LINEAR GENERALISED COMPLEX STRUCTURES

M. HEUER AND M. JOTZ LEAN

ABSTRACT. This paper studies linear generalised complex structures over vector bundles,
as a generalised geometry version of holomorphic vector bundles. In an adapted linear
splitting, a linear generalised complex structure on a vector bundle £ — M is equivalent to
a C-multiplication j in the fibers of TM @ E* and C-Lie algebroid structure on TM & E*.

Generalised complex Lie algebroids (or Glanon algebroids) are then studied in this
context, and expressed as a pair of complex conjugated Lie bialgebroids.
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1. INTRODUCTION

This paper studies linear generalised complex structures on vector bundles, and on Lie
algebroids. Generalised complex geometry was introduced by Hitchin in [I4] as a unification
of symplectic and complex geometry. It was further developed by Gualtieri in his thesis [9] [T1].
Since they simultaneously unify symplectic and complex structures, generalised complex
structures have been studied for their relation to T-duality — a concept arising in string theory
— by Cavalcanti and Gualtieri in [3]. Gualtieri also defined generalised Kéhler structures in
[9, 12]. These have been studied for example in [I5] and in [2].

The relation between generalised complex geometry and Lie algebroids and Lie groupoids
was first studied by Crainic in [5], and generalised complex structures on Lie groupoids and
Lie algebroids were studied in [2I]. In particular, [2I] proves that multiplicative generalised
complex structures on source simply connected Lie groupoids are equivalent to generalised
complex integrable Lie algebroids. This paper studies in more detail the obtained generalised
complex Lie algebroids (or Glanon algebroids), and in particular the underlying special case of
generalised complex vector bundles.

The notion of generalised holomorphic bundles has been introduced by Gualtieri [111 [10]
as a complex vector bundle E over a generalised complex manifold M, equipped with a flat
L-connection 0: I'(E) — T'(L* ® E), where L is the +i-eigenbundle of the generalised complex
structure on M. This is in analogy to how a holomorphic vector bundle structure on FE
over a complex manifold M is equivalent to a flat Dolbeault operator dz. However, while
a holomorphic vector bundle E — M amounts to a linear complex structure on the smooth
manifold F, in Gualtieri’s definition of a generalised holomorphic vector bundle the manifold
E itself does not carry a generalised complex structure.

This paper instead adopts the point of view that a “generalised holomorphic vector bundle”
should be a smooth vector bundle equipped with a linear generalised complex structure, and
explores the property of such an object — here, it is now the manifold M which does not
automatically inherit a generalised complex structure. Note that symplectic vector bundles,
i.e. smooth vector bundles equipped with a linear symplectic form, and Poisson holomorphic
vector bundles are natural examples of this notion of generalised holomorphic vector bundle.

The following sections describe holomorphic vector bundles as linear complex structures on
vector bundles, and explain how the obtained infinitesimal structures in this setting can be
recovered in the more general context of linear generalised complex structures.

Holomorphic vector bundles and linear complex structures. If ¢: £ — M is a holo-
morphic vector bundle over a complex manifold M, then TE — FE and TM — M are also
holomorphic vector bundles. The multiplication by ¢ in the fibers of T M, when seen as a
real vector bundle, is the complex structure Jy;: TM — TM — i.e. a vector bundle morphism
over the identity that squares to —idyp;. In the same manner Jg: TE — TFE is the complex
structure of TE, when seen as a real vector bundle over E. It is easy to see (see Section
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that Jg: TE — TFE is a morphism of double vector bundles

TE —72 7R

\ . ‘ \
Jm

E

1

idps \

M —— M

|

TM

N

with side morphisms Jy;: TM — TM and idg: E — E and with core morphism jg: E — E,
the multiplication by ¢ in the fibers of E.

Theorem 1.1. A holomorphic structure on a smooth vector bundle E — M is equivalent to
an integrable linear almost complex structure Jg as in .

Although this result seems evident, so far it does not seem to have been worked out in the
literature. The integrability of Jg implies immediately the integrability of Jy;. Therefore,
if Jg is integrable then (M, Jys) is a complex manifold. The integrability of Jg can then
be reduced to the existence of a C-linear T'M-connection V on E, the complexification
D:T(TMc¢) x I'(E) — I'(E) of which decomposes as

D= DO,l +D0’1

with D% a flat T%! M-connection on E. Following classical results, see e.g. [22], D%! is then
the d-operator of a holomorphic structure on E, such that Jg becomes the multiplication by i
in the fibers of TE. For the convenience of the reader, and since this approach to holomorphic
vector bundles is on the one hand new, and motivates on the other hand this paper’s study
of generalised complex vector bundles, the proof of Theorem [I.1] is carried out in detail in
Section [Bl

Linear generalised complex structures. This paper studies the generalisation of this
description of holomorphic vector bundles, to vector bundles endowed with a linear generalised
complex structure. Since the terminology of generalised holomorphic vector bundles is already
used in the literature for a different generalisation of holomorphic vector bundles, here vector
bundles endowed with a linear generalised complex structure are simply called generalised
complex vector bundles.

Let £ — M be a smooth vector bundle. The generalised tangent bundle TE =TE ¢ T*E
is then a double vector bundle

TE®T'E —— FE

| !

TM e E* —— M

with core E @ T*M. The vector bundle TE & T*E — FE is naturally equipped with the
standard Courant algebroid structure over the manifold F.

Definition 1.2. A generalised complex structure J on a vector bundle E — M 1is called
linear if 7: TE®T*E — TE & T*E is a morphism of double vector bundles over a side
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morphism j: TM & E* — TM & E* and with a core morphism jo: EQT*M — E®T*M.

TEQTE —2 s TE®GT*E

e |

E E

2) | |

TM@® E* ——|—— TM @ E*

M M

Consider first a linear generalised complex structure on a vector space V (i.e. on a vector
bundle over a point). In this case the tangent and cotangent bundle are canonically split,
TV ~V xV and T*V ~ V x V*. The linearity condition on the generalised complex structure
J is equivalent to J being determined by the maps in the fibres, that is by the side morphism
Jv+: V* = V* and the core morphism jo: V — V. These have to be in negative duality to
each other, that is j = —j&, since the generalised complex structure is orthogonal with respect
to the canonical pairing. Therefore, a linear generalised complex structure on a vector space
in this sense is equivalent to the choice of an ordinary complex structure in the vector space.

Back to the general case, this paper shows that after the choice of an adequate linear
splitting of TE @ T*E, the generalised complex structure is equivalent to a special complex
Lie algebroid structure on TM ¢ E*, as in the following definition — the bundle TM & E* is
seen as a complex vector bundle with j: TM & E* — T M & E* the multiplication by i.

Definition 1.3. Let Q — M be a vector bundle with complex fibers, hence with a vector
bundle morphism j: Q — Q such that j?> = —idg. A complex Lie algebroid structure on
(Q,J) is a C-bilinear Lie algebra bracket [-, -] on sections of Q and a morphism \: Q — TcM
of complex vector bundles that anchors the bracket: |q1, fgo] = Mq1)(f)q2 + fla1,qe] for all
feC>®(M,C) and q1,92 € T'(Q).

A complex Lie algebroid (Q — M, j,\,[-,+]) is quasi-real if there exists

(1) a real vector bundle morphism p: Q@ — TM such that A = p;: Q — TcM defined by
1 . .
(3) pila) = 5(plg) ® 1 = p(jq) ®1)
for all ¢ e T(Q), and
(2) a dull bracket [-,-] on (Q,p) such that the complezification (Qc — M, pc, [, Jc)
restricts to (Q° — M, p1.0, [, ]1,0) on the i-eigenspace of jc, which coincides with
the complex Lie algebroid (Q — M, p,j,[,]) via the canonical isomorphism

1 , .
Q—-QMY, g S(@®1-j(q @)
The definition above of a complex algebroid follows the one in [34] but assumes that the
complex-linear anchor is induced by a real anchor as in . The following theorem is the main
result of this paper.

Theorem 1.4. Let E — M be a smooth vector bundle. A linear generalised complex structure
on E with side j: TM & E* — TM @ E* is equivalent to a quasi-real complex Lie algebroid
structure on (TM @ E*,j) with anchor pryy ;2 TM © E* — TcM, v Lproyr®1—

proa (V) @1).
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In other words, a linear generalised complex structure with side 57 on a vector bundle
E is equivalent to a special complex Lie algebroid structure on the complex vector bundle
(TM®E* — M, j). The equivalence in Theorem [1.4]is of course the most important part of the
statement. It is explained along the introduction of the necessary tools: via this equivalence, a
quasi-real Lie algebroid structure on (T'M @ E*, j) is sent to a generalised complex structure
J. TE®T*E — TE & T*FE such that any dull bracket on TM & E* realising the complex
Lie bracket on (T'M @ E*, j) is adapted to J.

In the case of a holomorphic vector bundle, the complex Lie algebroid found in Theorem
is simply TV9M @ (E%1)* — M, with the bracket defined by the complex Lie algebroid
bracket on T1OM (since M is a complex manifold), and the flat T*°M-connection on E%!
that is complex conjugated to the d-operator 9: T'(T%' M) x I'(E'?) — I'(E'?). See Example
4. 10l

Section [0] extends the results of Section [4] to the more general case of linear generalised
complex structures in VB-Courant algebroids. Making use of the correspondence between
VB-Courant algebroids and Lie 2-algebroids [24] [I8], this leads after the choice of a linear
splitting to a definition of generalised complex structures in split Lie 2-algebroids.

