FINITENESS OF SPATIAL CENTRAL
CONFIGURATIONS IN THE FIVE-BODY PROBLEM

MARSHALL HAMPTON AND ANDERS JENSEN

ABSTRACT. We strengthen a generic finiteness result due to Moeckel
by showing that the number of spatial central configurations of the
Newtonian five-body problem with positive masses is finite, apart
from some explicitly given special cases of mass values.

1. INTRODUCTION

In this paper we present a computer-assisted proof of the finiteness of
the spatial central configurations of the Newtonian five-body problem
with positive masses, with the exception of some explicit special cases
of mass values.

By the Newtonian spatial n-body problem we mean the dynamical
system given by

(1) mjsc'jzzmimjgf_“”j) 1<j<n

i#] g
where z; € R? is the position of particle 4, r;; is the distance between
x; and x;, and m; is the mass of particle ¢ [14].
A central configuration of the n-body satisfies the equations

5 Mo — o) = ST )
&) im0 =L

where A < 0 and c is the center of mass. Such a configuration, if
started from rest, will collapse to the center of mass. In the planar
case these configurations also give rise to relative equilibria - orbits in
which each particle moves on a circle at a common angular speed.

For the Newtonian three-body and four-body problems it is known
that central configurations in dimensions one, two, and three are finite
for positive masses [4], 5, 9L [13]. There is also a generic finiteness result
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for ‘Dziobek configurations’ which applies to the case we are studying
[11] since the dimension of our configurations is n — 2.

The five-body problem is of particularly interest in this context be-
cause of the known continuum of planar central configurations for the
five-body problem if one negative mass is permitted [I5]. Recently
Alain Albouy and Vadim Kaloshin have proved that the planar five-
body central configurations are finite apart from some explicitly given
special cases [2].

We have proven (with computer assistance on exact computations)
the following result:

Theorem 1.1. There are finitely many central configurations of the
Newtonian spatial five-body problem with the possible exception of some
mass parameter values which vanish on an explicitly given set of poly-
nomaals.

The proof of this theorem is given by the remainder of our paper. In
Section [2| we briefly review the necessary tropical geometry. Following
that we describe the equations we used in Section [3] The exceptional
cases are given in Table 1 of Section [4| along with a description of the
tropical prevariety of our equations. The next two sections (b and
@ give details of the two most complicated cases that arose from the
tropical prevariety.

2. TROPICAL GEOMETRY

Our proof strategy will be the same as that of [5], but we will use the
language of tropical geometry. Our equations for central configurations
(described in Section define an algebraic variety in the algebraic torus
(C*)'9. Instead of proving that the algebraic variety has dimension 0
we will attempt to prove that its tropical variety is a polyhedral fan of
dimension 0. Both varieties depend on the choice of masses. We will
consider these masses as being unknown positive real numbers. In this
section we give the necessary definitions in tropical geometry and refer
to [20, Chapter 9] for a general introduction.

Definition 2.1. Let I C C[zy,...,x,) be an ideal and w € R" a vector.
For a monomial xv := x* ---xy with v € N" we define its w-degree
as w - v. The initial form in,(f) of a polynomial f € Clxy, ..., x,] is
the sum of all terms of f with maximal w-degree. The initial ideal of

I with respect to w is defined as in,(I) := (in,(f) : f € I).

We note that the initial ideal is not always a monomial ideal.



FINITENESS OF SPATIAL CENTRAL CONFIGURATIONS 3

Definition 2.2. The tropical variety of an ideal I C Clxy,...,x,)] is
the set

T(I) :={w € R" : in,(I) does not contain a monomial}.

For an ideal J C C[xy,...,x,] and a polynomial f € Clzy, ..., x,] we
define the saturation (J : f*):={g € Clzy,...,x,] : Im : gf™ € J}.
The saturation (in, (/) : 1 ---25°) is (1) if and only if w & T'(1).

The tropical variety T'(I) can be thought of as a polyhedral fan. In
the case where I is homogeneous, T'(I) is the support of a subfan of
the Grobner fan of I. The Grobner fan of I consists of all cones which
are closures of maximal sets of vectors in R" giving rise to the same
initial ideal of I.

The following theorem was first stated by Bieri and Groves in terms
of valuations. A proof in the language of initial ideals was given in [20],

see also [7, Chapter 8]. It will be essential for our arguments.

Theorem 2.3 (Bieri Groves). Let I C Clxy,...,x,] be a prime ideal
and let d be the dimension of the variety V(I) C (C*)" defined by
I. The tropical variety T(I) is the support of a pure d-dimensional
polyhedral fan.

