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Bochner Integral

Definition
Let (2,X%, 1) be a measure space and E a topological vector space.
» fe E%is called simple (f € S(; E)) if and only if f[Q]CSanief and

Vee f[QI~{0}: [{e}]f eZ A p([{e}]f) <oo.

> Let f = Yeera)a{o} €li{e}s € S(u; E). Then, we define the Bochner integral

fdp= Y p([{e)f) e.
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Measurability

Definition (continued)

» fe EYis called measurable (f € M(u; E)) if and only if

¥SCopen: [S]f € 3.
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Measurability

Definition (continued)
» fe EYis called measurable (f € M(u; E)) if and only if
VSCopenE : [S]f € X.
» fe EYis called strongly measurable (f € SM(u; E)) if and only if
IseS(u; E)N: s, > f (n — o0) p-almost everywhere.

Note SM(u; E)YeM(u; E).

: :
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle
00e000000000 000 000000000000 00000 00000000
: :

Pettis Integral
Definition (continued)
> Let fe M(u; E), Vo' € E': ' o f € L1(u), and I € (E')* such that
vi'e E': I(2') = /Qx’of dp.

f is called p-Dunford-Pettis-integrable if and only if I is unique. Then, we will
use the notation [, fdu:=1.
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Pettis Integral

Definition (continued)

» Let fe M(u; E), Vo' € E': 2’ o fe Li(p), and I € (E')* such that
Vo' e E': I(as')=/ﬂx'0f dp.

f is called pu-Dunford-Pettis-integrable if and only if [ is unique. Then, we will
use the notation [, fdu:=1.

» fe M(u; E) is called pu-Pettis-integrable if and only if f is
pu-Dunford-Pettis-integrable and I € E.
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LP(MBE)

Definition (continued)

Let E be locally convex with semi-norms (p,),;. Then, we define

(S)Lp(p; B) :={f e (S)M(p; E); Yeel: p,ofeLy(p)},
(SWNo(1s B) ={f € (S)Lp(w; E); Yeel: |pooflp u =0}

and

(S)Lp(; E) = (S)Lp(; B) ($)N,, (5E) -
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Bochner Integral

From now on: E locally convex and Hausdorff.
Theorem

L,(u; E) is locally conver and Hausdorff.

Theorem
The Bochner integral

[+ S(u; B)sLi(; E) - E
1 a continuous linear operator and extends uniquely to

_ - Li(wE -
[+ 8L B) = Shi(mB)" " - B.

:
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle

00000@000000 000 000000000000 00000 00000000
: :

convex compactness

Definition

FE has the convex compactness property if and only if
YCCcompactE : €onvC' Seompact E.
E has the metric convex compactness property if and only if

VC1(—:cornpa,ct,metriza,bleE : convC Ccompact E.
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Pettis integral

Theorem (Pfister; 1981)

Let E be a locally convex topological vector space and a Hausdorff space. Then, the
following are equivalent.

(i) E has the (metric) conver compactness property.

(ii) Let Q be a compact (metric) space, i a (positive) Borel measure on €, and
feC(QE). Then, f is u-Pettis integrable.
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Let E be a topological vector space and ACFE.
> A filter F on A is a family of subsets of A such that
> DEF
> XeF AN XcYCA=>Y e F
» X YeF=XnYeF
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Let E be a topological vector space and ACFE.
> A filter F on A is a family of subsets of A such that
> B¢ F
» XeF AN XSYCA=>YeF
*» X, YeF=>XnYeF
> A filter F on A is called a Cauchy filter if and only if for every neighborhood
U of zero: 3Be F: B - BcU.
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Let E be a topological vector space and ACFE.
> A filter F on A is a family of subsets of A such that
> B¢ F
» XeF AN XSYCA=>YeF
*» X, YeF=>XnYeF
> A filter F on A is called a Cauchy filter if and only if for every neighborhood
U of zero: 3Be F: B - BcU.

> A filter F is convergent to x € F if and only if F contains the neighborhood
filter U, of z;

Uy :={UcE; JVCE open: zeVcU}.
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Let E be a topological vector space and ACFE.
> A filter F on A is a family of subsets of A such that
> ¢ F
» XeF AN XSYCA=>YeF
*» X, YeF=>XnYeF
> A filter F on A is called a Cauchy filter if and only if for every neighborhood
U of zero: 3Be F: B - BcU.

> A filter F is convergent to x € F if and only if F contains the neighborhood
filter U, of z;

Uy :={UcE; JVCE open: zeVcU}.

» A is complete if and only if every Cauchy filter on A is convergent in A.
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Let E be a topological vector space and ACFE.
> A filter F on A is a family of subsets of A such that

> ¢ F

» XeF AN XSYCA=>YeF

*» X, YeF=XnYeF
A filter F on A is called a Cauchy filter if and only if for every neighborhood
U of zero: 3Be F: B - BcU.
A filter F is convergent to x € F if and only if F contains the neighborhood
filter U, of z;

v

v

Uy :={UcE; JVCE open: zeVcU}.

v

A is complete if and only if every Cauchy filter on A is convergent in A.

