and a metric structure
JF on F . The vertical metric and orientation on TZ together induce a Hodge ∗-
operator ∗ : Ω(Z) → Ω(Z) as in Subsection 3.3.1. We define a metric structure on
Ω(Z,F ) by

JZ,F := (∗(−1)
NZ (NZ−1)

2 +nNZ )⊗ JF .
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This metric structure is compatible with the Z-grading NZ . On the cohomology
H(Z,F ) we obtain a metric structure JH(Z,F ) induced by JZ,F . Let (dF )∗, (dZ,F )∗,
(iT )∗, (∇Z,F )∗ be the adjoint of dF , dZ,F , iT , ∇Z,F with respect to the scalar
product q(·, JZ,F ·) on Ω(Z,F ) defined by JZ,F .

• If n is even, by an easy computation we see that dF is compatible with
qZ,F in the sense of Def. 4.2. This in particular implies, that the differential dZ,F

is compatible with qZ,F . Though Ω(Z,F ) is infinite-dimensional the theory of
characteristic classes and forms extends to certain nice superconnections. In par-
ticular, p(dF , JZ,F ) ∈ Ω(B) is well-defined. Let ϕ : Ω(B) → Ω(B) be the map
ϕω = (2πi)−(deg ω)/2ω. Then A = 1

2 (dF + (dF )∗) is the zJZ,F

= 1√
ε
√

εn
JZ,F -

superconnection, and

(9) p(dF , JZ,F ) = ϕTr[zJZ,F

exp(−A2)].

We now introduce the rescaling. Let B̃ := (0,+∞)×B and pr : B̃ → B be the
projection. We consider the bundle M̃ := pr∗M over B̃ together with the canonical
projection Pr : M̃ → M . We define (F̃ , q̃F , THM̃, J̃F ) := Pr∗(F , qF , THM, J̃F ).
We obtain the Z-graded εεn-duality bundle Ω(Z, F̃ ) over B̃ with (−1)ÑZ -superconnection
A′ := d̃F , which is the twisted de Rham differential on Ω(M̃, F̃ ) induced by ∇F .
We fix the vertical metric g̃TZ which restricts to 1

t g
TZ over {t} ×M . It induces

the metric structure J̃ on Ω(Z, F̃ ). The form p(A′, J̃) ∈ Ω(B̃) is now well-defined
as in (9). Let us decompose p(A′, J̃) = dt ∧ γ + r, where r does not contain dt.
Here γ : (0,+∞) → Ω(B) is a smooth family of forms on M . More precisely, for
t > 0, set

Ct =
1
2
(tNZ/2dF t−NZ/2 + t−NZ/2(dF )∗tNZ/2).(10)

Then

γ(t) = −(2πi)−1/2 1√
ε
√
εn
ϕTr

[
JZ,F (

∂

∂t
Ct) exp(−C2

t )
]
.(11)

By [21, Prop. 31], we have γ(t) = O(t−
3
2 ) as t → +∞ and γ(t) = O(1) as

t→ 0, so that we can define ([21, Def. 33], [8, Def.4.33])

Definition 4.3. η̃(Ω(Z,F ), NZ , J
Z,F , dF ) := −

∫ +∞
0

γ(t)dt .

Note that gTZ and THM induce a canonical connection ∇TZ on TZ (cf. [5,
Theorem 1.9], [3, Prop. 10.2]). Let L(∇TZ) ∈ Ω(M) be the L-form of TZ as in
Subsection 3.2.2. To define p(∇H(Z,F ), JH(Z,F )), we use the Z2-grading on H(Z,F )
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induced by zJZ,F

= 1√
ε
√

εn
JZ,F . We have

(12) dη̃(Ω(Z,F ), NZ , J
Z,F , dF ) =

∫
Z

L(∇TZ) ∧ p(∇F , JF )

− p(∇H(Z,F ), JH(Z,F )) .

• If n is odd. Then A, dZ,F + (dZ,F )∗, iT + (iT )∗ commute with JZ,F . For
A ∈ End(Ω(Z,F )), ω ∈ Λ(T ∗B), put

Trodd[ωA] = ωevenTr[A], Trodd[ωA] = ωoddTr[A].(13)

Here ωeven, ωodd denote the even and odd degree part of ω.

By [9, Theorem 2.10], the form

p(A′, J) = (2i)1/2Trodd[zJZ,F

exp(−A2)](14)

is closed. Thus p(A′, J̃) = (2i)1/2Trodd [zJ̃Z,F

exp(−Ã2)] is closed on B̃. Let
us decompose p(A′, J̃) = dt ∧ γ + r, where r does not contain dt. Thus r =
(2i)1/2Trodd[zJZ,F

exp(−C2
t )] is closed and its cohomology class does not depend

on t. And

γ(t) = −π−1/2ϕTreven
[
zJZ,F

(
∂

∂t
Ct) exp(−C2

t )
]
.(15)

By the same argument as in [10, Theorem 2.11], we have γ(t) = O(1) as t → 0,
and as in [3, Theorem 9.23], we have γ(t) = O(t−

3
2 ) as t→ +∞. So we can define

(cf. [8, Def. 4.93])

Definition 4.4. η̃(Ω(Z,F ), NZ , J
Z,F , dF ) := −

∫ +∞
0

γ(t)dt .

Then η̃(0) the 0 degree part of η̃ is 1
2η(D

sign
Z,F ) for the fibrewise operator in (5).

By the argument in [9, Theorem 2.10], as in [8, Theorem 4.95], we have

dη̃(Ω(Z,F ), NZ , J
Z,F , dF ) =

∫
Z

L(∇TZ) ∧ p(∇F , JF ).(16)

Since the fibres Z are odd dimensional, we must make precise our sign coneven-
tions, when integrating differential form along the fibres Z. If α ∈ Ω(B), β a
section of Λ(T ∗Z) on M with compact support, then

∫
Z
π∗(α) ∧ β = α

∫
Z
β. This

sign convention will be compatible with the sign convention of Tr in Subsection
2.4.4 and (14).

Remark : Assume that n is odd. In [21, (233)], Lott defined also an even
form pLott(A′, JW (t)). Actually, pLott(A′, JW (t)) = 0. In fact, we only need show
pLott(A′, JW (1)) = 0. Set A = 1

2 (∇Z,F + (∇Z,F )∗) + zJZ,F

(dZ,F + (dZ,F )∗ + iT +
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(iT )∗). Recall that zJZ,F

commutes with∇Z,F +(∇Z,F )∗, dZ,F +(dZ,F )∗, iT +(iT )∗.
If we use the notation here,

pLott(A′, JW (1)) =
√
εnTreven[zJZ,F

(−1)NZ exp(−A2)]

=
√
εnTreven[zJZ,F

(−1)NZ exp(−A2
)].

As A preserves the NZ-grading, and zJZ,F

changes the parity of the NZ-grading.
Thus the above trace must be zero. The same argument tells us the eta form in
[21, (238)] is zero if n is odd.

We now decribe how η̃(Ω(Z,F ), NZ , J
Z,F , dF ) depends on its arguments. Let

(THM, gTZ , JF ), (T
′HM, g

′TZ , J
′F ) be two triples. We will mark the objects as-

sociated to the second triple with a ′.

Let L̃(TZ,∇TZ ,∇′TZ), p̃(∇F , JF , J
′F ), p̃(∇H(Z,F ), JH(Z,F ), J

′H(Z,F )) be the
Chern-Simons classes such that

dL̃(TZ,∇TZ ,∇
′TZ) = L(∇TZ)− L(∇

′TZ),

dp̃(∇F , JF , J
′F ) = p(∇F , JF )− p(∇F , J

′F ),

dp̃(∇H(Z,F ), JH(Z,F ), J
′H(Z,F ))

= p(∇H(Z,F ), JH(Z,F ))− p(∇H(Z,F ), J
′H(Z,F )).

If n is odd, we understand p(∇H(Z,F|Z), JH(Z,F|Z)) is zero, as JH(Z,F|Z) change the
parity of the Z-grading NZ on H(Z,F|Z), thus the corresponding p̃ is also zero.

Theorem 4.5. Modulo exact forms on B, we have

η̃(Ω(Z,F ), NZ , J
Z,F , dF )− η̃(Ω(Z,F ), NZ , J

′Z,F , dF )

=
∫

Z

L̃(TZ,∇TZ ,∇
′TZ)p(∇F , JF ) +

∫
Z

L(TZ,∇
′TZ)p̃(∇F , JF , J

′F )

− p̃(∇H(Z,F ), JH(Z,F ), J
′H(Z,F )).

Proof. : If THM = T
′HM , gTZ = g

′TZ , by [21, (246)-(251)], we get Theo-
rem 4.5. For the general case, by using (12), (16), we prove it by the same way as
in the proof of [12, Theorem 3.24]. 2

4.2.3. Adiabatic limits and the formula of Dai. We keep the notation which
was introduced in Subsection 4.2.2. Furthermore, we assume that dimZ := n is
even and that B is closed, oriented, and of odd dimension nB such that εεn+nB

= 1.
We choose a Riemannian metric gB on the base B. Using the horizontal distribu-
tion THM we define the family of Riemannian metrics gTM

T := π∗gTB ⊕ 1
T 2 g

TZ ,
T > 0. The orientations of B and TZ induce an orientation of M . Let DF

T := Dsign
F

be defined as in (5) using the metric gTM
T and let η(DF

T ) be its η-invariant. On
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the base B we consider the twisted signature operator DH(Z,F ) := Dsign
H(Z,F ) and

its η-invariant η(DH(Z,F )) with respect to gTB , JH(Z,F ).

There is a decreasing filtration on the cohomological group H(M,F) and a
Leray spectral sequence (LSEr, LSdr) (r ≥ 2) with LSE

p,q
2 = Hp(B,Hq(Z,F )) con-

verging to GrH∗(M,F). In the present smooth model this spectral sequence is asso-
ciated to the filtration of Ω(M,F ) given by F pΩ(M,F ) = ⊕q≥pπ

∗Ωq(B,Ω(Z,F ))
(cf. [17, §3.5]). Then LSE

p,q
0 = Ωp(B,Ωq(Z,F )). The induced symmetric pairing

LSE
p,q
0 ⊗LSE

s,t
0 → R, p+ q+ s+ t = dimM , p+ s = NB = dimB, is given by (8).

In particular, it is non-degenerated. This spectral sequence with duality structure
gives rise to the integer LSτ2(Z,F ) := 1√

ε
√

εn+nB

τ2(LSE∗) as in Def. 3.7 using the

εεn+nB
-symmetry structure on LSE∗ induced by JM,F = JM ⊗ JF .

Let ∇TB be the Levi-Civita connection on TB. Let L(∇TB) be the corre-
sponding L-form on TB. We can now state the main result of [16].

Theorem 4.6. [Dai, [16, Thm. 0.3]]

lim
T→+∞

η(DF
T ) = η(DH(Z,F ))+2

∫
B

L(∇TB)∧η̃(Ω(Z,F ), NZ , J
Z,F , dF )+LS,F τ2(Z,F ) .

4.2.4. The η-form and complexes. We make the same assumptions as in Sub-
section 4.2.2. In addition we assume that F admits a Z-grading NF of length nF

and a compatible differential v. Let H be the cohomology of v. Let H be the flat
vector bundle corresponding to H.

We choose a metric strucutre JF on F such that it is compatible with NF .
Then we obtain an induced metric structure JH on H.

We modify the construction of the eta form in Subsection 4.2.2 by replacing
dF by d := dF +v, here (dF +v)2 = 0 by the convention after (8). This differential
is now a flat (−1)N-superconnection, where N := NZ + NF is the total grading.
Here N is a grading of length n+ nF which is compatible with the form qZ,F .

The cohomology of the zero part dZ,F +v of d is the fibrewise hypercohomology
HH of the complex (F , v) along the fibre Z. By HH we denote the corresponding
bundle which acquires an induced metric structure JHH .