Generalised complex Lie algebroids. In Section [5| the vector bundle is equipped with
the additional structure of a Lie algebroid, and the linear generalised complex structure is
required to be compatible with the Lie algebroid structure. The obtained generalised complex
Lie algebroids were already studied in [2I], where they are called “Glanon algebroids™ The
paper [21] gives a correspondence between multiplicative generalised complex structures on Lie
groupoids and compatible generalised complex structures on Lie algebroids. Hence in order to
better understand generalised complex Lie groupoids it is useful to study generalised complex
Lie algebroids in this sense. The goal of this section is a deeper study of the properties of
generalised complex Lie algebroids, in the spirit of the study of holomorphic Lie algebroids
done in [23]: that paper studies holomorphic Lie algebroids in detail and shows an equivalence
between holomorphic Lie algebroid structures on A — M and linear holomorphic Poisson
structures on the complex dual Homg(A,C). Moreover, it shows that a holomorphic Lie
algebroid structure on A is equivalent to a matched pair [28], [27] of the complex Lie algebroids
TO'M and AM0. Additionally, for a complex manifold M, the Lie algebroids 7V°M and
TO'M form a matched pair of complex Lie algebroids with matched sum TcM and more
generally, for a holomorphic Lie algebroid A the Lie algebroids A" and A%! form a matched
pair with matched sum Ac.

[21] proves that a Poisson holomorphic Lie algebroid is equivalent to a holomorphic Lie
bialgebroid. More generally, Section [5| proves the following theorem:

Theorem 1.5. Let A — M be a Lie algebroid. Let J: TA®T*A - TA®T*A be a linear
generalised complex structure on A with side j: TM & A* — TM & A*. Then (A,J) is a
Glanon algebroid if and only if the quasi-real complex Lie algebroid structure on (TM @© A*,j)
found in Theoremﬁts in a complex Lie bialgebroid (TM & A*, K_) over M.

Here, the complex Lie algebroid T'M & A* is identified with U, , the i-eigenspace of j¢
in (TM @® A*)¢ equipped with the complexification of a dull bracket realising the one on
(TM & A*,j), as in (2) of Definition The space K_ is then the i-eigenspace of (—j%)c,
hence K_ ~ (A@T*M)c/Ky ~ Uj, since K is the annihilator of U,. The Lie algebroid
structure on A induces a degenerate Courant algebroid structure on A @ T*M (see Section
, the complexification of which has K_ and K as Dirac structures.
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The Drinfeld double Courant algebroid of the obtained complex Lie bialgebroid is isomorphic
to a Courant algebroid C, which is obtained via a construction with complex A-Manin pairs
from A and Uy (as in [I7]). In the initially studied special case of holomorphic Lie algebroids,
where the generalised complex structure is induced by a complex structure, these Courant
algebroids C'y decompose as a direct sum of Courant algebroids, C’%’O &) Cg’l, or C%l & C’i"o,
respectively. The Courant algebroid structure in Cy is then the same as the matched pair
Courant algebroid structure on these bundles already given in [8]. This matched pair of Courant
algebroids arises from the aforementioned matched pair of Lie algebroids (T M, A%%) of [23].
The Courant algebroids C therefore are the generalised version of this matched sum Courant
algebroid in the special case of a holomorphic Lie algebroid.

Methodology. The key to the results in this paper is the equivalence of linear splittings
of TE & T*E with TM & E*-Dorfman connections on F ® T*M, in a similar way as linear
splittings of TE are equivalent to linear 7'M-connections on E; see [16]. Section [2.2|recalls this
correspondence. Proposition [£.7] establishes the existence of an adapted Dorfman connection
to any linear generalised almost complex structure J on E. This is a Dorfman connection the
horizontal sections of which are preserved by the generalised complex structure 7.

This allows then a description of the properties of the generalised complex structures J in
terms of this adapted Dorfman connection and the side morphism j: TM & E* — TM @ E*,
see Theorem [{.10] Theorem [I.4] follows immediately from the study of the integrability of the
linear generalised complex structure in terms of its side morphism and an adapted Dorfman
connection.

Outline of the paper. Section |2 recalls some necessary background on Courant algebroids
and generalised complex structures, on linear splittings of VB-Courant algebroids and Dorfman
connections and on morphisms of 2-representations of Lie algebroids. Section [3] studies
holomorphic vector bundles and holomorphic Lie algebroids, describing holomorphic vector
bundles via linear complex structures on a real vector bundle.

Section [4] then studies linear generalised complex structures on vector bundles in detail.
For the convenience of the reader the basic definitions and properties of generalised complex
structures are given as well in Section 2.1} This section proves the existence of an adapted
Dorfman connection and uses it to construct the complex Lie algebroid in Theorem [I.4]

In Section [5] the vector bundle is endowed with the additional structure of a Lie algebroid
and the linear generalised complex structure J is assumed to be compatible with the Lie
algebroid structure. This is equivalent to J defining a morphism of 2-representations. Some
results of [23] are expanded in this more general framework.

Finally, Section [6] studies the more general case of a linear generalised complex structure
in a VB-Courant algebroid. Appendix [A] compares for completeness this paper’s adapted
Dorfman connections with the adapted generalised connections in [4].

Prerequisites and notation. All manifolds and vector bundles in this paper are smooth and
real. The reader is referred to Section 2.3 of [I6] for the definition of a double vector bundle,
their morphisms and induced core morphisms and for the necessary background on linear
and core sections, and on their linear splittings and dualisations. Section 2.3 of [I6] recalls
the definition of a VB-algebroid, and also the equivalence of 2-term representations up to
homotopy (called here 2-representations for short) with linear decompositions of VB-algebroids
[7. The notation used here is the same as in [16]. In particular, a linear splitting of a double
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vector bundle (D, A, B, M) is written ¥: A Xy B — D, and the corresponding horizontal
lifts are then o := 04: ['(A) — T'5(D) and o := o5: ['(B) — I'y(D). The reader is invited to
consult also [29, 26, [7] for more details on double vector bundles.

Vector bundle projections are written gg: E — M, and pps: TM — M for tangent bundles.
Given a section ¢ of E*, the map ¢.: E — R is the linear function associated to it, i.e. the
function defined by e, — (g(m), e,,) for all e,,, € E. The set of global sections of a vector
bundle F — M is denoted by I'(F). Elements e ® (a + ib) of the complexification E¢ maz
be written as ae + ibe if there is no confusion with a complex structure of the vector bundle
E itself. The dual of a vector bundle morphism ¢ is written as ¢!, to avoid confusion with
pullbacks.

Acknowledgements. The authors thank Ping Xu and Chenchang Zhu for helpful comments
and useful questions on an early version of this paper. They are also grateful to Vicente Cortés
for pointing them to the reference [IJ.

2. BACKGROUND

This section recalls basic notions and results, in particular on linear splittings of the
generalised tangent bundle of a vector bundle [16].

2.1. Courant algebroids and generalised complex structures. Let (E — M, p, (-, ), [-,])
be a Courant algebroid. That is [25, B0], p: E — TM is a vector bundle morphism over
the identity on M, (-,-): E xjy E — R is a non-degenerate bilinear pairing and [-,-] is an
R-bilinear bracket on I'(E) such that

(1) [er,[e2,es]] = [le1, e2]; es] + [e2; [er, es]],
(2) pler){ez,es) = ([e1,e2], e3) + (e2, [e1,e3]) and
(3) [e1,e2] + [e2, e1] = ptd(eq, ez)

for all eq,e9,e3 € T'(E) and f € C°(M). On the right-hand side of the third equation, E
is identified with E* via the pairing. The identity p[es,e2] = [p(e1), p(e2)] follows from the
equations above for all e, es € I'(E) [33].

The vector bundle TM := TM & T*M over a smooth manifold M together with the
natural anchor p := prp,,, the symmetric pairing ((vp, 0,), (wp, wp)) = Op(wp) + wp(vy,) and
the Courant-Dorfman bracket [(X,6), (Y,w)] = ([X,Y], £xw — tydf) is the prototype of
a Courant algebroid. It is called here the standard Courant algebroid over M.

Definition 2.1. A generalised almost complex structure in E is a vector bundle mor-
phism J: E — E over idys such that J% = —1 and J is orthogonal with respect to the pairing,
i.e. {(JT(e1),T(e2)) = {e1,e2), for all sections ey, es € T'(E).

Definition 2.2. A generalised almost complex structure J: E — E is called a generalised
complex structure in E if the Nijenhuis tensor of J vanishes:

0= Ny(er,e2) := [er, ea] — [T(e1), T (e2)] + T ([T (e1), e2] + [er, T (e2)])
for all sections ey, ez € T'(E).

A generalised complex structure in the standard Courant algebroid T'M & T*M is simply
called a generalised complex structure on M.
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Example 2.3. Given an almost complex structure J: TM — TM the map J: TM — TM

J 0
J;= (0 _Jt>

is a generalised almost complex structure. It is a generalised complex structure if and only if J
is a complex structure on M.

Equivalently, generalised complex structures 7 in E can be described by pairs of transversal,
complex conjugated Dirac structures in E¢, given by the +i-eigenbundles of J. In fact, this
was the original definition in [I4], see also [9} [11].

2.2. The generalised tangent bundle of a vector bundle and Dorfman connections.
Let qg: E — M be a vector bundle. Then the tangent bundle TE has two vector bundle
structures; one as the tangent bundle of the manifold E, and the second as a vector bundle
over T'M. The structure maps of TE — T M are the derivatives of the structure maps of
E — M. The space T'E is a double vector bundle with core bundle £ — M. Linear splittings
of TE are equivalent to linear horizontal subspaces H C T'E, which in turn are equivalent to
linear T'M-connections V in E. For details on these double vector bundles, their core and
linear sections, on linear splittings and on connections, consult [26], [16].

Dualising TE as a vector bundle over E gives the cotangent bundle T* E, which is itself a
double vector bundle with sides E and E* and core T*M, see [26].

TE 22 o E T*E -2 o |
Tqu J/QE T‘El lQE
TM —> M Ef— s
PMm qE*

Consider the direct sum over E of these two double vector bundles,

TEST'E 2 - E

TM ® E* ——M
drMoE*
with ®p = Tqg & rg. A subbundle L C TE & T*E that is closed under the addition of
TE®T*E — TM @ E*, and complementary to T9E @ (T7E)°, is called a linear horizontal
subspace in TE & T*F.

