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Traditional Approach: Potential = Dynamics

Our Basic Result: Dynamics <=>-Potential
(Existence and uniqueness)

The uniqueness from the following standardness
requirement for {P(I)}

(i) Convergence condition (new)

(ii) Properties under a conditional expectation (new
and useful).

Some Applications (Theorem 3 and 2):

(1) Energy estimates (consequence of the property(ii)).

(2) Useful for equivalence proof of equilibrium con-

ditions




2 Dynamics and Potential

Dynamics:t € R — oy € AutA (group)

Assumption: If I € L and A € A(I), then
(A =)0a(A) = —C—i—ozt(A) exists.
dt 0

t
dq: *-derivation on Ag = U{A(I); I € L}

Potential: T € L — P(I) = P(I)* € A(I)+

(Interaction energy among local objects in I)

Normal approach:

e construction of §y out of {P()}
0a(A) =13 7[P(I), Al
(I NsuppA =0 =-[P(I),A] =0)
(Formally, A = i[H, A] with Hamiltonian
H =31 P(I))

e construction of a4 out of dq




New result:

Theorem 1: Existence of P(I) for any %-derivation
d on Ay, satisfying

(1) Natural convergence condition(new):
Hr = ZJ{P(J) JN1I# D} convergent.
— (A) = i[H, A] for A € A(I)

(2) Standardness (new):
0 ifJ 21

Ej(Pe(D) = Py(I) ifJ DI

3 Supplementary Explanation

(1)Equivalent Potential

Def: Two potentials {P;(I)} and {P>(1)} are equiv-
alent if 6, derived from them are the same.




Example of equivalent potential

o
Let I and I3 be finite subsets with |I5] = 2, and
|I3] = 3. For a given potential { P;(I)} with Py(I2) #
0, define another potential P, by

Po(I) = Pi(I)  ifl# I, I3
Py(I2) =0, Po(I3) = P1(I3) + Pi(12).
Then P; and P» satisfy the minimal conditions for
potential (P(I) = P(I)* € A(Z)+), P1 # P and

they give the same time derivative do. So they are
equivalent potentials.

~ The standardness condition(2) in Theorem 1 is for

the purpose of avoiding the situation described in
the above example.

(2) (non-commutartive) conditional expectation E7

A state ¢ is a ©-even product state, i.e.
p(0(A)) = v(A), ¢(AB) = o(A)p(B)
for any A € A(I), B € A(J), INnJ=10.




(Such product states for the fermion and spin al-
gebra exist in abundance. A tracial state 7, the
fermion vacuum state are examples.)

E}D is a linear, positive, unital projection from A
to A(I), characterized by E7(A) € A(J) and the
following set of equations;

p(CAB) = o(CEJ(A)B) (B, CEA(J))

It has the following property;
¥ 2 n 2
Ef EY EIHJ’ EI Efe = EREf = ¢
Ilm,//]L E(p (A)
Here Ky ———> K for a net K, means

eep(us)-y(n =)

V> H

4 Translation Covariant System

For L = Z%, it is an additive group, which we call
translation group. There is a representation of this




group: nn € L. — 7, € Aut A such that

m(A() = A(I +n), m®© = Oy, foralln € L

A potential P is translation covariant if

m™(P(I)) = P(I +n) forall I € L.

Theorem 2: The real linear space of all translation
covariant standard potentials form a separable Ba-
nach space with the norm

I|[P|| = ||[Hp(n)||  (independent of n).

This theorem provides a tool for the Application(2)
above.

‘We have introduced earlier
Hp(I) = the total interaction enregy of the
partial system in [ as an open system

where open system refers to the fact that the inter-
actions between I and outside (I€) are all included.

We also define

Up(I)= ) P(J)

JCI




for the total interaction energy of the system [ as a
closed system. We have the following Energy Esti-
mate:

Theorem 3: [[Up(I)[| < [[Hp(D)|| < [IP]] - [1].
The first inequality is immediate from
1Bl =1 and  Up(1) = Bf Hp(1)




[0

[Proof of [IHyD [ <[P}~ IT1]

H(D=lim YP(K) |[KNI#$, KS T} (Def)
J7L K

Interactlon Energy of |l as an Qpen system
”
1.e. racti mong | as well as

between}“and the outside of 1.

Let I={i,i, i}, m=|I].
F=(K |, €K, ik_l}d,KCJ} (=L, +ee,m)
ie. F {Kll GK}
—{K|1 ek, 1¢K} {KIléKC{l}}

o F {KII €K i 125éK} {K|1eKc{1,,1z}}

--------

H (I)= Zh

—hm JP(K)|Ke E)
Ji‘l. K




Note that E ; selects those terms with K< S.
' AP

and glglihilate all other terms.

due to the standardness of the potential.

Hence, for S= {11, e 1,l },

2 PK=E?H
PO

This implies

h —ESH G,)

Byl ES” =1, we obtain Ihkl <l H‘P(lh) =P

X

Therefore sy

IHWD g znh 1< ml P
kel