We now introduce the rescaling. Let again B̃ := (0,+∞)×B and pr : B̃ → B

be the projection. We consider the bundle M̃ := pr∗M over B̃ together with the
canonical projection Pr : M̃ →M . We define (F̃ , q̃F , THM̃, ṽ, ÑF ) := Pr∗(F , qF ,
THM,v,NF ). We obtain the (by Ñ := ÑZ + ÑF )) Z-graded εεn-duality bundle
Ω(Z, F̃ ) over B̃ with (−1)Ñ -superconnection Ã′ := d̃ = dF̃ + ṽ. We fix the vertical
metric g̃TZ which restricts to 1

t g
TZ over {t} ×M . Furthermore, we consider the

metric structure J̃F which restricts to t−ÑF /2+nF /4JF tÑF /2−nF /4 = JF tÑF−nF /2

(cf. Def. 2.13) on {t}×M . These choices induce the metric structure J̃ on Ω(Z, F̃ ).
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Moreover, d is still compatible with the form qZ,F if n is even. The form
p(A′, J̃) ∈ Ω(B̃) is now well-defined as in Subsecction 4.2.2. Let us decompose
p(A′, J̃) = dt ∧ γ + r, where r does not contain dt. Here γ : (0,+∞) → Ω(B) is a
smooth family of forms on B.

Lemma 4.7. We have γ(t) = O(t−
3
2 ) as t→ +∞ and γ = O(1) as t→ 0. The

form

η̃(Ω(Z,F ),N, JZ,F ,d) := −
∫ +∞

0

γ(t)dt

satisfies

dη̃(Ω(Z,F ),N, JZ,F ,d) =
{ ∫

Z
L(∇TZ) ∧ p(∇F , JF )− p(∇HH , JHH) if n is even,∫

Z
L(∇TZ) ∧ p(∇F , JF ) if n is odd.

Proof. This Lemma can be shown using the techniques of the proof of [12,
Theorem 3.21], [9, Theorem 2.10]. 2

There are two spectral sequences of locally constant sheaves of finite-dimensional
real vector spaces which converge to the hypercohomology HH of (F , v) along the
fibre Z, namely the fibrewise hypercohomology spectral sequence (hcEr, hcdr) and
the fibrewise local-global spectral sequence (lgEr, lgdr). Both are obtained from fil-
trations of Ω(Z,F ) which are compatible with the duality. Therefore we obtain εεn
duality structures q

hcEr
and q

lgEr
. We further obtain corresponding metric struc-

tures JhcEr and J lgEr . We identify hcGr(HH) ∼= hcE∞ and lgGr(HH) ∼= lgE∞ (cf.
Subsection 3.4.2). Recall the eta form for a complex or a filtration were defined in
Subsection 2.4.4 and 2.4.5 corresponding to the Z2 grading zJhcEr = 1√

ε
√

εn
JhcEr

on hcEr and zJlgEr
= 1√

ε
√

εn
J lgEr on lgEr if n is even.

If n is odd, the hDr = hcdr + hcd
∗
r commute with JhcEr , and lDr = lgdr + lgd

∗
r

commute with J lgEr . By [7, Prop. 2.12], [27, §5], the form

p(hcdr, JhcEr ) = (2i)1/2Trodd
[
zJhcEr

exp(−(∇hcEr,JhcEr
+ hDr)2)

]
(17)

is closed and exact. Thus, as before, we define

(18) η̃(hcEr, NhcEr
, JhcEr , hcdr)

=
1

4
√
π

∫ +∞

0

ϕTreven
[
zJhcEr

hDr exp(−(∇hcEr,JhcEr
+
√
t

2 hDr)2)
]
.

Then as in [8, Theorem 2.43], [7, Theorem 2.17], it is a closed form on B, and its
cohomology class is 1

2 [ch(hcEr,>0)− ch(hcEr,<0)], where hcEr,>0, hcEr,<0 are the
direct sum of the eigenspaces of hcEr associated to positive, negative eigenvalues
of zJhcEr

hDr. We define in same way for other terms of η̃.

The following Theorems are the main ingredients of the proof of well-definedness
of the secondary index map.
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Theorem 4.8. Modulo exact forms on B we have

η̃(Ω(Z,F ),N, JZ,F ,d) ≡ η̃(Ω(Z,F ), NZ , J
Z,F , dF )

+
∑
r≥1

η̃(hcEr, NhcEr , J
hcEr , hcdr)

− η̃(HH, hcGr(HH), JHH , JhcGr(HH)) .

Theorem 4.9. Modulo exact forms on B we have

η̃(Ω(Z,F ),N, JZ,F ,d) ≡ η̃(Ω(Z,H), NZ , J
Z,H , dH)

+
∑
r≥2

η̃(lgEr, NlgEr
, J lgEr , lgdr)

− η̃(HH, lgGr(HH), JHH , J lgGr(HH))

+
∫

Z

L(∇TZ) ∧ η̃(F,NF , J
F , v).

The proof of both results will be sketched in Section 5.

Remark that if nF is odd, then η̃(Ω(Z,F ), NZ , J
Z,F , dF ) and η̃(Ω(Z,H), NZ ,

JZ,H , dH) is zero, as JZ,F change the parity of Z-grading NF .

4.2.5. The η-form of an iterated fibre bundle. Let W,V, S be smooth mani-
folds. Let π1 : W → V , π2 : V → S be smooth fibrations with compact fibres
X and Y , respectively. Then π3 = π2 ◦ π1 : W → S is a smooth fibration with
compact fiber Z of dimension n. Let n0 = dimX,m0 = dimY . Let TX, TY, TZ
be the corresponding vertical tangent bundles. We assume that TX, TY, TZ are
compatibly oriented such that we have an iterated fibre bundle with compatible
orientation as in Subsection 1.5.2.

Let F be a locally constant sheaf of finite dimensional real vector spaces over
W with a ε-symmetric duality structure qF . We choose a metric structure JF on
F := bundle(F).

By taking fibrewise cohomology we obtain locally constant sheaves of finite-
dimensional real vector spaces H(X,F) over V , and H(Y,H(X,F)) and H(Z,F)
over S. These come with induced duality structures qH(X,F), qH(Z,F), qH(Y,H(X,F))

on H(X,F), H(Z,F), H(Y,H(X,F)).

We choose horizontal subbundles TH
1 W,TH

2 V, TH
3 W , i.e. complements in TW,

TV, TW to TX, TY, TZ. Furthermore, we choose vertical metrics gTZ , gTX , gTY

on TZ, TX, TY . Then we obtain induced metric structures JH(X,F), JH(Z,F),
JH(Y,H(X,F)).

Let ∇TX ,∇TY ,∇TZ be the connections on TX, TY, TZ which are induced
by the choice of horizontal subspaces and vertical metrics (cf. [5, Def. 1.6], [3,
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Prop. 10.2]). We get a further connection 0∇TZ := π∗1∇TY ⊕ ∇TX on TZ =
TX ⊕ (TH

1 W ∩ TZ). Let L(∇TX), L(∇TY ), L(∇TZ), L(0∇TZ) be the associated
L-forms as in Subsection 4.2.2. By L̃(TZ,∇TZ , 0∇TZ) we denote the transgression
L-form such that

dL̃(TZ,∇TZ , 0∇TZ
) = L(∇TZ)− L(0∇TZ

) .(19)

Since the fibre Z has the structure of a fibre bundle we have a fibrewise Leray
spectral sequence (LSEr, LSdr) (r ≥ 2) of locally constant sheaves on S (cf also.
[24, Prop.2.1]). All terms have εεn- duality structures q

LSEr induced by qZ,F on
Ω(Z,F ). The Z-gradings N

LSEr and the differentials LSdr are compatible with the
duality. In particular, we have LSE2 = H(Y,H(X,F)). Hence, we have an induced
compatible metric structure JLSE2 := JH(Y,H(X,F)). Since the the other terms
are obtained by taking cohomology successively, we get induced metric structures
JLSEr and the Z2-grading 1√

ε
√

εn
JLSEr on LSEr for all r ≥ 2. There is a filtration

on H(Z,F) and a natural isomorphism GrH(Z,F) ∼= LSE∞. Therefore, we have
the form η̃(H(Z,F), LSE∞, JH(Z,F), JLSE∞) as in Def. 2.17.

The following theorem provides the relation of the η-forms of the total fibration
π3 with the η-forms of the partial fibrations π1 and π2. It is the main ingredient
in the proof of the fact, that the secondary index map is functorial with respect
to iterated fibre bundles.

Theorem 4.10. The following identity holds modulo exact forms on S,

η̃(Ω(Z,F ), NZ , J
Z,F , dF ) ≡

∫
Y

L(∇TY ) ∧ η̃(Ω(X,F ), NX , J
X,F , dF )

+η̃(Ω(Y,H(X,F)), NY , J
Y,H(X,F)), dH(X,F))

−η̃(H(Z,F), LSE∞, JH(Z,F), JLSE∞)

+
+∞∑
r=2

η̃(LSEr, NLSEr , J
LSEr , LSdr)

+
∫

Z

L̃(TZ,∇TZ , 0∇TZ
) ∧ p(∇F , JF ).

Proof. The proof of this theorem will be sketched in Subsection 5.5. The for-
mula above arrises from a detailed investigation of the adiabatic limit of η̃(Ω(Z,F ),
NZ , J

Z,F , dF ). 2

Remark : Theorem 4.10 has four cases. Assume at first n is even. Then η̃(Ω(Z,F ), ·),
η̃(H(Z,F), ·), η̃(LSEr, ·), are defined as in Def. 4.3, 2.14, 2.17. If n0 is even, then
η̃(Ω(Y,H(X,F)), ·), η̃(Ω(X,F ), ·) are defined as in Def. 4.3. If n0 is odd, then
η̃(Ω(Y,H(X,F)), ·), η̃(Ω(X,F ), ·) are defined as in Def. 4.4, and η̃(Ω(Y,H(X,F)), ·)
is zero by the same argument of the remark after Theorem 4.9.
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Assume now n is odd. Then η̃(Ω(Z,F ), ·), η̃(H(Z,F), ·), η̃(LSEr, ·), are defined
as in Def. 4.4, (18). If n0 is odd, then η̃(Ω(Y,H(X,F)), ·), η̃(Ω(X,F ), ·) are defined
as in Def. 4.3, 4.4, and η̃(Ω(Y,H(X,F)), ·) is zero by the same argument of the
remark after Theorem 4.9. If n0 is even, then η̃(Ω(X,F ), ·) is defined as in Def.
4.3 and η̃(Ω(Y,H(X,F)), ·) is defined as in Def. 4.4.

4.3. Definition of the secondary index maps.

4.3.1. The map πL̄,Lott
∗ . Let M → B be a smooth locally trivial fibre bundle

with even-dimensional closed fibres Z over a compact base B such that the vertical
bundle TZ is oriented. We set n := dimZ, εn = (−1)[

n+1
2 ].

In [21, §3.6] Lott constructed a secondary index map

πL̄,Lott
∗ : L̄Lott

ε (M) → L̄Lott
εεn

(B)

which fits into the commutative diagram

H4∗−ε(M,R) → L̄Lott
ε (M) → L̄

R/Z
ε (M) → K−1

R/Z(M)

πsign
∗ ↓ πL̄,Lott

∗ ↓ π
L̄,R/Z
∗ ↓ π

sign,R/Z
∗ ↓

H4∗−εεn(B,R) → L̄Lott
εεn

(B) → L̄
R/Z
εεn (B) → K−1

R/Z(B)
.

We recall the definition of πL̄,Lott
∗ . We choose a metric gTZ and a horizontal

distribution THM . This fixes a connection ∇TZ on the vertical bundle TZ.

Definition 4.11. Given a class [F , qF , JF , ρ]Lott ∈ L̄Lott
ε (M) its secondary

index is defined by

πL̄,Lott
∗ [F , qF , JF , ρ]Lott

:= [H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )]Lott .

