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Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

Let f : P1 → P1 be a rational function with
critical set ! f , and X , Y ⊂ P1 two Þnite

subsets,such that

X ∪ f (X ) ∪ f (! f ) ⊂ Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X ∪ f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | ≥ 3.

There are then two analytic mappings
!X , " f : TY → TX . The map !X is simply the

forgetful map, which forgets the points of
Y − X ; for it to be deÞnedwe evidently need

precisely X ⊂ Y.

Proposition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY → TX .
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Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X ; for it to be deÞnedwe evidently need

precisely X " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

DeÞneDef(f , X ) " TY to be the analytic
subsetdeÞnedby the equation " f = !X . Of

coursethe trivial Beltrami form µ = 0
represents a point of Def(f , X ) denoted #0.

Theorem 1. The space Def(f , X ) is an analytic
submanifold of TY , of dimension |Y | %|X |.

We needto identify the derivativesof !X and
" f , or rather their transposes.

Let Z " S2 be a Þnite subset. Recall that

¥ TZ is the spaceof homeomorphisms

$ : (S2, Z ) ! P1 modulo isotopy rel $(Z ) and
automorphisms of P1;

¥ TZ a complex manifold of dimension |Z | %3;

¥ The cotangent spaceT!
[! ]TZ is canonically

isomorphic to Q1(P1 %$(Z )), the spaceof
integrable holomorphic quadratic di" erentials

on P1 %$(Z );



Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that
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Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
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subsetdeÞnedby the equation " f = !X . Of
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Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two finite

subsets, such that

X # f (X ) # f (! f ) " Y.

Typically, X is some initial segment of the
post-critical locus together with some finite set

of cycles, and Y is X # f (X ), together with
any critical values omitted from X . We will

assume that |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X ; for it to be defined we evidently need

precisely X " Y .

Proposition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

Define Def(f , X ) " TX ! to be the analytic
subset defined by the equation " f = !X . Of

course the trivial Beltrami form µ = 0
represents a point of Def(f , X ) denoted #0.

Theorem 1. The space Def(f , X ) is an analytic
submanifold of TY .

We need to identify the derivatives of !X and
" f , or rather their transposes.

Let Z " S2 be a finite subset. Recall that

¥ TZ is the space of homeomorphisms

$ : (S2, Z ) ! P1 modulo isotopy rel $(Z ) and
automorphisms of P1;

¥ TZ a complex manifold of dimension |Z | %3;

¥ The cotangent space T!
[! ]TZ is canonically

isomorphic to Q1(P1 %$(Z )), the space of
integrable holomorphic quadratic di" erentials

on P1 %$(Z );

Let f : P1 ! P1 be a rational function with
critical set ! f , and X, Y " P1 two Þnite

subsets,such that

X # f (X) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X), together with
any crit ical valuesomitted from X. We will

assumethat |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X; for it to be deÞnedwe evidently need

preciselyX " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

DeÞneDef(f, X) " TX ! to be the analytic
subsetdeÞnedby the equation " f = !X . Of

coursethe trivial Beltrami form µ = 0
represents a point of Def(f, X) denoted #0.

Theorem 1. The space Def(f, X) is an analytic
submanifold of TY .

We needto identify the derivativesof !X and
" f , or rather their transposes.

Let Z " S2 be a Þnite subset. Recall that

¥ TZ is the spaceof homeomorphisms

$ : (S2, Z) ! P1 modulo isotopy rel $(Z) and
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¥ TZ a complex manifold of dimension |Z| %3;

¥ The cotangent spaceT !
[! ]TZ is canonically

isomorphic to Q1(P1 %$(Z)), the spaceof
integrable holomorphic quadratic di" erentials

on P1 %$(Z);

Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

There are then two analytic mappings
ιX , σf : TY ! TX . The map ιX is simply the

forgetful map, which forgets the points of
Y %X ; for it to be deÞnedwe evidently need

precisely X " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map σf : TY ! TX .

DeÞneDef(f , X ) " TX ! to be the analytic
subsetdeÞnedby the equation σf = ιX . Of

coursethe trivial Beltrami form µ = 0
represents a point of Def(f , X ) denoted τ0.

Theorem 1. The space Def(f , X ) is an analytic
submanifold of TY .

We needto identify the derivativesof ιX and
σf , or rather their transposes.

Let Z " S2 be a Þnite subset. Recall that

¥ TZ is the spaceof homeomorphisms

φ : (S2, Z ) ! P1 modulo isotopy rel φ(Z ) and
automorphisms of P1;

¥ TZ a complex manifold of dimension |Z | %3;

¥ The cotangent spaceT!
[! ]TZ is canonically

isomorphic to Q1(P1 %φ(Z )), the spaceof
integrable holomorphic quadratic di" erentials

on P1 %φ(Z );

Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X ; for it to be deÞnedwe evidently need

precisely X " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

DeÞneDef(f , X ) " TX ! to be the analytic
subsetdeÞnedby the equation " f = !X . Of
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Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X ; for it to be deÞnedwe evidently need

precisely X " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

DeÞneDef(f , X ) " TX ! to be the analytic
subsetdeÞnedby the equation " f = !X . Of

coursethe trivial Beltrami form µ = 0
represents a point of Def(f , X ) denoted #0.

