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Pseudodifferential analysis on manifolds

Densities

To define distributions on a ¥* manifold X, one needs an invariant integration on X.
This is achieved with the help of densities bundles.

Definition

The 1-density bundle is the line bundle Q' = Q}, over X with transition
function |det (0x/0y)| for coordinate changes x — y on X.

Corollary

There is an invariant integration / Llx; Q') = c.
X

Indeed, on local coordinates,

/ u= / u(x)dx = / u(x) |det (0x/0y)|dy
X u v
for coordinate charts U, V C X, and suppu C UnN V.
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Pseudodifferential analysis on manifolds

Distributional sections

Definition
For a #> C-vector bundle E over X, 2'(X; E) is defined as the
topological dual of €°(X; E' @ Q).

Remark (Justification)

It holds Liy,(X; E) C 2'(X; E) canonically. For f € Li,(X; E), the action on
(X, E' @ Q") is givenby ¢ — [, (f, d)ee-

Notation

The dual pairing between 2/(X; E) and €2°(X; E' ® Q') will be
denoted by

(u,8) = /X (U, $)er
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Pseudodifferential analysis on manifolds

The Schwartz kernel theorem

Theorem (Schwartz kernel theorem, revised)

There is an one-to-one correspondence between linear continuous
operators A: 65°(Y; E) — D'(X; F) and their kernels K € 2'(X x Y,
FX(E'®Q)). Forue (X, F @ Q)), vece(Y; E),

<AV7U>=/ (K,U® V)ERE FRE-
XxY

Note that Q! X Q) = Q). v, and then the necessary identifications are easily made.

Remark

It is a common strategy in modern (harmonic, microlocal, etc.) analysis
to study linear operators through their kernels.
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Pseudodifferential analysis on manifolds

Pseudodifferential operators, |

Definition
A linear operator A: €5°(X; E) — €°°(X; F) is said to be a
pseudodifferential operator of order m € R and type 1,0 if
0 singsupp K C Ay,
o A e Wi (U;CK,Ch) in any coordinate patch U C X over which
E>~UxCK, F~ U x Ct are trivial.

The space W (X; E, F) of classical pseudodifferential operators of
order p € C is similarly defined.

o W4(X; E,F) C WTy(X; E, F), where m = Ry
o Diff™(X; E,F) C WI(X; E,F).

o If Ac W (X; E. F), then A: &'(X; E) — 7'(X; F).

Ingo Witt (Géttingen) Introduction to Microlocal Analysis, IlI August 2018

6/16




Pseudodifferential analysis on manifolds

Pseudodifferential operators, Il

o Ae Wy (X; E, F) is said to be properly supported if both
projections 7, : supp K — X and wg: supp K — X are proper. In
this case, A respects compact supports. Moreover,

A: €°(X,E) » €(X;F)and A: 2'(X; E) — 2'(X; F).

o (Composition) If A€ VT (X; E, F), B € \U%(X; F, G), and one of
them is properly supported, then Bo A € V™™ (X; E, F). If both
A, B are classical, then Bo A is classical.

o (Adjoints) If A€ W'o(X; E, F), then
A e VT (X Fr @ Q' E* ® Q"). If Ais classical, then A* is
classical.

o (Mapping properties) If A€ W'o(X; E, F), then
A: HIT™(X, E) — HZ (X; F) forany o € R.

loc
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Elliptic pseudodifferential operators

Principal symbol

o Aec V(X E, F) possesses a well-defined principal symbol
o"(A) € SW(T*X; Hom(r*E, 7*F)), where =: T*X — X is the
canonical projection.

o If Au(x) = [ VEa(x, y, &)u(y) dyd¢ in local coordinates, then

ot (A)(x, &) = ag.(x, x, ).
Q a“Jr“/(B oA) = U”I(B) at(A).
Theorem

The principal symbol map fits into a short exact sequence

0 — VA (X; E, F) = WA(X; E, F) 25 S (T*X; Hom(n*E, 7* F)) — 0.
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Elliptic pseudodifferential operators

Ellipticity

Definition
A e Vi (X; E, F) is said to be elliptic if o*(A) is pointwise a linear
isomorphism.

Recall that o*(A)(x, €): Ex — Fx is a linear map for (x,&) € T*X.

Theorem
Let A € V5 (X; E, F) be elliptic. Then there is a parametrix, i.e., a

properly supported pseudodifferential operator B € W " (X; F, E) such
that both Ao B—1, Bo A— 1 have a € kernel.

Corollary (Elliptic regularity)
Let Ac VX (X; E, F) be elliptic, u € &'(X; E) and Au € HZ

cl loc
some o € R. Thenu € HI™™(X; E), where m = Ry.

