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Feynman’s alternative formulation of quantum mechanics

the double slit experiment

» interference pattern
» superposition principle

> probability density P = |®; + ®|? (®; quantum mechanical amplitudes)
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Feynman’s alternative formulation of quantum mechanics
more slits

probability density P = |Zj <I>j|2 = |Zp€pa,ths @y ’
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Feynman’s alternative formulation of quantum mechanics
more slits

probability density P = ‘Zj <I>j|2 = |Zpepaths @y ’

Feynman

Let S¢ be the classical action. Then

Vp e paths: @, =exp (%Scl(p))
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Feynman’s alternative formulation of quantum mechanics

v

number of slits — oo

v

size of / distance between slits - 0

» continuous paths

v

~ inductive limit

Feynman path integral

Propagator of a particle moving from (¢, xg) to (t1,21):

i
K(t ot = -5 D
(b1, @150, 0) pepaths((to,zo)e(tl,xl))eXp(h ap )) v
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Schrodinger equation and time evolution

» time evolution:

K(t,z;t' ") = (64, U(t,t')0u)
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Schrodinger equation and time evolution

» time evolution:
K(t,z;t' ") = (64, U(t,t')0u)

> “Schrodinger” equation

QK (t,2:1 2 = <5m, —H U@,
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Schrodinger equation and time evolution

> time evolution:
K(t,z;t',2") = (65, U(t,t")d)
> “Schrodinger” equation
DK (t,z:t 2" = <5m, ;H(t)U(t,t’)dﬂ)
» Hamiltonian formulation (state vector )

—1

0(0) = Uy = texp (5 [ H(s)ds) o)
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Partition function

Consider a time torus of length T'. Then (for the state vector 1)

¥(0) =¢(T) = U(T,0)¥(0).
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Partition function

Consider a time torus of length T'. Then (for the state vector 1)

¥(0) =(T) = U(T,0)¥(0).
= partition function (statistical properties of thermal equilibrium)

Zp = trU(T,0).
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Observables and their vacuum expectation values

Given an observable €, its toroidal vacuum expectation is given by

_tr (U(T,0)9)

()
Zr
tr (U(T,0)Q)
tr U(T,0)
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Observables and their vacuum expectation values

Given an observable €, its toroidal vacuum expectation is given by

_tr (U(T,0)Q)
—
_tr (U(T,0)Q)
~ tr U(T,0)

(Q)r

Recover vacuum expectation of €2 using the thermal limit
(Q) == lim (Q)7.

T—oo
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Observables and their vacuum expectation values

Given an observable €, its toroidal vacuum expectation is given by

" (U(T,0)Q)
—
" (U(T,0)Q)
- w'U(T,0)

(Q)r

Recover vacuum expectation of €2 using the thermal limit
(Q) == lim (Q)7.

T—oo
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a new path integral

Definition

Let &7 be a gauged family of operators with
&7(0)=U(T,0).

Then we define

(Q) - lim C(®TQ)

T
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Topological rotor

mass M
» J:= MR?
» generalized momentum: p = JOyp

» Hamiltonian: H = g—J

» topological charge: Q = % jOTg
» topological susceptibility:

. 2
Xtop = lim7_, e %
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Topological rotor

mass M
» J:= MR?
» generalized momentum: p = JOyp

» Hamiltonian: H = g—J

» topological charge: Q = % jOTg
» topological susceptibility:
. 2
Xtop = lim7_, e %

1

Energy gap: AFE = 27T2Xtop =57
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Spontaneous Symmetry Breaking
» scalar fields o', ..., "
» Hamiltonian: H(¢!,..., ")
» partition function: Zr(p) = ((exp (%2 jOT H(go)(t)dt) g) (0)
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Spontaneous Symmetry Breaking

» scalar fields o', ..., "

» Hamiltonian: H(¢!,..., ")

» partition function: Zr(p) = C(exp (%2 jOT H(go)(t)dt) g) (0)
» effective potential: Zp(p) = exp (—z' f[O,T]xX VeT(go)d(t,x))
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Spontaneous Symmetry Breaking