Theorem 1. The space Def(f , X ) is an analytic
submanifold of TY .
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Let Z " S2 be a Þnite subset. Recall that

¥ TZ is the spaceof homeomorphisms

$ : (S2, Z ) ! P1 modulo isotopy rel $(Z ) and
automorphisms of P1;

¥ TZ a complex manifold of dimension |Z | %3;
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isomorphic to Q1(P1 %$(Z )), the spaceof
integrable holomorphic quadratic di" erentials

on P1 %$(Z );

¥ The vector space Q1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! φ(Z )
|q|.

Proposition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0))" : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0))" : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special cases where there is a
subset Z % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needs to fiddle a bit.

¥ The vector spaceQ1(P1 ! φ(Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of ιX and σf
are given by the formulas

(D ιX (τ0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(Dσf (τ0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D "X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a flexible Lattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) defined by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.



Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X ; for it to be deÞnedwe evidently need

precisely X " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

DeÞneDef(f , X ) " TX ! to be the analytic
subsetdeÞnedby the equation " f = !X . Of

coursethe trivial Beltrami form µ = 0
represents a point of Def(f , X ) denoted #0.

Theorem 1. The space Def(f , X ) is an analytic
submanifold of TY .

We needto identify the derivativesof !X and
" f , or rather their transposes.

Prop osition 2. The coderivatives of !X and " f
are given by the formulas

(D !X (#0)) " : Q1(X ) ! Q1(X #)

is the obvious inclusion, and

(D" f (#0)) " : Q1(X ) ! Q1(X #)

is the direct image operator f ! .

Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X ; for it to be deÞnedwe evidently need

precisely X " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

DeÞneDef(f , X ) " TX ! to be the analytic
subsetdeÞnedby the equation " f = !X . Of

coursethe trivial Beltrami form µ = 0
represents a point of Def(f , X ) denoted #0.

Theorem 1. The space Def(f , X ) is an analytic
submanifold of TY .

We needto identify the derivativesof !X and
" f , or rather their transposes.

Prop osition 2. The coderivatives of !X and " f
are given by the formulas

(D !X (#0)) " : Q1(X ) ! Q1(Y )

is the obvious inclusion, and

(D" f (#0)) " : Q1(X ) ! Q1(Y )

is the direct image operator f ! .

Let f : P1 ! P1 be a rational function with
critical set ! f , and X , Y " P1 two Þnite

subsets,such that

X # f (X ) # f (! f ) " Y.

Typically, X is someinitial segment of the
post-critical locus together with someÞnite set

of cycles,and Y is X # f (X ), together with
any crit ical valuesomitted from X . We will

assumethat |X | $ 3.

There are then two analytic mappings
!X , " f : TY ! TX . The map !X is simply the

forgetful map, which forgets the points of
Y %X ; for it to be deÞnedwe evidently need

precisely X " Y .

Prop osition 1. The map f ! on Beltrami forms
induces an analytic map " f : TY ! TX .

DeÞneDef(f , X ) " TX ! to be the analytic
subsetdeÞnedby the equation " f = !X . Of

coursethe trivial Beltrami form µ = 0
represents a point of Def(f , X ) denoted #0.

Theorem 1. The space Def(f , X ) is an analytic
submanifold of TY , of dimension |Y | %|X |.

We needto identify the derivativesof !X and
" f , or rather their transposes.

Let Z " S2 be a Þnite subset. Recall that

¥ TZ is the spaceof homeomorphisms

$ : (S2, Z ) ! P1 modulo isotopy rel $(Z ) and
automorphisms of P1;

¥ TZ a complex manifold of dimension |Z | %3;

¥ The cotangent spaceT!
[! ]TZ is canonically

isomorphic to Q1(P1 %$(Z )), the spaceof
integrable holomorphic quadratic di" erentials

on P1 %$(Z );



¥ The vector spaceQ1(P1 ! ! (Z)) carries the
L1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X) # Q1(Y )

is the direct image operator f#.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X) # Q1(Y ) deÞned by
$ f (q) = f#q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z| & 4 such that

f ! 1(Z) % X ' ! f we have

"f#" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

¥ The vector spaceQ1(P1 − ! (Z )) carries the
L 1 norm

‖q‖ =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) → Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) → Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map ∇f : Q1(X ) → Q1(Y ) deÞned by
∇f (q) = f #q− q is injective.

Except in the special caseswhere there is a
subsetZ ⊂ Y with |Z | ≥ 4 such that

f ! 1(Z ) ⊂ X ∪ ! f we have

‖f #‖ < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

This provesTheorem 1: in local coordinates,
Def(f , X ) is deÞnedby the equation

i # ! f # = 0. The derivative of the equation

µ (# i #µ ! f #µ

is surjective if and only if its transposeis
injective. The transposeis $ f .

