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Lösungen für Woche 9

17. Juni 2004

1. (a) Let
A = {a ∈ [0, 1] | (fn(a)) converges}

Let a ∈ A. Let (ak) be a sequence in A with limit a. Write

bk = lim
n→∞

fn(ak)

Let ε > 0. Then we can find δ > 0 such that |fn(ak) − fn(al)| < ε
whenever |ak−al| < δ and n ∈ N. Since the sequence (ak) is Cauchy,
we can find N ∈ N such that |ak − al| < δ whenever k, l ≥ N . It
follows that |fn(ak)− fn(al)| < ε whenever k, l ≥ N and n ∈ N.
Taking limits, we see that |bk − bl| ≤ ε whenever k, l ≥ N . Hence the
sequence (bk) is Cauchy.
Let

b = lim
k→∞

bk

We claim that
b = lim

n→∞
fn(a)

so a ∈ A, and the set A is closed.
Observe

|b− fn(a)| ≤ |b− bk|+ |bk − fn(ak)|+ |fn(ak)− fn(a)|

We can find δ > 0 such that fn(a)−fn(ak)| < ε/3 whenever |a−ak| <
δ. We can find N, k ∈ N such that |b−kk| < ε/3, |bk−fn(ak)| < ε/3,
and |a− ak| < δ whenever n ≥ N . Hence

|b− fn(a)| < ε

3
+

ε

3
+

ε

3
= ε

whenever n ≥ N , and we are done.



(b) Let
fn(x) = 1 + x + x2 + · · ·+ xn

Then each function fn : [0, 1] → C is continuous. The sequence
(fn(a)) converges when a ∈ [0, 1), and diverges when a = 1. The-
refore the set

A = {a ∈ [0, 1] | (fn(a)) converges}

is not closed.

2. (a) The set {ek | k ∈ Z} is an orthogonal basis for the sapce L2
p(R).

Hence, for any function f ∈ L2
p(R), there are unique complex numbers

αk ∈ C such that
f =

∑
k∈Z

αkek

Here convergence is in the L2 − norm. By definition, f ∈ H if and
only if αk = 0 whenever k < 0.
Observe that

em(x)en(x) = em+n(x)

Hence
Menf =

∑
k∈Z

αkek+n

and
PMen

f =
∑

k≥−n

αkek+n

Similarly
PMenf =

∑
k≥0

αkek+n

so

(PMen −MenP )f =
−1∑

k=−n

αkek+n

Thus the operator PMen
−Men

P has finite-dimensional range, and
so is compact. Therefore en ∈ S.

(b) Let Q(x) = α0e0(x) + · · ·+ αnen(x), where αi ∈ C. Observe that

MQ = α0Me0 + · · ·+ αnMen

so

PMQ −MQP = α0(PMe0 −Me0P ) + · · ·+ αn(PMen −MenP )

By the above exercise, the operator PMQ − MQP is thus a finite
linear combination of compact operators, and so is itself compact.
Therefore Q ∈ §.
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(c) Let g ∈ S with g(x) 6= 0 for all x ∈ R. Then the operator S = PM1/g

is well-defined. We already know that the operator

K = PMg −MgP

is compact. Hence

TgS = PMgPM1/g = P (PMg−K)M1/gP = P 2MgM1/gP+L = I+L

where L is a compact operator, since P is the projection onto H. A
similar calculation tells us that STg = I + L′, where L′ is a compact
operator. Hence, by exercise 5, the operator PMg is Fredholm.

(d) Let f ∈ H. Write
f =

∑
k∈Z

αkek

Let n ≥ 0. Then

Ten
f =

∞∑
k=0

αkek+n

Thus
dim(kerTen) = 0 dim(coker Ten) = n

and
Index(Ten) = −n

Similarly, if n < 0, then

dim(kerTen) = −n dim(coker Ten) = 0

and
Index(Ten) = −n

Extra Exercise: Let g ∈ Cp(R). Then the function g is a uniform limit of functions of
the form

Pn =
n∑

k=−n

αkek

The above work tells us that Pn ∈ S for all n. By the uniform conver-
gence theorem, we see that the operator PMg−MgP is the norm limit
of the operators PMPn −MPnP . But the operators PMPn −MMnP
are all of finite rank. Therefore the operator PMg−MgP is compact,
and g ∈ S.

3. By exercise 5, there are operators G1 and G2, and compact operators
K1,K

′
1,K2,K

′
2 such that

F1G1 = 1−K1 G1F1 = 1−K ′
1
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and
F2G2 = 1−K2 G2F2 = 1−K ′

2

Hence

(F1F2)(G2G1) = F1(1−K2)G1 = 1−K1 − F1K2G1

The operator K1 + F1K2G1 is compact. Similarly, (G2G1)(F1F2) = 1 −
L for some compact operator L. Hence, again applying exercise 5, the
operator F1F2 is Fredholm.