» F is quasi-complete if and only if every closed and bounded subset of F is
complete.
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Lemma (Sombrero Lemma)

Let E be metrizable and (2, %, 1) a compact Borel measure space. Then,
C(QE) c SM(u; E).

Lemma (generalized Sombrero Lemma)

Let E be a separable metric space and (2,%, 1) a Radon measure space. Then,

SM(p; E) = M(p; E).
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Lemma

Let (2,%, 1) be o-finite, F another Hausdorffian locally convex topological vector
space, and f e SL1(u; E).
(i) Let Be L(E,F). Then, Bo f € SLi(1; F) and

Bfgfdu=fQBofdﬂ.

(ii) Let EgcE be a closed subspace and f(w) € Ey for p-almost every w € Q). Then,
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Lemma

Let (Q,%, 1) be_a—ﬁmte, F another Hausdorffian locally convex topological vector
space, and f € SLi(u; F).
(i) Let Be L(E,F). Then, Bo f e SL1(;; F) and

Bfgfd,u:/QBofd,u.

(i1) Let EoCE be a closed subspace and f(w) € Ey for p-almost every w € Q. Then,
/Q fdu € Eo.

» feS(wE) = B, fdu= [qBo fdu trivial

: :
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle
000000000080 000 000000000000 00000 00000000
: :

Lemma

Let (Q,%, 1) be_a—ﬁm’te, F another Hausdorffian locally convex topological vector
space, and f € SLi(u; F).
(i) Let Be L(E,F). Then, Bo f e SL1(;; F) and

Bfgfd,u:fQBofd,u.

(i1) Let EoCE be a closed subspace and f(w) € Ey for p-almost every w € Q. Then,
/Q fdu € Eo.

» feS(wE) = B, fdu= [qBo fdu trivial )
> [ B o fdu, [ [oBo fdue L(Li(pu; E), F)
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Lemma

Let (Q,%, 1) be_a—ﬁm’te, F another Hausdorffian locally convex topological vector
space, and f € SLi(u; F).
(i) Let Be L(E,F). Then, Bo f e SL1(;; F) and

Bfgfd,u:fQBofd,u.

(i1) Let EoCE be a closed subspace and f(w) € Ey for p-almost every w € Q. Then,
/Q fdu € Eo.

» feS(wE) = B, fdu= [qBo fdu trivial
> f= B [qfdu. f = [qBo fdue L(Li(u; E), F)
» = B[, fdu= [qBo fduon Ly closure of S(y; E') by unique extension theorem
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Lemma

Let (0,3, 1) be o-finite, F' another Hausdorffian locally convex topological vector
space, and f € SL1(u; E).

(i) Let Be L(E,F). Then, Bo f € SLi(1; F) and

BfﬂfduzfQBofd,u.

(i1) Let EgCE be a closed subspace and f(w) € Ey for p-almost every w € Q. Then,

» Let ¢ € E' with ¢|g, =0
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Lemma

Let (2,%, 1) be o-finite, F another Hausdorffian locally convex topological vector
space, and f e SLi(u; F).
(i) Let Be L(E,F). Then, Bo f € SLi(1; F) and

Bfgfdu=fQBofdp.

(ii) Let EocE be a closed subspace and f(w) € Ey for p-almost every w € Q). Then,

» Let ¢ € E' with ¢|g, =0
» of fdu=[ pof du=0
=0
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Lemma
Let (0,3, 1) be o-finite, F' another Hausdorffian locally convex topological vector
space, and f € SLi(u; F).

(i) Let Be L(E,F). Then, Bo f € SLi(1; F) and

BLfd;J,:fQBofd,u.

(i1) Let EgCE be a closed subspace and f(w) € Ey for p-almost every w € Q. Then,

» Let ¢ € E' with ¢|g, =0
> o[ fdu=[pofdu=0
» Hahn-Banach: [ fdu e Ey (otherwise, 3p € E': ¢|g, =0 A ¢ [ fdu=1)
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,

and A: D(A)CE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQand Ao f e SLi(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdu.
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Theorem (“Hille”)
Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,

and A: D(A)SE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdpu.

»ig: E>ExF; v (2,0) and ip: F - Ex F; y+~ (0,y) continuous
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,

and A: D(A)SE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdpu.

»ip: E>ExF; x~ (x,0)and ip: F - ExF; y~ (0,y) continuous
> = Qowe (fw), Af(w)) =ip(f(w)) +ir(Af(w)) is in SLi(w; E x F)
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,

and A: D(A)SE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdpu.
»ip: E>ExF; x~ (x,0)and ip: F - ExF; y~ (0,y) continuous

» = Qswe (f(w),Af(w)) =ip(f(w)) +ip(Af(w)) is in SLi(u; E x F)
» A closed lin. subspace, (f(w), Af(w)) € A for p-ac weQ = [(f, Af)dpe A

:
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,
and A: D(A)SE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdpu.

