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21. April 2004

1. Let {e1,...,e,} be a set of pairwise-orthogonal and non-zero vectors in
some Hilbert space. Consider scalars aq, ..., a, such that

arer + -+ ape, =0
Then for each k,
0= (aier + -+ anen, ex) = ar{e1, ex) + - + anlen, ex) = axek, ex)

since the set {e1,...,e,} is pairwise-orthogonal. But ey # 0, so {(eg, ex) #
0, and oy = 0. It follows that the set {eq,...,e,} is linearly independent.

2. Let H be a real Hilbert space, and let x,y € H be orthogonal. Then
(x,y) = 0. Hence for any real number a € R, we know that

lz+ oyl = (z+ay,2+ay)
= (z,2)+ (v, )
Similarly
lz—ayl* = (z—ay,z—ay)
= (z,2)+{y,9)
50 ||z + oyl = [z — ayl|.
Conversely, suppose that ||z + ay|| = ||z — ay|| for all real numbers o € R.
Then ||z + ay||? = ||z — ay||? for all . Observe:
lz +ayl® = (z+ay,z+ay)
= (z,2) +2a(z,y) + (v,9)
and

lz+ayl* = (z+ay,z+ay)
= <I,SE> - 20[<I,y> + <yay>

It follows that a(z,y) = 0 for all real numbers a. In particular, (z,y) = 0,
so the vectors  and y are orthogonal.



3. (a) Let X be the space of all continuous functions f: [0,1] — R, with
the L2-scalar product

tra) = [ fo
Write
A={feX | f(z)= f(—x) for all z € [-1,1]}

and
B={feX| f(x)=—f(—z) for all z € [-1,1]}

If f e ANB, then f(—z) = —f(—=x) for all z € [-1,1]. It follows
that f(—x) =0 for all z € [-1,1], and so f = 0. Hence AN B = {0}.

Given a continuous function f: [—1,1] — R, let us write
fa) = 5@+ f(2)  fale) = 5 (@)~ F(-2))

Then fa € A, fp € B, and f = fa + fp. Therefore X = A @ B.

More generally, let f € A and g € B. Then f(a)g(z) =
—f(—z)g(—x). It follows that

1 1 1
(f.0) = / fa)ala) do = / f(@)g() de - / f(@)g(x) dz =0

Therefore A 1 B.
(b) Write

A= {f €X | f(xvyaz) = f(—sc,y,z) for all (CB,y,Z) € R3}
and
B={feX| f(z,y,2) = —f(~x,y,2) for all (z,y,2) € R’}

If f € AN B, then f(—xz,y,2) = —f(—=,y, 2) for all (z,y,2) € R3.
It follows that f(—z,y,z) = 0 for all (z,y,2) € R3, and so f = 0.
Hence AN B = {0}.

Given a continuous function f: R?® — R, let us write
1 1
fA(xa Y, Z) = i(f(xa Y, Z)+f(—.13, Y, Z)) fB(xa Y, Z) = i(f(xa Y, Z)—f(—.lf, Y, Z))

Then f4 € A, fp € B, and f = fa + fp. Therefore X = A® B.

4. Let H be a complex Hilbert space, and let x,y € H be orthogonal. Then
(x,y) = 0. Hence for any complex number « € C, we know that

Iz + ay|® 2% + laf*[ly ]I
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Hence [|lz + ayl| > [l].

Conversely, suppose we have two vectors z,y € H such that ||z + ay| >
||| for all & € C. Then for any complex number o € C, we know that
|z + ayl]? > ||z|*. Observe:

Iz + oy, 2]* = [|l2]* + olw, y) + afa, y) + |yl

SO
afz,y) + alz,y) +laf|ly* == 0

Suppose that ||y|| < ||z]|, and let

a = 7/\<$7y>

where A € R\{0}.
Then the above inequality tells us that

=2/, y)* + Mz, )llyll* = 0

But this inequality can only hold for all A € R\{0} if (z,y) = 0, ie: = and
y are orthogonal.

. See the solution of problem 1, next week.

. We will use the Gram-Schmidt orthonormalisation process. Let g; (z) = 1,
g2(z) = z, and g3(x) = 22. Then we define:

o
B =

1
lonlf = [ tar=2

Here

so fi(z) = 1/V2.

For the next term,
f2

f2:92*<f1’92>f1 fQZW

Here

and

so fo(x) = +/3/2x.



For the final term,

f3 = g3 — (f1,93) f1 — (f2, g3) fequadfs = ”;zl
Here
_ 1 1,2 1 1 1
fa(x) = 2? — (/1\/§dx)\/§— </1\/3/2x3 dx)x:x2—3
and

1
f. 8
Il = [ =y o=

50 fola) = /332>~ 1/3).