It is not difficult to prove that if I =), Q; then T'(I) = JT(VQ:),
see for example [7]. Therefore, if I is not a prime ideal, we can apply the
theorem to a primary decomposition of I to get the largest dimension
of a cone in T'(I).

For our purpose it will suffice to compute T'(I) and see that it is
zero-dimensional to conclude that V(I) is zero-dimensional. A first
approximation to 7'(I) comes from the following description, see [20].

Proposition 2.4. Let I C Clzy,...,x,]. The following identity holds

T(I) = (" T(S))-

fel

Given a set of generators fi, ..., f,, of I we may compute the tropical
prevariety (), T((f;)) defined by fi,..., fr,. However, the prevariety
does not equal T'(I) in general. The software Gfan [§] will compute
the prevariety as a polyhedral fan. For each cone in this fan of positive
dimension we wish to check if the cone is contained in 7'(I). It is
possible that some relative interior points are in 7'(/) and others are
not. To check if a single ray w is contained in 7'(I) we can in theory
compute in, (/). However, computing initial ideals is usually done by
computing a Grobner basis ([I9, Corollary 1.9]). This computation is
not feasible in our setting. Indeed, if we could compute a Grobner basis
for I we would also know the dimension of I.
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Instead we will approximate in, (/) by choosing a big generating set
for I and taking initial forms with respect to w. If the ideal generated
by these initial forms contains a monomial, then so does in,(1).

We need two more properties of tropical varieties. First, tropical vari-
eties are balanced which implies that a tropical variety in 1-dimensional
space R is either empty, the origin or all of R. Second, a rational projec-
tion of a tropical variety to a linear subspace is again a tropical variety.
This follows from [6, Theorem 3.1] and the possibility to do multiplica-
tive changes of coordinates in the Laurent polynomial ring. Putting
this together we get that to show that a tropical variety 7'(I) equals
the origin, it suffices to show that T'() N {w € R™ : > . w; > 0} = {0}.

3. EQUATIONS FOR THE SPATIAL CASE

We will use two versions of the Albouy-Chenciner equations for cen-
tral configurations (originally described in [I]). The first version is
identical to that discussed in [5], namely the polynomial versions (with
denominators cleared) of

(3) fij = Z my [Sz‘k(rjzk - Ti2k - 7‘@'2]') + Sjk(rfk - T]2'k - Tzzj)] =0
k=1

where S;; = Ti;?’ + A. We choose to set A = —1, which can be done
without loss of generality because of the homogeneity of the equations
above. We will refer to these as the symmetric Albouy-Chenciner equa-
tions. We will denote the complete set of the f;; as F.

Gareth Roberts observed [16] that a more restrictive set of equations
can be obtained from the Albouy-Chenciner linear operator equations,
namely

(4) Gij = kaSik(r?k — 5 —r5) = 0.
k=1

Since g¢;; # gji, these give 20 equations in the five-body problem.
Since f;; = ¢i; + gj the fi; equations are redundant but they were
included in the tropical intersection calculation anyway in order to
generate a more refined set of cones. These equations will collectively
be denoted as G.

Fifteen more ‘Dziobek’ equations were added [3]. Only five of these
are independent, but all were included to preserve symmetry:

(5) higw = (r5” = D’ = 1) = (03 = Dy’ = 1) =0
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where 7,7,k, and [ are distinct indices. The set of Dziobek equations
will be denoted H.

The distances between five points in R? satisfy a single constraint,
that the determinant of the Cayley-Menger matrix is zero:

o 1 1 1 1 1
1 (2) r?, 7“§3 7";4 7“;5
— Lorig 0 rgy 1y 755 | _

R T

Lory gy ry 00 i

L orfs 13 135 i 0
which we included in our set of equations.

Central configurations satisfy the equation U/I = —AM, where [

is the moment of inertia I = ﬁzz‘q mgmyrs, M o= Y m;, U =
Dic mimjr; (see for example [12]). Since we chose A = —1 we have

the equation
(7) GIU:U—MIZO

This is redundant, as it is a consequence of the Albouy-Chenciner equa-
tions, but was included (in polynomial form, with cleared denomina-
tors) since we thought its simplicity and symmetry might be helpful in
the analysis of the tropical prevariety.

In summary, in what follows we will be analyzing the ideal I, :=

<f,g,H7€CM,€]U>.

