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Why do people care about operator (-functions?

» Why do people care about traces?

» traces on an algebra = invariants of the algebra
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Why do people care about operator (-functions?

» Why do people care about traces?
» traces on an algebra = invariants of the algebra
» Atiyah-Singer index theorem: tr(e*P"P) —tr(e™*PP") = ch(V)Td(X)[X]
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Why do people care about operator (-functions?

» Why do people care about traces?
» traces on an algebra = invariants of the algebra
» Atiyah-Singer index theorem: tr(e*P"P) —tr(e™*PP") = ch(V)Td(X)[X]

» Heat trace: tre ‘2l = (47rt)_dhgx Y keNo Aktg where the Ay are called heat

invariants (Ao = volX, Ay = total curvature(X), ...)
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Why do people care about operator (-functions?

» Why do people care about traces?

» traces on an algebra = invariants of the algebra

» Atiyah-Singer index theorem: tr(e*P"P) —tr(e™*PP") = ch(V)Td(X)[X]

» Heat trace: tre ‘2l = (47rt)_dhgx Y keNo Aktg where the Ay are called heat
invariants (Ao = volX, Ay = total curvature(X), ...)

>

Operator (-functions allow us to construct traces!
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Why do people care about operator (-functions?

» Why do people care about traces?
> traces on an algebra = invariants of the algebra
Atiyah-Singer index theorem: tr(e *P"P) —tr(e™*PP") = ch(V)Td(X)[X]

» Heat trace: tre ‘2l = (47rt)_dhgx Y keNo Aktg where the Ay are called heat

invariants (Ag = volX, A, = total curvature(X), ...)

v

v

Operator (-functions allow us to construct traces!

» = wave traces: tre'*VIAl (t-values of poles are lengths of closed geodesics)
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Why do people care about operator (-functions?

» Why do people care about traces?
> traces on an algebra = invariants of the algebra
» Atiyah-Singer index theorem: tr(e*P"P) —tr(e™*PP") = ch(V)Td(X)[X]

» Heat trace: tre ‘2l = (47rt)_dhgx Y keNo Aktg where the Ay are called heat

invariants (Ag = volX, A, = total curvature(X), ...)

» Operator (-functions allow us to construct traces!

» = wave traces: tre'*VIAl (t-values of poles are lengths of closed geodesics)

» physics: wave propagators are (closely related to) Fourier Integral Operators
= traces allow reconstruction of the QFT
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Definition (Phase Function)
Let N e N. A function
el (X x X xRY)nC™ (X x X x (RV ~ {0}))

is called a phase function if and only if it is positively homogeneous of degree 1 in
the third argument, i.e.,

Vo,ye X VEeRYN VA eRyo: Iz, y,\E) = M(z,y,8).

Example

Pseudo-differential phase function: ¥(z,y,€) = (x -y, &) s, (n) With N = dim X.
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Definition

Let UCR™ be open, N €N, and m € R. The Hérmander class S™(U x U x RY) is
defined as the set of all a € C®(U x U x RY) such that for every K EcompactU2 and
all multi-indices a, £, there exists a constant ¢ € R, such that

v K V¢ e RN\ B (0,1): |02620] <ef1 ey
(.’E,y) € fE D ]RN( ) ) : 1%2 3(1(16',1[/,5) sc +H€"£2(N)
holds.
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Definition

A Fourier Integral Operator A: C*(X) — C°(X)' on X is a linear operator
whose Schwartz kernel k € C2°(X x X)' is a locally finite sum of local
representations of the form

k(z,y) = fRN e a(z,y, €)de,

ie.,
Vi, €CZ(X): A=Y, [ kil )e(u)(@)dvolxa(z,9),
i=1

where, for each localization UcCX, ¢ is a phase function and «a is an element of some
Hormander class S™(U x U x RY). a is also called an amplitude or symbol.
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Definition

Let ¢ be a phase function. Then, we call
C) ={(2,5,6) € X x X x (R¥ ~ {0}); 850(x,y,€) =0}

the critical set of .
¥ is called non-degenerate if and only of the family of differentials

(d83,j19(37a Y, g))jeNsN

is linearly independent for every (z,y,&) € C'(9) where 05 ; denotes the derivative
with respect to the j® component of the third argument.
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Definition

Let ACT*(X?)\ 0 be a Lagrangian manifold and A a Fourier Integral Operator of
the form A = 37 | A; where each A; has a non-degenerate phase function oJ;
defined on an open, conic subset U;CopenX x X x (R™ \ {0}) such that

UjnC(¥;) 3 (z,y,8) = (z,y,019;(2,9,£), 029 (2, 9, )
is a diffeomorphism onto an open subset U ]{\EopenA, and amplitude
a; € Sm+w(x x X x RNs) with

spta; S{(z,y,t€) e X x X x RN, (z,y,6) e K A teRyg}

for some K CcompactlU;. Then, we say A is an element of I™ (X x X, A) (or more
precisely, A has a kernel in I"™ (X x X, A)).
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Definition (Canonical Relation)

Let I'Ty X x T7 X be a relation satisfying
(i) T is symmetric, i.e., V(p,q) €T': (q,p) €T,
(ii) T is transitive, i.e., Y(p,q),(g,7) €T : (p,r) €T,
We will call any such I" a canonical relation. Furthermore, we will assume that all
canonical relations satisfy

(iii) the composition I' o I is clean, i.e., I' x I" intersects
T X xdiag(T* X x T*X) x T* X in a manifold whose tangent plane is precisely
the intersection of the tangent planes of I' x I' and
T*X xdiag(T*X xT*X) x T* X where
diag(T*" X xT*X) :=={(z,y) e T* X xT* X; x =y},

(iv) the projection pr; : I' > T*X; (p,q) = p is proper, i.e., pre-sets of compacta
are compact.
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Definition (Twisted Canonical Relation)

We will call the set

I = {((2,6), (y,n) e Te X x Ty X; ((,€), (y,-n)) €T}

a twisted canonical relation.
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Definition

Let I'Ty X x T7 X be a canonical relation. I is called a homogeneous canonical
relation if and only if I is a Lagrangian manifold.
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Definition

Let I'Ty X x T7 X be a canonical relation. I is called a homogeneous canonical
relation if and only if I is a Lagrangian manifold.

Definition

Let I'eTy X x Ty X be a homogeneous canonical relation with I'oI' = I". Then, we
call

Ap:= |J I'™(X x X,T)

meR

the algebra of Fourier Integral Operators associated with I'.
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Lemma

Let A be a Fourier Integral Operator with kernel ke I (X x X,A). If m < -dim X,
then A is of trace-class.
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Lemma

Let A be a Fourier Integral Operator with kernel ke I (X x X,A). If m < -dim X,
then A is of trace-class.

Lemma

Let k(z,y) = [gn @Y gz, y, €)dE be a localization of the Schwartz kernel of an
A€ Apn with a e S™(U xRY) for some m < =N and UCopenX>. Then, ke C(U).
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Lemma

Let A be a Fourier Integral Operator with kernel ke I (X x X,A). If m < -dim X,
then A is of trace-class.

