Transversality




A TeichmYller Space
Rational Functions

Let f : PL1 Pl be arational function with
critical set! ¢, and X,Y " P! two bnite
subsets,sud that

X #E(X)#F(¢)" Y.

Typically, X Is someinitial segmen of the
post-critical locustogether with somebpPnite set
of cycles,and Y Is X Uf (X)), together with
any critical valuesomitted from X . We will
assumethat |X | > 3.



There are then two analytic mappings
Iv,"t Ty I Tx. The map !x Is simply the
forgetful map, which forgets the points of

Y % X ; for it to be dePnedwe evidertly need
precisely X " Y.

Prop osition 1. The mapf' on Beltrami forms

Induces an analytic map o¢ : Ty !
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Let Z " S? be a Pnite subset. Recall that
¥ T, is the space of homeomorphisms

isotopy rel $(Z) and

: 2 | 1
$:(55,2)1 P modulo automorphisms of P*;

¥ T, a complex manifold of dimension |Z| % 3;

‘ ¥ The cotangert spaceT[, ]Tz |s canonlcally

*a




Theorem 1. The space Def(f, X)) is an analytic
submanifold of Ty, of dimension |Y|%|X|.

We needto identify the derivativesof !y and
", or rather their transposes.

Prop osition 2. The coderivatives of Ix and "

are given by the formulas
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Theorem 2. If f Is not a Rexible Lattes exam-
ple, the map $: : QYX) # QYY) debna by
$:(q) = fuq! q is injective.

Except in the special caseswhere there is a
subsetZ %Y with [Z]| & 4 sud that
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This proves Theorem 1: in local coordinates,
Def(f, X ) Is debPnedby the equation
i”1 f# = 0. The derivative of the equation
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For every $ ( Def(f, X) represeried by the
Beltrami di" erertial u, we can bPnd
guasiconformalhomeomorphisms
|, %: Pt # P! sud that
& & &% ¢ &%

& &z’ & &z
and sudh that ! and % coincideon X .
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Why Is Deff,X) called a space of
rational functions?
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Why Is Deff,X) called a space of
rational functions?

Let Raty be the spaceof rational functions of
degreed.
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The rational functions parametrized by
Def( f, X) all sharethosefeatures of f that

appear in X.

If somecycle of f appearsin X It exists, as a
labeled cycle, for all the rational functions f,

even If the cycle bifurcatesin Ratg at ! (["]).
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Invariant polar parts

The object of transversality Is to di" erertiate
various dynamically natural functions on
Def(f, X ), sud as

¥ multipliers of cyclesin X;
¥ multiplicities of parabolic cycles;
¥ the formal invariant of a parabolic cycle

¥ breaking critical relations.

Thesemay not look like functions, but they can
all be interpreted as functions If you try hard.



The derivative of a holomorphic function
# : Def(f,X)$ C at the base point f is an
element of the cotangent space

T; Def(f,X) = QY (Y)/ % (Q*(X)).




Let X.Y & P! be bnite subsetsas above, and
/Z & X be a union of cycles.

Let Q(X,Z) bethe spaceof meromorphic
quadratic di! erertials on P! holomorphic on
PL1 X, with at worst smple poleson X ! Z

and arbitrary poleson Z,
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The diagram

Qe O O LS (000




By debPnition the columns are exact, so that
P(Y) = Q(X,Z)/Q*X) and
P(Z) = Q(Y,Z)/Q '(Y). As sud, thesespace:
consist of polar parts of quadratic di! erertials
on Z, but thesepolar parts must actually be
realized by global meromorphic quadratic
di! erertials. This requiremert Is in fact empty.

Further, K(f,Z) = ker% : P(Z)$ P (2).

Lemma 1. The natural inclusion P(Z) &$' ;47 P (2)
is an isomorphism. In particular, P(Z) = P (Z)
(but % Is not the Isomorphism).
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An elemernary argument from homological
algebra called the snakelemma then says that
there Is an exact sequence

0! N(Z)! K(Z)! QNY)/" ¢(QH(X))
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An elemenary argumastgfrom homological
algebra called the spf" _ "1 then says that
there Is ¢ exact sed ence

0! N(Z)! Kiz)! QL% )\ (QY(X))

QYY) "# QYY) $:(QYX))
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Thus we needto compute K (Z) and N(Z). In
other words, we nead to compute the invariant
polar parts, i.e., the terms of degree# $ 2 of
quadratlc d|' erertlals In the kernel of " e but
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This Is a purely local computation, done by
formal power series.