By [21, Prop. 32], πL̄,Lott
∗ is well-defined. In particular, it is independent of

the additional choices.

4.3.2. Construction of πL̄
∗ . We can now define the secondary analytic index

map

πL̄
∗ : L̄ε(M) → L̄εεn

(B) .

Recall that we have surjective homomorphisms

L̄Lott
ε (M) → L̄ε(M) , L̄Lott

εεn
(B) → L̄εεn

(B) .
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Definition 4.12. We define πL̄
∗ by the condition that the following diagram

commutes :

L̄Lott
ε (M)

πL̄,Lott
∗→ L̄Lott

εεn
(B)

↓ ↓

L̄ε(M)
πL̄
∗→ L̄εεn

(B)

.

Theorem 4.13. The index map πL̄,Lott
∗ induces a well-defined secondary index

map

πL̄
∗ : L̄ε(M) → L̄εεn

(B) .

Proof. Let [F , qF , JF , ρ] ∈ L̄ε(M) and L ⊂ F be a locally constant la-
grangian subsheaf. We must show that

[H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )]

= [0, 0, 0,
∫

Z

L(∇TZ) ∧ (ρ+ p̃(F , qF , JF ,L))] .

We repeat the construction of G, qcG, JcG, vG , etc. as in Subsection 3.5.2 in order
to write

(20) −p̃(F , qF , JF ,L) = η̃(G, NG , JG , vG) .

We consider the sum G0 ⊕ G2 together with the corresponding form and metric
structure. Note that

[H(Z,G0)⊕H(Z,G2), qH(Z,G0)⊕H(Z,G2), J
H(Z,G0)⊕H(Z,G2), 0] = 0 .

Moreover, we have η̃(Ω(Z,G0 ⊕G2), NZ,G0⊕G2 , JG0⊕G2
, dZ,G0⊕G2

) = 0. Thus

[H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )]

= [H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )]

+[H(Z,G0)⊕H(Z,G2), qH(Z,G0)⊕H(Z,G2), J
H(Z,G0)⊕H(Z,G2), 0]

= [H(Z,G), qH(Z,G), J
H(Z,G),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,G), NZ , J
Z,G, dG)]

Next observe that we have H(Z,G) = hcE1. This relation respects the other struc-
tures. Let HH be the fibrewise hypercohomology of the complex G along the fibre
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Z. Using Lemma 2.15 repeatedly and finally Lemma 2.18, we get

[H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )

= [hcE2, qhcE2 , J
hcE2 ,

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,G), NZ , J
Z,G, dG)

−η̃(hcE1, NhcE1 , J
hcE1 , hcd1)]

= [hcE∞, qhcE∞ , J
hcE∞ ,

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,G), NZ , J
Z,G, dG)

−
∑
r≥1

η̃(hcEr, NhcEr , J
hcEr , hcdr)]

= [HH, qHH , J
HH ,

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,G), NZ , J
Z,G, dG)

−
∑
r≥1

η̃(hcEr, NhcEr
, JhcEr , hcdr) + η̃(HH, hcGr(HH), JHH , JGr(HH))] .

(Note that in fact HH = 0). We now apply first Theorem 4.8 and then Theorem
4.9 in order to conclude that

[H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )

= [HH, qHH , J
HH ,

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,G), NZ,G, J
Z,G,d)]

= [HH, qHH , J
HH ,

∫
Z

L(∇TZ) ∧ (ρ− η̃(G, NG, J
G, vG))

−
∑
r≥2

η̃(lgEr, NlgEr , J
lgEr , lgdr) + η̃(HH, lgGr(HH), JHH , J lgGr(HH))]

Remark that in this case, lgEr = 0 for r ≥ 2, and HH = 0, as G is a short exact
sequence. By (20) and the above equation, we get

[H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dZ,F )]

= [0, 0, 0,
∫

Z

L(∇TZ) ∧ (ρ+ p̃(F , qF , JF ,L))] .

2

4.4. Functorial properties.

4.4.1. Compatibility and naturality. The following two Propositions are im-
mediate consequences of the definition of the secondary index map.
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Proposition 4.14. The following diagram commutes

H4∗−ε(M,R) → L̄ε(M) → Lε(M)
πsign
∗ ↓ πL̄

∗ ↓ πL
∗ ↓

H4∗−εεn(B,R) → L̄εεn(B) → Lεεn(B)
.

Proposition 4.15. The secondary index map is natural with respect to pull-
back of fibre bundles, i.e. given f : B′ → B we consider the pull back

f∗M
f]→ M

f∗π ↓ π ↓
B′

f→ B

,

where f∗M → B′ has the induced fibrewise orientation, and we have (f∗π)L̄
∗ ◦f∗] =

f∗ ◦ πL̄
∗ .

4.4.2. Functoriality. We adopt the notation of Subsection 4.2.5. In particular,
we have smooth fibre bundles π1 : W → V , π2 : V → S with closed fibres X,Y .
The composition π3 = π2 ◦ π1 : W → S is a fibre bundle with closed fibre Z. Let
n = dimZ, n0 = dimX,m0 = dimY such that n = n0 +m0. We assume that all
dimensions are even. Furthermore, we assume that the relative tangent bundles
TX, TY, TZ are compatibly oriented.

Note that εn = εn0εm0 . We have well-defined secondary index maps

πL̄
3,∗ : L̄ε(W ) → L̄εεn(S)

πL̄
1,∗ : L̄ε(W ) → L̄εεn0

(V )

πL̄
1,∗ : L̄εεn0

(V ) → L̄εεn
(S) .

Theorem 4.16. We have the equality of homomorphisms L̄ε(W ) → L̄εεn(S)

πL̄
3,∗ = πL̄

2,∗ ◦ πL̄
1,∗ .

Proof. Let (F , qF , JF , ρ) represent some element of L̄ε(W ). Then πL̄
3,∗[F , qF , JF , ρ]

is represented by

[H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )] .

There is a filtration of H(Z,F) such that the corresponding graded sheaf is the
limit LSE∞ of the fibrewise Leray-Serre spectral sequence. Using Lemma 2.18 we
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get

πL̄
3,∗[F , qF , JF , ρ]

= [H(Z,F), qH(Z,F), J
H(Z,F),

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )]

= [LSE∞, qLSE∞ , J
LSE∞ ,

∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )

−η̃(H(Z,F), LSE∞, JH(Z,F), JLSE∞)] .

Note that H(Y,H(X,F)) = LSE2 with all induced structures. Next we use Lemma
2.15 several times in order to get

πL̄
3,∗[F , qF , JF , ρ] = [H(Y,H(X,F)), qH(Y,H(X,F)), J

H(Y,H(X,F)),∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )

− η̃(H(Z,F ), LSE∞, JH(Z,F), JLSE∞) +
+∞∑
r=2

η̃(LSEr, NLSEr
, JLSEr , LSdr)] .

Now we start with the other side. We have

πL̄
1,∗[F , qF , JF , ρ] = [H(X,F), qH(X,F), J

H(X,F),∫
X

L(∇TX) ∧ ρ− η̃(Ω(X,F ), NX , J
X,F , dF )] .

Furthermore, we get

πL̄
2,∗ ◦ πL̄

1,∗[F , qF , JF , ρ]

= [H(Y,H(X,F)), qH(Y,H(X,F)), J
H(Y,H(X,F)),

+
∫

Y

L(∇TY ) ∧
(∫

X

L(∇TX) ∧ ρ− η̃(Ω(X,F ), NX , J
X,F , dF )

)
−η̃(Ω(Y,H(X,F)), NY , J

Y,H(X,F), dH(X,F )] .

Thus the assertion of the theorem would is proved if we can show that∫
Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF )(21)

−η̃(H(Z,F), LSE∞, JH(Z,F), JLSE∞) +
+∞∑
r=2

η̃(LSEr, NLSEr
, JLSEr , LSdr)

≡
∫

Y

L(∇TY ) ∧
(∫

X

L(∇TX) ∧ ρ− η̃(Ω(X,F ), NX , J
X,F , dF )

)
−η̃(Ω(Y,H(X,F)), NY , J

Y,H(X,F), dH(X,F )
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modulo exact forms. Note that we have∫
Y

L(∇TY ) ∧
∫

X

L(∇TX) ∧ ρ =
∫

Z

π∗2L(∇TY ) ∧ L(∇TX) ∧ ρ

=
∫

Z

(
L(∇TZ) ∧ ρ− dL̃(TZ,∇TZ , 0∇TZ) ∧ ρ

)
≡

∫
Z

(
L(∇TZ) ∧ ρ− L̃(TZ,∇TZ , 0∇TZ) ∧ dρ

)
≡

∫
Z

(
L(∇TZ) ∧ ρ− L̃(TZ,∇TZ , 0∇TZ) ∧ p(∇F , JF )

)
.

Using this identity we see that (21) is equivalent to

−η̃(Ω(Z,F ), NZ , J
Z,F , dF )− η̃(H(Z,F), LSE∞, JH(Z,F), JLSE∞)

+
+∞∑
r=2

η̃(LSEr, NLSEr
, JLSEr , LSdr)

≡ −
∫

Z

L̃(TZ,∇TZ , 0∇TZ) ∧ p(∇F , JF )

−
∫

Y

L(∇TY ) ∧ η̃(Ω(X,F ), NX , J
X,F , dF )

−η̃(Ω(Y,H(X,F)), NY , J
Y,H(X,F), dY,H(X,F)) .

This relation is now exactly the assertion of Theorem 4.10. 2

4.5. The index map for Lex
ε and L̄ex

ε .

4.5.1. Definition. Let π : M → B be a fibre bundle with even dimensional
closed fibres Z of dimension n. We assume that the relative tangent bundle TZ
is oriented. Furthermore, we assume that B is closed, oriented, and of dimension
m such that εεnεm = 1 and m is odd. Let (F , qF ) be a locally constant sheaf of
finite dimensional real vector spaces on M with an ε-symmetric duality structure
qF . Recall from Subsection 4.2.3 that in this situation we have the Leray spectral
sequence (LSEr, LSdr) of finite dimensional vector spaces which carries induced
duality structures q

LSEr
. It gives rise to the integer

LSτ2(Z,F ) :=
1√

ε
√
εn+m

τ2(LSE∗) :=
1√

ε
√
εn+m

∑
r≥2

τ(LSEr, qLSEr , NLSEr , LSdr) .

Definition 4.17. (1) We define the extended primary index πLex

∗ : Lex
ε (M)

→ Lex
εεn

(B) by

πLex

[F , qF , z] :=
[
H(Z,F), qH(Z,F), z − LSτ2(Z,F )

]
.
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(2) We define the extended secondary index map πL̄ex

∗ : L̄ex
ε (M) → L̄ex

εεn
(B)

by

πL̄ex

[F , qF , JF , ρ, z] := [H(Z,F), qH(Z,F), J
H(Z,F),∫

Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF ), z − LSτ2(Z,F )] .

Theorem 4.18. πLex

∗ and πL̄ex

∗ are well-defined.

Proof. Let π̂Lex

∗ : L̂ex
ε (M) → L̂ex

εεn
(B) and π̂L̄ex

∗ : ˆ̄Lex
ε (M) → ˆ̄Lex

εεn
(B) be

given by the above formulas.

Lemma 4.19. We have

η(π̂L̄ex

∗ (F , qF , JF , ρ, z)) = η(F , qF , JF , ρ, z) .