Lemma
Let k(z,y) = [gn @Y gz, y, €)dE be a localization of the Schwartz kernel of an

A€ Ay with a € S™(U xRN) for some m < =N and USopenX 2. Then, ke C(U).
Corollary

There exists a subalgebra Az oS Anr which consists of trace-class operators with
continuous kernels. In particular, if k is the kernel of A € Apr g, then

trA = ./X k(xvx)dVOIX(x) = (k, 5diag)-
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(-regularization

> Let A be an operator algebra.

» Let ApcA be a subalgebra.

» Let 7: Ag — C be a trace, i.e., linear functional such that
Va,ye Ag: 7(zy) = 7(yx).
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(-regularization

> Let A be an operator algebra.
» Let ApcA be a subalgebra.
» Let 7: Ag — C be a trace, i.e., linear functional such that
Va,ye Ag: 7(zy) = 7(yx).
» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and

HQOgopen,connected(C; @[QO](—:AO'
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(-regularization

> Let A be an operator algebra.
» Let ApcA be a subalgebra.
» Let 7: Ag — C be a trace, i.e., linear functional such that
Va,ye Ag: 7(zy) = 7(yx).
» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and

HQOgopen,connected(C; @[QO]QAO'

> Let QSpen,connectedC be maximal satisfying Qoc€2 such that 70¢: g — C has
a holomorphic extension ((¢): Q — C.
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(-regularization

> Let A be an operator algebra.
» Let ApcA be a subalgebra.
» Let 7: Ag — C be a trace, i.e., linear functional such that
Va,ye Ag: 7(zy) = 7(yx).
» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and

HQOgopen,connected(C; @[QO]QAO'

» Let QCSqpen, connectedC be maximal satisfying 20c€2 such that 7o : Qy — C has
a holomorphic extension ((¢): Q — C.

» Is {(¢) holomorphic in a neighborhood of 07 (Want trA := ((¢)(0).)
> Does (0) = (0 imply ¢()(0) = C($)(0)?
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(-regularization for pseudo-differential operators

» Let A =T be the algebra of classical pseudo-differential operators on a
compact manifold X without boundary.

» Let Ag = 9 n Sy (Lo(X)).

» Let 7: Ap — C be the trace tr in S1(L2(X)).
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(-regularization for pseudo-differential operators

» Let A =T be the algebra of classical pseudo-differential operators on a
compact manifold X without boundary.

» Let Ag = 9 n Sy (Lo(X)).

» Let 7: Ap — C be the trace tr in S1(L2(X)).

» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and

VzeC: p(2) ~ > amjiz(2).
j€Np

Then, Qo = Cx(yc dim x-9R(m)-
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(-regularization for pseudo-differential operators

» Let A =T be the algebra of classical pseudo-differential operators on a
compact manifold X without boundary.
» Let Ag = U9 n S (La(X)).
» Let 7: Ap — C be the trace tr in S1(L2(X)).
» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and
VzeC: p(2) ~ > amjiz(2).
j€Np
Then, Qo = Cx(yc dim x-9R(m)-
> tro ¢ has meromorphic extension to C with isolated simple poles.
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(-regularization for pseudo-differential operators

» Let A =T be the algebra of classical pseudo-differential operators on a
compact manifold X without boundary.
» Let Ag = 9 n Sy (Lo(X)).
» Let 7: Ap — C be the trace tr in S1(L2(X)).
» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and
VzeC: p(2) ~ > amjiz(2).
j€Np
Then, Qo = Cx()<- dim x-9R(m)-
> tro ¢ has meromorphic extension to C with isolated simple poles.
» Is ((¢) holomorphic in a neighborhood of 07
> Does ¢(0) =1(0) imply ¢(¢)(0) = ¢(¥)(0)?
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(-regularization for pseudo-differential operators

» Let A =T be the algebra of classical pseudo-differential operators on a
compact manifold X without boundary.
» Let Ag = 9 n Sy (Lo(X)).
» Let 7: Ap — C be the trace tr in S1(L2(X)).
» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and
VzeC: p(2) ~ > amjiz(2).
j€Np
Then, Qo = Cx()<- dim x-9R(m)-
> tro ¢ has meromorphic extension to C with isolated simple poles.
» m ¢ Zs_dgimx = () holomorphic near 0

> Does ¢(0) =1(0) imply ¢(¢)(0) = ¢(¥)(0)?
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(-regularization for pseudo-differential operators

» Let A =T be the algebra of classical pseudo-differential operators on a
compact manifold X without boundary.
» Let Ag = 9 n Sy (Lo(X)).
» Let 7: Ap — C be the trace tr in S1(L2(X)).
» Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and
VzeC: p(2) ~ > amjiz(2).
j€Np
Then, Qo = Cx()<- dim x-9R(m)-
> tro ¢ has meromorphic extension to C with isolated simple poles.
» m ¢ Zs_dgimx = () holomorphic near 0
» m¢Zs—dimx N N €Nogim x40(m)
= ((#)(0) = [y (k(0) = £7o km-;(0)) (z, z)dvolx ()
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» Let A= Ar be an algebra of FIOs.
» Let Ag = Ar ﬂSl(LQ(X)).
» Let 7: Ay — C be the trace tr in S1(L2(M)).
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Let A = Ar be an algebra of FIOs.

Let .A() = .AF N Sl(LQ(X)).

Let 7: A — C be the trace tr in S;(La(M)).

Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and

VzeC: p(2)~ Y amojes(2) € ST (X2 RY),
JjeNp

v

v

v

v

Then, Qo = (CE)‘{(-)<— max{dim X,N}-R(m)"
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» Let A = Ar be an algebra of FIOs.
Let Ap = Ar nS1(La2(X)).
» Let 7: Ap — C be the trace tr in S;(La(M)).
Instead of A € A, consider ¢ : C — A holomorphic such that ¢(0) = A and

VzeC: p(2)~ Y amojes(2) € ST (X2 RY),
JjeNo

v

v

Then, Qo = (CE)‘{(-)<— max{dim X,N}-R(m)-

Let k(z) be the kernel of ¢(z). Then, we want to show that
Q() BV g (k(z),édiag) eC
has a meromorphic extension to C.
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The Black Box Magic Theorem

Theorem (Hérmander Thm 21.2.10)

Let S be a conic symplectic manifold of dimension 2n and Vi and Va conic
Lagrangian submanifolds intersecting cleanly at v € S.