For every $ ) Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

This provesTheorem 1: in local coordinates,
Def(f , X ) is deÞnedby the equation

i # ! f # = 0. The derivative of the equation

µ (# i #µ ! f #µ

is surjective if and only if its transposeis
injective. The transposeis $ f .

For every $ ) Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

• The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

This provesTheorem 1: in local coordinates,
Def(f , X ) is deÞnedby the equation

i # ! f # = 0. The derivative of the equation

µ (# i #µ ! f #µ

is surjective if and only if its transposeis
injective. The transposeis $ f .

For every $ ) Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By



¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D "X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a flexible Lattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) defined by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

This provesTheorem 1: in local coordinates,
Def(f , X ) is deÞnedby the equation

i # ! f # = 0. The derivative of the equation

µ (# i #µ ! f #µ

is surjective if and only if its transposeis
injective. The transposeis $ f .

For every $ ) Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By



¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X . Since
# X & 3, the map %is uniquely determined by
! , so it makessenseto write f ! := ! ) f ) %! 1.

Note that for x ( X we have
f ! (! (x)) = f ! (%(x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, %1 and ! 2, %2 are two
choicesof quasiconformal homeomorphismssat-
isfying (??) and ! 1|X = %1|X , ! 2|X = %2|X ,

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Proposition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X . Since
|X | & 3, the map %is uniquely determined by
! , so it makessenseto write f ! := ! ) f ) %! 1.

Note that for x ( X we have
f ! (! (x)) = f ! (%(x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Proposition 3. If ! 1, %1 and ! 2, %2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = %1|X , ! 2|X = %2|X , then

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Proposition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X . Since
|X | & 3, the map %is uniquely determined by
! , so it makessenseto write f ! := ! ) f ) %! 1.

Note that for x ( X we have
f ! (! (x)) = f ! (%(x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Proposition 3. If ! 1, %1 and ! 2, %2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = %1|X , ! 2|X = %2|X , then

• The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1−! (Z)
|q|.

Prop osition 2. The coderivatives of "X and #f

are given by the formulas

(D"X ($0))" : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0))" : Q1(X ) # Q1(Y )

is the direct image operator f ∗.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f ∗q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f −1(Z ) % X ' ! f we have

" f ∗" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f ∗µ
&%
&z

and such that ! and %coincide on X .

µ and f ∗µ are not equal: they deÞnethe same
point of TX . So by composing with a M¬obius

transformation we can make them agreeon X ,
and then be isotopic rel X .

Since |X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f ! := ! ) f ) %−1. Note that for x ( X we have
f ! (! (x)) = f ! (%(x)) = ! (f (x)). In particular,

¥ The vector spaceQ1(P1 ! ! (Z)) carries the
L1 norm
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P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X) # Q1(Y )

is the direct image operator f#.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X) # Q1(Y ) deÞned by
$ f (q) = f#q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z| & 4 such that

f ! 1(Z) % X ' ! f we have

"f#" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f, X) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f#µ
&%
&z

and such that ! and %coincide on X.

µ and f#µ are not equal: they deÞnethe same
point of TX . So by composing with a M¬obius

transformation we can make them agreeon X,
and then be isotopic rel X.

Since|X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f! := ! ) f ) %! 1.

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f ! := ! ) f ) %! 1.

¥ The vector spaceQ1(P1 ! φ(Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of ιX and σf
are given by the formulas

(D ιX (τ0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(Dσf (τ0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every τ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

φ, ψ : P1 # P1 such that

(1)
∂φ

∂øz
= µ

∂φ

∂z
, and

∂ψ

∂øz
= f #µ

∂ψ

∂z
and such that φ and ψ coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | & 3, the map ψ is uniquely
determined by φ, so it makessenseto write

f ! := φ ) f ) ψ! 1.
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are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f ! := ! ) f ) %! 1.

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
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Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0))" : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0))" : Q1(X ) # Q1(Y )

is the direct image operator f ∗.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f ∗q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f −1(Z ) % X ' ! f we have

" f ∗" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f ∗µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f ∗µ are not equal:
they deÞnethe samepoint of TX . By

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f ! := ! ) f ) %−1.
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are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f ! := ! ) f ) %! 1.

¥ The vector spaceQ1(P1 ! ! (Z )) carries the
L 1 norm

" q" =
!

P1! ! (Z )
|q|.

Prop osition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f ! := ! ) f ) %! 1.
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L 1 norm
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Proposition 2. The coderivatives of "X and #f
are given by the formulas

(D"X ($0)) " : Q1(X ) # Q1(Y )

is the obvious inclusion, and

(D#f ($0)) " : Q1(X ) # Q1(Y )

is the direct image operator f #.