In the following, for any section (e, ) of E®T*M, the vertical section (e, )T € Tg(T9® E®
(T2 E)°) is the pair defined by

o)t = (5

en, +te(m), (Te;an)tH(m)>

=0

for all e/, € E. By construction this is a core section of TE @ T*E — E. For any section
¢ of Hom(E,E @ T*M), the core-linear section ¢ € I (T E @ (T92 E)° is defined by
d(e(m)) = (¢(e))T(e(m)) for all e € T(E). The double vector bundle TE & T*FE is described in
more detail in [I6], where also an equivalence of linear splittings of TE @ T*F with Dorfman
connections is established.
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A Dorfman TM & E*-connection on E & T*M is an R-bilinear map
A:T(TMeE" ) xT(EeT*M) - T(E®T"M)
satisfying [L16]
(1) Au(f-m)=Ff Do+ Ly o)) 7,

(2) Appr=f Ayt +(v,7)-(0,df), and
(3) Ay(0,df) = (0,d(£pryy, vf))

forallv e '(TM @ E*), 1 e T(E@T*M) and f € C*>(M). By the first axiom, A defines a
map A: v A, € Der(E @ T*M). The dual of this map in the sense of derivations defines a
dull bracket on sections of TM & E*, i.e. an R-bilinear map

[,]a: T(TM & E*) x I(TM & E*) — T(TM & E¥)
satisfying
(1) proaglve, ve]a = [Proas v1, roas val,
(2) [five, fave] = fifelvr, vela + fidpeg,, v (f2)ve = fafprp,, v (f1)11
for all v,y € I(TM @ E*) and f1, fo € C®(M).

Since the vector bundle TM @& E* is anchored by the morphism prp,,: TM & E* — TM,
the T M-part of [vy, v2]a + [ve, v1] A is trivial and this sum can be seen as an element of T'(E™*).
Let Jaca € Q3(TM @ E*, TM @& E*) be the Jacobiator of the dull bracket [-,-]a. Then

Jaca (vi,ve,v3) == [[v1,v2] A, v3] A + cyclic permutations = Ra (v1,12)" (13),

with Ra € Q*(TM @ E*, Hom(E & T* M, E)) the curvature of the Dorfman connection. Hence
a skew-symmetric dull bracket is a Lie algebroid bracket if and only if the corresponding
Dorfman connection is flat.

Linear splittings of TE @& T*E are in bijection with dull brackets on sections of TM & E*,
or equivalently with Dorfman connections A: T(TM @ E*) xT(E®T*M) - T(E®T*M), see
[16]. Choose such a Dorfman connection. The horizontal lift o := 0f)q - : D(TM @& E*) —
' (TE ® T*E) is given by
(4) (X, €)(e(m)) = (TneX (m), dle(e(m))) — Acx,o (e, 0)" (e(m))
for e € T'(F) and any pair (X, ¢) € (TM®E*). The natural pairing on fibres of TE®T*E — E
is then given by [16] (0(11),0(12)) = {puy va]at[van]as (W), T1) = @5 (v, 7), and <7’1,T2> 0
for v,v1,v, €e T'(TM @ E*) and 7,7, 72 € I'(E @ T*M). The following equations follow for
o, eET(Hom(E,E®@T*M)),veT(TM & E*) and T e T(E® T*M)

(5) (@,02W) = lyeiy, (@71 =0, (,9)=0.

The Courant-Dorfman bracket on sections of TE & T*E — E is given by [10]

( [o(v1), (VQ)]] = O'[[I/l, vo]a — Ra(vi,10) oup,
2) [o(v),T (A,7)T, and

()
(3) [[TI,TQT]] =0

for vyv1,v0 € T(TM @ E*) and 7,71, 72 € I'(E @ T*M). Here, tg: E — E @ T*M is the
canonical inclusion.
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The anchor © = pryp: TE®T*E — TE restricts to the map O = prg: E@T*M — E on
the cores, and defines an anchor pryrg g+ = proy: TM@E* — T M on the side. More precisely,

the anchor of (e,0)" is e € X¢(E) and O(o(v)) = ﬁ‘j € X(FE), where the linear connection
V:T(TM ® E*) x I'(E) — I'(E) is defined by V,, = prg oA, o for all v € T(TM & E*).

Example 2.4. Letq: E — M be a smooth vector bundle. Since a linear connection V: X(M)x
I['(E) — I'(E) is equivalent to a linear horizontal space Hy C TE, it also defines a linear
horizontal space Hy ® Hy CTE ©T*E. The corresponding Dorfman connection

A:T(TM@®E)xT(E®T*M) -T(E®T*M)
is given by
Ax,o(e,0) = (Vxe, £x0 + (Ve e))

for X € X(M), 6 € Q' (M), e € T'(E) and € € T'(E*). This is the standard Dorfman
connection defined by V. The corresponding dull bracket is

(6) [(X, ), (Vin)la = (X, Y], Vien — Vive)

for X, Y € X(M) and ¢,n € T(E*).

The remainder of this section discusses changes of linear splittings of TE & T*E.

Definition 2.5. Given two (TM @& E*)-Dorfman connections Al and A% on E © T*M with
corresponding lifts o1 and oo, the change of splitting from Al to A% is &5 € F((TM &)
E*)* @ Hom(E,E ® T*M)) defined by the equation

D15(v) :=02(v) — 01 (v),

foranyv € D(TM @® E*). The change of splitting is called skew-symmetric if Vi2(v1,v5) :=
®12(1v1) (v2) is skew-symmetric, that is W1y € Q2 (TM @© E*, E*). The form W15 is also called
change of splittings.

Lemma 2.6. Given two Dorfman connections A', A? as above, their corresponding dull
brackets are related by

(7) [v1,v2] a2 = [v1, 2] ar + (0, Wig (v, 12)) .

Proof. The definition of the change of splittings together with the correspondence between
lifts and Dorfman connections as in immediately gives that for any v € T(TM @ E*) and
Tel(E®T*M)

A2 = Al — ®y(v) (prE 7') .
Again dualising this equation gives the desired formula for the change of splittings for the
corresponding dull brackets. O

An immediate consequence is the following corollary.

Corollary 2.7. If the Dorfman connection Ay is skew-symmetric, then Ao is skew-symmetric
if and only if the change of splitting is skew-symmetric.
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2.3. VB-Courant algebroids. The linear Courant algebroid on TE @ T*FE is a prototype of
a VB-Courant algebroid. This section gives the general definition of a VB-Courant algebroid.

A metric double vector bundle [I6] is a double vector bundle (D; A, B; M) equipped
with a symmetric, non-degenerate fibrewise pairing D xg D — R, such that the induced
map D — D7} is an isomorphism of double vector bundles. In particular the core must be
isomorphic to A*. A VB-Courant algebroid (E;Q, B; M) is a metric double vector bundle

E——B

I

Q—— M

such that E — B is a Courant algebroid, the anchor pg: E — T'B is linear, i.e. a morphism of
double vector bundles over some morphism pg: Q — T'M and the Courant bracket is linear,
that is

[T5(E), T5(E)] CTH(E), [M3(E),IE(E)] CTR(E), and  [P§(E),MHE)] = 0.

Given a VB-Courant algebroid (E; @, B; M), a VB-Dirac structure in E is a sub-double
vector bundle (D; U, B; M) with U C @ such that D — B is a Dirac structure in E — B.

Example 2.8. The standard Courant algebroid E = TE & T*E over a vector bundle E is
a VB-Courant algebroid with Q@ = TM ® E* and B = E. The subspaces TE and T*E are
VB-Dirac structures in E.

Example 2.9. The tangent double of a Courant algebroid E — M is a VB-Courant algebroid,
where E=TE, Q@ = FE and B=TM. The anchor of TE is given by I o Tpg: TE — T(TM),
where I: TTM — TTM is the canonical involution [32, [26]], exchanging the two vector bundle
structures Tppy and ppray of TTM — TM.

2.4. The generalised tangent bundle of a Lie algebroid. Let here A — M be a Lie
algebroid. Then for a € T'(A), the derivations £, of T'(TM & A*) and of I'(A & T*M) over
p(a) are defined by

Lao(X,a) = ([p(a), X], Laa),  La(d',0) := ([a,d], L))

for (X, o) e (TM@A*) and (a’,0) € T'(A®T*M). Fix a skew-symmetric Dorfman connection
A:T(TM e A ) xT(A®@T*M) - T(A® T*M) and set [16]

QT(TM@A") xT(A) = T(ADT* M), Qx.a)a:=Ax,a)(a0)—(0,d{a,a)).
Define then the basic connections associated to A by
Vo (X, a) = (p, 1) (Ux,)a) + La(X, ),
Vo (a!,0) == Qp pty(ar 0@+ Lald,0),
for a € T'(4), (X,a) e T(TM @& A*) and (d’,0) € I'(A @ T*M). These are ordinary linear
A-connections on TM & A* and A @ T* M, respectively, which are dual to each other [I6].
The basic curvature R € O?(A4, Hom(TM & A*, A® T*M)) associated to A is defined
by
(8)  RX¥(a1,a2)v = —Qfar, as] + Lo, (Was) — Lo, (ar) + Qv};gsual — QVE?SVGQ

for ay,az € T(A) and v € T(TM @ A*). [16] shows that Ropas = R o (p, p') and Rgpas =
(pp') o R,
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Theorem 2.10. [16] Let A — M be a Lie algebroid with anchor p and let A a skew-symmetric
Dorfman TM & A*-connection on A® T*M. Write © for the anchor of the Lie algebroid TA.
Then

(1) [0 (ar),0% (a2)] = 0% ([a1, a2]) — RR¥%(a1,a2),
(2) [o5( w (VEaer)T,
(3) [7—177—;] =0,
(4) ©(c%(a)) = VbaSEXZ(TMeBA*)
(5) (1) = (0, p")7)" € X(TM © A7)
for a,ai,a2 € T(A) and 7,71, 72 e T(AST*M).

That is [16], the complex (p, pt): (ADT*M)[0] — (T M ® A*)[1], the basic connections V"2
and the basic curvature Rbab define the 2-representation corresponding to the VB-algebroid
(TAGAT*A—TM o A*, A — M) [16] in the decomposition corresponding to A, see [7].