Suppose (temporarily) that Index(F2) = 0. Then dim(kerF2) =
dim(coker F2) = dim(im F⊥2 ). The restricted operator
F2|(ker F2)⊥ : (kerF2)⊥ → im F2 is bijective, and so by the open
mapping theorem has a continuous inverse G.

Let A : ker F2 → (imF2)⊥ be a bijection. We can define a finite rank (and
so compact) operator K : H → H by writing

K(x + y) = A(x)

whenever x ∈ ker F2 and y ∈ (ker F2)⊥.

The operator F2 + K is invertible, with inverse defined by the formula

(F2 + K)−1(x + y) = G(x) + A−1(y)

whenever x ∈ imF2 and y ∈ imF⊥2 . It follows that

Index(F1) = Index(F1(F2 + K)) = Index(F1F2 + F1K) = Index(F1F2)

since the composition F1K is compact.

Now, suppose that Index(F2) = −n < 0. Consider the shift operator
S : l2(N) → l2(N) defined by the usual formula

S(ξ1, ξ2, ξ3, . . .) = (ξ2, ξ3, . . .)

Then the operator S is clearly Fredholm, and Index(Sn) = n. We have
Fredholm operators

F1 ⊕ 1: H ⊕ l2(N) → H ⊕ l2(N) F2 ⊕ Sn : H ⊕ l2(N) → H ⊕ l2(N)

where Index(F1 ⊕ 1) = Index(F1) and Index(F2 ⊕ Sn) = −n + n = 0.

Hence, by the above calculation

Index(F1F2)+n = Index(F1F2⊕Sn) = Index((F1⊕1)(F2⊕Sn)) = Index(F1)

It follows that

Index(F1F2) = Index(F1) + Index(F2)
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as required.

If Index(F2) > 0, we can use the above trick, but with the right shift
operator

T (ξ1, ξ2, ξ3, . . .) = (0, ξ1, ξ2, . . .)

instead of S.

Observe that
(F2 + K)(x + y) = A(x) + F2(y)

whenever x ∈ ker F2 and y ∈ (ker F2)⊥. The operator F2 + K

4. Observe that the operator T is compact. Hence the operator I − T is
Fredholm, with index zero. If we can show that ker(I − T ) = {0}, then
coker(I−T ) = {0} and the operator I−T is bijective. We will have proven
that the equation

F − Tf = g

has a unique solution in the space L2[0, 1].

It remains to prove that ker(I − T ) = {0}. Let f ∈ ker(I − T ). Then
f = Tf . But

‖Tf‖2
2 =

∫ 1

0

∣∣∣∣∫ s

0

(s− t)f(t) dt

∣∣∣∣2 ds ≤
∫ 1

0

∫ s

0

(s− t)2|f(t)| dt ds

By the Cauchy-Schwarz inequality:∣∣∣∣∫ s

0

(s− t)f(t) dt

∣∣∣∣2 ≤ (
ints0(s− t)2 dt

)
‖f‖2

2 <
1
3
‖f‖2

2

Hence ‖Tf‖2 < ‖f‖2/
√

3. It follows that f = 0, and we are done.

5. Let F : H → H be a Fredholm operator. Then we have a bounded linear
bijection

F |(ker F )⊥ : (ker F )⊥ → =F

We know that the image =F is closed. By the open mapping theorem,
the above map has a bounded linear inverse G : =F → (ker F )⊥. We can
define a map G : H → H by writing

G(x + y) = G(x)

whenever x ∈ =F and y ∈ (=F )⊥.

Observe:
FG(x + y) = x (I − FG)(x + y) = y

Since the operator F is Fredholm, the space (=F )⊥ is finite-dimensional.
Therefore the operator I − FG has finite rank, and so is compact.
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A similar calculation tells us that the operator I −GF has finite rank.

Covnersely, suppose we have operators F,G : H → H and compact opera-
tors K and K ′ such that FG = I −K and GF = I −K ′.

Suppose that the space kerF is not finite-dimensional. Then we can find
an orthonormal sequence (xn) in ker F . We know that

K ′xn = (I −GF )(xn) = xn

for all n, since F (xn) = 0.

If B is the unit ball in the space kerF , then the above calculation tells
us that the image K ′[B] contains an infinite-dimensional unit ball. Hence
the image K ′[B] cannot have compact closure, and the operator K ′ is not
compact.

This statement is a contradiction. Thus the space kerF is finite-
dimensional.

Now observe that

dim(coker F ) = dim((im F )⊥) = dim(kerF ?)

We know that
G?F ? = I −K?

and the operator K? is compact. An argument similar to the above tells
us that the sapce kerF ? is finite-dimensional. Therefore the operator F is
Fredholm, as required.
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