Theorem 2. If f is not a ßexibleLattès exam-
ple, the map $ f : Q1(X ) # Q1(Y ) deÞned by
$ f (q) = f #q ! q is injective.

Except in the special caseswhere there is a
subsetZ % Y with |Z | & 4 such that

f ! 1(Z ) % X ' ! f we have

" f #" < 1,

and then the result is true. In the special cases
one needsto Þddle a bit.

For every $ ( Def(f , X ) represented by the
Beltrami di" erential µ, we can Þnd
quasiconformalhomeomorphisms

! , %: P1 # P1 such that

(1)
&!
&øz

= µ
&!
&z

, and
&%
&øz

= f #µ
&%
&z

and such that ! and %coincide on X .

The Beltrami forms µ and f #µ are not equal:
they deÞnethe samepoint of TX . By

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | & 3, the map %is uniquely
determined by ! , so it makessenseto write

f ! := ! ) f ) %! 1.



Why is  Def(f,X)  called a space of 
rational functions?



Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (??) and ! 1|X = " 1|X , ! 2|X = " 2|X ,
then f ! 1 and f ! 2 are conjugate by the Moebius
transformation M := ! 2 " ! ! 1

1 , i.e., f ! 2 " M =
M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

Why is  Def(f,X)  called a space of 
rational functions?



Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (??) and ! 1|X = " 1|X , ! 2|X = " 2|X ,
then f ! 1 and f ! 2 are conjugate by the Moebius
transformation M := ! 2 " ! ! 1

1 , i.e., f ! 2 " M =
M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

Why is  Def(f,X)  called a space of 
rational functions?

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since |X | ! 3, the map ! is uniquely
determined by " , so it makessenseto write

f ! := " " f " ! ! 1.

Note that for x # X we have
f ! (" (x)) = f ! (! (x)) = " (f (x)). In particular,
" sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If " 1, ! 1 and " 2, ! 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and " 1|X = ! 1|X , " 2|X = ! 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := " 2" " ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map " $%f ! induces an
analytic mapping ! : Def(f , X ) % Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

• multipliers of cyclesin X ;

• multiplicities of parabolic cycles;

• the formal invariant of a parabolic cycle

• breaking critical relat ions.

Thesemay not look like functions, but they can
all be interpreted as functions if you try hard.

The derivative of a holomorphic function
# : Def(f , X ) % C at the basepoint f is an



Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (??) and ! 1|X = " 1|X , ! 2|X = " 2|X ,
then f ! 1 and f ! 2 are conjugate by the Moebius
transformation M := ! 2 " ! ! 1

1 , i.e., f ! 2 " M =
M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

Why is  Def(f,X)  called a space of 
rational functions?

Note that for x ! X we have
f φ(! (x)) = f φ(" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f φ, and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f φ1 and f φ2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f φ2 " M = M " f φ1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f φ induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since |X | ! 3, the map ! is uniquely
determined by " , so it makessenseto write

f ! := " " f " ! ! 1.

Note that for x # X we have
f ! (" (x)) = f ! (! (x)) = " (f (x)). In particular,
" sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If " 1, ! 1 and " 2, ! 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and " 1|X = ! 1|X , " 2|X = ! 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := " 2" " ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map " $%f ! induces an
analytic mapping ! : Def(f , X ) % Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

• multipliers of cyclesin X ;

• multiplicities of parabolic cycles;

• the formal invariant of a parabolic cycle

• breaking critical relat ions.

Thesemay not look like functions, but they can
all be interpreted as functions if you try hard.

The derivative of a holomorphic function
# : Def(f , X ) % C at the basepoint f is an



composing with a M¬obius transformation we
can make them agreeon X, and then be

isotopic rel X.

Since|X | ! 3, the map ! is uniquely
determined by " , so it makessenseto write

f! := " " f " ! ! 1.

Note that for x # X we have
f! (" (x)) = f! (! (x)) = " (f (x)). In particular,
" sendscyclesof f belonging to X to cyclesof

f! , and also segments of orbits.

Prop osition 3. If " 1, ! 1 and " 2, ! 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and " 1|X = ! 1|X , " 2|X = ! 2|X , then
f! 1 and f! 2 are conjugate by the Moebius trans-
formation M := " 2" " ! 1

1 , i.e., f! 2 " M = M " f! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map " $%f! induces an
analytic mapping ! : Def(f, X) % Ratd.

You should think of Def(f, X) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The rational functions parametrized by
Def(f, X) all share those features of f that

appear in X.

If somecycle of f appears in X it exists, as a
labeled cycle, for all the rational functions f! ,
even if the cycle bifurcates in Ratd at ! ([" ]).

If somecritical relation appears in X, it will be
sharedby all f! , but not otherwise.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f, X), such as

¥ multipliers of cyclesin X;

composing with a M¬obius transformation we
can make them agreeon X , and then be

isotopic rel X .

Since|X | ! 3, the map ! is uniquely
determined by " , so it makessenseto write

f ! := " " f " ! ! 1.