» scalar fields @?,..., ©F

» Hamiltonian: H(¢!,..., ")

partition function: Zr(p) = C(exp (%Z fOT H(go)(t)dt) g) (0)
effective potential: Z7(p) = exp (—i f[o,T]xX VeT(go)d(t,x))
we are looking for constant wé that locally minimize

¢(exp(F o H(po)(®)dt)g)(0)
Ve (o) = -iiﬁé%{) = ( (h SiTvol(OX) ) )

v

v

v
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Spontaneous Symmetry Breaking

» scalar fields @?,..., ©F

» Hamiltonian: H(¢!,..., ")

» partition function: Zp(p) = C(exp (%Z ffH(go)(t)dt) g) (0)
» effective potential: Zp(p) = exp (—i f[o,T]xX VeT(go)d(t,x))
» we are looking for constant ¢, that locally minimize

¢(exp(F o H(po)(®)dt)g)(0)
Ve (o) = -iiﬁéf&) = ( (h fiTvol(OX) ) )

> goé are vacuum expectation values of the ¢’ (in the limit 7" — oco)
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Spontaneous Symmetry Breaking

» scalar fields @?,..., ©F

» Hamiltonian: H(¢!,..., ")

» partition function: Zp(p) = C(exp (%Z fOTH(go)(t)dt) g) (0)
» effective potential: Zp(p) = exp (—i f[o,T]xX VeT(go)d(t,x))
» we are looking for constant ¢, that locally minimize

¢(exp(F o H(po)(®)dt)g)(0)
Ve (o) = -iiﬁéf&) = ( (h iJiTvol((;() ) )

> go% are vacuum expectation values of the ¢/ (in the limit 7' — oo)
» (0;0;VI(¢0))ij self-adjoint ~ eigenvalues are squared field masses (in the
limit 7' — o)
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Spontaneous Symmetry Breaking - the ¢* model

2 2
» Hamiltonian: H = [, & - % -Eo?+ %¢4da:

» vacuum expectation values: g = i\/§ I

» field mass: /2
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Spontaneous Symmetry Breaking - the ¢* model
» Hamiltonian: H = [ %2 -5 - 7290 + jgo4da:

. . _ 6
» vacuum expectation values: g = ﬂ:\/; 7

» field mass: /2

gauge dependence of Zp

The partition function
—i rT
21(¢) =¢ (e (3 [ H@W®t)s) (0),
and thus V!, is independent of the particular choice of gauge g.
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Free Radiation Field (QED without matter)

> electromagnetic field strength tensor F),, := 9,4, - 0,4,
» Lagrangian £ = —%FWFW - %(8“14“)2
» Lorentz gauge 0, A" =0
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Free Radiation Field (QED without matter)

> electromagnetic field strength tensor F),, := 9,4, - 0,4,
» Lagrangian £ = —%FWFW - %(8#14“)2

» Lorentz gauge 0, A" =

» conjugate momenta: 70 = = -0, AF, 7l = DTAY — 90 AT
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Free Radiation Field (QED without matter)

vV v v v Vv

electromagnetic field strength tensor F),, := 0,4, - 0, A,
Lagrangian £ = —%FWFW - %((%A“)Q

Lorentz gauge 0,A" =0

conjugate momenta: ¥ = -9, A", n7 =91 A" - 9 A
quantization of field and momentum on (R/XZ)3

RO al

— S (p) (a’\ (p)e X P2)ea) 4 gt (p)Te—%(p,m)ez(s))
peZ3~{0} 2 ||P||z2(3) Aed

™(z) = Z ; ||p||£2(3) Z( ") (p)( )‘(p)e “{(D2)ey) _ g (p)’re Zipa )42(3))

peZ3 Aed

A

where a?, a* annihilation/creation op.s, and e are polarization 4-vectors
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» Choose €° timelike, €3 longitudinal, and ¢!, €2 transversal
(VAe{l,2}: Ef}p“ =0), i.e., for 4-momenta (||p[,p) o< (1,0,0,1): e* = (Ix 1) ues
and all other cases arise using the corresponding Lorentz transform
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» Choose €° timelike, €® longitudinal, and ¢!, €2 transversal
(VAe{l,2}: Eﬁp“ =0), i.e., for 4-momenta (|p|,p) o< (1,0,0,1): e* = (0 ,) pes
and all other cases arise using the corresponding Lorentz transform