3. HOLOMORPHIC VECTOR BUNDLES AND HOLOMORPHIC LIE ALGEBROIDS

This section proves that a holomorphic structure on a vector bundle is equivalent to a linear
complex structure on it. In particular, “adapted” connections are described in the language of
linear complex structures. Finally, a holomorphic Lie algebroid A with a choice of adapted
connection gives rise to infinitesimal ideal systems in Ac.

3.1. Linear almost complex structures via connections. Let E be a vector bundle over
a manifold M. A complex structure in the fibres of F is equivalent to a vector bundle morphism
jr: E — E over idy, such that j% = —idg. Given such jg, it defines a complex scalar
multiplication by («a + i) - e = ae + j(e), and vice versa, if E is a C-vector bundle, then
multiplication by 7 defines such a morphism jg.

Consider now such a vector bundle E with fibrewise complex structure jg. Take any
connection V: X(M) x I'(E) — I'(E). Then the connection
- ~ 1 , .
V:X(M)xT'(E) - T(E), Vxe= i(VXe —ie(Vx(e(e)))
satisfies Vjg = 0. Such a connection is called complez-linear connection on E, since it is
C-linear in its second argument.

Consider a holomorphic vector bundle E — M. Since E is locally generated as a C-vector

bundle by holomorphic sections eq,...,e; of gg: E — M, the real vector bundle F is locally
generated by the holomorphic sections eq, ..., ek, f1 :=i-e1,..., fr := - ex. Then since these
sections are holomorphic, they satisfy

(9) JEOTel:T(:’lOJM and JEOTfl:TflOJM

for I =1,...,k. The following lemma is proved in Appendix

Lemma 3.1. Let qp: E — M be a holomorphic vector bundle. If e € E(U) is a holomorphic
section, then the vector field et € X(E) is holomorphic as well, and for any e € T'(E), the
complez structure Jp sends ¢! to (jpe)'.

That is, the complex structure Jg: TE — TFE is a double vector bundle morphism over
the identity on FE, the complex structure Jy;: TM — TM of the base M, and with core
jg: B — E —asin .
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The goal of this section is the proof of the converse: if a linear almost complex structure
as in is integrable, then the induced complex structures on E and on M make £ — M a
holomorphic vector bundle. Consider therefore for the remainder of this section generally a
smooth vector bundle F — M with an almost complex structure TFE — TFE that is linear as
in over an almost complex structure Jy;: TM — T M, with core morphism jg: E — E.

Definition 3.2. A linear connection V: X(M) x I'(E) — T'(E) is adapted to Jg if the
corresponding linear splitting %: TM X E — TE of TE satisfies JpX(v,e) = X(Jpv,€) for
all (v,e) € TM xpr E. Equivalently, the corresponding horizontal lift o¥ : X(M) — X*(E)
lifts the almost complex structure on M to the one on E, that is oV (Jy X) = Jpo¥ (X) for
all X € X(M).

Consider a linear splitting of the double vector bundle TE
o ExyTM = TE,

corresponding to a linear connection V: X(M) x I'(E) — I'(E). Then for all X € X(M), the
vector field Jg(Vx) is g-related with Jy(X) € X(M). Hence

—~

(10) Jp(Vx) = Vix + 6(X)
(f

for a section (X)) of End(E). It is easy to check that ¢(f - X) = f-¢(X) for X € X(M) and
f € C>®(M). Hence defines a form ¢ € Q' (M, End(E)) with

—_—~

~Vx = J3(Vx) = I (Viux + 0(X)) = Vo x + (I X) + jis 0 0(X)
for all X € X(M), that is, with

(11) V(I X) = —jgov(X)
for all X € X(M). Consider ¥': E xpy TM — TE,

2I(emavm) = E(emvvm) +1rMm (TmOEvm +E %]Ew(vm)(em)) .

Then a simple computation shows that ¥’ satisfies the condition of Definition hence
showing the following proposition.

Proposition 3.3. Let E — M be a smooth vector bundle endowed with a linear almost
complez structure Jg: TE — TFE over Jy: TM — TM, with core morphism jp: E — E.
Then there exists a linear T M -connection on E that is adapted to Jg.

By definition, a linear connection V: (M) x T'(E) — T'(E) is adapted if and only if the
following identity holds for all e € T'(E), X € X(M):

TolTueX) = G| e+ 1ia(Txe)m) = Je(Txelm) = T elm)

d
= meJMXm - = em + t(vJMXe)(m)'
dt |,_q

In particular, if £ — M is a holomorphic vector bundle, and e a holomorphic section, then
JpoTe="Teo Jy. Hence, V is adapted to Jg if and only if

(12) JEVxe=V,, xe



14 M. HEUER AND M. JOTZ LEAN

for all X € X(M) and all holomorphic sections e € I'(E). This shows also that for any linear
T M-connection V on E, the connection V': X(M) x T'(E) — I'(E) defined by

1 .
(13) foe = i(V)(e—_]EVJMXe)

on X € X(M) and holomorphic sections e € I'(E), is adapted to Jg. Assume additionally
that Vjg = 0, which due to the arguments above is always possible. Then

Vi (je(e)) = %(VX(J'E(e)) —JEViux(ie(e))) = % (jEVxe—jEViuxe) = jeVie

for holomorphic sections of e € I'(E) and all X € X(M). Since E has local (real) frames of
holomorphic sections, this shows that V'jg = 0 as well.

In general the following theorem shows that the existence of such a C-linear adapted
connection follows easily from the integrability of the linear almost complex structure Jg.

Theorem 3.4. Let E — M be a smooth vector bundle endowed with a linear almost complex
structure Jg: TE — TE over Jy;: TM — T M, with core morphism jg: E — E. Then Jg is
integrable if and only if

(1) Jr is integrable and
(2) there exists a C-linear connection V: X(M) x I'(E) — I'(E) that is adapted to Jg,
(3) the form Ngg i, € Q*(M, E) defined by

Npyg jp(X,Y) = Ry(X,Y) — Ry(Ju X, IuY) + jeRy(Ju X,Y) + je Ry (X, JuY)
vanishes.

Remark 3.5. (1) In the setting above, a linear connection V: X(M) x T'(E) — T'(E) is
adapted to Jg if and only if

Jr(Hy) = Hy .
It satisfies Vig = 0 if and only if
Hy =Tjp(Hy).

(2) Let E — M be a holomorphic vector bundle and Jg: TE — TE the linear complex
structure as in Lemma . Then by and the C-linearity of V,

Nrg.js(X,Y)e = Ry(X,Y)e — jpRv(X,Y)e + jpRy (X, Y)e + jpRy(X,Y)e =0
for X,Y € Xy(M) and a holomorphic section e of E. Since Ngrg, ;5 s a tensor, it

vanishes then identically.

Proof of Theorem[3.]} Choose a linear connection V: X(M) x T'(E) — I'(E) that is adapted
to Jg as in Definition [3.2] - the existence of such a connection is given by Proposition [3.3]
That is, the linear vector fields Vx, for X € X(M), all satisfy

JpoVx =V, x.
Then
Nyg (6;6;) = {@,ﬂ} - [JE@,JEW} +JE [JE@,ﬂ} +JE [ﬂ,JE@}

— e~

=Vn,, xy) — Nrg jp(X,Y),

Ny (@75) = [@,BT] - {V/JM\X, (jEe)T} + (jeViuxe) + (ieVxige)'

(14)

= (Vxe — Vyyuxige + iV, xe+ jeVxire)' .
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and
Ny, (eI,eg) =0

forall X,Y € X(M) and e, e1,e2 € T'(E). Since X(FE) is spanned as a C*°(E)-module by these
linear and core sections, Ny, vanishes if and only if Ny, (X,Y) = 0 (by projecting (14) to
M), NRVJE(X’ Y) =0 and

(15) Vxe—Vi,xjee+jeVi,xe+jeVxjee =0

for all X,Y € X(M) and e € I'(E). Therefore, if Nj,, =0, Ngy; = 0 and Vjg = 0, the
almost complex structure Jg is integrable.

Assume conversely that Nj, = 0. Then N;,, = 0 and Jj/ is integrable. Define now
V' X(M) xT'(E) = I'(E) by

1 1
/X€ = 5Vx6— ijEVXjE€~

Clearly V'jg = 0, so V' is C-linear. Additionally, the difference between V and V' is the form
w € QY (M,End(E)), given for X € X(M) and e € I'(E) by

w(X)(e) = 5(Vxe+ jVxjee).

By je o (w(X)) = w(JyX) and hence

Jp (V’X) — Jp (6} - w(X)) = Ve — jw(X) = Vyox —w(IuX) =V,
so V' is still adapted to Jg. Therefore, by , Ngrg, s = 0. ]

In the situation of the previous theorem, consider a complex-linear connection V: X(M) x
I'(E) — T'(E), that is adapted to Jg. Consider the complexification D: T'(Te M) xT'(E) — T'(E)
of V in the first argument. Then D is still C-linear and its curvature Rp € Q?(Tc M, Endc(E))
is the complexification of Ry in the first two arguments.

Theorem 3.6. Let E — M be a smooth vector bundle endowed with a linear almost complex
structure Jg: TE — TE over Jy: TM — TM, with core morphism jg: E — E. Assume
that Jys is integrable. Then a complex linear connection V: X(M) x I'(E) — I'(E) adapted to
JE satisfies Ngq j, = 0 if and only if the complezification D: T'(Tc M) x T(E) — I'(E) equals

(16) D= D"+ D%

with DYO: T(TYOM) x T(E) — T'(E) a linear connection and D%': T(T%*M) x I'(E) — I'(E)
a flat connection.

Remark 3.7. If E — M is holomorphic, this statement is again immediate since for all
X € T(T*'U) and holomorphic sections e of E, implies

. . (12) .
iVxe=jgVxe ! Viuxe=V_;xe=—iVxe,

which shows that Ve =0 = dye. The flat connection D®! is hence simply the 5—0pemt0r.