Then, there are homogeneous symplectic coordinates (x,£) at y such that
v=1(0,e1), e1 = (1,0,...,0), and near v

Vi ={(0,)}
V2 ={(0,2",¢’,0)}

where & = (&1,...,&), " = (Tps1, .-, 2p), and k =dim V3 n V.
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The Black Box Magic happening

» [t is possible to write

k() = [, e Da) @€ )e
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The Black Box Magic happening

» [t is possible to write

k() = [, e Da) @€ )e

» There exists a pseudo-differential operator P such that dqiag = Pdo.
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The Black Box Magic happening

» [t is possible to write

k() = [, e Da) @€ )e

» There exists a pseudo-differential operator P such that dqiag = Pdo.
» Hence, there exists a polyhomogeneous «(z) such that

(K(2). baiag) = (PTR(),00) = [ a(=)(€)de
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The Black Box Magic happening

» [t is possible to write

k() = [, e Da) @€ )e

» There exists a pseudo-differential operator P such that dqiag = Pdo.
» Hence, there exists a polyhomogeneous «(z) such that

(K(2). baag) = (PTR(2).00) = [ a(2)(€)de

Remark. This approach appears in various different forms in many publications
by Duistermaat, Greenleaf, Guillemin, Hérmander, Melrose, Uhlmann, ...
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The Black Box Magic happening

» [t is possible to write
k(z) _ [l%k ei<x,’§’)a(z)(l‘",§,>d£,-

» There exists a pseudo-differential operator P such that dqiag = Pdo.
» Hence, there exists a polyhomogeneous «(z) such that

(K(2). baag) = (PTR(2).00) = [ a(2)(€)de

Remark. This approach appears in various different forms in many publications
by Duistermaat, Greenleaf, Guillemin, Hérmander, Melrose, Uhlmann, ...
Remark (Zworski). For trace-class A € Ar there exists a FIO F' such that
trA=tr(F'AF) = [ a.
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Black Box Magic for pseudo-differential operators

Consider a trace-class pseudo-differential operator A with symbol . Then, we have

trd =(($,y) ~ [Rd' N ei(x—y,E)g(x,y,f)dg,5diag>
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Black Box Magic for pseudo-differential operators

Consider a trace-class pseudo-differential operator A with symbol . Then, we have
trd = ((IE, y) ” [RdimX el(x_yé)g(xv y»f)d£7 5diag>

:LAdimX U($,$,§)d£dvolx(g;)
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Black Box Magic for pseudo-differential operators

Consider a trace-class pseudo-differential operator A with symbol . Then, we have
frd = ((IE, y) ” [RdimX el(x_yé)g(xv y,f)dﬁ, 5diag>

:LAdimX U($,$,§)d£dvolx(x)

. /R . fX o(z, z,&)dvolx (z) dé
~a(€)
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A gauged poly-log-homogeneous distribution « is a holomorphic family (a(z)).cc
with an expansion

a=a0+ZaL
el

where
» IcN
» ap(z) € L1(Rs1 x M) for all z in an open neighborhood of Cp.9 where M is a
compact, orientable, finite dimensional manifold without boundary

» Veel 3d, eC 3, eNy I, e CY(C,Li(M)) V(r,v) e Ry x M :

o, (2)(r,v) = 1% (Inr)q, (2)(v)
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:

Furthermore (primarily if I is infinite)
» The family (9(d,)),e; is bounded from above.
» The map I 3¢+ (d,,l,) is injective.
» There are only finitely many ¢ satisfying d, = d for any given d € C.
» The family ((d, = 6)™!),es is in £o(I) for any § e C\ {d,; teI}.
» Each ¥,.; &, (2) converges unconditionally in Li(M).2

'Note, we do not require :(d,) - —co. Vi€ I: 9R(d,) = 42 is entirely possible.
*Unconditional convergence of ¥,.; & (z) in L1(M) may also be replaced by the slightly

weaker, though more artificial, condition ¥,.; ||dL(z)||il(M) < o0.
:
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Example (Classical pseudo-differential operator)

> Let 0 ~ ¥ jen, @m-j be a classical symbol.
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Example (Classical pseudo-differential operator)

> Let 0 ~ ¥ jen, @m-j be a classical symbol.

> gauging 0 ~ 0(2) ~ Xjen, Am—j+2(2)
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Example (Classical pseudo-differential operator)

> Let 0 ~ ¥ jen, @m-j be a classical symbol.

> gauging o ~ 0(2) ~ Ljen, am-j+2(2)

» splitting into trace-class and non-trace-class: I = {j e No; R(m) - j > -dim X'}
» M = OBpdimx

VzeCViel V(r,v)eRoy x M: o(2)(r,v) = [y am-rsz(2)(z, 2, rv)dvolx (z)

ao(2)(rv) = [y o(2)(x,2,7v) = ¥sef Gm-r+2(2) (z, 2, rv)dvol x (z)

v

v
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(-functions of gauged poly-log-homogeneous distributions

Formal computation:

dvolg. . «
/]RleMa(z) VOIR, | x M
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(-functions of gauged poly-log-homogeneous distributions

Formal computation:

a(z)dvol = / ag(z)dvol + [ o, (2)dvol
—[]Rz1><M () Ry1xM Roy <M 0() Ry1xM LEZ; Roy x M L() Rs1xM
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(-functions of gauged poly-log-homogeneous distributions
Formal computation:

a(z)dvol = / ag(z)dvol + / o, (2)dvol
AleM () Ry1xM Roy <M 0() Ry1xM ; Ry x M L() Rs1xM

=:10(2)eC
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(-functions of gauged poly-log-homogeneous distributions
Formal computation:

a(z)dvol = / ag(z)dvol + f o, (2)dvol
AleM () Ry1xM Roy <M 0() Ry1xM ; Ry x M L() Rs1xM

=:10(2)eC

=7-0(z)+2/l%21AaL(z)(r,V)rdidevolM(u)dr

el
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(-functions of gauged poly-log-homogeneous distributions
Formal computation:

a(z)dvol = / ag(z)dvol + f o, (2)dvol
[I.Q21><M () Ry1xM Roy <M 0() Ry1xM ;’ Ry x M L() Rs1xM

=:10(2)eC

=7-0(z)+2/1%1[VIaL(z)(r,V)rdidevolM(u)dr
el 2
=TO(Z)+Z/]1; 1rdimM+d‘+z (Inr)" dr‘[MdL(z)dvolM

el
=, (2) =rresa, (2)eC
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(-functions of gauged poly-log-homogeneous distributions
Formal computation:

AleMa(z)dVOIRzlxM =/RleM ag(z)dvolg,,xnr + ZfRleM a,(z)dvolr,, x 1

vel
=:10(2)eC
=7-0(z)+2f f OLL(Z)(’I",V)TdideVOIM(V)d’I"
el JRa1 IM
=7'0(Z>+Z[ pdim Merditz (1) .yl dr/ &, (z)dvolyy
el YRzt M
—_—
=, (2) =rresa, (2)eC
=10(2) + Y. c.(2)resay (2)
el
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(-functions of gauged poly-log-homogeneous distributions
Lemma

For R(2) < 0: ¢,(2) = (D)4 1,1 (dim M +d, + z+ 1)@ = 5,(2)

Proof.

Use upper incomplete I'-function I'y; to show

(Rop 5y > Tealblodi)ng) ¢ €)' () = 2 (In )’

and then integrate

-[]R21 Tdim M+d, +z (lnr)lb e

O
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Lemma

For every ze Cx{—dimM —d, - 1; te I}, ¥, ¢ (2)resa,(2) converges absolutely.

Proof.
By assumption, (¢,(z)).s € ¢2(I) and ¥,c; @,(z) uncond. conv. in Li(M). By
Theorem (Orlicz)

2 ,pell,2]

p s PERs
Then, ¥jey |75 ||%p converges.