> to incorporate 0, A" =0 (Gupta-Bleuler formalism): decompose A, into

An(x)= Y Z eA(p)at (p)e X P

peZ3~{0} 2 Aed

A(x)= > S e (p)at (p)fe X (e

peZ3:{0} Hp Aed
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» Choose €° timelike, €® longitudinal, and ¢!, €2 transversal
(VAe{l,2}: Eﬁp“ =0), i.e., for 4-momenta (|p|,p) o< (1,0,0,1): e* = (0 ,) pes
and all other cases arise using the corresponding Lorentz transform

> to incorporate 0, A" =0 (Gupta-Bleuler formalism): decompose A, into

An(x)= Y Z eA(p)at (p)e X P

peZ3~{0} 2 Aed

A(x)= > S e (p)at (p)fe X (e

pGZ?’\{O} ”p Aed

> state [1)) is physical : &= 0' A [¢) =0
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» Choose €° timelike, €® longitudinal, and ¢!, €2 transversal
(VAe{l,2}: Eﬁp“ =0), i.e., for 4-momenta (|p|,p) o< (1,0,0,1): e* = (0 ,) pes
and all other cases arise using the corresponding Lorentz transform

> to incorporate 0, A" =0 (Gupta-Bleuler formalism): decompose A, into

Z eA(p)at (p)e X P

2 Aed

A= ¥

peZ3~{0}
A= Y ” Z eh(p)at(p)le K e
peZ3~{0} TP Xea

> state [1)) is physical : &= 0" A} [¢)) =
» this ensures V¢, physical: (p|d,A" ) =0
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» consider Fock space basis of the form |i1)|p) with |[¢r) transversal and |p)
containing longitudinal and timelike photons
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» consider Fock space basis of the form |i1)|p) with |[¢r) transversal and |p)
containing longitudinal and timelike photons

» Gupta-Bleuler quantization = (a®(p) — a®(p))|p) = 0, i.e., any state containing
a timelike photon with momentum p also contains a longitudinal photon with
momentum p
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» consider Fock space basis of the form |¢7) |p) with |¢pp) transversal and |p)
containing longitudinal and timelike photons

» Gupta-Bleuler quantization = (a®(p) — a®(p))|p) = 0, i.e., any state containing
a timelike photon with momentum p also contains a longitudinal photon with
momentum p

» Hamiltonian

Hoy = / ROA, — Ldvol
0 (R/XZ)37T 0y VO

T 3. .
_ Z 2 )|(|'p|| (—ao(p)TaO(p) " Zaj(p)TaJ(p))
j=1

peZ3~{0}

2w 20 ;
- > S o)
peZB3<{0} j=1
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> mod pairs of timelike /longitudinal photons: single particle states
. j) = (p)"10)

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
e




The Feynman path integral Examples Physicality
0000000 000000800000 0000000000
; ;

> mod pairs of timelike /longitudinal photons: single particle states
. j) = (p)"10)
> model them on H; := Ly ((R/XZ)3,C?)

pa() = e (L 02

(
) :%% o (g (.0 ((1))
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» mod pairs of timelike/longitudinal photons: single particle states
1 2mi
7/’11,1(37) =\/F eXp (7(2‘)7 m)fz(-?)))

I, 5) =’ (p)"|0)
1
)
Vo) = 211

» model them on H; := Lo ((R/XZ)3, (CQ)
1
ﬁ €xXp (T@’ m)@(3)) (1)

» = up-to-one-particle Hamiltonian

e}

H = |V|idce
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> up to N particles: |(p1,41), -, (PN, in)) = [p1,41) ® ... ® [py, jn) in S®N, Hy
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» up to N particles: |(p1,1),-.., (PN, JN)) =|P1,71) ® ... ® |pN,jN) In S®jj\il H1
» Hamiltonian acts diagonally

N (k-1 N
HsN=Z(®idH1)®H$1®( ® id’)—tl)
k=1

m=1 m=k+1
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> up to N particles: |(p1,41), -, (PN, in)) = [p1,41) ® ... ® [py, jn) in S®N, Hy