Note that for x # X we have
f ! (" (x)) = f ! (! (x)) = " (f (x)). In particular,
" sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If " 1, ! 1 and " 2, ! 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and " 1|X = ! 1|X , " 2|X = ! 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := " 2" " ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map " $%f ! induces an
analytic mapping ! : Def(f , X ) % Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The rational functions parametrized by
Def(f , X ) all share those features of f that

appear in X .

If somecycle of f appears in X it exists, as a
labeled cycle, for all the rational functions f ! ,
even if the cycle bifurcates in Ratd at ! ([" ]).

If somecritical relation appears in X , it will be
sharedby all f ! , but not otherwise.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

composing with a Möbius transformation we
can make them agree on X , and then be

isotopic rel X .

Since |X | ≥ 3, the map ! is uniquely
determined by " , so it makes sense to write

f ! := " ◦ f ◦ ! ! 1.

Note that for x ∈ X we have
f ! (" (x)) = f ! (! (x)) = " (f (x)). In particular,
" sends cycles of f belonging to X to cycles of

f ! , and also segments of orbits.

Prop osition 3. If " 1, ! 1 and " 2, ! 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and " 1|X = ! 1|X , " 2|X = ! 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := " 2◦" ! 1

1 , i.e., f ! 2 ◦M = M ◦f ! 1 .

Let Ratd be the space of rational functions of
degree d.

Prop osition 4. The map " $→ f ! induces an
analytic mapping ! : Def(f , X ) → Ratd.

You should think of Def(f , X ) as a Teichmüller
space, of Ratd as the corresponding moduli
space, and ! as the natural projection from

Teichmüller space to moduli space.

The rational functions parametrized by
Def(f , X ) all share those features of f that

appear in X .

If some cycle of f appears in X it exists, as a
labeled cycle, for all the rational functions f ! ,
even if the cycle bifurcates in Ratd at ! ([" ]).

If some critical relation appears in X , it will be
shared by all f ! , but not otherwise.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cycles in X ;



Invariant polar parts

Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choices of quasiconformal homeomorphisms sat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings ! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Let X , Y % P1 be Þnite subsetsas above, and
Z % X be a union of cycles.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di" erentials on P1 holomorphic on
P1 & X , with at worst simple poleson X & Z

and arbitrary poleson Z ,

and Q1(X ) % Q(X , Z ) the subspaceof
integrable quadratic di" erentials holomorphic

on P1 & X

(and hencehaving at worst simple poles on X ).

Note that for x ! X we have
f! (! (x)) = f! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f! 1 and f! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f! 2 " M = M " f! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f! induces an
analytic mappingsΠ : Def(f, X) $ Ratd.

You should think of Def(f, X) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and Π as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to differentiate
various dynamically natural functions on

Def(f, X), such as

¥ multipliers of cyclesin X;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Let X, Y % P1 be Þnite subsetsas above, and
Z % X be a union of cycles.

Let Q(X, Z) be the spaceof meromorphic
quadratic differentials on P1 holomorphic on
P1 & X, with at worst simple poleson X & Z

and arbitrary poleson Z,

and Q1(X) % Q(X,Z) the subspaceof
integrable quadratic differentials holomorphic

on P1 & X

(and hencehaving at worst simple poles on X).

Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Proposition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Proposition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Let X , Y % P1 be Þnite subsetsas above, and
Z % X be a union of cycles.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di" erentials on P1 holomorphic on
P1 & X , with at worst simple poleson X & Z

and arbitrary poleson Z ,

and Q1(X ) % Q(X , Z ) the subspaceof
integrable quadratic di" erentials holomorphic

on P1 & X

(and hencehaving at worst simple poles on X ).

Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Let X , Y % P1 be Þnite subsetsas above, and
Z % X be a union of cycles.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di" erentials on P1 holomorphic on
P1 & X , with at worst simple poleson X & Z

and arbitrary poleson Z ,

and Q1(X ) % Q(X , Z ) the subspaceof
integrable quadratic di" erentials holomorphic

on P1 & X

(and hencehaving at worst simple poles on X ).

Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Let X , Y % P1 be Þnite subsetsas above, and
Z % X be a union of cycles.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di" erentials on P1 holomorphic on
P1 & X , with at worst simple poleson X & Z

and arbitrary poleson Z ,

and Q1(X ) % Q(X , Z ) the subspaceof
integrable quadratic di" erentials holomorphic

on P1 & X

(and hencehaving at worst simple poles on X ).

Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Thesemay not look like functions, but they can
all be interpreted as functions if you try hard.

Let X , Y % P1 be Þnite subsetsas above, and
Z % X be a union of cycles.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di" erentials on P1 holomorphic on
P1 & X , with at worst simple poleson X & Z

and arbitrary poleson Z ,

and Q1(X ) % Q(X , Z ) the subspaceof
integrable quadratic di" erentials holomorphic

on P1 & X



Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sends cycles of f belonging to X to cycles of

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the space of rational functions of
degree d.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichmüller
space, of Ratd as the corresponding moduli
space, and ! as the natural projection from

Teichmüller space to moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cycles in X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relations.