4. THE TROPICAL PREVARIETY

We calculated the tropical prevariety of the set of 42 equations de-
scribed in the previous section, using Gfan [8]. There were 576 rays,
with 26 distinct types after considering the symmetry of the equa-
tions. In addition, there are 50 distinct cases of two-dimensional cones,
27 distinct cases of three-dimensional cones, 11 distinct cases of four-
dimensional cones, and 3 distinct cases of five-dimensional cones.

Most of these cases can be easily dismissed by computing a Grobner
basis of the initial forms and saturating with respect to the r;; and
m; variables. In many cases, if we eliminate the 7;; after saturating we
obtain a sum over some subset of the masses (e.g. mj+mgy+mg) within
the elimination ideal, which means there are no positive mass solutions
within that cone. However, for a few rays and one-dimensional cones
there were some nonzero solutions for some choice of masses. Grobner
bases were calculated using Singular [I8] and Sage [17].
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Representatives of these exceptional cases are given in the following
table along with the indices of the rays generating the cone and their
directions. All polynomials listed for a given cone must be satisfied.

Ray indices Interior point Exceptional polynomials
[59] (1,0,0,0,0,0,0,1,1,0) mimg — M3y — M3y

[72] (1,0,0,0,0,0,0,1,1,1) (4mima — (m3 + my)?
—(ms + 77%)2 + m%)

[59, 72] (2,0,0,0,0,0,0,2,2,1) ms — Mg — Ms,
mi + 2myms + m% — maomq

[193,210] | (2,2,-2,-2,0,2,0,2,0,—2) mi — My, Mo — M3
[210,453] (4,4,0,0,0,4,2,4,2,0) mi1 — MMy, ™Mo — 13
[268, 453] (4,4,0,0,0,4,3,4,3,0) mi — My, Mo — M3
[270] (1,1,1,0,0,0,1,0,1,1) see section [0
[275] (1,1,1,0,1,1,0,1,0,0) see section [0]

TABLE 1. Representatives of exceptional cases

5. A TROUBLESOME RAY

In this section we explain the possible exceptions to the finiteness re-
sult stemming from the ray with weight wo7o = (1,1,1,0,0,0,1,0,1,1).

Recall that I, = (F,G, H, ecar, eqy). Thisis anideal in R[ra, ..., r45].
Our goal is to show that J := (iny,,,(Is) : 712 -+ 3%) contains a mono-
mial, or equivalently, that it is equal to (1).

We first consider the initial forms of the 15 Dziobek equations, H.
Six of these are binomials. Among these are ri,r3,rs, — r3,ri.r3, and
r3rd s, — r3rdrd,. We conclude that r3, — r3, and r3, — r3; are in
J. Similarly, the initial form —r¥,r3; + ri,r3,rs. + risrisri; shows that
T3+ 13 — Lisin J.

We now define J’ = (initial forms of (F, G, ecar, e1))+(ra,—r3,, m5,—
35,55 + 13 — 1) C J. Performing the substitutions ri; — z,r3, —
x,r3, — x, 7% — 1 — x on the generators of J' and removing mono-
mial factors, we get a new ideal whose generators do not contain
T93,T24, 34 and 715. Thus instead of considering J’, we consider J C

R[ri3, 714, 725, '35, 45, ). This ideal is easy to handle. We compute

(j/ : r12r13r14r25r35r45x(m1 + ms)oo) N @[ml,m577‘13, 14,735, 7“45]

2 2 2 2 2 2 2 2
= (mariy + msris, Miris + MsT35, 14735 — T1375)

where we regard J' as an ideal in Q[my, ..., ms, 13, 14, T'25, T'35, T45, ).
For every positive real choice of masses, we conclude that mri, +
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M5Tes, MyTe + Msras, ri,r5 — riaras € J. Similarly, by choosing differ-
ent subrings for the intersection we get that {mir?, + msris, rira. —
s, isrss — r1arist € J.

Now, define K = (myr2,+msris, myri,+msris, miris+msras, riras—
r2arde r3rie — riyrie rirs. —riras). Let dy, do, d3 be the initial forms
of the Dziobek equations which are not binomial or trinomials — there
are only three up to sign. The ideals ((((d;)) N Q[my, ms, r19, 713, 714])

19713714 (M3 + m3)>) equal
3 3 3 3 2
((ry = rig)(ma(riy — 7’14) + m5(7“12 + 7’14) )
<(7’?3 - 7":1))4)(7"1 (7”?3 7‘:1))4) + m5(r13 + 7’14)2»
<(T%2 - 7”%3)(7”1(7‘11)’2 - 7"?3) + m5(7"f2 + 7‘?3)2»-

We conclude that each of these generators, denoted k;, are in J for
every choice of positive masses. Similarly, ((J' N Q[ri2, 713,714, 712]) :
(my +ms5)>®) = (mariy +mariy +myr?,) shows that J contains mayr?, +
mari, +myr?, for every positive choice of masses.