» Hamiltonian acts diagonally

N (k-1 N
HsN=Z(®idH1)®H$1®( ® id’)—tl)
k=1 \m=1 m=k+1

> Symbol of Hey: ¥4 [€n e (3) idc2

:
T. Hartung
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» up to N particles: |(p1,1),-.., (PN, JN)) =|P1,71) ® ... ® |pN,jN) In S®jj\il H1
» Hamiltonian acts diagonally

N (k-1 N

HsN = Z (® id?-tl) ®H$1 ® ( ® id’)—tl)

k=1 \m=1 m=k+1

> Symbol of Hey: ¥4 [€n e (3) idc2
. . N

> time evolution: U = e THsN o ¢ Z"=1"£””42(3)id<cz
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. N 2.
lim (Hon)e(z) = lim i f(RS)N tr (G_ZT Znea ] S 1€l Tz [1€ml ld(c2) dg§
im (Hey)s(2) = lim lim

N NowTooe [ tr (e TERled I 6" ide: ) dé

N N —iT¢ +0
o E T fpe e e 5 dn
~ AL N —iT[&m |
N—oo T—o0 I -1 fRS € mlieg(3) ||§m”;2(3) dé-m
. i NfR>0 et pz+3 g
= um 1m -
N—ooT—o0 -[R>O e—lTTTaZ+2dT,

NT(z+4)(GT)>™4 o,

= lim lim

N—o00 T—o0 F(Z + 3)(1T)_Z_3

o<

S=
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Lattice QFT
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Lattice QFT

Z - fR exp % f Lagrangian(p) dvoluniverse | a*(p)dp
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Lattice QFT

Z - fR exp (% f Lagrangian(p) dVOluniverse) a®(p)dp

Lattice QFT: Wick Rotation

; 1
Z;Z’W“’k = fR _exp (_E f Lagrangian(p) dvoluniverse) aQ(p)dp
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“(-Lattice QFT”
(i) write down your LQFT

Zr = fR exp(% f Lagrangian(p) dvoluniverse) aS(p)dp
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“(-Lattice QFT”
(i) write down your LQFT

Z - fR exp(% f Lagrangian(p) dvoluniverse) aS(p)dp

(ii) and gauge it

1 .
erp)(z) = []R{ _exp (E f Lagrangian(p) dvoluniverse) aQ(z)(p)dp
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“(-Lattice QFT”
(i) write down your LQFT

Z - fR exp(% f Lagrangian(p) dvoluniverse) aS(p)dp

(ii) and gauge it

Zr?(z) = /]R{ _exp (% f Lagrangian(p) dvoluniverse) aQ(z)(p)dp

(iii) construct distributionally equivalent family of Fourier Integral Operator
“traces”

28 (2) = holomorphic + > f

ird(§),.duotz  Q
et (2)(€) dr d
el OBgn /]R;O 2 ( )(5) E
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“(-Lattice QFT”

(iv) if physics is nice, you're probably in the || > 0 case
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“(-Lattice QFT”

(iv) if physics is nice, you're probably in the || > 0 case

(v) compute Laplace transform

; I'(d,+z+1)
wrd (&) dL+zd _ L
/1;0 € r T (_iﬁ(g))dﬁzﬂ
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“(-Lattice QFT”

(iv) if physics is nice, you're probably in the || > 0 case

(v) compute Laplace transform

; I'(d,+z+1)
wrd (&) dL+zd _ L
/1;0 € r T (_iﬁ(g))dﬁzﬂ

(vi) and enjoy the remaining (fully regular) integrals

o0, . _a(0)(©)
Z7(0) = holomorphic(0) + ;F(db +1) faBRn (=i (€))% dg
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> Let ¥ be the vacuum of a QFT and A an operator. Then in some Hilbert
space H

(A) = (Yl AlY).
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> Let ¥ be the vacuum of a QFT and A an operator. Then in some Hilbert
space H

(A) = (Yl AlY).

» We need to show that (A) = limp_ e (?qu@[;) (0)=(A)g.
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> Let ¥ be the vacuum of a QFT and A an operator. Then in some Hilbert
space H

(A) = (Yl AlY).