Let f : (C,0)! (C,0) beagerm of an analytic
mapping at O, with f (0) = 0 and
| := f'(0) %0. Let Q(C, 0) be the spaceof
germsof meromorphic quadratic di! erentials at

0 & C, and Q*(C, 0) the subspaceof those
guadratic di! erertials with at most simplepoles.
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Prop osition 5. If the origin Is not paralolic,
then K (f, 0) hasdimension 1, geneiated by

If the origin Is paralolic, Pnd a local coordinate
z around O in which f Is written
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The quadmatic di! erentials

_dz? _dz?

form a basis of K'(f, 0), and although the basis
(except ¢p) IS not natural, the Pltration
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Some important
derivatives

Let Z! X beacycle under f, and consider
the function

L PAE R C e

whosevalue at [#] $ Def(f, X)) is the multiplier

of the cycle #(Z) for the rational map f-. This

function Is well-dePnedsincethe multiplier iIs

iInvariant under analytic conjugacies The brst

object Is to compute its derivative at the base
point $&. Since
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D" 7 ($0) $ Ts,Def(f,X)* = Q(Y)/ % Q(X),
we are looking for sudh an equivalence classof

quadratic di! ererials.
There Is a clear candidate, the elemen ¢z ¢ of

the quotient space,which exists for all
multipliers " & 0. Recall that this elemen, via

the snake lemma, comesfrom double poles
~ alongthe cycle.
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The proof is not really hard (2 pagesafter
setting up the notation): It involvesasymptotic
developmerts, Stokestheorem, the residue
formula, and duality betweenquadratic

differertials and Beltrami forms.
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et

Z=1{20,...,2x1 1,2k = Zo}
be a parabolic cycle with multiplier
f"k)#(zo) - eZ! i"/#,

and of multiplicit y m.




Let Ky (f;X,2)$ Ki(f;X,2)$ ...
$ K7 (f:X,2)= KAf,X,2Z).

be the Pltration of the spaceof invariant
guadratic di! erertials accordingto the order of
the pole.




Prop osition 7. If " & Tg,Def(f, X ) Is tangent




Supposenow that

Z ={Yo,...»Zx1 1,2k = Zo}

Is a cyclefor f that Is parabolic with multiplier
e’/ B and of multiplicit y m. Setn = m#.
Supposefurther that f; Is an family of rational

functions in F™(Z), i.e., suc that for all t the
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Prop osition 8. The quadmtic di! erential &;"
representsthe derivative of the formal invariant:
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An application:

The Fatou-Shishikur:
Inequality

Let f be a rational function.
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N (c) =

If cis repelling,

If cIs superattracting,

If clIs attracting, not superattracting,
If cisirrationally indi! erer,

If cis parabolic of multipl icity & and

V|rtually repelllng
If 9 ala Q@ _ g@




The number M (f ) Is the number of inPnite
tails of critical orbits.

Clearly M (f) $ 2d" 2, but if there are any
critical orbit relations (i.e. an identity of the

formf"(I )— f'J(I 2) for somei, j | O) sum

a1 + fui-03 % g% T " AN P PN e
A Vs & .' P m ﬂ. ;‘ 3 & [ ™ K “;; \-.). % v i ?, V) W @ 8 ﬂ N G x | B s : gs ﬂ IR AR Lo o St
| .-‘ ~11 1| \:‘-‘ » A =S E B ;b 5 SEeN M Y S B B ('\ - ,'.\..‘« e K ,‘4..".-.-‘- 1 ﬁ A y ‘Vfg_;‘ AETHETEH R ‘_f{;,r ;--,T-’._y RS DT O

A e (T O 45 ) - N
- WA SRS o B TR
+1 5 X »,.’\.-‘ S




Theorem

The numbers N (f ) and M (f ) satisfy the
iInequality

N(f)" M (f)




Outline of the proof

Let X be an initial segmen of the postcritical
set, large enoughto contain all critical
relations, together with all non-repelling cycles.

Let Y = X %f (X).

. 2 ” v ot N -
4 ) / PN AT > N S S el % § s ATy | S A T € /
& * & - N Lar RN W 0 A B R e L0 >, . r= 0 .Y v "y s e AN S NCd. " X ) L I B S AR G S ol e ToTn SO, Ay A e Y &
: ] A R B _— BReT WSS P 2, PN k % o7 Ar »;wﬁ‘ S NG o5 o Sk T b o b l."', 2 Y3 e o, e /'l . Py : f .:; .’-}-:. S T SR R _,‘;'_5?,_'1_'.
4 'y _ . YD ) b " i A /A P AN N TN V.9 Y N X L o S P N e M A Y " e 5 o S5 3 ] ¥ ‘
Al i IS \ woery [FN0 W e Vs o [ENT PR GRtaee. 4 AP Y @ UM oy Y B ',j (S OAR N Wl e S k. SaT R Er s kol S S
N ¥ ‘ < 2 v




To eat cycle we have attached various
cotangert vectorsto Def(f, X).

For eadh attractin g, non-super attracting cycle,
the spaceof cotangern vectorswas
1-dimensional.
For eadh Indi! erert non-parabolic cyle, the

dimensionwas also 1.
For a parabollc cycle of multlpI|C|t y | there
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All these spaces are linearly independent,
except the 1-dimentional contribution for the
virtually repelling parabolic cycles.

The ideato prove this Is to take a linear
combination ¢ of the quadratic di! erertials
with divergert integrals which give rise to the

cotangert vectors, and
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Then.

g <
W

Thusg’7 N(Z), soit mapsto a non-zero

gert vector to Def
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thatOs_ all folks!!