Let peRsq, g = , and ¥ jenT; converges unconditionally in Ly.

we have (resa,(2)),er € lo(I), i.e., (¢,(2)resa,(2)).er € 41 (T).
O
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(-functions of gauged poly-log-homogeneous distributions

Definition

Let o be a gauged poly-log-homogeneous distribution. Then, we define the
(-function ((«) of a to be the meromorphic extension of

(@)() = [ al2)dvolz, .

Le., in an open neighborhood of Cy(.y<o

(~=1)%*1, lresa, (2)
a)(z) = ao(z)dvolgr,  xar + .
¢(a)() »/RZIXM 0(#)dvolgyy g ;(dimM+clL+z+1)l‘+1
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Theorem

((a) is a well-defined meromorphic function on an open neighborhood of Cy(.y<o
and has at most isolated poles of finite order in the set

{-d,-dim M -1; veI}.
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Theorem

((a) is a well-defined meromorphic function on an open neighborhood of Cy(.y<o
and has at most isolated poles of finite order in the set

{-d,-dim M -1; veI}.

Example

For classical pseudo-differential operators: dim M = dim X — 1 and all /, vanish.
Hence, (-functions of psudo-differential operators exist and have at most isolated
simple poles in the set

{-d,-dim X; veT}.
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Definition
Let f(2) = ¥,z an(z—20)™ be without essential singularity at zp. Then we define:
» order of the initial Laurent coefficient: oilc,,(f) := min{n € Z; a,, # 0}

» initial Laurent coefficient: ilc,,(f) := oile., (f)

¢-functions of Fourier Integral Operators: gauged poly-log-homogeneous distributions T. Hartung
e ———————————




Motivation FIO algebras ¢-reg. gplh distribs Laurent exp. Mollification gKV and res trace Stationary phase approx.

[©] 000000000 000000 00000000 ®00000000000 000000000 00000000 0000000000
:

Definition
Let f(2) = ¥,z an(z—20)™ be without essential singularity at zp. Then we define:
» order of the initial Laurent coefficient: oilc,,(f) := min{n € Z; a,, # 0}

» initial Laurent coefficient: ilc,,(f) := oile., (f)

Lemma

Let o =g+ X ,erv, and 8= P+ X e B, be two gauged poly-log-homogeneous
distributions with a(0) = 5(0) and resaj(0) # 0 if I; is the mazimal logarithmic
order with dj = —dim M - 1.

Then, oilco(¢(ev)) = oileg(C(B)) = =1 — 1 and ilco({(a)) =ilco(¢(B)).
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Proof.

Since a(0) = B(0), we obtain that z — y(z) := w is a gauged
poly-log-homogeneous distribution again.

O
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Proof.

Since a(0) = B(0), we obtain that z — y(z) := M is a gauged
poly-log-homogeneous distribution again. Furthermore,

oileg( (7)) > minfoileo(¢(a)), oileo (¢ (B))} =t I = ~I; ~ 1

holds because each pair (d,,[,) in the expansion of v appears in at least one of the
expansions of « or 5.

O
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Proof.

Since a(0) = B(0), we obtain that z — y(z) := M is a gauged
poly-log-homogeneous distribution again. Furthermore,

oileg( (7)) > minfoileo(¢(a)), oileo (¢ (B))} =t I = ~I; ~ 1

holds because each pair (d,,[,) in the expansion of v appears in at least one of the
expansions of « or 5.

This implies that z = 2!¢(7)(2) = 271 (¢(@)(2) = ¢(B)(2)) is holomorphic at zero
(equality holds for $R(z) sufficiently small and, thence, in general by meromorphic
extension).

O
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Proof.
Since a(0) = B(0), we obtain that z — y(z) := M is a gauged
poly-log-homogeneous distribution again. Furthermore,

oileg( (7)) > minfoileo(¢(a)), oileo (¢ (B))} =t I = ~I; ~ 1

holds because each pair (d,,[,) in the expansion of v appears in at least one of the
expansions of « or 5.

This implies that z = 2!¢(7)(2) = 271 (¢(@)(2) = ¢(B)(2)) is holomorphic at zero
(equality holds for $R(z) sufficiently small and, thence, in general by meromorphic

extension).
Hence, the highest order poles of ((«) and {() at zero must cancel out which
directly implies oilco(¢(cr)) = oileg((B)) and ileg(¢(a)) =ileg(C(B)). O
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Lemma

Let o =g+ X ,crv, and 8=y + X e B, be two gauged poly-log-homogeneous
distributions with «(0) = 5(0) and Vee ITul': d, #+ —dim M - 1. Then,
¢(a)(0) = ¢(8)(0).
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Lemma

Let o =g+ X ,crv, and 8=y + X e B, be two gauged poly-log-homogeneous
distributions with «(0) = 5(0) and Vee ITul': d, #+ —dim M - 1. Then,
¢(a)(0) = ¢(8)(0).

Proof.
Again, since a(0) = 3(0), we obtain that z — y(z) := M is a gauged
poly-log-homogeneous distribution and oilcy(¢(7y)) > 0. Hence

(Z L U@)@) - C(ﬁ)(z))

¢(a)(0) = ¢(B)(0) =resg =reso((y) =0

where resg denotes the residue of a meromorphic function at zero.
O
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Definition

Let oo = avg + X, @, be a gauged poly-log-homogeneous distribution and
L,:={tel; d,=-dim M —-1-zy}. Then, we define

fpzo(a) = Z Q, =0p + Z Q.

el 20 velNT. 20
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Definition

Let oo = avg + X, @, be a gauged poly-log-homogeneous distribution and
I,={vel; d,=-dimM —1-z}. Then, we define

fpzo(a) = Z Q, =0p + Z Q.

el 20 velNT. 20

Corollary
C(fpor)(0) is independent of the chosen gauge.
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Theorem (Laurent expansion of ((fp,a))
Let o= ag + Y c7 @, be a gauged poly-log-homogeneous distribution with Iy = @.
Then,
¢(0"a)(0) ,,
(o)) = 3 {0,
neNg n.

holds in a sufficiently small neighborhood of zero.
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Theorem (Laurent expansion of ((fp,a))
Let o= ag + Y c7 @, be a gauged poly-log-homogeneous distribution with Iy = @
Then,
C(0"a)(0) ,,
(o)) = 3 {0,
neNg n.

holds in a sufficiently small neighborhood of zero.