»ip: E>ExF; x~ (x,0)and ip: F - ExF; y~ (0,y) continuous

= Qswe (f(w),Af(w)) =ip(f(w)) +ir(Af(w)) is in SLi(u; E x F)

A closed lin. subspace, (f(w), Af(w)) e A for prae we Q= [(f,Af)dpec A
prg: ExF—>E; (z,y) >3 =prg [o(f,Af)du= [oprg o (f, Af)du = [o fdu

v

v

v

¢-functions of Fourier Integral Operators: Integration Theory T. Hartung




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle

00000000000 e 000 000000000000 00000 00000000
:

Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,
and A: D(A)SE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdpu.

»ip: E>ExF; x~ (x,0)and ip: F - ExF; y~ (0,y) continuous

= Qowe (f(w), Af (W) =ip(f(w)) +ir(Af(w)) is in SLi(u; B x F)

A closed lin. subspace, (f(w), Af(w)) e A for prae we Q= [(f,Af)dpec A
prg: ExF—E; (z,y)»a = prg [o(f, Af)du= [oprg o (f,Af)du = [o fdpu
prp: ExF > F; (2,y) =y = prp [o(f,Af)dp = [o Afdu

v

v

v

v
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,
and A: D(A)SE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdpu.

»ig: E>ExF; v (2,0) and ip: F - Ex F; y+~ (0,y) continuous

= Q3w (f(w), Af (W) =ip(f(w)) +ir(Af(w)) is in SLi(; E x F)

A closed lin. subspace, (f(w), Af(w)) e A for prae we Q= [(f,Af)dpec A
prg: ExF B (v,y) >z = prg [o(f,Af)dp = [oprpo (f, Af)du = [o fdp
prp: ExF > F (2,y) »>y = prp [o(f,Af)du= [o Afdp

= (Jo fdu, Jo Afdu) = [o(f. Af)dpe A

v

v

v

v

v
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,
and A: D(A)SE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdpu.

»ig: E>ExF; v (2,0) and ip: F - Ex F; y+~ (0,y) continuous

= Q50 (f(@), Af()) = ip(f(@)) + ir(Af()) is in SLy (i E x F)

A closed lin. subspace, (f(w), Af(w)) e A for prae we Q= [(f,Af)dpec A
prg: ExF— E; (2,y) =z = prg [o(f, Af)dp = [gprgo (f, Af)du = [ fdu
prp: ExF - F; (z,y)»y = prp [o(fLAf)du= [ Afdu

= (Jo fdu, Jo Afdu) = [o(f. Af)dpe A

= [ofdue D(A) N A [, fdu= [q Ao fdu
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,

and A: D(A)CSE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdu.

» Similarly: A quasi-complete = need to approximate f and Ao f with bounded
nets of simple functions
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,

and A: D(A)CSE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdu.

» Similarly: A quasi-complete = need to approximate f and Ao f with bounded
nets of simple functions

» Similarly: A sequentially-complete = need to approximate f and Ao f with
sequences of simple functions

:
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Theorem (“Hille”)

Let f e SLi(w; E), F another Hausdorffian locally convex topological vector space,
and A: D(A)CSE — F a closed linear operator. Let f(w) € D(A) for u-almost every
weQ and Ao f e SL1(1; F).

Then, we obtain [ fdue D(A) and A [, fdp = [q Ao fdu.

» Similarly: A quasi-complete = need to approximate f and Ao f with bounded
nets of simple functions

» Similarly: A sequentially-complete = need to approximate f and Ao f with
sequences of simple functions

> Pettis integral:
Voe F' YVBe L(E,F): poBeE A ¢B[ fdu=[poBo fdu=¢ [ Bo fdu

¢-functions of Fourier Integral Operators: Integration Theory T. Hartung
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Fourier Integral Operators on a manifold X

» Fourier Integral Operators are integral operators A: C2°(X) —» CP(X)’ of the
form

Vi eCR(0) 1 Ap(@) = [ kala.y)e(y)dvolx (v)

where k4 is a Lagrangian distribution.
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Fourier Integral Operators on a manifold X

» Fourier Integral Operators are integral operators A: C2°(X) —» CP(X)’ of the
form

Vi eCR(0) 1 Ap(@) = [ kala.y)e(y)dvolx (v)

where k4 is a Lagrangian distribution.

» Lagrangian distributions are classified by their wave front sets. The set of all
Lagrangian distributions with wave front set in a suitable cone I' of the
co-tangent bundle 7% X \ 0 is the Hormander space Df.
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Ar vs Dy,

For an algebra A, consider [, Adu. Then,

([ Ad o) = [ (4@ 0dw)
= [ [ Ba@) @ )e(@)b(@)dvola (2, y)dp(w)
= [ (ka(w). ¥ ® phdu(w)
([ hadnv o)
implies that the kernel [, kadp of [, Adp is given by an integral in Dj..
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Hormander spaces

Theorem (Dabrowski-Brouder; 2014)

In its normal topology, Dy is a nuclear, semi-reflexive, semi-Montel, complete
normal space of distributions.
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Hormander spaces

Theorem (Dabrowski-Brouder; 2014)

In its normal topology, Dy is a nuclear, semi-reflexive, semi-Montel, complete
normal space of distributions.
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Hormander spaces

Theorem (Dabrowski-Brouder; 2014)

In its normal topology, Dr is a nuclear, semi-reflexive, semi-Montel, complete
normal space of distributions.