» We need to show that (A) = limp_,e CC(?UQZ;) (0) =(A)s.
» Discretization: (P,)ney sequence of orthogonal projectors with P, ~ 1

strongly and Vn e N: dim P,[H] =n

:
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v

v

v

Let ¢ be the vacuum of a QFT and A an operator. Then in some Hilbert
space H

(A) = (Yl AlY).

We need to show that (A) = limp_,e CC(?UQZ;) (0) =(A)s.

Discretization: (P,)nen sequence of orthogonal projectors with P, ~ 1
strongly and Vn e N: dim P,[H] =n

¥y, vacuum in Pp,[H] (minimizes (| H [t,) in P,[H] where H is the
Hamiltonian)
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> Let ¥ be the vacuum of a QFT and A an operator. Then in some Hilbert
space H

(A) = (Yl AlY).

» We need to show that (A) = limp_,e CC(?UQZ;;) (0) =(A)s.

» Discretization: (P,)ney sequence of orthogonal projectors with P, ~ 1
strongly and Vn e N: dim P,[H] =n

> 1), vacuum in P,[H] (minimizes (¢y,| H [¢,) in P,[H] where H is the
Hamiltonian)

» if discretization useful: limy, oo (1| A|tn) = (A)

: :
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» For US(z)A and UB(z) trace-class
tr(UB(2)A)  tr(UG(2)A) Z (V| B(2)AlY)

w(US(2)) z  w(U6(2)  (v&(2) )
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» For US(z)A and UB(z) trace-class
tr(UB(2)A)  tr(UG(2)A) Z (V| B(2)AlY)

w(US(2)) z  w(U6(2)  (v&(2) )

» to show:

(i) 2z~ % compactly convergent on an open, dense, connected subset of C

sy (UnlB(2)AlYn) | tr(US(2)A)
(11) (w”gfz)lwn) id ;(U@(Zz)) for %(z) <0
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» For US(z)A and UB(z) trace-class
tr(UB(2)A)  tr(UG(2)A) Z (V| B(2)AlY)

w(US(2)) z  w(U6(2)  (v&(2) )

» to show:
i (¥n|6(2) Alppn)
) e ST
3 n z n T z
(11) (n|® (2)[tn) id (U6 (2)) for S)f{(z) <0
» consider densely embedded Hilbert space H1 in H (e.g., W¥ in Ly) with

VneN: P,[H]cH, and let @, be the orthogonal projector onto P,[H] in H;.

compactly convergent on an open, dense, connected subset of C

: :
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; ;

» For US(z)A and UB(z) trace-class
tr(UB(2)A)  tr(UG(2)A) Z (V| B(2)AlY)

w(US(2)) z  w(U6(2)  (v&(2) )

> to show:
(i) 2z~ % compactly convergent on an open, dense, connected subset of C

sy (UnlB(2)AlYn) | tr(US(2)A)
(11) (¢n|®(zz)|1/in) id ::'r(U@(Zz)) for S)f{(z) <0

» consider densely embedded Hilbert space H1 in H (e.g., W¥ in Ly) with
VneN: P,[H]cH, and let @, be the orthogonal projector onto P,[H] in H;.

» discretized Hamiltonian H,, := P, HQ,,, observable A,, := P, AQ,, time
evolution U, := texp (—i fOT PnH(s)Qnds)

: :
¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Lemma
Let Ae L(Hi,H). Then

VeeH,: lim P,AQ,x = Ax.
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; ;

Lemma
Let Ae L(Hi,H). Then

VeeH,: lim P,AQ,x = Ax.

Lemma
Let Be L(H), Ae L(H1,H). Then

VeeHy: lim P,BQ,P,AQ,x = BAx.

: :
¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Theorem

Let H be the Hamiltonian, i.e., Vs €[0,T]: H(s) is a self-adjoint operator, each

—-H(s) generates a Cy-semigroup, and there exists Eo:= mino(H(s)) such that Ey

is in the point spectrum, ker(H(s) — Ey) is independent of s, and

JeeRyo Vs€[0,T]: B(Eo,e)no(H(s))={Eo} (in other words, the QFT has a

mass gap). Then the following are true.