The assertion is a direct consequence of the facts that the n*® Laurent coefficient of

a holomorphic function f is given by o f (0) and

() = 0" [p_pr @ AVOlR, xM = [g_ . pr O dVOlR, xar = (™).
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Theorem (Laurent expansion of ((«))

Let a = ap + ¥ cr @, be a gauged poly-log-homogeneous distribution. Then, (in a
sufficiently small neighborhood of zero)

(-1)*1,1 [, 0", (0)dvol _
VA

)z =2 X

neNg tely n!
Jroixar 9" ao(0)dvolg, xnr
+ Yy = z
n!
nGNo

(-1)bti+l(y, +j)'fM8"_9aL(0)dvolM o
n!(dim M +d, + 1)k+i+l

MDD

neNo elNIp _7 =0
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Weeona(0) (@, x,€) dE dvol
C(Ql)(z): Z foB]RN(O,l)e a( )(33 x 6) ¢ dvo X(x)zn

neNg n!
_1)l+17 ) qn ~
. Z Z (-1) lL'.[A(X)x@BRN e ‘8 a,(0) dvolA(X)xaBRN e
neNg telp n:
.[]R>1><8BRN [ €@ 9a0(0) (2, &) dvolx () dvolg,,xaB,  (€) .
+ ), — ! ¥
neNg n:

n (_1)ZL+j+1(lL +7)! fA(X)XaBRN eiﬁan—jdL(O) dVOlA(X)xaBRN n

+ Z Z Z n!(N+dL)lL+j+1

neNg telNIp =0

where A(X) = {(z,z) e X%, ze X}.
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Definition

If a =ag+ Y1 a, is the amplitude of a gauged poly-log-homogeneous Fourier
Integral Operator 2 with phase function ¢ and 2, the gauged Fourier Integral
Operator with phase function ¢ and amplitude a,, then

res?, (z) := .[BB N _[Xew(x’x’g)&b(z)(x,m,f) dvolx (x) dvolpp,_ (£)-
R
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The Residue Trace (pdo: Wodzicki 1984, Guillemin 1985;
FIO: Guillemin 1993)

Theorem

Let A and B be polyhomogeneous Fourier Integral Operators. Let &1 and &5 be
gauged Fourier Integral Operators with $1(0) = AB and &2(0) = BA. Then,

reso((®1) =reso((B2),

i.e., the residue of the (-function is tracial and A — resoC (1) is a well-defined trace
where A is any choice of gauge for A.
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The Residue Trace (pdo: Wodzicki 1984, Guillemin 1985;
FIO: Guillemin 1993)

Proof.
This is a direct consequence of the following two facts.
(i) resol(®;) = = ,cs, res(B;),(0) is independent of the gauge (j € {1,2}).

(ii) ¢(AB) = ¢ (BA) holds for any gauge 2 of A because it is true for R(z)
sufficiently small.

Hence, resg((B1) = resoC(AB) = respC(BA) = resp(H2).
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:

The (generalized) Kontsevich-Vishik Trace (Kontsevich, Vishik 1994)

Theorem

Let A and B be Fourier Integral Operators. Let &1 and B9 be gauged Fourier
Integral Operators with 1(0) = AB, &2(0) = BA, and Iy = @. Then,

¢(61)(0) = ¢(&2)(0),

i.e., the constant Laurent coefficient of the (-function is tracial and A — ¢ (2A) (0) is
a well-defined trace where 2 is any choice of gauge for A with Iy = @.
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The generalized Kontsevich-Vishik Trace

Definition

The generalized Kontsevich-Vishik trace is defined as
trgy : {AeAp; Ip=a}cAr - C; A~ ((2)(0)

where 2l is any choice of gauge for A.
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» So far, we assumed amplitudes to be integrable on X x Bpn (0,1).
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» So far, we assumed amplitudes to be integrable on X x Bpn (0,1).

» Many classical symbols are not.
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» So far, we assumed amplitudes to be integrable on X x Bpn (0,1).
» Many classical symbols are not.

» How to get (-functions and Laurent expansion for gauged
poly-log-homogeneous distributions on Ryg x M instead of only Rsq x M?
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v

So far, we assumed amplitudes to be integrable on X x Brn(0,1).

v

Many classical symbols are not.

v

How to get (-functions and Laurent expansion for gauged
poly-log-homogeneous distributions on Ryg x M instead of only Rsq x M?

v

Idea: Approximation with distributions we can handle.
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» So far, we assumed amplitudes to be integrable on X x Bpn(0,1).

» Many classical symbols are not.

» How to get (-functions and Laurent expansion for gauged
poly-log-homogeneous distributions on Ryg x M instead of only Rsq x M?

» Idea: Approximation with distributions we can handle.

» We need convergence type such that

(i) sequence of meromorphic germs converges to a meromorphic germ
(ii) local properties are preserved taking limits
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v

So far, we assumed amplitudes to be integrable on X x By~ (0,1).

v

Many classical symbols are not.

v

How to get (-functions and Laurent expansion for gauged
poly-log-homogeneous distributions on Ryg x M instead of only Rsq x M?

v

Idea: Approximation with distributions we can handle.

» We need convergence type such that

(i) sequence of meromorphic germs converges to a meromorphic germ
(ii) local properties are preserved taking limits

» Compact convergence on a punctured ball B¢ (0,¢) ~ {0} will do!

: :
¢-functions of Fourier Integral Operators: gauged poly-log-homogeneous distributions T. Hartung




Motivation FIO algebras ¢-reg. gplh distribs Laurent exp. Mollification gKV and res trace Stationary phase approx.

[©] 000000000 000000 00000000 000000000000 0O®@0000000 00000000 0000000000
: :

Suppose a = a,, i.e., ag =0 and #I = 1. We need to make sense of
[ Tdim M+db+z(ln7‘)l‘d7“.
(0,1)
Introducing a shift h € R,g gives
Ap = f( oy I )
=f(0 : 9 (5> (r + h)dmMdirs) (ygy

=9k (s > [(0 1)(r + h)dimM+dL+Sdr) (2)

)
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(1 + h)dimM+dL+s+1 _ hdimM+dL+s+1
>
dimM+d, +s+1

Ay =0" (s (2)

- i (_1)jj! (1 T h)dimM+db+z+1(ln(l 4 h))lb—j
2 (dim M +d, + 2 +1)7+1

L (_1)jjl . ‘
_ . ‘ hdlrn M+d, +z+1 Inh lL—j.
]Z:(:)(dimM+dL+z+1)J+1 (Inh)
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(1 + h)dimM+dL+s+1 _ hdimM+dL+s+1
>

Ay, ="
n=0|s dimM+d, +s+1 (2)
I, — .7 | . .
- Z ( 1) J: (1 T h)dlmM+db+z+1(ln(l +h))lb_]

2 (dim M +d, + 2 +1)7+1

_ L (_1)J.7' dim M+d, +z+1 (ln h)lL—j
2o (dim M +d, + 2 +1)7*1 ’

> (1+ h)dimMrdirz+l(1n(1 4 p))e=d 5, locally bounded
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: :
A 6lL (1 + h)dlmM+dL+s+1 _ hdlmM+dL+s+1 ( )
h = s = : z
dimM+d, +s+1

- i (_l)jj! (1 T h)dimM+db+z+1(ln(l 4 h))lb—j
2 (dim M +d, + 2 +1)7+1

L (_1)jjl . ‘
_ . ‘ hdlmM+dL+z+1 Inh lL—j.
2%0ﬁmﬁ1+¢+z+1yﬂ (Inh)

> (1+ h)dimMrdirz+l(1n(1 4 p))e=d 5, locally bounded
» pdim Merditz+1 (1 p)L=J - ( locally bounded
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: :
A alL (1 + h)dlmM+dL+s+1 _ hdlmM+dL+s+1 ( )
h = s = : z
dimM+d, +s+1