These may not look like functions, but they can
all be interpreted as functions if you try hard.

The derivative of a holomorphic function
# : Def(f , X ) $ C at the base point f is an

element of the cotangent space

T"
f Def(f , X ) = Q1(Y )/ %f (Q1(X )).

Thus we need a technique to produce elements
of this cotangent space.

Let X , Y & P1 be finite subsets as above, and
Z & X be a union of cycles.

Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Prop osition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Prop osition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Thesemay not look like functions, but they can
all be interpreted as functions if you try hard.

The derivative of a holomorphic function
# : Def(f , X ) $ C at the basepoint f is an

element of the cotangent space

T"
f Def(f , X ) = Q1(Y )/ %f (Q1(X )) .

Thus we needa technique to produce elements
of this cotangent space.

Let X , Y & P1 be Þnite subsetsas above, and
Z & X be a union of cycles.



Note that for x ! X we have
f ! (! (x)) = f ! (" (x)) = ! (f (x)). In particular,
! sendscyclesof f belonging to X to cyclesof

f ! , and also segments of orbits.

Proposition 3. If ! 1, " 1 and ! 2, " 2 are two
choicesof quasiconformal homeomorphismssat-
isfying (1) and ! 1|X = " 1|X , ! 2|X = " 2|X , then
f ! 1 and f ! 2 are conjugate by the Moebius trans-
formation M := ! 2" ! ! 1

1 , i.e., f ! 2 " M = M " f ! 1 .

Let Ratd be the spaceof rational functions of
degreed.

Proposition 4. The map ! #$ f ! induces an
analytic mappings! : Def(f , X ) $ Ratd.

You should think of Def(f , X ) as a Teichm¬uller
space,of Ratd as the corresponding moduli
space,and ! as the natural projection from

Teichm¬uller spaceto moduli space.

The object of transversality is to di" erentiate
various dynamically natural functions on

Def(f , X ), such as

¥ multipliers of cyclesin X ;

¥ multiplicities of parabolic cycles;

¥ the formal invariant of a parabolic cycle

¥ breaking critical relat ions.

Thesemay not look like functions, but they can
all be interpreted as functions if you try hard.

The derivative of a holomorphic function
# : Def(f , X ) $ C at the basepoint f is an

element of the cotangent space

T"
f Def(f , X ) = Q1(Y )/ %f (Q1(X )) .

Thus we needa technique to produce elements
of this cotangent space.

Let X , Y & P1 be Þnite subsetsas above, and
Z & X be a union of cycles.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di! erentials on P1 holomorphic on
P1 ! X , with at worst simple poleson X ! Z

and arbitrary poleson Z ,

and Q1(X ) " Q(X , Z ) the subspaceof
integrable quadratic di! erentials holomorphic

on P1 ! X

(and hencehaving at worst simple poleson X ).

The diagram
(2)

0 0
# #

Q1(X )
! f
! $ Q1(Y ) ! $ Q1(Y )/ %f (Q1(X ))

# #

N (Z ) ! $ Q(X , Z )
! f
! $ Q(Y, Z )

# # #

K (Z ) ! $ P(Z )
! f
! $ P"(Z )

# #
0 0

is a convenient way to organizeall thesespaces.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di! erentials on P1 holomorphic on
P1 ! X , with at worst simple poleson X ! Z

and arbitrary poleson Z ,

and Q1(X ) " Q(X , Z ) the subspaceof
integrable quadratic di! erentials holomorphic

on P1 ! X

(and hencehaving at worst simple poleson X ).

The diagram
(2)

0 0
# #

Q1(X )
! f
! $ Q1(Y ) ! $ Q1(Y )/ %f (Q1(X ))

# #

N (Z ) ! $ Q(X , Z )
! f
! $ Q(Y, Z )

# # #

K (Z ) ! $ P(Z )
! f
! $ P"(Z )

# #
0 0

is a convenient way to organizeall thesespaces.

Let Q(X , Z ) be the spaceof meromorphic
quadratic di! erentials on P1 holomorphic on
P1 ! X , with at worst simple poleson X ! Z

and arbitrary poleson Z ,

and Q1(X ) " Q(X , Z ) the subspaceof
integrable quadratic di! erentials holomorphic

on P1 ! X

(and hencehaving at worst simple poleson X ).

The diagram
(2)

0 0
# #

Q1(X )
! f
! $ Q1(Y ) ! $ Q1(Y )/ %f (Q1(X ))

# #

N (Z ) ! $ Q(X , Z )
! f
! $ Q(Y, Z )

# # #

K (Z ) ! $ P(Z )
! f
! $ P"(Z )

# #
0 0

is a convenient way to organizeall thesespaces.



The diagram
(2)

0 0
! !