Proof. This is just a reformulation of Theorem 4.6. In fact, since the η-
homomorphism of Def. 3.18 is independent of the metric we can perform the adi-
abatic limit and obtain (using that in this limit L(∇TM

T ) → π∗L(∇TB) ∧L(∇TZ)
(cf. [24, Theorem 5.1]))

η(F , qF , JF , ρ, z) = η(Dsign
F )− 2

∫
Z

L(∇TZ) ∧ ρ− z

= η(Dsign
H(Z,F)) + 2

∫
Z

L(∇TB) ∧ η̃(Ω(Z,F ), NZ , J
Z,F , dF )

+LSτ2(Z,F )− 2
∫

B

L(∇TB) ∧
∫

Z

L(∇TZ) ∧ ρ− z

= η(H(Z,F), qH(Z,F), J
H(Z,F),∫

Z

L(∇TZ) ∧ ρ− η̃(Ω(Z,F ), NZ , J
Z,F , dF ), z − LSτ2(Z,F ))

= η(π̂L̄ex

∗ (F , qF , JF , ρ, z)) .

2

Lemma 4.20. πL̄ex

∗ is well-defined.

Proof. Assume that (F , qF , J, ρ, z) ∈ ˆ̄Lex
ε (M) satisfies (F , qF , J, ρ, z) ∼ 0.

Then we have [F , qF , J, ρ] = 0 in L̄ε(M). Since πL̄
∗ is well-defined, we have πL̄

∗ ([F , qF ,
J, ρ]) = 0. By an inspection of the definitions we observe that π̂L̄ex

∗ (F , qF , J, ρ, z)) ∼
(0, 0, 0, 0, u) for some u ∈ Z. We must show that u = 0. In fact, since the η-
homomorphism is well-defined, we can compute (using also Lemma 4.19)

0 = η(F , qF , J, ρ, z) = π̂L̄ex

∗ (F , qF , J, ρ, z)
= η(0, 0, 0, 0, u) = −u .
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2

Lemma 4.21. πLex

∗ is well-defined.

Proof. Let (F , qF , z) ∈ L̂ex
ε (M) satisfy (F , q, z) ∼ 0. Then we can find a

metric structure JF and a form ρ such that (F , qF , JF , ρ, z) ∼ 0 in ˆ̄Lex
ε (M). It

follows from Lemma 4.20 that

π̂L̄ex

∗ (F , qF , JF , ρ, z)) ∼ 0 .

This implies π̂Lex

∗ (F , q, z) ∼ 0. 2

Remark : The assertion of Lemma 4.21 should have a purely algebraic proof.
In particular, such a proof should be independent of analytic results about η-
invariants and η-forms. We were not able to find such an argument.

The proof of Theorem 4.18 is now finished. 2

Let us state as a Corollary the following consequence of Lemma 4.19.

Corollary 4.22. The following diagram commutes:

L̄ex
ε (M)

η→ R
πL̄ex

∗ ↓ ‖
L̄ex

εεn
(B)

η→ R
.

4.5.2. Functoriality. We adopt the notation and assumptions of Subsection
4.4.2. In addition we assume that the dimension nS is odd and εεn+nS

= 1. We
have well-defined extended secondary index maps

πL̄ex

3,∗ : L̄ex
ε (W ) → L̄ex

εεn
(S)

πL̄ex

1,∗ : L̄ex
ε (W ) → L̄ex

εεn0
(V )

πL̄ex

1,∗ : L̄ex
εεn0

(V ) → L̄ex
εεn

(S) .

Theorem 4.23. We have the equality of homomorphisms L̄ε(W ) → L̄εεn
(S)

πL̄ex

3,∗ = πL̄ex

2,∗ ◦ πL̄ex

1,∗ .

Proof. Let [F , qF , JF , ρ, z] ∈ L̄ε(W ) be given. Then we have by Theorems
1.20 and 4.16

πL̄
3,∗([F , qF , JF , ρ])− πL̄

2,∗ ◦ πL̄
1,∗([F , qF , JF , ρ]) = 0 .

Thus

πL̄ex

3,∗ ([F , qF , JF , ρ, z])− πL̄ex

2,∗ ◦ πL̄ex

1,∗ ([F , qF , JF , ρ, z]) = [0, 0, 0, 0, u]
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for some u ∈ Z. We must show, that u = 0. We again use the η-homomorphism
and Lemma 4.22.

−u = η(0, 0, 0, 0, u)

= η(πL̄ex

3,∗ ([F , qF , JF , ρ, z]))− η(πL̄ex

2,∗ ◦ πL̄ex

1,∗ ([F , qF , JF , ρ, z]))

= η([F , qF , JF , ρ, z])− η(πL̄ex

1,∗ ([F , qF , JF , ρ, z]))

= η([F , qF , JF , ρ, z])− η([F , qF , JF , ρ, z])
= 0 .

2

Remark : We conjecture, that we also have

πLex

3,∗ = πLex

2,∗ ◦ πLex

1,∗ .

There should be a purely algebraic-topological proof of this identity. This together
with Theorem 1.20 would again imply Theorem 4.23. Unfortunately we were not
able to find such a proof. The difficulties are very similar to the problems in an
algebraic approach to Lemma 4.21.

In fact we could conclude the well-definedness and the functoriality of πL̄

from a combination of these hypothetical algebraic-topological results with Dai’s
formula for adiabatic limits of η-invariants and the well-definedness of the η-
homomorphisms. In this case we would obtain an independent verification of the
adiabatic limit results for η-forms.

5. Adiabatic limits - sketches of proofs

5.1. Remarks : This Section contains the proofs of the assertions about adi-
abatic limits of η-forms and invariants which were formulated earlier. The general
techniques were developed mainly in the work of Bismut and coworkers, but also
by Dai and others. Unfortunately, the details were worked out in specific cases
which are similar to the situations of the present paper, but not exactly the same.
In order to show the results needed in the present paper one can use the methods
after adaptation.

We decided to choose for the present section a coarser level of detailedness
of our arguments. While Subsection 5.2 is still rather detailed in the remaining
Subsections we just stated the main intermediate results with references to the
literature, where proofs of similar results in slightly different situations can be
found, and which can be adapted to the present cases. It is not by coincidence,
that the formulations of these intermediate results in the last three subsections
almost agree.
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5.2. The proof of Theorem 3.17. Let ε ∈ Z2. We assume that M is
a smooth closed oriented Riemannian manifold of odd dimension m such that
εεm = 1, i.e. m ≡ −ε mod (4). Let (F , qF ) be a locally constant sheaf of finite-
dimensional real vector spaces with ε-symmetric form. Let furthermore NF be
a compatible Z-grading of length nF and v be a compatible differential on F .
By (H, qH) we denote the associated cohomology. We choose a compatible metric
structure JF on F and let JH be the induced metric structure on the cohomology
H. Then we can define the operators Dsign

F and Dsign
H as in (5). In the present

section we sketch the proof of the following formula.

Theorem 5.1 (3.17). We have

η(Dsign
F )− η(Dsign

H ) = 2
∫

M

L(∇TM ) ∧ η̃(F , NF , J
F , v)− τ(F , qF , NF , v) .

Proof. We are going give a detailed sketch of the proof. The methods have
been developed in connection with similar questions about analytic torsion(forms)
and for the study of adiabatic limits of η-invariants. The proof of 3.17 is achieved
by adapting these methods correspondingly to the present situation.

We abbreviateD := 1√
ε
√

εm
Dsign

F . Let JM,F be the metric structure on Ω(M,F )

induced by JF and the Riemannian metric gTM as in Subsection 3.3.1. let v∗ be
the adjoint of v with respect to the metric q(·, JF ·) on F . Then v∗ = −εJF vJF .
Let V = v + v∗. Recall that the action of v extends on Ω(M,F ), thus v∗ =
(−1)m+1εεmJ

M,F vJM,F , it is also the adjoint of v with respect to the metric
structure JM,F on Ω(M,F ). Let d∗ be the adjoint of d with respect to the metric
structure JM,F on Ω(M,F ). Recall also zJM,F

= 1√
ε
√

εm
JM,F . Furthermore, we

define the operator D := zJM,F

∂ + ∂zJM,F

= zJM,F

(∂ + ∂∗), where ∂ := dF + v.
Then D = D + W , where W := zJM,F

V = zJM,F

v + vzJM,F

is of zero order,
and D = zJM,F

(d + d∗) = (d + d∗)zJM,F

. Note that D is not a compatible Dirac
operator. Therefore, we must define its η-invariant by zeta function regularization.
Thus, we define the η-invariant η(D) as the value of the function

s 7→ 1
Γ(s+ 1

2 )

∫ +∞

0

TrDe−tD2
ts−

1
2 dt

at s = 0, where the integral converges for Re(s) >> 0 and has a meromorphic
continuation which is regular at s = 0. In fact, we will see below (Prop. 5.4) that
the integral converges locally uniformly for Re(s) > − 1

2 .

For T > 0 we define the rescaled metric structure JF (T ) := T−NF /2+nF /4JFTNF /2−nF /4

= JFTNF−nF /2 (cf. Def. 2.13). Let JM,F (T ) be the metric structure on Ω(M,F )
induced by JF (T ) and gTM and define D(T ) using JM,F (T ). Then we have

DT := T
NF
2 D(T )T−

NF
2 = D + T

1
2W .



62 ULRICH BUNKE AND XIAONAN MA

Note that D0 = D is well-defined. Furthermore, we have η(DT ) = η(D(T )). Below
we show that η(DT ) is independent of T ∈ (0,+∞). We obtain the proof of the
Theorem 3.17 by considering the limits T → 0 and T → +∞.

Proposition 5.2. η(DT ) is constant for T ∈ (0,+∞).

Proof. By Hodge theory the kernel of D(T ) for T ∈ (0,+∞) can be identified
with the cohomology of the total complex (Ω(M,F ), ∂), i.e. with the hypercoho-
mology HH(M,F ). The kernel of DT is isomorphic to the kernel of D(T ) and thus
has constant dimension. It follows that η(DT ) is a smooth function of T , and its
derivative is given by the coefficient − 2√

π
b−1/2, where b−1/2 is a coefficient of the

asymptotic expansion

Tr
∂DT

∂T
e−tD2

T
t→0∼

∑
i∈ 1

2 Z

bit
i .

We now show that we can apply [8, Lemma 2.11], which states that b−1/2 = 0.
Let D be the restriction of DM := JMd + dJM to Ω(M)ev, where JM de-
notes the metric structure on Ω(M) induced by the Riemannian metric gTM .
By DF we denote the twist with F , or, what is the same, the restriction of D
to Ωev(M,F ) (the superscript refers to the form degree). We have an isomor-
phism zJM,F

: Ωodd(M,F ) ∼= Ωev(M,F ) such that we can identify Ω(M,F ) ∼=
Ωev(M,F )⊕ Ωev(M,F ). In this identification D and W correspond to(

DF 0
0 DF

)
,

(
0 V−
V+ 0

)
.

Up to a sign D has the form [8, (2.5)]. The role of that sign in the argument of [8,
Lemma 2.11], is to assure that the anti commutator of the Dirac operator and the
potential is a zero order operator. Since in our situation DW +WD = [(d+d∗), V ]
is still of zero order the argument of [8] applies. 2

Let hcτ1 := hcτ1(F , qF , NF , v) be as in paragraph 3.4.2 associated with the
hyper-cohomology spectral sequence.

Proposition 5.3. For T ∈ (0,+∞) we have η(DT )− η(D0) = hcτ1.

Proof. η(DT )−η(D0) is the difference of the numbers of eigenvalues (counted
with multiplicity) of DT which become positive and negative when T moves from
0 to positive values.

The eigenvalues of DT which tend to zero as T → 0 can be described in terms
of the hypercohomology spectral sequence (hcEr, hcdr). We employ the method
developed in [4, §VI]. In particular, we realize the spaces hcEr using Hodge theory
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in order to obtain natural metric structures JhcEr . Let hcd
∗
r be the adjoint of hcdr

with respect to JhcEr . Still denote zJhcEr = 1√
ε
√

εm
JhcEr .