So it suffices to consider the ideal (mar?, + mgris +mar?,, ki, ko, k3)
homogeneous in 5, 13, and ry4, homogeneous in m; and ms, and

homogeneous in moy, ms, and my. If we dehomogenize by setting r14 = 1
and ms = 1 we obtain the following:

(8) (15, — 1)(r8, + 22— m37“ +1)=0
12 12 T+ m3 2
1-— m3
(9) (rds — 1)(rS + 20—, +1) =0
13 13 T+ m3 18
3 3\/..6 1— mil)) 3
(10) (r7y — riz) (1 + 2—1 3 Tty +195) =0
1
(11) TiyMy + riams +my =0

Equations and @D imply that both r;5 and ri3 lie on the unit
circle at one of nine points, either at a root of unity or at one of the
six locations given by the formula below, in which the choice of cube
root is unspecified:

m3 + 1

(ml—liﬂ\/_>

These roots are all distinct for positive m;.
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FIGURE 1. Exceptional cases for ray 270 in the plane
Mo + M3 + My = 1.

Equation (10) imposes the further constraint that the ratio of the
roots chosen for ri5 and ri3 must also be equal to one of the nine
points described above; this in turn means that at least one of 15 and
r13 must be a complex root of unity. In addition, the positivity of the
masses combined with equation means that the imaginary parts
of r}, and r}; must have opposite signs.

The consequence of this is that for each choice of m;/ms there are
finitely many choices for my/my and ms/my. By choosing both 7y
and 713 to be roots of unity with opposing imaginary parts, we always
have my = m3 = my4 as a solution. In Figure [l| we show the other
possibilities by normalizing my + m3 + my4 = 1 and projecting the set
of positive mass solutions orthogonally onto the plane:

It is straightforward to obtain an explicit polynomial in the masses
by eliminating the distance variables, but this polynomial is rather
large and unwieldy; we believe the structure of the real solutions is
much clearer in the above system.
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6. AN EVEN MORE TROUBLESOME RAY

In this section we explain the possible exceptions to the finiteness re-
sult stemming from the ray with weight wo7s = (1,1,1,0,1,1,0,1,0,0).
The initial forms of three of the Dziobek equations give us equations
of the form
7}';3 + rl;l‘g — rl._k?’ — rj_l3 =0
for all choices {1, j, k, 1} = {1,2,3,4}.

After removing common monomial factors, the remaining equations
are binomials of the form r?;, — 7. Using these binomials we may
rewrite the Albouy-Chenciner initial form ing,.;(fis) as >~ .o, 5 m;ry;.
This works for ¢t =1,...,4.

Taking these four equations and multiplying the Dziobek equations
by monomials, we get the following ideal in Q[my, ..., my4,r13,. .., 34]:

/. 2 2 2 2 2 2

2 2 2 2 2 2
M4T3y + Maly3 + MITTs, M3T3y + MaTyy + MiTy,

3.3 3 3.3 3 3.3 3 3.3 3
—T13T94T54 + T12T24T54 + T12T13754 — T12T 13724,
3.3 3 3.3 3 3.3 3 3.3 3
—T14T93T24 + T13T93T94 + T13714T24 — T13714723,

3 3 3 3 3 3 3 3 3 3 3 3
—T4T53T 54 + TTaTh3Tsy + T79T 74734 — T19T74T3)

The initial form of the Cayley-Menger determinant ecy; has four
factors:

(—714793 — 713724 + T12734) (— 714723 + T13724 + T12734)
(114793 — 713724 + T12734) (714723 + 713724 + T12734) = 0

The first three of these factors are equivalent under permutations of
(1,2,3,4), so we will only analyze the cases in which the first or last
factor vanish.

We consider the ideals J' + (114793 + 113724 +712734) and J' + (ry47a3 +
713724 — T12734). We wish to saturate with respect to all variables and
thereafter eliminate the r-variables. Since our ideals are homogeneous
in the grading of the masses and in the grading of the r-variables, any
reduced Grobner basis will work as an elimination Grobner basis and
our difficulty will be to saturate the variables rather than eliminating.
The saturation can be carried out in Singular using for example [19]
Lemma 12.1] for computing saturations by reverse lexicographic term
orders. Saturating with respect to the variables in the following order
worked out for us:

my,ms3, 34, 724,723,714, 712,713, 1171, M2.