(i) Let A be self-adjoint in H. Then P,AQy, is self-adjoint on (P,[H], (-, )x). In
particular, P,H(s)Qy, is self-adjoint.

(i1) Let ¢ be the vacuum state (i.e., an eigenvector with respect to Ey) and 1, the
vacuum state of P,H(s)Q, in P,[H]. Then

T (Y, P (5)Qnthn) e = i (16, P (5)Quth )t = (8, H (3)8)31 = Fo.

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Theorem (continued)

(iii) Let H := H(s) - Ey. If the vacuum is non-degenerate, i.e., ker H = lin{t}, then
(iv) Let the vacuum be non-degenerate and A € L(H1,H) be such that the sequence

([l A%n |4y ) nen is bounded and +p € D(A*) where A* is the adjoint of A as an
unbounded operator in H. Then

(¢n7Awn>’H = (¢n, PnAQn'(pn)'H = <¢,A1/J)H

and

:
¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung




The Feynman path integral Examples Physicality
0000000 000000000000 0000080000
: :

Lemma
Let p € Ryy U {oo} and A€ Sp(H1,H). Then |PrAQn - Al g, (3, 3y > 0 and hence

| PrAQn = Al L34, 20) = O as well.
(AeSp,(Hi,H) : <= A: Hi—H compact and sequence of singular values in ¢,)

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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; ;

Lemma
Let p € Ryy U {oo} and A€ Sp(H1,H). Then |PrAQn - Al g, (3, 3y > 0 and hence

| PnAQn - A”L(Hl,ﬂ) -0 as well.
(AeSp,(Hi,H) : <= A: Hi—H compact and sequence of singular values in ¢,)

Lemma

Let the Hamiltonian H satisfy the conditions necessary for the time-dependent
Hille-Yosida theorem and Hy such that Vs € [0,T]: H(s) e S1(Hi,H), as well as
A,BeSi(H). Then

tr (U, PyAQy,)  tr(UA)
tr(UpPBQn)  tr(UB)’

: :
¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let ej(z) := sin(j%z) for j € N and consider

Wi, 1o ([0,27])

La([0,27])

_lln{ej7 je N} and H := 111’1{6_7, Jje N}

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let ej(z) := sin(j%z) for j € N and consider

— ([0,27]) ——————L=([0,27])
W :=lin{e;; j e N} Wao and H :=lin{e;; j e N}
0 j+k
Then (ej, ex)p = e
T ,j=k
: :
¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let ej(z) := sin(j%z) for j € N and consider

T Weo([0,27]) v le([0.27])
W :=lin{e;; j e N} Wao ] and H :=lin{e;; j e N} (0.2}
0 j+k 0 j+k
. .2 . 2
Then (ej, ex)n = VO and (e ep)w = (e ik e )y =4, T
T, )=k jmoj=k
| ¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung |
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Let ej(z) := sin(j%z) for j € N and consider

w ;_m 2.0([0,27]) and H = mLZ([O’Qﬂ])
0,75k 0 itk .
Then <ej’ ek)H - j and <ej’ ek)W = (ij2€jaik2€k)9{ =1 4 J implies
T 5, J]= k A, = k

that b; : \/_e] and c¢j = 23/;63' define orthonormal bases in H and W respectively.

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let ej(z) := sin(j%z) for j € N and consider

_m 2.0([0,27]) and H = mLz([O’Qﬂ])
0,75k 0 itk .
Then <ej’ ek)H - ] and <ej’ ek)W = (ij2€jaik2€k)9{ =1 4 J implies
y J = k A, = k

that b; : \/_e] and c¢j = 23/;63' define orthonormal bases in H and W respectively.
Since id : W — H compact, we can write

id =" si(- cihwb;.
jeN

: :
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Let ej(z) := sin(j%z) for j € N and consider

W =iin{ey; j ey 200%™ 0 4 = Tingey; g ey 202D
0 ,7+k 0 itk
Then <ej’ ek)H - ] and <ej’ ek)W = (ij2€jaik2€k)9{ =1 4 J implies
y J = k A, = k

that b; : \/_e] and c¢j = Zb?ej define orthonormal bases in H and W respectively.
Since id : W — H compact, we can write

id = Z Sj(-, Cj >Wb]

jeN

In particular, cg = sgby implies (s;); = (572); € 41, i.e., id e (W, H)