Fix r ≥ 1 and ε > 0 sufficiently small. We can find a > 0 such that ±aT r
2

is not in the spectrum of DT for T ∈ (0, ε). Let P a
r,T := E

T−
r
2DT

(−a, a) be the
spectral projection, i.e. the orthogonal projection from Ω(M,F ) on the direct sum
of the eigenspaces of T−r/2DT associated to eigenvalues lying in (−a, a). Then
as T → 0 the spectrum of T−

r
2DTP

a
r,T converges to the spectrum of hcDr =

1√
ε
√

εm
(hcdrJhcEr +JhcEr

hcdr) = zJhcEr (hcdr + hcd
∗
r) (cf. [4, (6.55)]). This implies

(using Definition 3.7 and Lemma 3.6 for the second equality) that

η(DT )− η(D0) =
∑
r≥1

sign(hcDr) = hcτ1 .

2

Recall the definition of the families of forms γ(t) in Ω(M) which enters into
Definition 2.14 of η̃(F , NF , J

F , v). Recall also that L(∇TM ) is defined in Subsec-
tion 3.2.2.

Proposition 5.4. There is some N ∈ N such that

TrDT e−tD2
T = 2

√
π

∫
M

L(∇TM ) ∧ γ(Tt) + t1/2O(1 + TN tN ) .

Proof. This follows from [8, (3.1)], and some local index theory calculation.
In fact our operator is (locally) the spin Dirac operator twisted with the tensor
product of the spinor bundle and F . Remark that if m is odd, let S(TM) be
the spinor bundle on M , let τ = (

√
−1)m+1 ∗ (−1)

(NM−1)NM
2 +NM , then under the

isomorphism as C(TM)-Clifford module Λeven(T ∗M) ' S(TM) ⊗ S(TM)∗, for
α ∈ Λp(T ∗M), the Clifford action of e ∈ TM on Λeven(T ∗M) is τ(e∗ ∧−ie)α, here
e∗ ∈ T ∗M corresponds to e by the metric gTM (cf. [7, (1.35)]). This explains the
appearance of the L-form above and the matrix structure of D, W in the proof of
Proposition 5.2. 2

It follows from (5.4) and the fact that γ(t) = O(1) as t → 0 (see [21, Prop.
29]) that

η(DT ) =
1√
π

∫ +∞

0

TrDT e−tD2
T
dt

t1/2
.

If we choose α > 0 so small that 1− α > 1/2+N
1+N , then we have

lim
T→+∞

∫ T−1+α

0

T 1/2t1/2O(1 + TN tN )
dt

t1/2
= 0

and thus after some transformation
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Corollary 5.5.

lim
T→+∞

1√
π

∫ T−1+α

0

TrDT e−tD2
T
dt

t1/2
= 2

∫
M

L(∇TM ) ∧ η̃(F , NF , J
F , v) .

Lemma 5.6. Given N ∈ N there are functions ai(z) bounded for z ∈ [1,+∞),
and rN (t, T ) bounded for T ∈ [1,+∞), t ≥ T−1 such that

T−1/2TrDT e−tD2
T =

N−1∑
i=−n

ai/2(Tt)ti/2 + tN/2rN (t, T ) .

Proof. This is essentially [16, Theorem 1.7] (cf. [8, (4.81)]). In [16] the sit-
uation is more complicated since it corresponds to an infinite dimensional bundle
F and unbounded differential v, namely a fibrewise de Rham complex. But the
proof given in [16, §3] can be applied in our situation with many simplifications.
First we write DT = T 1/2(T−1/2D + W ) so that the parameters x and t in [16]
correspond to T−1/2 and Tt in the present paper.

The localization part [16, §3.1], is just the usual finite propagation speed argu-
ment. Now we construct the rough parametrix as in [16, §3.2]. Then we verify that
the proof of [16, Lemma 3.4] goes through in our situation. Note that the formula
[16, (3.5)], simplifies a lot in the present situation. The remaining argument using
Duhamel’s principle can be taken without change. 2

We employ the suggestive notation D∞ := DH = zJM,H

(dH + (dH)∗) with
(dH)∗ be the adjoint of dH with respect to the metric structure JM,H on Ω(M,H),
and establish the estimate which corresponds to [16, (1.14)]. For an operator A,
we denote σ(A) the spectral set of A.

Proposition 5.7. Given α ∈ (0, 1) there exists constants C > 0, N ∈ N such
that for T ≥ 1, t ≥ T−1+α we have

|TrDT e−tD2
T − TrD∞e−tD2

∞ | ≤ C

T 1/2 min(1, tN )
.

Proof. We decompose Λ∗T ∗M ⊗F := E0 ⊕E1, where E0 := ker W and E1 := E⊥0 . Let Q

be the projection onto E0. With respect to this decomposition we write

DT :=

(
DT,1 DT,2

DT,3 DT,4

)
.

DT,1 is independent of T and can be identified with D∞. We extend D∞ by zero to C∞(M, E1).

Let

UT := {λ ∈ C | |λ| ≤ c1
√

T , inf
µ∈σ(D∞)

|λ− µ| ≥ c2} ,

where c1, c2 > 0 are sufficiently small and will be fixed below. Following [11, §9], we first show
the following Lemma:
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Lemma 5.8. For p ≥ dim(M)+1 there exist constants C > 0, T1 ≥ 1, such that for T ≥ T1

and λ ∈ UT

(22) ‖(λ−DT )−p − (λ−D∞)−pQ‖1 ≤
C
√

T
(1 + |λ|)p ,

where ‖.‖1 denotes the norm on trace class operators.

Proof. In some sense, this is a special case of [11, §9] corresponding to Y = X therein.

Instead of writing all details we explain how the the arguments given in [11] can be gotten easily

in the present case.

The operator DT,1 is as in [11, §9(b)], but much simpler. Furthermore, DT,i, i = 2, 3, are

independent of T and bounded. Therefore, we have a stronger version of the estimate [11, (9.38)].

If φ ∈ C∞(M, E1), then using elliptic regularity, the fact that DW + WD is bounded, and
that W|E1 is injective, we obtain the estimate [11, (9.48)]:

‖DT φ‖2 = 〈DT φ,DT φ〉

= 〈φ,
(
D2 + T 1/2(DW + WD) + TW 2

)
φ〉

= ‖Dφ‖2 + T 1/2〈φ, (DW + WD)φ〉+ T‖Wφ‖2

≥ d1(‖φ‖2
W1(M,E)

+ (T − d2)‖φ‖2) ,(23)

where d1, d2 > 0 are independent of T ≥ 1 and φ, ‖.‖ denotes the L2-norm, and W 1(M, E1) is
the L2-based Sobolev space of order one. We now conclude [11, (9.104)]: There are constants

T0 ≥ 1 and d3 > 0 such that for T ≥ T0, φ ∈ C∞(M, E1)

(24) ‖DT,4φ‖ ≥ d3(‖φ‖W1(M,E1) +
√

T‖φ‖) .

Thus there exists a constant C1 such that for T ≥ T0, |λ| ≤ d3
2

√
T we have [11, (9.106)],

‖(λ−DT,4)−1φ‖ ≤
C1√

T
‖φ‖,

‖(λ−DT,4)−1φ‖W1(M,E1) ≤ C1‖φ‖,

for all φ ∈ C∞(M, E1). The following estimates are proved exactly as in [11, Prop. 9.18]. For

p ≥ dim(M) + 1 there is a constant C2 > 0 such that for T ≥ T0, |λ| ≤ d3
2

√
T

‖(λ−DT,4)−1‖∞ ≤
C2√

T
,

‖(λ−DT,4)−1‖p ≤ C2,

‖DT,2(λ−DT,4)−1‖∞ ≤
C2√

T
,

where ‖.‖p denotes the norm of the p‘th Schatten class.

We now fix c2 such that σ(D∞) ∩ (−2c2, 2c2) ⊂ {0}. Furthermore, we assume that at least
2c1 ≤ d3. Following [11, (9.120)], for λ ∈ UT and T ≥ T0 we define

MT (λ) := λ−DT,1 −DT,2(λ−DT,4)−1DT,3 .



66 ULRICH BUNKE AND XIAONAN MA

We have the estimates which correspond to [11, (9.124)]: If c1 is sufficiently small, then there
are constants C3 > 0, T1 ≥ T0 such that for T ≥ T1, λ ∈ UT we have

‖MT (λ)−1‖∞ ≤ C3,

‖DT,3MT (λ)−1‖ ≤ C3,

‖MT (λ)−1‖p ≤ C3(1 + |λ|),

‖MT (λ)−1 − (λ−D1,T )‖1 ≤
C3√

T
(1 + |λ|)p.

Note that in our case the operator defined in [11, (9.125)], is trivial, and this gives the better

power p instead of p + 1 in the last estimate above. Now we follow the proof of [11, Thm. 9.23],
in order to finish the proof of (22). 2

Let δ ⊂ C be the circle of radius c2 centered at the origin and oriented counter clockwise.
For T ≥ T1 we have σ(DT ) ∩ δ = ∅. Let PT and P∞ be the spectral projections of DT and D∞
corresponding to the interval (− c2

2
, c2

2
). Recall that Q is the projection onto E0.Then for T ≥ T1

we have

PT − P∞Q =
1

2πi

∫
δ

λp−1
(
(λ−DT )−p − (λ−D∞)−pQ

)
dλ .

We conclude from (22) that ‖PT −P∞Q‖1 ≤ C4√
T

for some C4 independent of T . Since DT P∞Q =

0 and P∞D∞ = 0 there exists a constant C5 such that for T ≥ T1

(25) ‖DT PT −D∞P∞‖1 ≤ ‖PTDT (PT − P∞Q)‖1 ≤
C5√

T
.

We conclude that there is a constant C6 such that for T ≥ T1

(26) |Tr PTDT e−tD2
T − Tr P∞D∞e−tD2

∞ | ≤
C6

T 1/2
.

Let ∆ be the oriented path in C which goes parallel to the real axis from −∞−ic2 to c2−ic2,
then parallel to the imaginary axis to c2 + ic2, and then parallel to the real axis to −∞ + ic2 ;
and goes parallel to the real axis from +∞+ ic2 to c2 + ic2, then parallel to the imaginary axis

to c2 − ic2, and then parallel to the real axis to +∞− ic2 .

Let hp(λ) be holomorphic on C\ iR such that h
(p−1)
p (λ) = (p−1)!λe−λ2

. So up to a constant
it is the function fp−1 as defined in [11, (9.165)]. In particular, we have the estimate [11, (9.169)],

|hp(λ)| ≤ C7e−c4|λ|2 λ ∈ ∆ ,

where c4 > 0 and C7 are independent of λ. We have

(1− PT )DT e−tD2
T − (1− P∞)D∞e−tD2

∞

=
1

2πi

∫
∆

λe−tλ2 (
(λ−DT )−1 − (λ−D∞)−1Q

)
dλ

=
1

2πi

∫
∆

hp(t1/2λ)

t(p+1)/2

(
(λ−DT )−p − (λ−D∞)−pQ

)
dλ .

We split the integral into the parts ∆1(T ) := ∆ ∩ {λ ∈ UT } = ∆ ∩ {|λ| ≤ c1
√

T} and ∆2(T ) :=

∆∩ {|λ| ≥ c1
√

T}. Let p := dim(M) + 1. By Lemma 5.8, there is are constants C8, C9 such that
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for T ≥ T1, t > 0

(27)

∥∥∥∥∥ 1

2πi

∫
∆1(T )

hp(t1/2λ)

t(p+1)/2

(
(λ−DT )−p − (λ−D∞)−pQ

)
dλ

∥∥∥∥∥
1

≤
C8

T 1/2t(p+1)/2

∫
∆1(T )

e−c4t|λ|2 (1 + |λ|)pdλ ≤
C9

T 1/2tp+1
.

It follows from (23) that there is a constant C10 such that for all T ≥ T1, λ ∈ ∆2(T )

‖(λ−DT )−p‖1 ≤ C10, ‖(λ−D∞)−pQ‖1 ≤ C10 .