Theorem (Dabrowski-Brouder; 2014)

[ quasi-complete in the Hormander topology.
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Hormander spaces

Theorem (Dabrowski-Brouder; 2014)

In its normal topology, Dr is a nuclear, semi-reflexive, semi-Montel, complete
normal space of distributions.

Theorem (Dabrowski-Brouder; 2014)

[ quasi-complete in the Hormander topology.

Theorem (Dabrowski-Brouder; 2014)

Bounded subsets are the same for the normal and Hormander topology.
Furthermore, closed bounded sets are compact and metrizable.
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Fourier Integral Operator (-functions

» ((A) is meromorphic with isolated poles of finite order.

> IreR: ((A)lcy,., is holomorphic.

Definition (D{,, R@,plh)

For R € R and QCqpen connectedC such that Vr e R: {z e Q; R(z) <r} # &, we define
Dr rapmSC”(C, Dr) to be the set of gauged poly-log-homogeneous kernels in Dy,
whose (-functions are holomorphic in 2 and none of the degrees of homogeneity at
zero have real part greater than R.
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Theorem
Let R eR and QcC be open and connected such that Vr e R: {z€Q; R(z) <r} + 2.
Then,

C|Di‘,R,Q,plh ; D{“,R,Q,plh - CY(Q)

has a quasi-complete extension (racC¥(C,Dr) & C¥(Q).
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Theorem

Let R € R and QcC be open and connected such that Vr e R: {zeQ; R(z)<r} +a.
Then,

C|D{—‘,R,Q,plh : D{-‘,R,Q,plh = CW(Q)

has a quasi-complete extension (racC*(C,Dr) ® C*(Q).

> Let (va;((va))aca be a bounded net in D g ¢ 1y, & C¥(2), va = 0,
C(vy) >0 eC¥(2), and z €

» Vi={va(z); a €A} bounded in D[ = metrizable
» 7 :={C(va)(2); a€ A} u{v(z)} bounded in C = metrizable

» {(va(2),¢(va)(2); € A}V x Z (metrizable set)= suffices to use sequences

:
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Theorem

Let R e R and QcC be open and connected such that Vr e R: {z€Q; R(z) <r} + 2.
Then,

C|D£‘,R,Q,plh : D{",R,Q,p]h = Cw(Q)

has a quasi-complete extension (racC¥(C,Dr) & C¥(Q).

» Let (un(2))n € VN, un(2) = 0, C(un)(2) = v(2), (fm)m 0-sequence — ddiag
» then Vm : lim,(uy, fim) = 0 compactly
» for R(z) < 0: limy,(un(2), fm) = C(un)(2)
» £ argument:
|?;)(Z)| <fo(2) = Cun) ()] +[C(un)(2) = (un(2), fn)| + [(un(2), fm)l < €
» (R(z)<0=>v(2)=0)=>0v=0
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Theorem
Let R eR and QcC be open and connected such that Vr e R: {z€Q; R(z) <r} + 2.
Then,

C|Di‘,R,s‘z,plh : D{",R,Q’plh - Cw(Q)

has a quasi-complete extension (g ocC*(C,Dr) @ C¥ ().

Corollary

Let Ri,Ro € R, Ry < Ry, and QcC be open and connected such that
VreR: {zeQ; R(z) <r}#a. Then, it is possible to choose (g, o and (r, o such
that CRI’QQCR%Q.
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(-extensions on joint holomorphic domains

Theorem
Let QcC be open and connected such that Vr e R: {z€Q; R(z) <r}+@. Then,

Co = U (MQQC‘*’((C,D{H) @ Cw(Q)
NeN

18 a quasi-complete operator.
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(-extensions on joint holomorphic domains

Theorem
Let QcC be open and connected such that Vr e R: {z€Q; R(z) <r}+@. Then,

Co = U §N7QQCW(C,D]I_'\) @ Cw(ﬂ)
NeN

18 a quasi-complete operator.

» Strict inductive limits of quasi-complete spaces are quasi-complete.
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Let E be a vector space, (X,,7,) a family of locally convex topological vector
spaces, and (f,),e; a family of linear maps f,: X, > E.