Q1(X )
! f
" # Q1(Y ) " # Q1(Y )/ $ f (Q1(X ))

! !

N (Z ) " # Q(X , Z )
! f
" # Q(Y, Z )

! ! !

K (Z ) " # P(Z )
! f
" # P"(Z )

! !
0 0

is a convenient way to organizeall thesespaces.

The diagram
(2)

0 0
! !

Q1(X)
! f
" # Q1(Y ) " # Q1(Y )/$ f (Q1(X))

! !

N (Z) " # Q(X, Z)
! f
" # Q(Y, Z)

! ! !

K(Z) " # P (Z)
! f
" # P "(Z)

! !
0 0

is a convenient way to organizeall thesespaces.

The diagram
(2)

0 0
! !

Q1(X )
! f
" # Q1(Y ) " # Q1(Y )/ $ f (Q1(X ))

! !

N (Z ) " # Q(X , Z )
! f
" # Q(Y, Z )

! ! !
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Prop osition 5. If the origin is not parabolic,
then K (f , 0) has dimension 1, generated by

q0 =
dz2

z2 .

If the origin is parabolic, Þnd a local coordinate

z around 0 in which f is written

(3) f (z) = ! z(1 + zm! + Cz2m! + . . .)

where ! = e2i " # / ! with (" , #) = 1. Then the
space K (f , 0) is the direct sumof an m-dimensional
subspace K !(f , 0) and a 1-dimensionalspace K !!(f , 0).
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(except q0) is not natural, the Þltration

K !
0(f , 0) ! K !
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1
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The proof is not really hard (2 pagesafter
setting up the notation): it involvesasymptotic

developments, Stokestheorem, the residue
formula, and dualit y betweenquadratic

differentials and Beltrami forms.

Still, doing it in a lecture (at least this lecture) seems 
unreasonable.
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cycle of f τ corresponding to Z .

Let

K #
0(f ; X , Z ) $ K #

1(f ; X , Z ) $ . . .

$ K #
m! 1(f ; X , Z ) = K #(f , X , Z ).

be the Þltration of the spaceof invariant
quadratic differentials according to the order of

the pole.
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An application:

The Fatou-Shishikura 
inequality
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The number N (f ) is the number of
non-repelling cyclesof f counted with this

multiplicit y.
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Let f be a rational function.

Associate to each cycle c = { z0, . . . , zl ! 1} of f
a number N (c) deÞnedto be

N (c) =

!
""""""#

""""""$
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&+ 1 if c is parabolic and virt ually non $ repelling.

The number N (f ) is the number of
non-repelling cyclesof f counted with this

multiplicit y.

In the spaceDef(f , X ), we can deÞnesubsets

F 1(Z ) ! F 2(Z ) ! F 3(Z ) ! . . .

where

F l(Z ) = { ! " Def(f , X ) | Z! is parabolic of multiplicit y # l} .

Prop osition 7. If " " T! 0 Def(f , X ) is tangent
to Z l(C), then " is orthogonal to K l(f ; X , Y ).

Supposenow that

Z = { y0, . . . , zk! 1, zk = z0}

is a cycle for f that is parabolic with multiplier
e2" i#/$ , and of multiplicit y m. Set n = m#.

Supposefurther that f t is an family of rational
functions in F m(Z ), i.e., such that for all t the
cycle Z (t) = { z0(t), . . . , zk! 1(t)} is parabolic

with the samemultiplier e2" i#/$ and the same
multiplicit y m. Then
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.
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Let f be a rational function.

Associate to each cycle c = { z0, . . . , zl! 1} of f
a number N (c) deÞnedto be

N (c) =
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""""""#

""""""$

0 if c is repelling,
0 if c is superattracting ,
1 if c is attracting , not superattracting ,
1 if c is irrationally indi ! erent ,
& if c is parabolic of multipl icity & and virtually repelling, and
&+ 1 if c is parabolic and virt ually non $ repelling.

The number N (f ) is the number of
non-repelling cyclesof f counted with this

multiplicit y.

In the spaceDef(f , X ), we can deÞnesubsets

F 1(Z ) ! F 2(Z ) ! F 3(Z ) ! . . .

where

F l (Z ) = { τ " Def(f , X ) | Z! is parabolic of multiplicit y # l} .

Prop osition 7. If ξ " T! 0 Def(f , X ) is tangent
to Z l (C), then ξ is orthogonal to K l (f ; X , Y ).

Supposenow that

Z = { y0, . . . , zk! 1, zk = z0}

is a cycle for f that is parabolic with multiplier
e2" i # / $ , and of multiplicit y m. Set n = mβ.

Supposefurther that f t is an family of rational
functions in F m (Z ), i.e., such that for all t the
cycle Z (t) = { z0(t), . . . , zk! 1(t)} is parabolic

with the samemultiplier e2" i # / $ and the same
multiplicit y m. Then

C(t) = Resz0

dζ

ζ $ f " nζ
.