We obtain constants C11, C12, C13 such that for all T ≥ T1 and t ≥ T−1+α

(28) ‖
1

2πi

∫
∆2(T )

hp(t1/2λ)

t(p+1)/2

(
(λ−DT )−p − (λ−D∞)−pQ

)
dλ‖1

≤
C11

t(p+1)/2

∫
∆2(T )

e−c4t|λ2|dλ ≤
C12

t(p+2)/2
e−c4Tt/2 ≤

C13√
Tt(p+2)/2

.

We combine (27) and (28) in order to obtain

(29) ‖(1− PT )DT e−tD2
T − (1− P∞)D∞e−tD2

∞‖1 ≤
C14√

T min(tp+1, 1)

for T ≥ T1 and t ≥ T−1+α, where C14 is independent of T, t. Together with (26) this implies the

assertion of the proposition. 2

The estimates 5.4, 5.6, and 5.7 are all the ingredients which are nessecary to
perform the proof of [16, Prop. 1.8]. We conclude

Corollary 5.9. For β > 0 sufficiently small we have

lim
T→+∞

∫ T−β

T−1+α

TrDT e−tD2
T
dt

t1/2
= 0.

We fix 1−α > β > 0 such that Corollary 5.9 holds. Note that TrD∞e−tD2
∞ =

O(1) as t → 0 (cf. [9, Theorem 2.4]). The following is an immediate consequence
of Proposition 5.7.

Corollary 5.10.

lim
T→+∞

∫ 1

T−β

TrDT e−tD2
T
dt

t1/2
=

∫ 1

0

TrD∞e−tD2
∞
dt

t1/2
.

It follows from (29) that ‖(1 − PT )DT e−D
2
T ‖1 is uniformly bounded for T ≥

1. Since PTDT ≥ c2 and all T ≥ T1 we have a constant C such that ‖(1 −
PT )e−(t−1)D2

T ‖ ≤ Ce−tc2 for all T ≥ T1, t ≥ 1. We conclude that there is a
constant C1 such that for all T ≥ T1

‖(1− PT )DT e−tD2
T ‖1 ≤ C1e−tc2 .

Using (29) and Lebesgue’s theorem about majorized convergence we obtain
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Corollary 5.11.

lim
T→+∞

∫ +∞

1

Tr (1− PT )DT e−tD2
T
dt

t1/2
=

∫ +∞

1

Tr (1− P∞)D∞e−tD2
∞
dt

t1/2
.

Note that PT and P∞ are finite-dimensional projections. Since D∞P∞ = 0 it
follows from (25) that the spectrum of PTDT converges to zero as T → +∞. We
have

lim
T→+∞

1√
π

∫ +∞

1

Tr PTDT e−tD2
T
dt

t1/2
= lim

T→+∞

∑
µ∈σ(DT PT )

1√
π

∫ +∞

1

µe−tµ2 dt

t1/2

= lim
T→+∞

∑
µ∈σ(DT PT )

1√
π

∫ +∞

µ2
sign(µ)e−t dt

t1/2
= lim

T→+∞

∑
µ∈σ(DT PT )

sign(µ) .

Let lgτ2 := lgτ2(F , q,N, v) be associated to the local-global spectral sequence
as in Def. 3.8.

Proposition 5.12. We have

lim
T→+∞

∑
µ∈σ(DT PT )

sign(µ) = lgτ2 .

Proof. The eigenvalues of DT which tend to zero as T → +∞ can be
described in terms of the local-global spectral sequence (lgEr, lgdr). We write
DT = T 1/2(V + T−1/2D) and apply the method of [4, §VI], to V + T−1/2D.
In particular, we realize the spaces lgEr using Hodge theory in order to obtain
natural metric structures J lgEr .

Fix r ≥ 2. We can find a > 0, T1 ≥ 1 such that ±aT−(r−1)/2 is not in
the spectrum of DT for T ≥ T1. Let P a

r,T := ET (r−1)/2DT
(−a, a) be the spectral

projection. Then as T → 0 the spectrum of T (r−1)/2DTP
a
r,T converges to the

spectrum of lgDr := 1√
ε
√

εm
(lgdrJ lgEr + J lgEr

lgdr). This implies

lim
T→+∞

∑
µ∈σ(DT PT )

sign(µ) =
∑
r≥2

sign(lgDr) = lgτ2

and hence the proposition. 2

Combining Propositions 5.2, 5.3, 5.5, 5.9, 5.10, 5.11, and 5.12 we finish the
proof of Theorem 3.17. 2

5.3. Proof of Theorem 4.8. We consider a family of super connections
depending on two parameters (T, u) ∈ (0,+∞) × (0,+∞). The parameter u is
the usual rescaling parameter associated to the total grading of Ω(Z,F ). The
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parameter T is associated to the form degree. If T becomes large, then the de Rham
differential is scaled large compared to the differential v of the complex. In order to
stay in our formalism we are going to work over the base B̂ := (0,+∞)×(0,+∞)×
B. Let pr : B̂ → B denote the projection and define π̂ : M̂ := pr∗M → B̂ with
fiber Ẑ. Let prM : M̂ → M be the projection. Let T Ẑ be the relative tangent
bundle of π̂, then T Ẑ = pr∗MTZ. This bundle is equipped with the vertical metric
ĝTZ on T Ẑ which restricts to 1

T 2u2 g
TZ on the fibre over (T, u)×{b} ∈ B̂. We define

the metric structure ĴF on pr∗MF such that it restricts to u−NF +nF /2JFuNF−nF /2

= JFu2NF−nF (cf. Def. 2.13) over (T, u) ×M . The metric ĝTZ and ĴF together
induce the metric structure ĴZ,F on Ω(Ẑ,pr∗MF ).

Let dpr∗M F be the twisted de Rham differential on Ω(M̂,pr∗MF ). Let d̂ =
dpr∗M F + pr∗Mv, let p(d̂, ĴZ,F ) be the form on B̂ defined in Subsection 4.2.4 as (9)
if n is even (resp. (14) if n is odd) with respect to d̂, ĴZ,F .

Definition 5.13. We define β := du ∧ βu + dT ∧ βT to be the part of
p(d̂, ĴZ,F ) ∈ Ω(B̂) of degree one w.r.t. the coordinates (T, u), with functions
βu, βT : (0,+∞)× (0,+∞) → Ω(B).

The following fact is an immediate consequence of the fact that p(d̂, ĴZ,F ) is
closed. Let d = dT,u + dB be the decomposition of the de Rham differential on
(0,+∞)× (0,+∞)×B.

Corollary 5.14. There exists a smooth family α : (0,+∞)×(0,+∞) → Ω(B)
such that

(30) dT,uβ = dT ∧ du dBα

The following theorems can be shown by adapting the the method of the
corresponding reference to our present situation. Actually, the following results
are analogues of some related properties about Bismut-Lott’s real analytic torsion
forms, especially [24, Theorems 4.3-4.9], where we work on much more complicate
case (instead the finite dimensional flat vector bundle here, we work on infinite
dimensional vector bundles). See also Subsection 5.5 for more details.

Let B̌ := (0,+∞)×B. We consider the metric structure J̌H(Z,F) on Ȟ(Z,F) :=
pr∗H(Z,F) which restricts to u−NH(Z,F)+nH(Z,F)/2JH(Z,F)uNH(Z,F)−nH(Z,F)/2 =
JH(Z,F)u2NH(Z,F)−nH(Z,F) over {u} ×B.

We consider the flat (−1)NH(Z,F) superconnection B′ := ∇H(Z,F) + vH(Z,F),
where the differential vH(Z,F) onH(Z,F) is induced by v. Let p(dH(Z,F), J̌H(Z,F))be
the form on B̌ defined in Subsection 2.4.4 if n is even (resp. (17) if n is odd) Let
γ : (0,+∞) → Ω(B) be such that

p(dH(Z,F), J̌H(Z,F)) = du ∧ γ + r ,
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where the remainder r does not contain du.

Theorem 5.15. (1) For any u > 0,

(31) lim
T→+∞

βu(T, u) = γ(u).

(2) For 0 < u1 < u2 fixed, there exists C > 0 such that for u ∈ [u1, u2],
T ≥ 1, we have

(32) |βu(T, u)| ≤ C.

(3) We have the following identity

(33) lim
T→+∞

∫ +∞

1

βu(T, u)du =
∫ +∞

1

γ(u)du−
∑
r≥2

η̃(hcEr, NhcEr , J
hcEr , hcdr).

Theorem 5.16. (1) There exists a smooth family σ : (0,+∞) → Ω(B)
such that for T ≥ 1 we have

lim
u→+∞

βT (T, u) = σ(T ) .

(2) There exist constants C > 0, δ > 0 such that for T ≥ 1 we have the
following estimate

(34) |σ(T )| ≤ C

T 1+δ
.

(3) We have the following identity, modulo exact forms on B,

(35)
∫ +∞

1

σ(T )dT = −η̃(HH, hcGr(HH), JHH , JhcGr(HH)) .

Remark that (35) follows from Lemma 2.16 as the proof of [24, Theorem 4.5].

Let M̌ = (0,+∞)×M , Pr : M̌ →M be the canonical projection. We consider
the vertical metric ǧTZ on M̌ for the fibration M̌ → B̌ which restricts to 1

u2 Pr∗gTZ

on the fibre over (u, b) ∈ (0,+∞) × B. It induces a metric structure J̌Z,F on
Pr∗Ω(Z,F ) on B̌. We define the smooth family θ : (0,+∞) → Ω(B) such that (cf.
Subsection 4.2.2)

p(dPr∗F , J̌Z,F ) = du ∧ θ + r

such that r does not contain du. Note that by Definitions 4.3 and 4.4∫ +∞

0

θ(u)du = −η̃(Ω(Z,F ), NZ , J
Z,F , dF ) .

Theorem 5.17. (1) For any u > 0, there exist C > 0, δ > 0 such that
for T ≥ 1,

(36) |βT (T, u)| ≤ C

T δ+1
.
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(2) For any T ≥ 1 we have

(37) lim
ε→0

ε−1βT (Tε−1, ε) = θ(T ) .

(3) There exists C > 0 such that for ε ∈ (0, 1], ε ≤ T ≤ 1,

(38) ε−1|βT (Tε−1, ε)| ≤ C.

(4) There exist δ ∈ (0, 1], C > 0 such that for ε ∈ (0, 1], T ≥ 1,

(39) ε−1|βT (Tε−1, ε)| ≤ C

T 1+δ
.

We now finish the proof of Theorem 4.8. For 0 < ε < A and 1 < T0 we
consider the rectangle (T, u) ∈ R := [1, T0] × [ε,A]. By Corollary 5.14 we have∫

∂R
β = dB

∫
R
α. Thus∫ A

ε

βu(T0, u)du−
∫ T0

1

βT (T,A)dT−
∫ A

ε

βu(1, u)du+
∫ T0

1

βT (T, ε)dT = I1+I2+I3+I4

is an exact form on B. We take the limits A → +∞, T0 → +∞, and then ε → 0
as in [4, §4(c)], [22, §4(c)] . Compare to [4, §4(c)], [22, §4(c)], no divergent term
will appear here in the process of the limit. Thus the calculation is much simpler
here. Let Ik

j , j = 1, . . . 4, k = 1, 2, 3 denote the limit of the part Ij after the k’th
limit. Then modulo exact form on B,

∑4
j=1 I

3
j = 0. We obtain by definition of

η̃(Ω(Z,F ), q, JZ,F ,d) that

I3
3 = η̃(Ω(Z,F ), NZ,F , J

Z,F ,d) .

Furthermore, by Theorem 5.16 and in particular (35) we get

I2
2 = I3

2 = η̃(HH, hcGr(HH), JHH , JhcGr(HH)) .

¿From (31), (32), (33), γ(u) = O(1) as u→ 0, andby Def. 2.14,∫ +∞

0

γ(u)du = −η̃(hcE1, NhcE1 , J
hcE1 , hcd1)

we conclude that

I3
1 = −

∑
r≥1

η̃(hcEr, NhcEr
, JhcEr , hcdr) .