The complexified connection D can then be in addition compatible with a Hermitian metric
on E. In that case, it is the Chern connection associated to the Hermitian holomorphic
bundle. In general, a connection as in Theorem [3.6] could be called a Chern connection of
the holomorphic vector bundle. In [1] such a connection is simply called adapted to the
holomorphic structure.
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Proof of Theorem[3.6. Assume that V is C-linear and adapted to Jg. Then for all X,Y €
L(T%M):
NngE <X’ Y) = NRD,J'E (X7 Y)

= Rp(X,Y)— Rp(—iX,—iY) +iRp(—iX,Y) +iRp(X,—iY) =4Rp(X,Y).

Hence Rpo.r = 0 if and only if Ngv,jg (X,Y) =0 for all X,Y € I'(T%'M). If Ngg j, = 0,
then obviously N}%V ju = 0andso Rpo1 = 0. Conversely, assume that Rpo. = 0 and consider
arbitrary vector fields X, Y € X(M). Then X + iJy(X),Y + iJy(Y) € T(T%*M) and a
simple computation shows

0=Ngo i, (X +iJa(X),Y +iJy(Y)) = 4Ngg j, (X,Y).
That is, if D%! is flat then Nrg,jz = 0.

Remark 3.8. Let jo: Ec — Ec be the complexification of jg: E — E, and let E° and E%' be
as usual the eigenspaces of jc to the eigenvalues i and —i, respectively. The complexification of
D in the second argument, or of V in both arguments, written VC: T'(Tc M) x T'(Ec) — T'(Ec)
clearly preserves jc. As a consequence, VC preserves EY° and E%' C E¢. Denote by
0: E — E'O the canonical isomorphism of C-vector bundles, given by 6(e) = (e — ijp(e)).
Then the equality

]

v$0(e) = 0(Dxe)
is tmmediate for all e € T'(E) and X € T'(TcM). That is, modulo the isomorphism 0, the
restriction of VC to EV0 coincides with D.

Theorems [3.4] and [3.6] and the following result yield together Theorem [T.1]

Theorem 3.9 ((3.5) and (3.7) in [22]). Let E — M be a complex vector bundle over a complex
manifold. Then E — M is a holomorphic vector bundle if and only if there exists a connection
D = DY 4+ DY I(Te M) x T(E) — T(E) such that D%': T(T%*M) x T'(E) — T'(E) is flat.

In that case, D% is the -operator of the holomorphic vector bundle:
Dg(’le =dxe=0

for all X € T(T%*M) if and only if e is holomorphic.

Proof of Theorem[I.1 Assume first that E is holomorphic. Then by Lemma [3.1] Jg is a
double vector bundle morphism with sides Jy;: TM — TM and idg: E — E, and with core
morphism the multiplication jg: F — E by the complex number ¢ in the fibers of E. Since F
is a complex manifold, Jg is integrable.

Conversely, consider a linear complex structure Jg: TE — TFE with side morphisms
Jy: TM — TM and idg: E — E and with core morphism jg: E — E. Since j? = —idg,
it defines a complex structure in the fibers of E. By Theorem [3.4] and Theorem [3.6] M
is a complex manifold with complex structure Jy;, and there exists a C-linear connection
V:X(M) x T'(E) — T'(E), the complexification D: T'(Tc M) x T'(E) — I'(E) of which equals

D= DO,l +D1,O

with D%! a flat T%!'M-connection on E. By Theorem the vector bundle £ — M
carries a holomorphic structure over the complex manifold (M, Jys). It remains to show that
Jg: TE — TFE is the complex structure of the complex manifold F. In order to do that, it is
sufficient to prove that if e € I'(E) is D%!-flat, i.e. if e is a holomorphic section on FE, then

[g’eT]C:O
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for all ¢ € Tr(T%'E). Here, ¢! € X(E) is identified with T € T(T1E) via the canonical
C-linear isomorphism TFE ~ T'9E as in Remark

Consider therefore the complexification (T'E)c of TE (as a vector bundle over E). It is a
double vector bundle with sides E and Te M, and with core Ec. For X € X(M), e € I'(E)
and z € C the equality

(e®2)=e'®2

is immediate and it is easy to check that

—

V§(®Z =Vx ® z.

Since V is adapted to Jg, the respective complexifications satisfy
C_oC _oC
JgoVy =V IS X

for all X € T(TcM), and in particular V§ € Tp(TO'E) for X € D(T%'M). Since Jp is
linear over Jys, T%'E is a linear subbundle of TE¢ over T%'M and E, and with core E%1!.

It is spanned as a vector bundle over E by the sections @ and e' for X € I'(T%'M) and
e € T(E%Y).
Since the Lie bracket of two core vector fields always vanishes, the only equality to check is
[vg, (9(6)T}(C ~0
for all X € T(T%'M) and e € T'(E) a D%!-flat section. This bracket is easily seen to be

(17) [75.00)7] = (v§0(e)) = 0(Dxe) = 0 (D%'e) = 0.

using Remark [3.8] O

3.2. Holomorphic Lie algebroids and infinitesimal ideal systems. Given a complex
manifold M, let ©); denote the sheaf of holomorphic vector fields on M.

Let A — M be a holomorphic vector bundle and let p: A — T'M be a holomorphic vector
bundle map, called the anchor. Assume that the sheaf A of holomorphic sections of A — M
is a sheaf of complex Lie algebras, the anchor map p induces a homorphism of sheaves of
complex Lie algebras from A to O, and the Leibniz identity

[X,fY] = fp(X)f ~Y—|—f[X,Y]

holds for all X,Y € A(U), f € Opn(U), and all open subsets U of M. Then A is a holomorphic
Lie algebroid, see e.g. [23] and references therein.

Since the sheaf A locally generates the C°° (M )-module of all smooth sections of A, each
holomorphic Lie algebroid structure on a holomorphic vector bundle A — M determines a
unique smooth real Lie algebroid structure on A. Since p: A — T'M is holomorphic, it satisfies

JryoTp=TpoJy.
Restricting this to the cores gives Jys o p = p o ja, which implies pc(A%!) C TO1 M.

Choose a T'M-connection on A as in Theorem [3.4] and its complexification as in Remark
Denote by V%! the restriction

VOl T(T% M) x T'(AYY) — T'(AY0).
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Recall that by Remark it is just D%! via the canonical C-isomorphism A ~ A9, That is,
the V% !flat sections a € T'(A1Y) are exactly the holomorphic sections of A ~ A9 hence the
elements of A via this isomorphism. If a,b € T'/(A1?) are VO!-flat (on U C M open), then

(i) [a,b]c is again holomorphic so V%!-flat, B
(ii) p(a) € O (U) is a holomorphic vector field, so d-flat, where
O: (T M) x T(TYOM) — T(T*°M),  0xY = pryuoy(X,Y]e
is just the O-operator of the holomorphic vector bundle TM — M.

(iii) [a,v]c € T(A%Y) for all v € T(A%Y).

The first two assertions are immediate. For the third one, consider a € Ay. Then a defines
al? = L(a—ij(a)) € Ty(AM0) and o' = 1(a +ij(a)) € Ty (A1), Further, A?]’l is spanned
as a C°°(U)-module by sections b%! defined in this manner. Since for a,b € A(U)

1 , ‘ ‘ . 1 . . ,
(@™, 0% e = Zla— () @4, b+ 5(b) @ilc = ¢ ([a,0] + jla,b] @i = jla,b] @i — [a,0]) = 0,

where [a, j(b)] = [a, ib] = i[a, b] = jla, b] follows from the fact that A is a sheaf of complex Lie
algebras. Since A0 = Ac /A%, this shows that (T%'M, A% V1) is a complex infinitesimal
ideal system [20] in the complex Lie algebroid Ac.

Theorem 3.10. Let A — M be a holomorphic vector bundle. If A — M is a holomorphic Lie
algebroid then the triple (TO*M, A% V1) defined as above is an infinitesimal ideal system
in the complex Lie algebroid Ac.

4. LINEAR GENERALISED COMPLEX STRUCTURES AND DORFMAN CONNECTIONS

Let E be a vector bundle over a smooth manifold M. Fix a skew-symmetric Dorfman
connection
(18) ATTMeE ) xT(E®eT*M) - T(E®T*M),

and therefore a horizontal lift o : T(TM @ E*) — I',(TE @ T*E). Consider a double vector
bundle morphism J: TE®T*E — TE ®T*E as in . This section gives conditions on j
and jo for the morphism J to be a generalised complex structure.

Lemma 4.1. Given a double vector bundle morphism J over j as in and a skew-symmetric
Dorfman connection A as in (I8), there is a section ® € I((TM & E*)* @ E* @ (E®T*M))
such that for any v € T(TM & E*)

I (02()) =02 (i(v)) + 2(v).
Here, (TM ® E*)* @ E* @ (E ® T*M) is identified with Hom(TM & E*, Hom(E,E & T*M)).

Proof. Since J is a vector bundle morphism over j, J (02 (v)) is a linear section over j(v).

Thus J (02(v)) — 02(j(v)) is a core-linear section and this gives for every v a section
®(v) e I'(Hom(E,E & T*M)), such that

J (02(v)) = o2 (i(v)) + 2(v).
Since J and j are vector bundle morphisms and ¢ is a morphism of C>(M)-modules,

(fv) = T (62 (fv)) — o2 (i(fv)) = T (dhfo> (V) — e (i(fv))

=4pfT (02 () — apfo2(i(v) = gpfO(v) = fO(v)
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for feC®(M)andv el e I'(TM ® E*). That is, ®(fv) = f®(v) and ® e T'((TM & E*)*®
E*®@(E®T*M)). O
Remark 4.2. In the situation of Lemma the following equations hold for T € T(EQT*M),
veT(TM & E*) and ¢ € [(Hom(E, E & T* M)).
(1) J (’TT) = jo(7)". This follows directly from the definition of the core morphism jo.
(2) T(p) = jco. This is an easy calculation using the first equation: For e € T'(E*)
and T eNE@TM), J(eR@7) =T -7 =L - T = e - jo(r)T = joo (e 7).

The map J is a generalised complex structure if and only if

(1) J* = —idrper-E,
(2) J is orthogonal, and
(3) the Nijenhuis tensor of J vanishes.