In each case after computing the elimination ideal, we are left with
a single polynomial in the cubes of the masses. For simplicity we will
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use M; = m? as variables. The polynomial is homogeneous of degree

12, with a maximum degree of 6 in each variable. For the case in which
—T14793 — 13724 + 112734 = 0 we will denote this polynomial by P, and
in the case ri4ro3 + 113794 + 112734 the polynomial will be denoted by
P

Lemma 6.1. The only real positive solutions for Py are when My = M,
(which implies my = msy for real masses) and

Py =M} — 2M? Mz — 2M37 My + MEMZ — 12M7 MMy + M7 M;
— 2M  MZMy — 2My M3M? + MZM? =0
or the corresponding case with { My, My} interchanged with {Ms, My}.

Proof. We will prove the result using interval arithmetic. Because P; is
homogeneous and symmetric under the interchanges M; < My, M3
My, and (My, My) < (M3, My), we can dehomogenize by letting My =
1 — M; — My — M3 and restrict to the set €2 given by 0 < M; <
M2 < 1—M1—M2—M3 and M3 < 1—M1—M2—M3. It was
convenient to decompose this set into three tetrahedra Q4, Qp, and
QC’ with M, < Mg, M, < M; < MQ, and M3 < M, respectively.

Our goal is to prove that P, > 0 in the interior of €2. Our strategy
is to show that the only critical points of P; in the interior of ) are
positive. P; factors nicely on the boundary of €2 and there it is easy
to see that there are the zero-valued curves of minima described in the
statement of the lemma.

To examine the critical points in {2 with interval arithmetic is some-
what challenging due to the degeneracy of the zero set on its boundary,
so we first applied the linear transformation A taking M-coordinates to
y-coordinates according to the identities My = v, /4, My = yo/3+y1/4,
Ms = 1/2 — y1/4 — y2/6 — y3/2. The tetrahedron Q24 maps to the
tetrahedron Q4 given by y; > 0, y1 + y2 + y3 < 1. The key ad-
vantage of this transformation is that the zero set of Py(yy,v2,ys) =
P (A7 (y1, 92, y3)) is contained in the planes y, = 0 and y3 = 0. This
property causes the resultants Ris = Resy, (aﬁl /ayl,(?lf’l /0ys) and
Rys = Res,, (OP1 /Dy, OP, /ys) in Clys,ys] to have monomial factors
of high degree instead of more complicated polynomial factors.

Some of the factors of these resultants can be seen to have no zeros
in the projection of € to the (y2,y3) plane. For example, R;, factorizes
as

Yays (yo—3y3—3)2(y2—3y3+3)* (y2+3y3—3)* (Y2+3y3+3) > (y2+9y5—9)* f1 fo
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where f; has degree 24 and f> has degree 48. It is straightforward to
show that all the factors other than f; and f» do have no zeros in .
We use recursive interval arithmetic applied to ]51, the derivatives of
]51, and factors of the above resultants to exclude the existence of non-
positive critical values in the interior of {2 except for very small neigh-
borhoods of the two critical points (M;, My, M3) € {(0,0,0),(1/3,1/3,0)}
where P; is zero. For a given polynomial in n-variables x1,...,z, we
first view it in the ring Q[zy, ..., z,_1][x,] and obtain lower and upper
bounds to the coefficients (which are single-variable polynomials in x,,)
by verifying numerical estimates with the real root isolation code of
Carl Witty in Sage [21]. The remaining very small neighborhoods can
be excluded by considering expansions of the second derivatives of P,
around these points. 0

P; is simpler than P, since it is symmetric under any interchange of
masses. Thus it suffices to examine P, on the set €24. The only real
positive solutions occur when three masses are equal.

It should be possible to obtain much simpler proofs of the above
statements by finding an appropriate decomposition of P, and P», but
we were unable to do so.

7. CONCLUSION

We have shown that the Newtonian five-body problem has finitely
many spatial central configurations, apart from some explicitly given
possible exceptional cases for certain values of the mass parameters.

It seems likely that the spatial five-body central configurations are
always finite for positive masses. Our possible exceptional cases often
involve some equality between masses, but it is now known that there
are finitely many central configurations in the case of five equal masses
[10]. Presumably the failure of our methods to resolve our exceptional
cases merely reflects the existence of additional syzygies in the leading
terms of the generators of our ideal.
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