- i (_l)jj! (1 T h)dimM+db+z+1(ln(l 4 h))lb—j
2 (dim M +d, + 2 +1)7+1

L (_1)jj| . ;
_ . ‘ hdlmM+dL+z+1 Inh lL—j.
2%0ﬁmﬁ1+¢+z+1yﬂ (Inh)

> (1+ h)dimMrdirz+l(1n(1 4 p))e=d 5, locally bounded
» pdim Merditz+1 (1 p)L=J - ( locally bounded

(-1)k,!
(dim M +d, + z + 1)b+1

Ay, pointwise and locally bounded
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Theorem (Vitali)
it (O e, mammsaeiadl s € C¥ (N locally bounded, and let

{#€Q; (fa(2))nen converges}

have an accumulation point in Q. Then, f is compactly convergent.
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Theorem (Vitali)
it (O e, mammsaeiadl s € C¥ (N locally bounded, and let
{#€Q; (fa(2))nen converges}

have an accumulation point in Q. Then, f is compactly convergent.

Corollary

(=1)%1,!
(dim M+d, +z+1)be+1 "

Ay, converges compactly to z —
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Theorem

Y ] Gt ) Iy 7)) e
is compactly convergent for h:=(h,),.; € loo(I;R50) and h ~ 0 in Lo (I) such that
2a) =33 G == = ) =G~ - o= i1 )
P
is uniformly bounded on an exhausting family of compacta as h 0.
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iﬂ(z,w,&)an 0 .z, dé dvol
g(m)(z): Z foB]RN(O,l)e a( )(51; x 6) f VO X(aj‘)zn

nENo n'

>

TLENO LGIO
fR21><aBRN [ €@ a6(0) (2, €) dvoly () dvolg,, xap, x (§) .
+ > — z
’nENo

n (~1)lt+i(g, +j)!fA(X)><aBRN eI, (0) dvolA(x)xdB,x .
z

+ Z Z Z n!(N+dL)lL+j+1

neNg tel\Ip j=0

(_1)lb+1lb!fA(X)xaBRN ew@"dL(O) dVOIA(X)xaBRN

Zn—lb—l
n!
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W8 ora(0)(x, z,£) dg dvol
C(A)(2) = Z prVfBRN(O,l)e a(0)(x,z,£) d¢ dvo X(m)zn

nENo n'

>

TLENO LGIO
fR21><aBRN [ €@ a6(0) (2, €) dvoly () dvolg,, xap, x (§) .
+ > — z
’nENo

n (~1)lt+i(g, +j)!fA(X)><aBRN eI, (0) dvolA(x)xdB,x .
z

+ Z Z Z n!(N+dL)lL+j+1

neNg tel\Ip j=0

(_1)lb+1lb!fA(X)xaBRN ew@"dL(O) dVOIA(X)xaBRN

Zn—lb—l
n!
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Example: |0]" on R/27Z
The operator |9]° has kernel

Ky = 3 [ ekl g

nez

and spectrum o (|9|°) = {|n|*; n € Z} counting multiplicities.
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Example: |0]" on R/27Z

The operator [0]” has kernel
k(2)(z,y) = Y f ei(m-y_gm)g@ "
’ nez 7R 2

and spectrum o (|0|%) = {|n|*; n € Z} counting multiplicities. Hence, for R(z) < -1

trjof” = 3 nf*

nez
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Example: |0]" on R/27Z

The operator [0]” has kernel
k(2)(z,y) = Y f ei(m-y_gm)gg "
’ nez 7R 2

and spectrum o (|0|%) = {|n|*; n € Z} counting multiplicities. Hence, for R(z) < -1

o =3 Inl" = ¢(s~10]")(2) = 2Cr(-2)

nez

where (r denotes the Riemann {-function.
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Example: Mollifying |0]" on R/27Z

Let h € (0,1). Then, (h+|9])* has kernel
{(z-y- h+1€))*
k _ f i(z—y 27m)£(
G- 3 [e " e

and spectrum o((h +(9|)*) = {(h+|n|)?; n € Z} counting multiplicities.
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Example: Mollifying |0]" on R/27Z

Let h € (0,1). Then, (h+|9])* has kernel

kn(2) () = 3 fR 6i(w—y—2wn)€% g

nez

and spectrum o((h +19|)*) = {(h+|n|)?; n € Z} counting multiplicities. Hence, for
R(z) <-1

tr(h+10])" = %(h +[n[)?
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Example: Mollifying |0]" on R/27Z

Let h € (0,1). Then, (h+|9])* has kernel

kn(2) () = 3 fR 6i(w—y—2wn)§% g

nez

and spectrum o((h +19|)*) = {(h+|n|)?; n € Z} counting multiplicities. Hence, for
R(z) <-1

tr(h+|0)* = Y (h+n)* = (s (h+|0)°)(2) = Cu(=2;h) + Cu (=211 + D)
nez
where (g denotes the Hurwitz (-function.
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Example: Mollifying |0|" on R/27Z - convergence

Theorem
Both ¢ (+;h) and (g (+;1+ h) converge compactly on C~ {1} to (g for h x 0.
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Example: Mollifying |0|" on R/27Z - convergence

Theorem
Both ¢ (+;h) and (g (+;1+ h) converge compactly on C~ {1} to (g for h x 0.

Theorem
C(s+ (h+|9])*) converges compactly to ((s+ |0|°) on C~ {-1} for h \ 0.
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Let A € Ar and 2 a gauged Fourier Integral Operator with 2(0) = A. Then, we
define the generalized Kontsevich-Vishik trace trgxyv A of A to be the constant
Laurent coefficient co(¢(21),0) of ((2A) in zero, i.e.,

trKVA:prv fBRN(O,l)em(m’z’g)a(x,x,g) d¢ dvolx (z)

(D" [axywom,y €7 0" 10 (0) dvolax)xom,
(I, +1)!

2
telp

+ fR . /X @28 g (z,2,€) dvoly(z) dvolp,, o,y (€)
>1X RN

(_l)lﬁlu fanBRN ew(m’m’é)&L(fEa z,§) dVOlXxBBRN (z,6)

" (N +d,)i+1

elNIy
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; ;

Example

For a classical pseudo-differential operators A without critical degree of
homogeneity, we observe

_[anB ab(ﬂl,l’,f) dVOlanB N(waf)
. d¢ dvol i £
prV ./BRN(O,l)a (., dS dvolx (@) + N +d,

dvol 1 Lo N+d ld
= a b ) O X ) 1 L t
/anBRN a,(z,z,§) dvolx 3BRN(£L' ) hl\I‘I(lJ‘/h r

Jxxomy @(:2,8) dvolx.op,y (,€)
N +d,
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Example (continued)

For a classical pseudo-differential operators A without critical degree of
homogeneity, we hence obtain

trgvA = /X /]RN @88 o (2, 2, €) dE dvolx ()
J
:fX k- ka_j (z,z)dvolx (x)
7=1

for any J € Nog(m)+dim X -
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This can fail spectacularly for FIOs

This does not happen for general Fourier Integral Operators. Consider phase
(©(z,y),&) such that z —» ©(x,x) € C(X) has no zeros. Then,

fX fR 0@ (g, €)dedvolx () = fX Fla(z,z,))(~O(z, z))dvolx (z)

is well-defined. Choose © and a such that z — F(a(z,z,-))(-O(z,z)) is pointwise
positive to construct a counterexample.
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The critical case - explicitly

» Consider polyhomogeneous multiplicative gauge 2(z) = BQ*.
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The critical case - explicitly

» Consider polyhomogeneous multiplicative gauge 2(z) = BQ*.