The following two lemmas give conditions on j, jo and ® for the map J: TE & T*E —
TE & T*E to satisfy the first two properties. The third property is studied in the next section.

Lemma 4.3. In the situation of Lemma J? = —idrger-g if and only if

Proof. Tt is sufficient to check that J2? = —idrggr-g on lifts 02 (v) for any v € T(TM ® E¥)
and on core sections 71 for any 7 € I'(E @ T*M), as those sections span I'rygp«(TE @ T*E)
as a C®°(TM @ E*)-module. (2) is immediate by evaluating J on core sections, using Remark
4.2

For linear sections, the definition of ® and Remark [.2] yield

19) T* (0% () = T (o2 (i(v) + ®(v))

— A (2W) + 3G ) + o o (B(0))
If 7?2 = —idrper-E, then the side morphism j has to satisfy j2 = —idryep-. Now
implies that

(20) (j(v)) = —jc o (2(v)).
Conversely, if j2 = —idryep- and ®(5(v)) = —jc o (®(v)), then yields immediately
T2 (v)) = —o®(v) for all v € T(TM & E¥). O

Lemma 4.4. A double vector bundle morphism J as in is orthogonal if and only if for
any skew-symmetric Dorfman connection A as in :

(1) (o)t =j",
(2) (1)t (1) = —®(11) (j (1)) for all vi,vs € D(TM @& E*).

Proof. Again it is sufficient to check the orthogonality of J on core sections and on horizontal
lifts. For core sections this is immediate, since the pairing of two core sections always vanishes.
For the pairing of a lift with a core section, use to obtain that

(T2 (), T(11)) = (o%(v),7"),
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if and only if (j(v), jo(7)) = (v, 7). Since v and T are arbitrary, this is equivalent to (jo)' = j~
For the pairing of two lifts compute

(T2 (1)), T (o

A
and on the other hand (02 (v1),0® (1)) = 0. Hence J is orthogonal if and only if additionally
©(12)"(j(11)) = =@ (11)"(j (12)) - U
Define ¥, W/, (j*¥) € I'((TM @ E*)* ® (TM ® E*)* ® E*) by
V(v vp) = @) (), W (vi,ve) =0) (o), (7°0)(vi,10) = U(ju, jre).

Then Lemma [4.3] and Lemma [£.4] can be combined as follows

12))) = Lo (j(m)) + La(n) (j(m))

Proposition 4.5. A morphism J as in is a generalised almost complex structure on E,
if and only if for every skew-symmetric Dorfman connection A as in :

(1) .]:2 = - o7

(2) j=-(c)",

(3) U is skew-symmetric, i.e. ¥ € Q>(TM @ E*, E*),
(4) ¥(vi,v2) = =" ¥ (v1,10) .

Proof. Under assumption of the properties j2 = —1 and j& = 51 the condition on ® given in
Lemma can be reformulated as ¥ (jv1,v9) = U(14, jra), whereas the condition on @ given
in Lem is then equivalent to ¥(vq, ji1) = —¥(vq, jra), in both cases for all sections
v, of TM & E*. Applying the former equation on the latter and then replacing vs by
jvz shows skew-symmetry of ¥, again using j2 = —1. The former equation is shown to be
equivalent to ¥ = —j*W, again by replacing v with jrs. O

4.1. Adapted Dorfman connections. This section shows that given a linear generalised
almost complex structure J on E — M, there is a Dorfman connection A which is adapted
to J, i.e. such that o2 satisfies J (02 (v)) = 02 (jv) for all v € T'(TM @® E*). Equivalently,
the corresponding tensor ® defined by Lemma vanishes. The choice of such an adapted
Dorfman connection vastly simplifies all the following computations in this paper.

Recall from Section [2 that a change of skew-symmetric Dorfman connection (from A; to
A,) is equivalent to a 2-form ¥y € Q*(TM @ E*, E*).

Lemma 4.6. Let J be a linear generalised almost complex structure over E and choose two
skew-symmetric Dorfman connections A1 and Ay as above with change of splitting W1o. Then

(21) Uo(vy,v9) = Wy (11, v2) — Uia(v1, jra) — Uia(jrr, va),
where Wy, Uy are the 2-forms defined as in Proposition@ by J and Ay and Ao, respectively.

Proof. A computation yields

Do(v) = T (02(v)) = 02(jv) = ©1(¥) + jc © P12(v) — P12(jv).
Dualising this equality leads to

Uy (v1,v2) = Vi (v1,v) — Wia(vi, jre) — Wia(jrr, 1),
using j& = —j, see Proposition O

Now is used to find the existence of a Dorfman connection adapted to J.
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Proposition 4.7. For every linear generalised complex structure J on E there is a skew-
symmetric (TM @ E*)-Dorfman connection A on E* @ TM such that J(c®(v)) = o®(jv)
forallv e T(TM @ E*).

Proof. Fix any skew-symmetric Dorfman connection 7'M & E*-Dorfman connection A; on
E* @ TM and denote the corresponding lift by 1. Proposition defines a two-form
U, € Q*(TM & E*,E*) such that J(o1(v)) = o1(jv) + ¥1(v,-). Let now Wia(vy, 1) =
—%\111(1/1, jva). By Proposition this form is skew-symmetric and therefore the dull bracket
defined by is skew-symmetric again. Now according to and using the properties
from Proposition the corresponding 2-form W5 vanishes. Hence the Dorfman connection
Dorfman connection A := Ay satisfies U5 = 0. By definition of Wy, this is equivalent to
Jool =020 7j. O

The remainder of this section characterises the set of Dorfman connections adapted to J.

Definition 4.8. Let E — M be a smooth vector bundle and let j: TM ® E* — TM @& E* be
an arbitrary vector bundle morphism. Two skew-symmetric (TM @© E*)-Dorfman connection
Ay and Ay on E* @ TM are j-equivalent, if their change of splittings V1o defined by
satisfies

Wio (v, ve) = Wia(jrr, jra)
for all vy,vs e T(TM & E*).

The following lemma shows that if a Dorfman connection A; is adapted to J, then a second
Dorfman connection As is adapted to J if and only if they are j-equivalent.

Lemma 4.9. Let J be a linear generalised almost complex structure J on a vector bundle
E — M and Ay and As be two skew-symmetric (T M & E*)-Dorfman connections on E®T*M.
Denote the two-forms given by Proposition [[.5 corresponding to A1 and Ag by ¥y and Vo,
respectively. Then Ay and As are j-equivalent if and only if 1 = Ws.

Proof. Denote the change of splittings again by ¥15. A; is j-equivalent to Ay if and only if
for all vy,15 € T(TM & E*)
(22) ia(v1, jre) = =V12(j(j11), jr2) = —Wi2(jra, v2) .
By , P, and ¥, are related by
Vo1, v2) = Vi (v1,v2) — Wig(v1, jre) — Wia(jr, v2) -
So ¥, = U, if and only if holds, that is, if and only if A; and Ay are j-equivalent. [

4.2. Integrability. Consider a linear generalised almost complex structure J on F as in
and fix a skew-symmetric Dorfman connection A as in , which is adapted to J. In
particular j, jo satisfy the conditions of Proposition and j(aA(u)) = o2 (jv) for all
v € T(TM @ E*). Evaluated at two core sections the Nijenhuis tensor of J vanishes trivially,
since the Courant-Dorfman bracket of two core sections vanishes and the double vector bundle
morphism J sends core sections to core sections.

For the Nijenhuis tensor of J evaluated at a horizontal lift 2 (v) for v € T(TM @ E*) and
a core section 7! for 7 € T'(E @ T*M), compute

Ny (o®@),7) = (A7) = (85005 (M) + (e(B;0)) + Ge(Avic))'.
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Thus the Nijenhuis tensor of J vanishes for any such pair of a lift o (v) and a core section 7'
if and only if for all v e T(TM @ E*) and 7 e T(E® T*M)

(23) Ayt = Ajoic(T) + jo(AjuyT) +ic(Avje(r)) = 0.

As the pairing is non-degenerate, this condition can be dualised by pairing it with a second
section v € T'(T'M @ E*). Recall that A is dual to a dull bracket [-,-]a. Then the properties
of j and jc obtained in Proposition lead to

<AVIT = Njonic(T) +ic(8jwnT) + jo(Aubc(r)), V2> = <T, —Nji .74 V1, V2)> :

Thus the Nijenhuis tensor of a generalised almost complex structure J vanishes when
evaluated at a pair of any lift 02 () and any core section 71 if and only if the Nijenhuis tensor
of j with respect to the dull bracket [-,-]a vanishes.

Finally, compute for vq,v, € T(TM @ E*):

Ng(o%(n),0%(a)) = 02(Nj 1. 14 (11,v2)) + Ra(i(v1), j(1v2))(,0) = Ra(v1,02) (-, 0)
—jc o Ra(j(v1),12)(+,0) — jo o Ra(v1,j(v2))(-,0).

Recall that since the dull bracket on T'M @ E* is anchored by pry,, and A(x )(0,0) =
(0, Lx0) the curvature Ra(v1,12)(0,0) for 6 € T'(T*M) always vanishes. Therefore the terms
with Ra above evaluated at (e, 0) vanish if and only if the corresponding terms vanish evaluated
at (e,0) for any 6 € I'(T*M). Thus the Nijenhuis tensor of J vanishes for all sections if and

only if the Nijenhuis tensor of j with respect to [-,-]a vanishes and additionally the curvature
of the adapted A satisfies

0= Ra(j(). (1) (7) = R (1, 22)(7) = jior (R (1), 02) (7)) = o (R (w1, (02))(7) )
for all vy, € T(TM @ E*) and 7 € T'(E @ T*M). By pairing the right hand side of this
equation with a third section v3 of TM & E, obtain equivalently
0 = Jaca (jvi, jro, v3) + Jaca (jvi, va, jus) + Jaca (v1, jva, jr3) — Jaca (v1, v2, 13)
= [v1, [ve, vslala — [jve, [ive, vslala — [ive, [ve, jvs]alla — [va, [ive, jvalala
(24) + cyclic permutations in 1,2,3

= [v1, [ve, vs]a — [jve, jvs]ala + [ive, —[ve, jvs]a — [ive, va]ala
+ cyclic permutations in 1,2,3.