(i) Then there exists a finest linear, locally convex topology 7 on E for which all
foi (X,,7,)— (E,7) are continuous. 7 is called the final topology of E with
respect to (X,,7,, f.).er-

The final topology is called a locally convex inductive limit if an only if [ is
directed and E =,y X,. Furthermore, the inductive limit is strict if and only
if X,c X, =71 =1.nX,.
(ii) Let (F,0) be another locally convex topological vector space and g: E - F
linear. Then g: (E,7) — (F,0) is continuous if and only if
Viel: gof,eC((X,,1.),(F,0)).
Let < be a pre-order (reflexive and transitive binary relation) on the set A. Then,
(A, <) is called directed if and only Va,be A 3ce A: a<ec A b<e.

:
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle
000000000000 000 0000e000000000000 00000000

Example

Consider Q2cR" open and let
D () :={f e CZ(Q); sptfeK}.

Then D () is a Fréchet space with the seminorms (“a’v“L (K))k N
- eNo

Since KcK' implies Dk (Q)EDg+ (), and Tp, (q) = Tp,.,(2) N Px (), we observe
that C2°(Q) is a strict inductive limit Ugc onpuee2 Prc(2). A strict inductive limit
of Fréchet spaces is also known as LF-space.

:
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Pettis integration in (g

Theorem

Let (K, %, ) be a measure space, and f: K — D((q) and (g o f be pu-Pettis
integrable (e.g., f continuous, K compact, and p a Borel measure). Then,

| fdneD(G)

and
o [ 1au)= [ cao s
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Space of (-functions M

Definition

» feM; if and only if f € L 1o.(C) N W117
flCy (<, 18 holomorphic.

(R?) and there exists r € R such that

loc
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Space of (-functions M

Definition

» feM; if and only if f € L 1o.(C) N W117
flCy (<, 18 holomorphic.
f,geMe, f~gifandonlyif IreR: flCm(.)q = gl‘Cm(.)q'

(R?) and there exists r € R such that

loc
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e




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle

000000000000 000 000000800 00000000 00000000
: :

Space of (-functions M

Definition

> fe M if and only if f € Ly 10c(C) n W117 (R?) and there exists r € R such that
flCy (<, 18 holomorphic.
f,geMe, f~gifandonlyif IreR: f|(cm(.)<7ﬂ = glCm(.)q-

» D:= {ngpen,connected(c; JreR: C9‘{(-)<1"EQ}

loc

: :
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Space of (-functions M

Definition

» feM; if and only if f € L 1o.(C) N W117
f |Cm(.)<T is holomorphic.
f,ge€ M, f~gifandonlyif 3reR: fl(Cm(.)q = 9|Cm(.)<r'
> D:= {ngpen,connected(c; JreR: C9‘{(-)<1"EQ}
» for Qe D, H(Q) := {f e M¢; fla holomorphic}

(R?) and there exists r € R such that

loc

: :
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Space of (-functions M

Corollary
(D,2) is a directed set.

Corollary

M = QLGJD He(Q)
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¢-functions of Fourier Integral Operators: Integration Theory T. Hartung




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle

000000000000 000 00000000e00000000 00000000
: :

Laurent coefficients in M
Theorem (Trace Operator)

Let GSR? be open, bounded, connected, and have Lipschitz boundary. Then, there
exists T € LIWL(G), L1(0G)) such that Yu e C(G) : Tu = ulsg-
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Laurent coefficients in M;
Theorem (Trace Operator)
Let GSR? be open, bounded, connected, and have Lipschitz boundary. Then, there
exists T € LIWL(G), L1(0G)) such that Yu e C(G) : Tu = ulsg-

» For ((A), consider
Ix:={QeD; IfaeHc(Q): fala=C(A)la}

¢-functions of Fourier Integral Operators: Integration Theory T. Hartung
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Laurent coefficients in M
Theorem (Trace Operator)

Let GSR? be open, bounded, connected, and have Lipschitz boundary. Then, there
exists T € LIWL(G), L1(0G)) such that Yu e C(G) : Tu = ulsg-

» For ((A), consider
Ix:={QeD; 3fqe H (Q): fala=C¢(A)a}
» (I4,c) is directed.
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Laurent coefficients in M
Theorem (Trace Operator)

Let GSR? be open, bounded, connected, and have Lipschitz boundary. Then, there
exists T € LIWL(G), L1(0G)) such that Yu e C(G) : Tu = ulsg-

» For ((A), consider
I4:={QeD; 3fge H(Q): falo=((A)la}
» (I4,9) is directed.
» Let GSC be open, bounded, connected, and with OG Lipschitz such that ((A)
is continuous on 0G, zp € G, and ((A) ~ [fa] € M¢. Then,

im [ Tfo(2) Lo A
fimn (% /(BG (z = z)+! dZ)QGIA - 2mi faG (z = zp)n+! dz.

: :
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Topology of H¢(€2)

Definition

On H¢(£2), we consider the semi-norms generated by the quotient of
Wik (R?)nC¥(Q) equipped with the semi-norms

1,loc

vI(gcompactQ : p%(f) &= "flKHC(K,(C)

VI{gcompact]R2 0 p‘I}{V(f) o= "f'K”Ll(K,(C) + H‘f,|K”L1(K,R2,2)

with respect to f~g < IreR: fley,., = 9low . -

: :
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle

000000000000 000 000000000080 00000 00000000
:

Topology of Hc(€2) and the space of (-functions M

Theorem

> H(Q) is a Fréchet space.