> Then Q° = 1-1;0,(Q) where 1(0,(Q) = 5= JoBeo.o) (A - Q)7 'd\ and
Be[0,e] no(Q) = {0}
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The critical case - explicitly

» Consider polyhomogeneous multiplicative gauge 2(z) = BQ*.
> Then Q° = 1-1;0,(Q) where 1(0,(Q) = 5= JoBeo.o) (A - Q)7 'd\ and
Be[0,e] no(Q) ={0}.
» For Iy =@
VkeNg: 9%¢(A)(0) =¢(8"A)(0) = trgy(B(InQ)* Q")
=trgv (B(nQ)Y) - trv (B(In Q) 10(Q))
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The critical case - explicitly

» Consider polyhomogeneous multiplicative gauge 2(z) = BQ*.
> Then Q° = 1-1;0,(Q) where 1(0,(Q) = 5= JoBeo.o) (A - Q)7 'd\ and
Be[0,e] no(Q) ={0}.
» For Iy =@
VkeNg: 9%¢(A)(0) =¢(8"A)(0) = trgy(B(InQ)* Q")
=trgv (B(nQ)Y) - trv (B(In Q) 10(Q))

> For Io # @ fp2l:=2A - 1, A, fpC(A) = ¢(fpA) + PN fX fB(O,l) 6i19a“ and
trp () = fpC () (0)
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» Let ¢ (Q) be the coefficient of the 'Z—l: term in the Laurent expansion of ((21).
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» Let ¢ (Q) be the coefficient of the ’Z—lf term in the Laurent expansion of ((21).
» Then

ex(Q) =fpC (0"2) (0) = —res (8’“”91) (0)

=try, (B(an) QO) —res (B(an)k+1Q0)

+1
=try, (B(InQ)F) - try, (B(ln Q)"110,(Q)) - Tres (B(ln@)**).
| ¢-functions of Fourier Integral Operators: gauged poly-log-homogeneous distributions T. Hartung |
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» Let ¢ (Q) be the coefficient of the ’Z—IT term in the Laurent expansion of ((21).
» Then

cr(Q) =fp¢ (9*21) (0) -
=tTy, (B(ln Q) QO) Tl (B(ln Q)k+1QO)
~try, (B(InQ)") - try, (B(ln Q) 10}(Q)) -

Tres (8]“19[) (0)

res (B(InQ)"*1).

+1

» If Q is invertible and Q' is another invertible and admissible, then
co(Q) - co(Q") = —res (B (InQ - 1n Q"))
and since ¢()(0) =0
trip ([B,CQ™)|,_, = res ([B,C Q).
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Theorem (Guillemin)

Let Ar be an algebra of classical Fourier Integral Operators. Then, the residue-trace
of A € Ar vanishes if and only if A is a smoothing operator plus a sum of
commutators [ P;, A;] where the P; are pseudo-differential operators and the A; € Ar.

Theorem (Guillemin)

Let T' be connected. Then, the commutator of Ar is of co-dimension one in Ap
modulo smoothing operators.
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; ;

These theorems (and the corresponding theorems for smoothing operators) yield
the following table assuming that the residue trace resg o ¢ is non-trivial and
unique, and Ar = () + ([Ar, Ar]) + {smoothing operators} for some 2 € Ar with
respC(2A) # 0.

Ip+@ Iy=0o
resoC(A) #0 resoC(A) =0 | (A)(0) %0 C(A)(0)=0
A=A+ S+Y, O
Ci € [AF,AF]
o = (resoC () resoC (A)
S smoothing

A=S+¥5,C
Ci € [Ar, AF]
S smoothing

A= 25'21 Cz'

C; commutators
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» Want to compute I(z,y,7) = [55

RV

@Y G (2, y, f)dvolaBRN 6
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» Want to compute I(z,y,r) := faB]RN e”ﬁ(“’y’ﬁ)d(x,y,f)dvolaBRN €39)

» (z,y) off critical manifold <= V&€ dBgn : 939(z,y,&) #0
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» Want to compute I(z,y,r) := faBRN e"ﬁ(””’y"f)&(:c,y,f)dvolaBRN €39)

» (z,y) off critical manifold <= V&€ dBgn : 939(z,y,&) #0
(0se”,a039),

> 636ir19(z7y5§) = ireirﬁ(x7y7§)a3/l9(m, y, 6) = ei"’ﬂd = - 5
ir(| 0395y vy
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o] 000000000 000000 00000000 000000000000 000000000 00000000 9000000000
: :

@Y G (2, y, §)dvolap,  (£)

» Want to compute I(z,y,7) = [55

RN

» (z,y) off critical manifold <= V&€ dBgn : 939(z,y,&) #0
. . . 9™ ads0)
ird(z,y,E) _ ;. ird(x,y,€) ird s _ ( 3 O3 0 (N)

> Ose e O50(,y,8) = e"a = —pie e

> Let Dd(x, y’ 6) = 8* &(m7y7§)a30(x7y7£) . Then

3 1059 (2,9,9) 17, ()

1 ird(x n ~
VneN: I(z,y,r) Gy faB e Y@ Op a(z,y,&)dvolop, \ (£)
R

”Dna”Lm(XxanBRN)

= 1y, < =

» Hence, kernel off critical manifold: k = wa pNHELL(C L )dr e C°
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; ;

Lemma (Morse’ Lemma)

Let (20,v0,&0) € X x X x OBgn be stationary (0gp¥(xo0,y0,&0) =0) and

8359 (x0,v0,€0) = 85 (V] xxxx0B,x ) (0, %0,&) € GL (RN ).

Then, there are neighborhoods USopenX x X of (20,y0) and VCopenOBrn of & and
a function € e C®(U, V) such that

V(2,y,6) eUxV: Bopd(2,4,6) =0 <= £=E(x,y).
Furthermore, there is a function ne C* (U xV, RN) such that
. - 2
V(w,y,8) eUxV: n(2,9,6) - (6~ &) € O ([l = €@, ), )

and O3n (x,y,é(x,y)) =1=idgn.
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Corollary

Let ¥ be as in Morse’ Lemma. Then, stationary points of 9(x,y,-) are isolated in
OBgn~. In particular, there are only finitely many.
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; ;

Corollary

Let 9 be as in Morse’ Lemma. Then, stationary points of 9(x,y,-) are isolated in
OBgn~. In particular, there are only finitely many.