Define a bracket A on I'(TM @ E*) by

1 . .
(25) Av1,12) = 5([[V17V2]]A - [[JV1,JV2]]A) .
Then Nj . . vanishes if and only if A satisfies
(26) A, jra) = jA(v1,v2) .

Furthermore, is equivalent to the Jacobi identity of this bracket A.

Note that the bracket A does not admit a T'M-valued anchor on T'M & E*, and is thus not
a (real) Lie algebroid bracket on TM @ E*, since

1

A, f2) = FAW,2) = 5 Drras ) (F)ivs + 5 Drras () (v
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for f € C°(M) and v1,v, € T'(TM @ E*). However, the map j is a fibre-wise complex
structure in TM & E*, with respect to which A is C-bilinear by and skew-symmetric.
And the equation above shows that with the complex anchor p: TM @ E* — Tc M defined by

(27) o) = w3081 () @) |

(TM @ E*, p,A) is a complex Lie algebroid as defined in [34]. Furthermore, it is easy to check
that A is independent of the choice of adapted Dorfman connection A.

Theorem 4.10. Let E — M be a smooth vector bundle. A linear generalised complex structure
on E is equivalent to

(1) A vector bundle morphism j: TM & E* — TM @© E* such that j?> = —idryep-, i a
complex structure in the fibers of TM & E*, and

(2) a choice of j-equivalence class of Dorfman TM @ E*-connections on E ® T*M such
that TM ® E* — M, equipped with the bracket A defined in by the corresponding
dull brackets and the anchor p in becomes a complex Lie algebroid.

Proof. Given a linear generalised almost complex structure J on E as in , Proposition
and Proposition [£.7] define the vector bundle morphism j and an adapted Dorfman connection
A, in turn uniquely defining the bracket A on I'(T'M @& E*) by . By the arguments above,
integrability of 7 implies that A is a complex Lie algebroid bracket with anchor given by .

Conversely, given j and a complex Lie algebroid structure where the bracket A comes from
a Dorfman connection A as above, define a double vector bundle morphism J: TE & T*E —
TE®T*E by

T = ()T, T W) = o ((v))

forre (E®T*M) and v € T'(TM & E*). Again by Proposition and the computations
above of the Nijenhuis tensor of J on linear and core sections, this defines a linear generalised
complex structure on F.

These two constructions are inverse to each other since neither J nor A depend on the
choice of the Dorfman connection in the j-equivalence class of A. |

4.3. Generalised Kihler structures on vector bundles. Generalised Kéahler structures
were introduced in [9} [12]. Any automorphism G of TM & T*M which is symmetric G* = G,
and squares to id defines a symmetric metric on TM @& T*M. Such an automorphism is
therefore called a metric.

Definition 4.11. A generalised Kahler structure on a manifold is a pair of commuting
generalised complex structures Ji and Jo such that the symmetric non-degenerate metric
G := —J1 0 J> is positive definite.

This section shows that in the case of a generalised Kéahler structure on a vector bundle £
there exists a Dorfman connection which is adapted in the sense of Proposition [£.7] to both
generalised complex structures simultaneously. Take a vector bundle F — M equipped with a
linear generalised Kahler structure, i.e. J; and J> are both linear. Denote the side morphisms
on TM & E* by ji and jo, respectively. Take now any skew-symmetric TM @& E*-Dorfman
connection A on E @ T*M. This gives rise to the corresponding 2-forms ¥; and W5 as in

Proposition [L.5]
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Lemma 4.12. In the setting above, for all v1,vo € TM @ E*

Uy (jrvr, 1) + Va(vr, jive) = W1(jovr, v2) + Wi(ve, jare) -
Proof. Since J; and J, commute, so do their side morphisms j; and j». Thus o2 (j1j2v) =
02 (joj1v) and with the definition of ®; and ®, in Lemma this leads by straightforward
computation to the equality ji o ®5(v) — @1 (jar) = jb o ®1(v) — ®o(j1v). Pairing this with a
second arbitrary section vy € T'(TM @ E*) and dualising then gives the desired equality. O

This lemma easily yields the existence of a Dorfman connection adapted to both generalised
complex structures.

Proposition 4.13. Given two commuting linear generalised complex structures J1 and Jo
on a vector bundle E — M, there is a TM ® E*-Dorfman connection A on E @& T*M which
is adapted to both Jy and J>.

Proof. Take a skew-symmetric Dorfman connection Ay, which is adapted to J; as constructed
in Proposition Thus the 2-form W, vanishes. The previous Lemma then shows
that Wy(v1, ) = Wa(fiv1, jie) for all vy,vs € T(TM @& E*). In order to obtain a Dorfman
connection As adapted to J2, use as change of splitting the form ¥y, := —%‘I’g(-, Jo+) as shown
in the proof of Proposition £.7] But since j; and j, commute, also this change of splittings
satisfies W1a(j1v1, j1v2) = Wia(v1, 1) for all vy, vs € TM @ E*. Thus As is ji-equivalent to
A1 as in Definition Now Lemma m shows that As is still adapted to J; and therefore to
both generalised complex structures simultaneously. ([l

4.4. Complex VB-Dirac structures. This section shows that a linear generalised complex
structure on a vector bundle E is equivalent to a pair of complex conjugated VB-Dirac
structures. Consider the complexification of TE as a vector bundle over E. This is again a
double vector bundle TcE = T E @ T¢ E with complexified core and side bundle.

TeE®TEE E
(*rMmeE*)C EcoTeM
TeM & B M

It is straightforward to extend the results of [I6] complex linearly to characterize linear
splittings of the double vector bundle T¢E which are additionally C-linear over E, giving a
correspondence between such splittings and complex (TcM & Ef)-Dorfman connections on
Ec®TEM.

Furthermore, the splitting corresponding to the complexification AC of a real Dorfman
connection A is the complexification of the splitting 4, i.e. the complex linear extension in
TM @ E*.

Let J: TE — TFE be a linear generalised complex structure on FE over j: TM & E* —
TM & E* and with core morphism jo as in Definition [I.2] The +i-eigenbundles of the
complexification Jo: TcE — TcFE of J build a pair of complex conjugated complex Dirac
structures D4 C TcE:

Dy ={¢—iJ(©)|€€TE}  D_={¢+iJ(¢)|¢ € TE}.
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It is easy to see that these are two sub-double vector bundles of T¢FE

Dy — FE

(7TTM®E*)C|DiJ( J{’JE ;

Ui%M

where Uy is the +i-eigenbundle of the complexification jc: (TM @ E*)c — (TM & E*)c of
j. The core of this double vector bundle is Ky C (E ® T*M)c, the ti-eigenbundle of the
complexification jc ¢ of jc.

Lemma 4.14. In the situation above,
Uj: = Ki )
where US denotes the annihilator of Uy in (TM @ E*)* X E®T*M.

Proof. This follows directly from the property j* = —jc of Proposition ]

Now consider the complex linear extension Ac of A defined in (25).

Proposition 4.15. The restriction to Uy of the complexified bracket Ac coincides with the
restriction of the dull bracket [-,-Jac corresponding to the complezification of an adapted
Dorfman connection A and defines a C-Lie algebroid structure on Uy with anchor pro. v, -

It isomorphic as complex Lie algebroid to (TM & E*, p,A) of Theorem via the canonical
isomorphism v — “EIX.

Proof. By the complexified bracket A¢ restricts to the two eigenbundles UL of jc.

It follows directly from the definition of A in that the restriction of A¢ to Ut coincides
with the complexification of [[-,-]a for any adapted Dorfman connection A. Therefore it is
anchored by the restriction of prr, ), and satisfies the Leibniz identity. Skew-symmetry and
Jacobi identity follow from the corresponding properties for A.

It is easy to check that TM & E* — UL, v — v F ijv is indeed an isomorphism of complex
Lie algebroids, where the fibre-wise complex structures are j on one side and induced from
the complexification on the other. O

Proposition [£.15] and Theorem now imply Theorem [1.4]

Proof of Theorem[I1.]} The complex Lie algebroid in induced as in Theorem by a linear
generalised complex structure is quasi-real by Proposition

Conversely, let E — M be a smooth vector bundle with a vector bundle morphism j: TM &
E* — TM @ E* such that j? = —idryep-. Assume that (TM @ E*, proyyy, j, [ °]) is a quasi-
real complex Lie algebroid as in Definition Then there is a dull bracket [-,-] on sections
of TM @ E*, that is anchored by pryj, and such that the canonical isomorphism TM & E* —
(TM @®E*)"0 is an isomorphism of the complex Lie algebroids (TM ®E*)%0, priy  je, [ ]1.0)
and (TM @® E*,pryay, 4, [, +]). The compatibility of the anchors is immediate by definition of
P,

Then for all vy,vy € T'(TM & E*),

(28) %([Vhl/g] ® 1 —j[Vl,VQ] ®Z) = i[[l/l ® 1 —j(l/l) ®Z'7V2 ® 1 —j(l/g) ®’L]]
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The right-hand side of this equation is
1 <[[V1,V2ﬂ — [jv1, gvel 91— v, ve] + [v1, jve] ®i> 7

2 2 5

which, compared with its left-hand side, gives
[vi,12] = w
i, vy = Lreltngvel

Since vy,vy € T(TM @ E*) were arbitrary, these equations yield that [-,-] has vanishing
Nijenhuis tensor with respect to j: Nj . j=o and [-,-] is defined by [-,-] and j as in (25).
Finally, assume that [-,-] and [-, -]’ both satisfy and consider the form ¥ € Q?(TM @
E*, E*) defined by
1, 2] = v, v2] + (0, ¥ (v, 12))
for all vy, € T(TM & E*), see (7). Then

[vi,va]" — [jr1, jro]’ _
2

_ [v1,ve] = [jv1, jre]

[VlaVQ] 2

and so
[v1,ve] = [ivi, jve] = [v1, 2]’ = [va, el
= HVDV?]] + (07 “IJ(VDV?)) - [[jyhjyzﬂ - (07‘11(jV1,jV2)),
which implies U(vq,v2) = W(jvy, jva) for all v1,v, € T(TM @ E*). Hence, the Dorfman
connections defined by the two dull brackets are j-equivalent as in Defintion

By Theorem F is thus equipped with a linear generalised complex structure J with
core j and such that [-,-] is adapted to J. O

The following example discusses how Theorem specialises in the case of holomorphic
vector bundles.