> Let Qo,Q € D and Q02Q. Then, He($0)SHe (1) and the topology induced by
H¢(Q1) coincides with the topology in H¢ ().
Furthermore, H¢(S) is closed in He(€).

:
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung

0




Integration in Topological Vector Spaces FIOs ¢-functions Index Bundle

000000000000 000 0000000000000 000 00000000
:

Topology of H¢(€2) and the space of (-functions M,

Theorem

> H(Q) is a Fréchet space.

> Let Qo,Q € D and Q02Q. Then, He($0)SHe (1) and the topology induced by
H¢(Q1) coincides with the topology in H¢ ().
Furthermore, H¢(S) is closed in He(€).

Corollary

M¢ =Upeny He (Cﬁf{(-)<—n) endowed with the strict inductive limit topology is a
complete Hausdorff LF-space.

:
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Lemma
All ¢|pr have a quasi-complete extension én,Cm(.)«n n

Ln,Co(y<—n Pl

CW ((C’ D{") ® HC (CER(-)<—n) SatZSfyan é:n,Cm(.)<_n S 5n+1,Cm(.)<_n_1 .

¢-functions of Fourier Integral Operators: Integration Theory T. Hartung
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: :
Lemma
All {|pr have a quasi-complete extension Cn,Cm(.y-n m

F,n,Cm(.)<_n,plh

C¥ (C,D}) ® He (Cor(y<n) satisfying fn,cm(.)<_n < 5n+1,(Cm(.)<_n_1'

* (Va; ((Va))aeca bounded net, vy — 0 in C¥ (C, D), ((va) = v in He(Cy(yeon)
> = g(va)lcm(~)<—n - /U|C9%(~)<—n in Cw((cm(’)<_n)
» same proof as before: U|<Cm(.)<_n =
» hence ((vq) =0
: :
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung
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Lemma

All ¢ |Di",n,Cm(,)<_n,plh have a quasi-complete extension Cn,Cm(.y-n n

CW ((C’ D{") ® HC (CER(-)<—n) Satlsfylng 571,@9{(.)<_n S 5n+1,Cg{(.)<_n_1 .

Dl =D CHEPD ¢ v (e, D)
valh - N F,H,Cm(,)<_n,plh - ’ r
ne

. e /
Cr,plh = UN Cn,Cor(y<n EPT pin © M¢
ne

: :
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: :
Lemma
All ¢|pr have a quasi-complete extension én,Cm(')«n n

F,n,Cm(.)<_n ,plh

cv ((Ca ’Df‘) ® HC (Cﬁi(-)<—n) Satisfying gn,Cm(.)«n S 5n+1,Cm(_)<_n_1 .

C*(C,Dr)

! - ! w !
Drpm = UNDF,n,cm(,k_n,plh < C¥(C,Dr)

ne

- * ,
Crpih = UN Cn,Cory<n EPT pin ® M¢
ne

Theorem
¢rplh € Df’plh ® M¢ is a quasi-complete operator.
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Pettis integration in ¢

Theorem

Let (K,%, 1) be a measure space, and f: K — D(Crpm) and Crpm o f be p-Pettis
integrable (e.g., f continuous, K compact, and u a Borel measure). Then,

[ #dueD(Goom)

and

CT,plh ( fK fdu) = fK Cropih © fdpu.
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Example (Heat trace)
Let
» M closed, compact C'*°-manifold,
|A| be the (positive) Laplacian on M, and
» T the semi-group generated by —|A|.

Then,
vol(M total curvature( M
Vt € R>0 5 t:I‘CZ-'(t) - (dlm)M + dlmM dlm](\/I 1)
(47t) 3(4m) 2 t 2

: :
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Example (Heat trace)
Let

» M closed, compact C'*°-manifold,

> |A| be the (positive) Laplacian on M, and
» T the semi-group generated by —|A|.

» W the (semi-)group generated by z\/m

Then,
vol(M total curvature( M
Vt € R>0 5 t:I‘CZ-'(t) - (dlm)M + dlmM dlm](\/I 1)
(47t) 3(4m) 2 t 2

trgy W (t) ~ wave trace invariants

:
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Example

Let (M, g(w))weq be a family of Riemannian C'*°-manifolds over a Radon measure
probability space © such that Q3w — T(w) = (¢t - e"A(“’)|t) and

QoweW(w) = (t > el |A(“’)|t) bounded and almost separably valued. Then,

E((T) = ¢ (ET) and EC(W) = ¢ (EW).

In particular, if ET is the heat semi-group of some (M, gg) and EW the wave
group of some (M , g]E,W), then we the heat and wave invariants of (M, gg) and
(M , g]E,W) respectively coincide with the expected heat and wave invariants of

(M,g(w))weﬂ- Ega
Evoly M = volg, M.
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Consider the probability space ([0,3],8([0,3]), )\) and the family of manifolds
M, given by the following deformation from sphere to torus in R3.