(X; F) for
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Pseudodifferential operators of real principal type, |
Basics on symplectic geometry

o T"Xisa homogeneous symplectic manifold with symplectic form
w=dxAd{ =dx; Ad&y + ... +dxy AdEn. It holds w = — da,
where a = w(-, R) = {dx = &dxy + ... + £,dx, is the canonical
1-form and R = £9/0¢ is the radial vector field.

o Given p € €>°(T*X;R), we define the Hamilton vector field Hp, by
w(-, Hp) =dp, i.e.,

Hy= —— — ——.
P~ dcox oxo¢

o In particular, the integral curves (x(t),{(t)) of Hp are given as

solutions of the Hamilton equations

K(0) = 20060 €0 = S2x(0.60)

Note that p is constant entlang the integral curves of Hp, for

d . :
ap PX (1), (1)) = pxX + pe& = pxPe — Pepx = 0.
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Pseudodifferential operators of real principal type, |

First-order hyperbolic systems

Now let X = R" or X be compact.

We consider the Cauchy problem

(1) Diu = a(t, x, Dy)u+ f(t,x), u|,_,=9(x)

where a € °°([0, T]; W},(X; CN)). We assume that o'(a)(t, x,€) is
real-valued.

Proposition

Under these condition, Eq. (1) possesses a unique solution

u e €X([0, T]; H°(X; CN)) provided that f € Wk1((0, T); H* (X; CN))
and g € H7(X;CM).

Proof. Energy estimates combined with functional-analytic arguments. O
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Pseudodifferential operators of real principal type, |

Propagator and fundamental solution

It follows that there are invertible linear operators (propagator)
u(t,s): H°(X;CcNy = Ho(X; C)

for0 <s, t < T with U(t,t) =1and U(t,r) o U(r,s) = U(t,s) for0 < s, r, t < T and
a linear operator (forward fundamental solution)

E: WY ((0, T); H  (X; CV) — &% ([0, T]; H7 (X; CM))
with the property that the solution of Eq. (1) equals

u=U(-,0)g + Ef.

Proposition
It holds

t
Ef(t, -):i/ U(t,s)f(s,)ds, 0<t<T.
0
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Pseudodifferential operators of real principal type, |

Egorov’s theorem

We shall see later that U(t, s) is a Fourier integral operator.

Remark

The fundamental solution E is more complicated. In fact, its kernel is a so-called
one-sided paired Lagrangian distribution.

Theorem (Egorov)
Let P € Wh(X;CN). Then P(t) = U(t,0)PU(0, t) € W (X;CN) and
a(P(t)) = " (P) o xt,0,

where x ¢ is the flow of the time-dependent Hamilton vector field
Hy1(q) from time t to time 0.
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Pseudodifferential operators of real principal type, |

Propagation of singularities

Let P € W/ (X; E). Recall that

cl

WF(Pu) € WF(u) € WF(Pu) U Char P.

Theorem

Let g = det c"™(P) be real-valued. Then WF(u) \ WF(Pu) is invariant
under the flow of the Hamilton vector field Hy.

Proof. There are several known proofs. One employs Egorov’s theorem. O

Remark

This statement on the propagation of singularities is a microlocalized version of the
basic energy inequalities.
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Pseudodifferential operators of real principal type, |

Lagrangian distributions

Let A Cc T*X be a conic Lagrangian submanifold. In particular, a\/\ =0
and dim A = dim X.

Definition

u € 2'(X) is said to be a classical Lagrangian distribution with respect
to A, of order . € C, if

o WF(u) CA,
o microlocally near any A € A,

u(x) = (2r)~(1+2N)/4 / e*(a(x, 0) do,

where ¢ is a non-degenerate phase function parametrizing A
(= Ay)near Aand a € Sé‘,J’(”_ZN)/A'(R” x RM).

o We write u € (X, A).
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Pseudodifferential operators of real principal type, |

Examples of Lagrangian distributions

o Conormal distributions: [(X, Y) = I4(X,A\), where Y C Xis a
submanifold and A = N*Y is the conormal bundle of Y in X.
o In particular, §(x) = [ e*< d¢ belongs to 13/4(1&”, {0}).

o A e W (X) means exactly that the kernel of A belongs to
(X x X,Ax; CRQ).

Theorem

The kernel of the operator U(-,0) belongs to Ic_|1/4((0, T) x X x X,N),
where

N ={(tm.x.&y.n) | m=0"(a)t,x,€), xto(x.&) = (v,n)}

Proof. Geometric optics construction. [
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