: :
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Let ej(z) := sin(j%z) for j € N and consider

wlinfey; 5Ny 20 ond w0 = Tnfey; g ey 2O
0 ,j#k 0 itk |
Then {ej, ex)u = ] and (e, ex)w = (ij2€jvik2€k)ﬂ =9\ J implies
T ,J=k Ao j=k

that b; : fe] and c¢j = 2}/77‘33' define orthonormal bases in H and W respectively.
Since id : W — H compact, we can write
id = Z Sj(-, Cj >Wb]
jeN

In particular, ¢k = sgby implies (s;); = (572); € 41, i.e., id e S;(W,H) and, for any

closed operator H in W, let H; := ([W]H,\/ ||||12/V + ||H||12,V) Then we obtain

HeS (Hi,H).

: :
¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let (2 = |&(2) AUyl )nen and (2 = [S(2)10n |4 )nen be locally bounded in C(C).

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let (2 = |&(2) AUyl )nen and (2 = [S(2)10n |4 )nen be locally bounded in C(C).

Lemma
Let VzeC: D(z):=(¢,B(2))y. Then D has only isolated zeros.

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let (2 = |&(2) AUyl )nen and (2 = [S(2)10n |4 )nen be locally bounded in C(C).

Lemma
Let VzeC: D(z):=(¢,B(2))y. Then D has only isolated zeros.

» D is pointwise limit of (z = (Y, &(2)Vn)1) pen

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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0000000 000000000000 0000000e00
; ;

Let (2 = |&(2) AUyl )nen and (2 = [S(2)10n |4 )nen be locally bounded in C(C).

Lemma
Let VzeC: D(z):=(¢,B(2))y. Then D has only isolated zeros.

» D is pointwise limit of (z = (Y, &(2)Vn)1) pen
> (2= (Vn, B(2)¥n)n) ey locally bounded = D holomorphic

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let (2 = |&(2) AUyl )nen and (2 = [S(2)10n |4 )nen be locally bounded in C(C).

Lemma
Let VzeC: D(z):=(¢,B(2))y. Then D has only isolated zeros.

» D is pointwise limit of (z = (Y, &(2)Vn)1) pen
> (2= (Vn, B(2)¥n)n) ey locally bounded = D holomorphic
» Either D =0 or D has isolated zeros

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Let (2 = |&(2) AUyl )nen and (2 = [S(2)10n |4 )nen be locally bounded in C(C).

Lemma
Let VzeC: D(z):=(¢,B(2))y. Then D has only isolated zeros.

» D is pointwise limit of (z = (Y, &(2)Vn)1) pen

> (2= (Vn, B(2)¥n)n) ey locally bounded = D holomorphic
» Either D =0 or D has isolated zeros

» D(0) = (,7)y =1 = D has isolated zeros

: :
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Let (2 = |&(2) AUyl )nen and (2 = [S(2)10n |4 )nen be locally bounded in C(C).

Lemma
Let VzeC: D(z):=(¢,B(2))y. Then D has only isolated zeros.

» D is pointwise limit of (z = (Y, &(2)Vn)1) pen

> (2= (Vn, B(2)¥n)n) ey locally bounded = D holomorphic
» Either D =0 or D has isolated zeros

» D(0) = (,7)y =1 = D has isolated zeros

Lemma

(z - %)nw is compactly convergent to (A)g on C~ [{0}]D.

: :
¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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Corollary
Since 0 ¢ [{0}]D

(A) = lim (b, Adbo)y = lim (1hn, &(0) Athy )34

A &by o0

¢-functions of Fourier Integral Operators:Path integral regularization T. Hartung
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: :
Ground state energy of 1-D hydrogen atom - convergence - QVM
relative error of ground state energy 1-D hydrogen
10° ®
101 \‘
102 '\\.\ Regression:
= 3 .
g L » ¢ = number qubits
S 10
2 > =
? o E(q) = rel. error of
S 100 ground state energy
@ 10'7
: E(q)~1.14-¢7 1924
10° \-
1010
0 2 4 6 10 12
number qubits
: :
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