Do

= w=1

Let W, be the wave group and T, the heat semi-group on M,,. Then, w — W, and
w T}, are bounded and almost separably valued, and E¢(W) = ((EW).

: :
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Consider the probability space ([0,3],8([0,3]), )\) and the family of manifolds
M, given by the following deformation from sphere to torus in R3.

ORIRE=

- w=1 w=3

Let D, :=d, +d;, as a map from even to odd exterior powers of the cotangent
bundle of M,,. Then, tr (e‘D:)Dwt - e‘D“D:)t) = XEBuler(My). Thus,

1 2 2
Expaer(M)=2-—+0-=-=—.
XEl( ) 3 373

: :
¢-functions of Fourier Integral Operators: Integration Theory T. Hartung
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: :
Theorem

tr: U= - C is continuous
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Theorem

tr: U= - C is continuous

Theorem (Closed Graph Theorem)

Let X be an LF-space, Y a Fréchet space, and T : X — Y a linear operator
(everywhere defined). Then, the following are equivalent.

(i) T is continuous.
(ii) T is closed.
(iii) T is closable.
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Theorem

tr: W= - C is continuous

» (A)n eNe (U)W 4, 5 0in U trA, »:tin C

¢-functions of Fourier Integral Operators: Integration Theory T. Hartung
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Theorem

tr: W= - C is continuous

» (Ap)neNe (\IJ_OO)N, A, —->0in U™, trd, »>:tin C
» a, symbol of A, = VmeR: a, » 0in S™(X x X x RUmX)

¢-functions of Fourier Integral Operators: Integration Theory T. Hartung
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Theorem

tr: W= - C is continuous

» (A)n eNe (U)W A, - 0in U™ trd, »:tin C

» a, symbol of A, = YmeR: a, —0in S™(X x X x RImX)

» Form<-dimX-1: 7: 8" > C; fr [y [pamx f(z,z,&)dédvolx (z)
continuous (|7(f)] < Cyvolx (X) [paimx (1 + 1€1%) % d¢ where Cf is one of the
semi-norms of S™)

:
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Theorem

tr: W= - C is continuous

v

(A)n eNe (U)W A, - 0in U™ trAd, »:tin C

an symbol of A, = YmeR: a, - 0in S™(X x X x RUmX)
Form<-dimX -1: 7: S™ > C; fr [y [pamx f(z,2,§)dédvol x (x)
continuous (|7(f)] < Cyvolx (X) [paimx (1 + 1€1%) % d¢ where Cf is one of the
semi-norms of S™)

Thus, 7(ap) =0

v

v

v

: :
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Theorem

tr: W= - C is continuous

v

(A)n eNe (U)W A, - 0in U™ trAd, »:tin C

an symbol of A, = YmeR: a, - 0in S™(X x X x RUmX)
Form<-dimX -1: 7: S™ > C; fr [y [pamx f(z,2,§)dédvol x (x)
continuous (|7(f)] < Cyvolx (X) [paimx (1 + 1€1%) % d¢ where Cf is one of the
semi-norms of S™)

Thus, trA,=7(a,)—>0

v

v

v
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Theorem

tr: W= - C is continuous

v

(A)n eNe (U)W A, - 0in U™ trAd, »:tin C

an symbol of A, = YmeR: a, - 0in S™(X x X x RUmX)
Form<-dimX -1: 7: S™ > C; fr [y [pamx f(z,2,§)dédvol x (x)
continuous (|7(f)] < Cyvolx (X) [paimx (1 + 1€1%) % d¢ where Cf is one of the
semi-norms of S™)

Thus, t<trA, =7(a,) >0

v

v

v
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Theorem

tr: W= - C is continuous

v

(A)n eNe (U)W A, - 0in U™ trAd, »:tin C

an symbol of A, = YmeR: a, - 0in S™(X x X x RUmX)
Form<-dimX -1: 7: S™ > C; fr [y [pamx f(z,2,§)dédvol x (x)
continuous (|7(f)] < Cyvolx (X) [paimx (1 + 1€1%) % d¢ where Cf is one of the
semi-norms of S™)

Thus, t<trA, =7(a,) = 0, i.e., t =0 and tr closable.

v

v

v
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Index bundle

The index bundle of a family of operators (f(w)),.q is given by

IND(f)(w) = ker f(w) - ker f(w)*

as interpreted in the K-theory of isomorphism classes of vector bundles with the
direct sum.

Here, we will consider the following construction. Let .S be an abelian monoid.
Then, we define

K(S) = 5%/ (wy)es* z=u)
with the canonical injection S'3 s+ (s,0) € K(S) and VseS: —s=(0,s).