Finally, using Theorem 5.17 we get

I3
4 = −η̃(Ω(Z,F ), NZ , J

Z,F , dF ) .

These four equations imply Theorem 4.8. 2
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5.4. Proof of Theorem 4.9. We consider again two parameters (T, u). Here
u is the rescaling parameter corresponding to the total grading of Ω(Z,F ) and T
is associated to the grading of F . For large T the differential v is rescaled large
compared with respect to the de Rham differential.

Let B̂ := (0,+∞)×(0,+∞)×B. Let pr : B̂ → B denote the projection and de-
fine M̂ := pr∗M → B̂ with fiber Ẑ. This bundle is equipped with the vertical metric
ĝTZ on T Ẑ which restricts to 1

u2 g
TZ on the fibre over (T, u)×{b} ∈ B̂. We define

the metric structure ĴF such that it restricts to (Tu)−NF +nF /2JF (Tu)NF−nF /2

over (T, u)×M . The metric ĝTZ and ĴF together induce the metric structure ĴZ,F

on Ω(Ẑ,pr∗MF ).

As in Section 5.3, let d̂ = dpr∗M F + pr∗Mv be the pull-back of d. Let p(d̂, ĴZ,F )
be the form on B̂ defined in Subsection 4.2.4 as (9) if n is even (resp. (14) if n is
odd) with respect to d̂, ĴZ,F .

Definition 5.18. We define β = du∧βu+dT ∧βT to be the part of p(d̂, ĴZ,F )
of degree one w.r.t. the coordinates (T, u), with functions βu, βT : (0,+∞) ×
(0,+∞) → Ω(B).

The following Corollary is an immediate consequence of the fact that p(d̂, ĴZ,F )
is closed.

Corollary 5.19. There exists a smooth family α : (0,+∞)×(0,+∞) → Ω(B)
such that

(40) dT,uβ = dT ∧ du dBα

The following theorems can be shown by adapting the the method of the
corresponding reference to our present situation. Actually, the following results
are analogues of some related properties about Bismut-Lott’s real analytic torsion
forms, especially [24, Theorems 4.3-4.9], where we work on much more complicate
case (instead the finite dimensional flat vector bundle here, we work on infinite
dimensional vector bundles). See also Subsection 5.5 for more details.

Let B̌ := (0,+∞) × B and pr1 : B̌ → B be the projection. We consider
the bundle M̌ := pr∗1M → B̌ with fiber Ž. Let Pr : M̌ → M be the in-
duced map and Ȟ = Pr∗H be the pull-back of the flat cohomology bundle H
of (F, v) on M . We consider the metric structure J̌H on Ȟ which restricts to
u−NH+nH/2(Pr∗JH)uNH−nH/2 over {u}×M . Furthermore, we consider the verti-
cal metric ǧTZ on T Ž, which restricts to 1

u2 Pr∗gTZ on the fibre over (u, b) ∈ B̌.
They induce the metric structure J̌Z,H on pr∗1Ω(Z,H). let NH be the Z-grading
on H induced by NF . The total Z-grading on Ω(Z,H) is NZ,H = NZ +NH . Let
ďH be the twisted de Rham differential on Ω(M̌, Ȟ), then ďH is a flat (−1)ŇZ,H -
super connection on pr∗1(Ω(Z,H)) here ŇZ,H = pr∗1NZ,H . We define the family
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γ : (0,+∞) → Ω(B) such that

p(ďH , J̌Z,H) = du ∧ γ + r ,

where r does not contain du. By Def. 4.3 and 4.4,

(41)
∫ +∞

0

γ(u)du = −η̃(Ω(Z,H), NZ , J
Z,H , dH)

= −η̃(hcE1, NhcE1 , J
hcE1 , hcd1).

Theorem 5.20. (1) For any u > 0 we have

(42) lim
T→+∞

βu(T, u) = γ(u).

(2) For 0 < u1 < u2 fixed, there exists C > 0 such that for u ∈ [u1, u2],
T ≥ 1,

(43) |βu(T, u)| ≤ C.

(3) We have the following identity

(44) lim
T→+∞

∫ +∞

1

βu(T, u)du =
∫ +∞

1

γ(u)du−
∑
r≥2

η̃(lgEr, NlgEr , J
lgEr , lgdr) .

Theorem 5.21. (1) There exists a smooth family σ : (0,+∞) → Ω(B)
such that for T ≥ 1 we have

lim
u→+∞

βT (T, u) = σ(T ) .

(2) There exist constants C > 0, δ > 0 such that for T ≥ 1 we have the
following

(45) |σ(T )| ≤ C

T 1+δ
.

(3) We have the following identity, modulo exact forms on B

(46)
∫ +∞

1

σ(T )dT = −η̃(HH, lgGr(HH), JHH , J lgGr(HH)).

We consider the metric structure J̌F on Pr∗F , which restricts to u−NF +nF /2JF

uNF−nF /2 = JFu2NF−nF over {u}×M . We consider ∇F + v as (−1)NF supercon-
nection on F . We define the smooth family θ : (0,+∞) → Ω(M) such that

p(Pr∗(∇F + v), J̌F ) = du ∧ θ + r

such that r does not contain du. Note that by Definition 2.14∫ +∞

0

θ(u)du = −η̃(F , NF , J
F , v) .

.



74 ULRICH BUNKE AND XIAONAN MA

Theorem 5.22. (1) For any u > 0, there exist C > 0, δ > 0 such that
for T ≥ 1 we have

(47) |βT (T, u)| ≤ C

T δ+1
.

(2) For any T ≥ 1 we have

(48) lim
ε→0

ε−1βT (Tε−1, ε) =
∫

Z

L(∇TZ) ∧ θ(T ) .

(3) There exists C > 0 such that for ε ∈ (0, 1], ε ≤ T ≤ 1 we have

(49) ε−1|βT (Tε−1, ε)| ≤ C.

(4) There exist δ ∈ (0, 1], C > 0 such that for ε ∈ (0, 1], T ≥ 1 we have

(50) ε−1|βT (Tε−1, ε)| ≤ C

T 1+δ
.

We now finish the proof of Theorem 4.9. For 0 < ε < A and 1 < T0 we
consider the rectangle (T, u) ∈ R := [1, T0] × [ε,A]. By Corollary 5.19 we have∫

∂R
β = dB

∫
R
α. Thus∫ A

ε

βu(T0, u)du−
∫ T0

1

βT (T,A)dT−
∫ A

ε

βu(1, u)du+
∫ T0

1

βT (T, ε)dT = I1+I2+I3+I4

is an exact form. We take the limits A → +∞, T0 → +∞, and then ε → 0. as
in [4, §4(c)], [22, §4(c)] . Compare to [4, §4(c)], [22, §4(c)], no divergent term
will appear here in the process of the limit. Thus the calculation is much simpler
here. Let Ik

j , j = 1, . . . 4, k = 1, 2, 3 denote the limit of the part Ij after the k’th
limit. Then modulo exact form on B,

∑4
j=1 I

3
j = 0. We obtain by definition of

η̃(Ω(Z,F ), NZ,F , J
Z,F ,d) that

I3
3 = η̃(Ω(Z,F ), NZ,F , J

Z,F ,d) .

Furthermore, by Theorem 5.21 and in particular (46) we get

I2
2 = I3

2 = η̃(HH, hcGr(HH), JHH , JhcGr(HH)) .

¿From (41), (42), (43), (44), we conclude that

I3
1 = −η̃(Ω(Z,H), NZ , J

Z,H , dZ)−
∑
r≥2

η̃(lgEr, NlgEr , J
lgEr , lgdr) .

Finally, using Theorem 5.22 we get

I3
4 = −

∫
Z

L(∇TZ) ∧ η̃(F , NF , J
F , v) .

These four equations imply the Theorem. 2
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5.5. The proof of Theorem 4.10. We consider a family of super connec-
tions depending on two parameters (T, u) ∈ (0,+∞)× (0,+∞). The parameter u
is the usual rescaling parameter associated to the total grading of Ω(Z,F ). In the
present case the fibre Z is the total space of a fibre bundle Z → Y with fibre X.
The parameter T is introduced to perform an adiabatic limit in this fibration. For
large T the vertical part corresponding to dX,F of the differential dF is scaled to
become large with respect to the horizontal part.

At first, by the variation formula for eta forms, Theorem 4.5, to prove Theorem
4.10, we only need to prove it for a particular choice of TH

1 W , TH
2 V , TH

3 W , and
gTZ , gTX , gTY . So we may and we will suppose that

TH
3 W ⊂ TH

1 W,(51)

gTZ = gTX ⊕ π∗1g
TY .

Let us now fit this idea in the formalism. We consider the space Ŝ := (0,+∞)×
(0,+∞) × S. Let pr : Ŝ → S denote the projection and define Ŵ := pr∗W → Ŝ

with fiber Ẑ. Let prW : Ŵ → W be the canonical projection. We consider the
decomposition of the vertical bundle TZ = TX⊕THZ, where THZ := TH

1 W∩TZ.
Then THZ ∼= π∗1TY . We choose vertical metrics gTY and gTX . Then we define the
metric ĝTZon Ẑ = pr∗W (TX⊕π∗1TY ) such that it restricts to 1

u2 ( 1
T 2 g

TX ⊕π∗1gTY )
over (T, u)× S. The metric ĝTZ and pr∗WJF together induce the metric structure
ĴZ,F on pr∗Ω(Z,F ).

For α1, α2 two differential forms on S, we denote {α1 + duα2}du = α2, and
{α1 + dTα2}dT = α2.

Let dpr∗W F be the twisted de Rham differential on Ω(Ŵ ,pr∗WF ). Let p(dpr∗W F , ĴZ,F )
be the form on Ŝ defined by (9) if n is even (resp. (14) if n is odd).

Definition 5.23. We define β = du∧βu+dT∧βT to be the part of p(dpr∗W F , ĴZ,F )
of degree one w.r.t. the coordinates (T, u), with functions βu, βT : (0,+∞) ×
(0,+∞) → Ω(S).

Let JZ,F
T , ∗T be the metric structure and the Hodge star operator on Ω(Z,F )

with respect to the metrics 1
T 2 g

TX ⊕ π∗1g
TY and JF (cf. Subsection 3.3.1). Then

JZ,F
T = T−NX+dim X/2JZ,FTNX−dim X/2 = JZ,FT 2NX−dim X . Let dZ,F ,∇Z,F , iT

be the operator defined in Subsection 4.2.2. Let (dF )∗T ,(dZ,F )∗T , (iT )∗T , (∇Z,F )∗T be
the formal adjoint of dF , dZ,F , iT , ∇Z,F with respect to the metric structure JZ,F

T

on Ω(Z,F ). Then

∗−1
T

∂∗T

∂T
=

1
T

(2NX − dimX),(52)

(dF )∗T = T−2NX (dF )∗1T
2NX .
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For u > 0, set

C ′3,u2,T = uNZdFu−NZ , C ′′3,u2,T = u−NZ (dF )∗Tu
NZ ,

C3,u2,T =
1
2
(C ′3,u2,T + C ′′3,u2,T ), D3,u2,T =

1
2
(C ′′3,u2,T − C ′3,u2,T ).

For T ≥ 1, set Au,T = TNXC3,u2,TT
−NX . Then by the above equations, we

get

[TNXD3,u2,TT
−NX , NX ] = T

∂

∂T
Au,T .

• If n is even, then

βu = (2πi)−1/2 1√
ε
√
εn
ϕTr

[
JZ,F

T (
∂

∂u
C3,u2,T ) exp(−C2

3,u2,T )
]
,(53)

βT = (2πi)−1/2 1√
ε
√
εn
ϕTr

[
JZ,F

T [
1
2
D3,u2,T , ∗−1

T

∂∗T

∂T
] exp(−C2

3,u2,T )
]
.