Prop osition 8. The quadratic di! erential ÷q##
Z

representsthe derivative of the formal invariant:

C#(0) = $
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Let f be a rational function.

Associate to each cycle c = { z0, . . . , zl ! 1} of f
a number N (c) deÞnedto be

N (c) =

!
""""""#

""""""$

0 if c is repelling,
0 if c is superattracting ,
1 if c is attracting , not superattracting ,
1 if c is irrationally indi ! erent ,
ν if c is parabolic of multipl icity ν and virtually repelling, and
ν + 1 if c is parabolic and virt ually non $ repelling.

The number N (f ) is the number of
non-repelling cyclesof f counted with this

multiplicit y.
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where
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Supposenow that

Z = { y0, . . . , zk! 1, zk = z0}

is a cycle for f that is parabolic with multiplier
e2" i # / $ , and of multiplicit y m. Set n = m#.

Supposefurther that f t is an family of rational
functions in F m (Z ), i.e., such that for all t the
cycle Z (t) = { z0(t), . . . , zk! 1(t)} is parabolic

with the samemultiplier e2" i # / $ and the same
multiplicit y m. Then
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d$
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The number M (f ) is the number of inÞnite
tails of critical orbits.

Let ! f be the critical set of a rational function
f , and set

Pn
f =

n!

i =1

f ! i (! f ).

Clearly the setsPn
f are increasing:

P1
f ! P2

f ! . . . , and it is easyto seethat

f : Pn
f " Pn" 1

f # Pn+1
f " Pn

f

is well-deÞnedand surjective. Thus the
cardinalit y #( Pn

f " Pn" 1
f ) is a non-decreasing

sequenceof non-negative integers,and must be
eventually constant; we deÞnethe number of

postcritical tails of f to be

M (f ) = lim
n# $

#( Pn
f " Pn" 1

f ).

and we will say that Pn(f ) contains all critical
relations if #( Pn

f " Pn" 1
f = M (f ).

Clearly M (f ) $ 2d " 2, but if there are any
critical orbit relations (i.e. an identit y of the

form f ! i (! 1) = f ! j (! 2) for somei, j ! 0), such
as superattracting cycles, or any multiple

critical points, then it will be smaller.

Theorem 3. The numbers N (f ) and M (f ) sat-
isfy the inequality

(3) N (f ) " M (f ).
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Theorem
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The numbers N (f ) and M (f ) satisfy the
inequality

N (f ) " M (f ).



Outline of the proof

The number M (f ) is the number of inÞnite
tails of critical orbits.

Let ! f be the critical set of a rational function
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Pn
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as superattracting cycles, or any multiple

critical points, then it will be smaller.

The numbers N (f ) and M (f ) satisfy the
inequality

N (f ) " M (f ).

Let X be an initial segment of the postcritical
set, large enoughto contain all critical

relations, together with all non-repelling cycles.

Let Y = X %f (X ).

Then Def(f , X ) has dimension M (f ).

The number M (f ) is the number of inÞnite
tails of critical orbits.
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The number M (f ) is the number of inÞnite
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Let ! f be the critical set of a rational function
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critical orbit relations (i.e. an identit y of the

form f ! i (! 1) = f ! j (! 2) for somei, j ! 0), such
as superattracting cycles, or any multiple

critical points, then it will be smaller.

The numbers N (f ) and M (f ) satisfy the
inequality

N (f ) " M (f ).

Let X be an initial segment of the postcritical
set, large enoughto contain all critical

relations, together with all non-repelling cycles.

Let Y = X %f (X ).

Then Def(f , X ) has dimension

|Y | " |X | = M (f ).

To each cycle we have attached various
cotangent vectors to Def(f , X ).

for each attracting, non-super attracting cycle,
the spaceof cotangent vectors was

1-dimensional.

For each indi! erent non-parabolic cyle, the
dimension was also 1.

For a parabolic cycle of multiplicit y ν, there
was a ν-dimensional subspace(corresponding

to multiplicit y),

and a 1-dimensionalsubspacecorresponding to
the formal invariant.

For each attractin g, non-super attracting cycle,
the spaceof cotangent vectors was

1-dimensional.

For each indi! erent non-parabolic cyle, the
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was a ! -dimensional subspace(corresponding
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and a 1-dimensionalsubspacecorresponding to
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the space of cotangent vectors was
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For each indi! erent non-parabolic cyle, the
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the formal invariant.

All these spaces are linearly independent,
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The idea to prove this is to take a linear
combination q of the quadratic di! erentials

with divergent integrals which give rise to the
cotangent vectors, and

to chooseneighborhoods of Uc of the
non-repelling cycles,

and to set

W = P1 !
!

c

Uc.
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Then"

f ! 1W
|q| <

"

W
|q|.

Thus q /" N (Z ), so it maps to a non-zero
cotangent vector to Def(f , X ).
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thatÕs all folks!!