: :
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Index bundle

IND(f)(w) =ker f(w) - ker f(w)”
~(ker f(),0) - (ker f(w)",0)
~(ker f(),0) + (0, ker f()")
= (ker f(w), ker f(w)")
can be interpreted as ker f(w) @ ker f(w)* and, if each f(w) is a closed Fredholm
operator between Hilbert spaces Hy and Hi, we obtain
IND(f)(w) =ker f(w) ®@ker f(w)* € CLR(Hy, Hy).

CHo®H;,
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Gap topology

Definition
Let H be a Hilbert space and U, VEH closed linear (non-empty) subspaces. Then,
we define
0 U =10
UAGTS ) U
sup{disty (u,V); ueUndBy} , U +{0}
and

SH(Uv V) o= max{(SH(U, V)’ 5H(‘/a U)} = ”prU ~— Py ”L(H) .

Then, (CLR(HO, Hl),SHo@Hl) is a complete metric space.
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Back to the index bundle

» Let F'(Hy,Hy):={f € CLR(Hy, Hy); f is a closed Fredholm operator}.
» Let P(CLR(Hy, H1)) be the power set of CLR(Hy, Hy).
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Back to the index bundle

» Let F'(Hy,Hy):={f € CLR(Hy, Hy); f is a closed Fredholm operator}.
» Let P(CLR(Hy, H1)) be the power set of CLR(Hy, Hy).

» Recall, we are working in a K-theory of isomorphism classes of vector bundles,
i.e.,

[ker f(w) @ Vo] - [ker f(w)" @ V1] = [ker f(w)] - [ker f(w)"]

provided dim Vj = dim V7.
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Back to the index bundle

v

Let F'(Hy, Hy) :={f € CLR(Hy, H1); f is a closed Fredholm operator}.
Let P(CLR(Hy, H1)) be the power set of CLR(Hy, Hy).
Recall, we are working in a K-theory of isomorphism classes of vector bundles,

v

v

[ker f(w) @ Vo] - [ker f(w)" @ V1] = [ker f(w)] - [ker f(w)"]

provided dim Vj = dim V7.
Then, IND: F(Ho, Hl) d P(CLR(Ho, Hl))

v
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A topology on the set of index bundles

Definition

Let o = ker f —ker f* e IND[F(Hp, Hy)] and € € R,y. Then, we define Binp(x,€) as
the set of ker g — ker g* € IND[F(Hy, Hy)] such that there exist VoS, (ker g)*#o and
V1S (ker g*)*H1 with

dimVp=dimVi A b (z, (kerg @ Vo, kerg* @ V1)) <e.
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A topology on the set of index bundles

Definition

Let 2 = ker f —ker f* e IND[F(Hy, H;)] and € € R,y. Then, we define Binp(z,¢) as
the set of ker g — ker g* € IND[F(Hy, Hy)] such that there exist VoS, (ker g)*#o and
V1S (ker g*)*H1 with

dimVp=dimVi A b (z, (kerg @ Vo, kerg* @ V1)) <e.
The family
{Binp(z,e)cIND[F(Hy, H1)]; = € IND[F(Hy, H1)], € € Ry}

defines a subbasis of the topology Tinp of IND[F(Hy, H1)].
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Theorem
Let Hy and Hy be Hilbert spaces. Then,

IND EC( (F(H07H1)73H0®H1) ) (IND[F(H&HI)];’END) )
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Theorem
Let Hy and Hy be Hilbert spaces. Then,

INDEC( (F(H07H1)75HOGBH1) ) (IND[F(H07H1)]>7END) )

Corollary
Let Hy and Hy be Hilbert spaces, 2 a topological space, f € C(Q, F(Hy, Hy)), and
g€ M(Q,F(H@, Hl)) Then,
IND o f €C (9, (IND[F(Hy, H1)], Tixn))
and  INDogeM (Q,(IND[F(Ho, H1)], Tixp)) -
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Example

Let Hy and H; be Hilbert spaces, and
DIM : IND[F(Hy, H1)] — Z; ker f —ker f* — indf.
Then,
DIM € C ((IND[F(Hy, H1)],TiNnD) ,Z) -

Furthermore, let € a topological space, f € C(Q, F(Hy, Hy)), and
g€ M(Q,F(H@, Hl)) Then,
indo f=DIMoINDo f e C(,Z)
and indog=DIMoINDoge M (Q,Z).
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Example

> Atiyah, Patodi, Singer defined spectral flow of paths of bounded self-adjoint
Fredholm operators as the first Chern number of the “self-adjoint index bundle”
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Example

> Atiyah, Patodi, Singer defined spectral flow of paths of bounded self-adjoint
Fredholm operators as the first Chern number of the “self-adjoint index bundle”

» Is the first Chern number continuous/measurable with respect to TiNp?
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Example

> Atiyah, Patodi, Singer defined spectral flow of paths of bounded self-adjoint
Fredholm operators as the first Chern number of the “self-adjoint index bundle”

» Is the first Chern number continuous/measurable with respect to TiNp?

» If so = stochastic versions of the spectral flow.
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