Hence, we may assume that
S :
k(x,y) = Z[ 6119($7y,£)a$(x7y7§)d§
5=0 RN

where a° has no stationary points in its support and each of the a® has exactly one
branch (x,y,£%(x,y)) in its support. As we have already treated the a® case, we
will assume, without loss of generality, that a is of the form of one of the a®.
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o] 000000000 000000 00000000 000000000000 000000000 00000000 000@000000
: :

» Define 9 := ¥ (m,y,g(x,y)), O(z,y) = 0359 (x,y,é(m, y)) and nyp the spherical
part of n (polar coordinates). Then, (Corollary of Morse’ Lemma Proof)

I(wy,r)= [ e a(a,y,)dvolap, x (€)
R

_eir? f 5O won @y mon v 4 (2, y, ) dvolo, , ().
dBgn
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Motivation FIO algebras ¢-reg.
000000000 000000 00000000

[©]

» Define 9 := ¥ (a:,y,f(x,y)), O(z,y) := 9250 (x,y,é(:c, y)) and nyp the spherical
part of n (polar coordinates). Then, (Corollary of Morse’ Lemma Proof)

eirﬁ(%yvg)a(x, Y, g)dVOIBBRN (6)

I(z,y,r) = -
R
“"19[ 150 y)nap (2.y,€)mop (%,9,€)) N - ta(x, y, €)dvolap , (€).
BBRN R

» Let 0: RY™! - 9Bgn be a stereographic projection with pole —£(x, %)
10 (2,y,€) = nop(x,y,0(£)), and ag(z,y,€) := a(z,y,0(€))\/det (o’ (€)' (€))

Then,
I(z,y,7) iy faB o380@y)non (2.y.6).mos (2.9.6)) ey (- Va(z,y,&)dvolyp N(g)
RNV

:
T. Hartung

’L"f"l? E(@(%y)ﬂo(%y,ﬁ)ma(%yvg))
AN e ) (N-1) g, (l‘ v, )df
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> 83170(.7:,y,§) = 83778B($’y; O'(f))O',(f) and 0377A(x7y7é(may)) =1= id]RN =
ne(z,y,-) invertible in neighborhood of ¢ (§(w,y)) =0

¢-functions of Fourier Integral Operators: gauged poly-log-homogeneous distributions T. Hartung
e ——————————




Motivation FIO algebras ¢-reg. gplh distribs Laurent exp. Mollification gKV and res trace Stationary phase approx.
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> 83770'($a y?&) = 837783(377?% O'(f))O',(f) and a?ﬂl(:%:g,é(m,y)) =1= id]RN =
ne(z,y,-) invertible in neighborhood of ¢ (f(w, y)) =0

» Assume a, has support in such a neighborhood and define

a(z,y,§) = aa(w,y,na(w,y)_l(ﬁ))\/det (o (2, 9)™)" (©)* (o (2,9)71)" (€))
Then

I(z,y,7) :eirﬁ AN_I ei%(@(m’y)£’£)£2(N‘1)C~L(.’IJ,y,§)d§.

:
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; ;

> 83770-($, y?ﬁ) = 8377(93($7ya O'(g))O',(é) and 8377A(I7y7é(may)) =1= id]RN =
ne(z,y,-) invertible in neighborhood of ¢ (f(:v, y)) =0

» Assume a, has support in such a neighborhood and define

a(z,y,§) = aa(w,y,na(x,y)_l(ﬁ))\/det (o (2, 9)™)" (©)* (o (2,9)71)" (€))
Then

I(z,y,7) :eirﬁ AN_I ei%(@(z’y)g’g)h(]v‘l)d(.’l:,y,§)d§.

> ]:(5 s i3 (rO(@y)EL) )({) - |detO (2, y)| 3 o asen(0(z,y)) g-iz((ro(z,y)) L)
where sgn(©(z,y)) is the number of positive eigenvalues minus the number of
negative eigenvalues of O(z,y).

: :
¢-functions of Fourier Integral Operators: gauged poly-log-homogeneous distributions T. Hartung




Motivation FIO algebras ¢-reg. gplh distribs Laurent exp. Mollification gKV and res trace Stationary phase approx.

o] 000000000 000000 00000000 000000000000 000000000 00000000 00000@0000
: :

fRN e 15988 ()dg =const. f e 30O ) £ () de
i I
=const. Z ]' fRN ) (—5 @ '¢, f)) Fsa(§)d§

JjeNo

=const. Z i RN ) ( —% 183,83>)J &) (&)d¢

jeNg J
and with
[ Fr©de= [ O0Ff©)ds = @mEF (FF) (0) = 2m)E £(0)
we obtain
L 21\ 7+ _1imeon —i)ird j
[ €80 9aeyie = (1) T ety E e 9%0%(@ 195,05’ a(0).
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: :

Hence, defining

N-1 1 i
27) 2 |det®O(z,y)| 2 e'15en0(z,y) B .
h](x,y) Z:( ) | ‘]('(2:';))‘1 <6(fl}',y) 183,83)J a(.’L‘,y,O)

we obtain

k(x,y):f rN+d_1(1nr)lf eim(m’y’g)ao(x,y,£)dvolaBRN(§) dr
R>0 aBRN

S - > ; AS
+y > hi (@, y) ‘éw 7“‘“%_7(1111")%:””19 @9) qp.

s=1jeNy

Remark. The evaluation of (@(m,y)‘lag, 83)j a(zx,y,-) at zero yields an evaluation
at £(x,y) undoing all the changes of variables (stereographic proj. with pole —€).
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: :

For [ = 0:

Vq e C%(-)>—1 Vs e (Cg{(,)>0 : —é tlestdt = F(q + 1)S_q_1
>0
and meromorphic extension

fR p 5t i i @) g (d + N
>0

1 _N+1
_]) g ML (ﬁS(x y)+20) 2 +J
whenever d + 2= N+1 —-jeC~ (-Np) and, for I € Ny,
f 4 (Inr)! im0 @) g =g (z > f rq”emgs(m’y)dr) (0)
R>0 R>O

=0 (2= T (g + 14+ 2) i1 (0*(a,) +i0) ) (0).
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o] 000000000 000000 00000000 000000000000 000000000 00000000 0000000080
: :

For ¢ € Ry, ¢ € -N, and [ € Ny, we obtain (lots and lots of fun with the Laplace
transform later)

a(1 l—srd
fR>0r (Inr)’e r

-T'(z+1)
2mi(—q - 1)!

s=—i0% (2,y)+0

A fcﬂR (=0) " (e +Ino) (s— o) * tda | (0)

s=—i0% (z,y)+0
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Theorem

Let all assumptions above be satisfied and

o (z W T (g + 1+ 2)971+2 (ﬁs(a:, y) + iO)_q_l_Z) (0) , ¢geC~(-Np)

S
95 (2, 9) =y D(z+1) (=) Y (ca+Ino)
|z 2mi (—q)! fc+zR u;(m y):-O UZ+1 (0) , 4 € _NO
with q :=d, + M —j, c€Ryp, and some constant ¢, € C. Then,

. S
Kew) = [ OO @y, e+ TS 3 B (a.0)a} (@),

vel 5=17€eNg
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