Remark that here the commutator [A,B] = AB −BA.

Denote zJZ,F
T = 1√

ε
√

εn
JZ,F

T . Thus we get

Tr
[
zJZ,F

T (
∂

∂u
C3,u2,T ) exp(−C2

3,u2,T )
]

(54)

=
{

Tr
[
zJZ,F

exp(−A2
u,T + du(

∂

∂u
Au,T ))

]}du

,

1
2
Tr

[
zJZ,F

T [D3,u2,T , ∗−1
T

∂∗T

∂T
] exp(−C2

3,u2,T )
]

=
{

Tr
[
zJZ,F

exp(−A2
u,T + dT (

∂

∂T
Au,T ))

]}dT

.

• If n is odd, then

βu = (π)−1/2ϕTreven
[
zJZ,F

T (
∂

∂u
C3,u2,T ) exp(−C2

3,u2,T )
]
,(55)

βT = (π)−1/2ϕTreven
[
zJZ,F

T [
1
2
D3,u2,T , ∗−1

T

∂∗T

∂T
] exp(−C2

3,u2,T )
]
.

Remark that JZ,F
T commute with (∇Z,F +(∇Z,F )∗T , dZ,F +(dZ,F )∗T , iT +(iT )∗T . Set

A
(i)
u,T be the part of Au,T of degree i in Λ(T ∗S). Then A(1)

u,T = 1
2 (∇Z,F +(∇Z,F )∗T ).
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Set Āu,T = A
(1)
u,T + zJZ,F

(A(0)
u,T +A

(2)
u,T ). Then

Treven
[
zJZ,F

T (
∂

∂u
C3,u2,T ) exp(−C2

3,u2,T )
]

(56)

=
{

Treven
[
exp(−Ā2

u,T + du(
∂

∂u
Āu,T ))

]}du

,

Treven
[
zJZ,F

T [
1
2
D3,u2,T , ∗−1

T

∂∗T

∂T
] exp(−C2

3,u2,T )
]

=
{

Treven
[
exp(−Ā2

u,T + dT (
∂

∂T
Āu,T ))

]}dT

.

The following fact is an immediate consequence of the fact that p(d̂, ĴZ,F ) is
closed. Let d = dT,u + dS be the decomposition of the de Rham differential on
(0,+∞)× (0,+∞)× S.

Corollary 5.24. There exists a smooth family α : (0,+∞)×(0,+∞) → Ω(S)
such that

(57) dT,uβ = dT ∧ du dSα

The following theorems can be shown by adapting the the method of the
corresponding reference to our present situation. Actually, the following results
are analogues of some related properties about Bismut-Lott’s real analytic torsion
forms, especially [24, Theorems 4.3-4.9]. In fact, compare to [24, Theorems 4.3-
4.9], here, we work on same operator Au,T if n is even (Āu,T if n is odd), but
here we mainly work on the spectral functions involved in the definition of eta
form. To get Theorem 5.25, we should establish the corresponding estimates for
the heat kernel exp(−A2

u,T + du( ∂
∂uAu,T )), this corrsponds to [24, §5], to get

Theorem 5.28 (1), we should establish the various estimates for the heat kernel
exp

(
−u2(A2

1,T − TdT ( ∂
∂T A1,T ))

)
, we can still apply the technique in [24, §5]. To

get the rest part of Theorem 5.28, we should establish the various estimates for
the heat kernel exp

(
−A2

ε,T/ε + dT ( ∂
∂T Aε,T/ε))

)
this corrsponds to [24, §7,8,9].

Finally, Theorem 5.26 corrsponds to [24, Theorem 4.5].

Let Š := (0,+∞) × S and pr1 : Š → S be the projection. We consider
the bundle V̌ := pr∗V → Š. Let prV : V̌ → V be the induced map and

ˇH(X,F) = pr∗V H(X,F) be the pull-back of the flat cohomology bundle H(X,F)
of (Ω(X,F ), dX,F ). We consider the metric structure J̌H(X,F) which restricts to
u−NH(X,F)+nH(X,F)/2pr∗V J

H(X,F) uNH(X,F)−nH(X,F)/2 = pr∗V J
H(X,F)u2NH(X,F)−nH(X,F)

over {u}×V . Furthermore, we consider the vertical metric ǧTY , which restricts to
1
u2 pr∗V g

TY on {u}×V . They induce the metric structure J̌Y,H(X,F) on pr∗1Ω(Y,H(X,F)).
Let ďH(X,F) be the twisted de Rham differential on Ω(V̌ , pr∗V H(X,F)). Remark
that the number operators NZ , NX , NY act naturally on Ω(Y,H(X,F). Then
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ďH(X,F) is a flat (−1)ŇZ -superconnection on pr∗1Ω(Y,H(X,F)). We define the
family γ : (0,+∞) → Ω(S) such that

p(ďH(X,F), J̌Y,H(X,F)) = du ∧ γ + r ,

where r does not contain du. Remark that p(ďH(X,F), J̌Y,H(X,F)) = 0 if dimX is
odd, as J̌Y,H(X,F) change the parity of NX,F . Note that by Definitions 4.3 and 4.4

(58)
∫ +∞

0

γ(u)du = −η̃(Ω(Y,H(X,F)), NY , J
Y,H(X,F), dH(X,F))

= −η̃(hcE1, NhcE1 , J
hcE1 , hcd1).

Theorem 5.25. (1) For any u > 0 we have

(59) lim
T→+∞

βu(T, u) = γ(u).

(2) For 0 < u1 < u2 fixed, there exists C > 0 such that for u ∈ [u1, u2],
T ≥ 1 we have

(60) |βu(T, u)| ≤ C.

(3) We have the following identity :

(61) lim
T→+∞

∫ +∞

1

βu(T, u)du =
∫ +∞

1

γ(u)du−
∑
r≥2

η̃(LSEr, NLSEr , J
LSEr , LSdr) .

Theorem 5.26. (1) There exists a smooth family σ : (0,+∞) → Ω(S)
such that for T ≥ 1 we have

lim
u→+∞

βT (T, u) = σ(T ) .

(2) There exist constants C > 0, δ > 0 such that for T ≥ 1 we have the
following estimate :

(62) |σ(T )| ≤ C

T 1+δ

(3) We have the following identity :

(63)
∫ +∞

1

σ(T )dT = −η̃(H(Z,F), LSGr(H(Z,F)), JH(Z,F), JLSGr(H(Z,F))).

We consider the fibration W̌ = (0,+∞)×W → V̌ equipped with the vertical
metric ǧTX which restricts to 1

u2 g
TX on {u} ×W . It induces a metric structure

J̌X,F on pr∗V Ω(X,F ). Let PrW : W̌ → W be the projection. Let dPr∗W F be
the twisted de Rham differential on Ω(W̌ ,Pr∗WF ). We define the smooth family
θ : (0,+∞) → Ω(V ) such that

p(dPr∗W F , J̌X,F ) = du ∧ θ + r
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such that r does not contain du. Note that by Definitions 4.3 and 4.4∫ +∞

0

θ(u)du = −η̃(Ω(X,F ), NX , J
X,F , dF ) .

The adiabatic family of metrics gTX ⊕ 1
T 2π

∗
1g

TY on Pr∗WTZ on W̌ induces
a family of connections ∇̃TZ of Pr∗WTZ, which when restricts to {T} × W , is
the connection ∇TZ

T on TZ with respect to gTZ
T , TH

3 W , π3 defined by [5, Def.
1.6]. By [24, Theorem 5.1], for large T , ∇TZ

T converges to 0∇TZ + A3,∞, where
A3,∞ ∈ T ∗W⊗End(THZ, TX). We define the smooth family λ : (0,+∞) → Ω(W )
such that

L(∇̂TZ) = dT ∧ λ+ r

and r does not contain dT . Now, by the same argument as in [24, §5.7], we have
the following Proposition for the transgression L class.

Proposition 5.27. When T → +∞, we have λ(T ) = O( 1
T 2 ). Modulo exact

form on W , we have

(64) L̃(TZ,∇TZ , 0∇TZ) = −
∫ +∞

1

λ(T )dT.

Theorem 5.28. (1) For any u > 0, there exist C > 0, δ > 0 such that
for T ≥ 1 we have

(65) |βT (T, u)| ≤ C

T δ+1

(2) For any T ≥ 0 we have

(66) lim
ε→0

ε−1βT (Tε−1, ε) =
∫

Y

L(∇TY ) ∧ θ(T ) .

(3) There exists C > 0 such that for ε ∈ (0, 1], ε ≤ T ≤ 1,

(67) ε−1|βT (Tε−1, ε)−
∫

Z

p(∇F , JF ) ∧ λ(Tε−1)| ≤ C.

(4) There exist δ ∈ (0, 1], C > 0 such that for ε ∈ (0, 1], T ≥ 1,

(68) ε−1|βT (Tε−1, ε)| ≤ C

T 1+δ
.

We now finish the proof of Theorem 4.10. For 0 < ε < A and 1 < T0 we
consider the rectangle (T, u) ∈ R := [1, T0] × [ε,A]. By Corollary 5.24 we have∫

∂R
β = dS

∫
R
α. Thus∫ A

ε

βu(T0, u)du−
∫ T0

1

βT (T,A)dT−
∫ A

ε

βu(1, u)du+
∫ T0

1

βT (T, ε)dT = I1+I2+I3+I4

is an exact form. We take the limits A → +∞, T0 → +∞, and then ε → 0. as
in [4, §4(c)], [22, §4(c)] . Compare to [4, §4(c)], [22, §4(c)], no divergent term
will appear here in the process of the limit. Thus the calculation is much simpler
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here. Let Ik
j , j = 1, . . . 4, k = 1, 2, 3 denote the limit of the part Ij after the k’th

limit. Then modulo exact form on B,
∑4

j=1 I
3
j = 0. We obtain by definition of

η̃(Ω(Z,F ), NZ , J
Z,F , dF ) that

I3
3 = η̃(Ω(Z,F ), NZ , J

Z,F , dF ) .

Furthermore, by Theorem 5.26 and in particular (63) we get

I2
2 = I3

2 = η̃(HH, hcGr(HH), JHH , JhcGr(HH)) .

¿From (58), (59), (60), (61), we conclude that

I3
1 = −η̃(Ω(Y,H(X,F)), NX,H(X,F), J

Y,H(X,F), dH(X,F))−
∑
r≥2

η̃(lgEr, NlgEr , J
lgEr , lgdr) .

Finally, using Theorem 5.28 we get

I3
4 = −

∫
Y

L(∇TY )∧η̃(Ω(X,F ), NX , J
X,F , dF )−

∫
Z

L̃(TZ,∇TZ , 0∇TZ)∧p(∇F , JF )

as follows. Convergence of the integrals below is granted by (65). We write∫ +∞

1

βT (T, ε)dT =
∫ +∞

ε

ε−1βT (Tε−1, ε)dT .

Using Proposition 5.27, (66) and (68) we get

lim
ε→0

∫ +∞

1

ε−1βT (Tε−1, ε)dT =
∫

Y

L(∇TY )
∫ +∞

1

θ(T )dT ,

lim
ε→0

∫ 1

ε

ε−1

[
βT (Tε−1, ε)−

∫
Z

p(∇F , JF ) ∧ λ(Tε−1)
]
dT =

∫
Y

L(∇TY )
∫ 1

0

θ(T )dT .

The remaining part of the integral yields by (64)

lim
ε→0

∫ 1

ε

ε−1

∫
Z

p(∇F , JF ) ∧ λ(Tε−1)dT =
∫

Z

p(∇F , JF ) ∧
∫ +∞

1

λ(T )dT

= −
∫

Z

L̃(TZ,∇TZ , 0∇TZ) ∧ p(∇F , JF ) .

These four equations for the I3
k , k = 1, . . . , 4, imply Theorem 4.10. 2
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