Example 4.16. Let E — M be a holomorphic vector bundle. As shown in Section [3 this
corresponds to a linear complex structure Jg on E over Jyr: TM — T M with core morphism
Jjg: E — E. The corresponding generalised complex structure J, its side morphism j and core
morphism jo are

Jg 0 . Ju 0 . JE 0
(29) j: ( 0 —Jt ) 9 J= ( 0 ot ) ) Jc = ( 0 —Jt ) .
E JE M

The equality j = —j& is immediate.
The eigenbundles of the complexified morphisms are given by
Uy = TVOM @ (E%)*, K. =B (T%'M)*,
U_ =T%'M @ (EY0)*, K_ = E% g (TYOM)*,
where TYOM, TO'M, EYO and E%' are the +i-eigenbundles of Jy; and jg, respectively.

A linear generalised complex structure on E is simply a holomorphic structure on E if and
only if the generalised complex structure is of the form above, see Section[3 In that case the
complex Lie algebroid structure on TM @ E* with fibrewise complex structure j = (Jyr, —jt)
is given by the anchor

(30)

1
p:TM & E* — T°M C Te M, p(X,e)zi(X®1—(JMX)®i),
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and, by @, the bracket

1 - * -
A((X1,61), (X2,62)) = > ([Xl, Xo]—[JIm X1, JmuXo), V?ﬁ62*V§(251+V*JMX1]E€2*VJMX2]E€1)

where V* is a flat T M -connection on E*, dual to a T M -connection V on E which is adapted
to the linear complex structure Jg, see Section[3

Now TM is C-isomorphic to TYYM and E* is C-isomorphic to (E%')*, since the complex
structure on E* is taken to be —jt,. After these identifications, V* is dual to the T*°M -
connection V on E%Y, defined as complex conjugate to the flat TO M -connection 0 on EV0 = E
corresponding to the holomorphic structure. That is for X € T(T“°M) and e € T(E®?),

Vxe ::%.

Hence TM @ E* is isomorphic as a complex Lie algebroid to the Lie algebroid T*OM & (E%1)*
which is induced by this connection, with bracket ([X1, Xa], Vi €2 — Vi, e1) for X1, Xo €
[(T*Y) and 1,62 € T((EY1)*). Complezification of A and restriction to these eigenbundles
gives precisely this bracket.

Example 4.17. In the case where the generalised complex structure is induced by a linear
symplectic structure w’: TE — T*E, the side morphism is coming from an isomorphism
7: TM — E*. The fibrewise complex structure j on TM & E* is after identification of E*
with TM via T simply the complex structure of Tc M, the anchor is then given by p = %idTCM
and the bracket A is given by %[, ‘|c. This follows from the fact that TM @ E* is isomorphic
as complex Lie algebroid to Uy = graph(—7c¢) according to Proposition and the bracket
of graph(—7) is shown in [16] to be the Lie bracket of vector fields. The factor of 3 comes
here from the isomorphism TM & E* — U,..

The description of VB-Dirac structures in TE via adapted Dorfman connections of [16]
can directly be extended to complex VB-Dirac structures and adapted complex Dorfman
connections, by simply demanding complex linearity where appropriate. This leads to the
following adaptation of a theorem in [16].

Theorem 4.18. Let D be a sub-double vector bundle of TcE over E and U C TeM & Ef,
with core K C Ec @ T¢M such that D is a complex subbundle of TcE — E. Let A be a
complex (TcM & EE)-Dorfman connection on Ec @ TEM which is adapted to D. Then D is a
complex VB-Dirac structure if and only if U = K° and (U,pry. v, [+ ]alu) is a compler
Lie algebroid.

This description of complex VB-Dirac structures together with Theorem [£.10] then leads to
the following description of linear generalised complex structures.

Corollary 4.19. A linear generalised complex structure J on a vector bundle E is equivalent
to a pair of transverse, complex conjugated complex VB-Dirac structures Dy in TcE.

5. GENERALISED COMPLEX STRUCTURES ON LIE ALGEBROIDS

Let A — M be a Lie algebroid with anchor p: A — T M. In this case the generalised
tangent bundle TA is itself a Lie algebroid over the side TM @& A*, as described for example
in [24] and [I6]. This section considers a linear generalised complex structure on A, that is
also compatible with the Lie algebroid structure on TA.
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Definition 5.1. [21] A generalised complex Lie algebroid is a Lie algebroid A — M
equipped with a linear generalised complex structure J : TA — TA which is also a Lie algebroid
morphism over the side morphism j: TM ® A* — TM & A*.

In the situation of the last definition, choose a Dorfman connection A: T'(TM & A*) x
NA@T*M) - T(A® T*M) that is adapted to J. It follows directly from the symmetry of
the linear splitting that also the lift o : T(A) = I'% 0 4. (TA) is compatible with 7, that is

I (0%(a)) =02 (a) o j
for all @ € T'(A).

Hence, by the results in [6], J is a Lie algebroid morphism if and only if (4, —j%,0) is
an automorphism of the 2-representation ((p, pt), Vbas ybas, RZ‘*S) corresponding to the VB-
algebroid structure on TA®T™* A in the linear splitting defined by the adapted skew-symmetric
Dorfman connection A, see Theorem [2.10} That is,

(1) jolp,p") =~(p,p") 04",
(2) VhasHom (4 ity — 0 for all @ € T'(A), and
(3) _jt ° Rgas — Rlzas Oj.

Since the basic connections defined by a skew-symmetric Dorfman connection are dual to each
other, the second equality reduces to V22 o j = j o V22 for all a € I'(4). As observed before,
j and jo = —jt are fibrewise complex structures on TM @ A* and A@®T* M, respectively. The
properties above simply state that (p, p), Vb2 and RIK‘S are all complex linear. Together with
Theorem [£.10] this immediately give the following characterisation of a generalised complex
Lie algebroid.

Theorem 5.2. Let A be a Lie algebroid over M with anchor p. A linear generalised complex
structure (§,[A]) on A (see Thm[{.10) is compatible with the Lie algebroid structure in the
sense of Definition [5.1] if and only if the basic connections and basic curvature induced by
any representative A in [A], as well as the map (p, pt) are complex linear with respect to the
complex structures j on TM ® A* and —jt on A® T*M.

A straightforward complex extension of the corresponding result in [I7] yields the following
description of complex LA-Dirac structures in terms of an adapted splitting.

Corollary 5.3. A complex VB-Dirac structure D C TcA with side U C TeM @ Af and core
K C Ac @ TEM s additionally a Lie subalgebroid of TcA — TcM @& Af if and only for an
adapted complex (TcM & Af)-Dorfman connection A on Ac @ TEM the following conditions
are satisfied for all a,b € T'(A), w e T'(U):

(1) (p,p")c(K) C U,
(2) Vou e L(U),
(3) RR(a,b)u € T(K).

Note that here V* and Rgas denote the complex basic connection and complex basic curvature
defined by complex linear extension of the formulas in the real case.

The following description of generalised complex Lie algebroids in terms of LA-Dirac
structures is an immediate consequence of this description of complex LA-Dirac structures,
together with Theorem [5.3] and Corollary [£.19]

Corollary 5.4. A generalised complex structure on a Lie algebroid is equivalent to a pair of
transverse, complexr LA-Dirac structures in TcA.
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Proof. According to Corollary [£.19)a linear generalised complex structure J on A is equivalent
to a pair of transversal, complex VB-Dirac structures D4. Choose a Dorfman connection
adapted to J as in Proposition Then the complexification of A is adapted to D4 and to
D_ simultaneously. According to the considerations above, J is a Lie algebroid morphism if
and only if

(1) (p,p") ojc =3jo(p.p'),

(2) Va¥oj=joVy™,

(3) Jco Rzas(av b) = Rzas(av b) °j.
The first condition is equivalent to (p, p*)(K+) C Uy, the second condition is equivalent to
Vhasy € T(Uy) for any a € T'(A) and ux € T'(U+) and the third condition is equivalent to

RR(a,b)(uy) € T(Ky) for all a,b € T'(A) and uy € I'(Uy). According to Theorem these
conditions are equivalent to D4 being complex LA-Dirac structures. O

5.1. The degenerate generalised complex structure on AGT*M. Recall that the vector
bundle A @ T*M can be equipped with the structure of a degenerate Courant algebroid as
described in [I7]. The anchor is given by popr,: A®T*M — TM, the (possibly degenerate)
pairing and the bracket are given by

(31) ((a,0), (b,m)), =(p(a),m) + {p(b),0),
[(a,0). (b, m)] ;= ([a,b], Lp(a)n — ip)dd) -
where a,b € T'(A) and 0, € T'(T*M).

This anchor, bracket and pairing satisfy all properties of a Courant algebroid except for the
non-degeneracy of the pairing. As shown in [I7], the bracket can equivalently be described in
terms of the Dorfman connection A:

(32) [[7'1,7'2]](1 :A(pwt)ﬁTg—Vgﬁimﬁ

for i, €T(ADT*M).

Proposition 5.5. The core morphism jo: A@T*M — A& T*M of J satisfies j& = —id, is
orthogonal with respect to (-,-)q and the Nijenhuis torsion of jo with respect to [-,-]q vanishes.

Hence, jo is a degenerate generalised complex structure in the degenerate Courant
algebroid A®T*M.

Proof. Recall from Proposition that j% = —id and j = —j&. Together with the property
jo(p,pt) = —(p, pt)ojt = (p,p')ojc, see Theorem it is easy to check that j¢o is orthogonal
with respect to the degenerate pairing.

Theorem [5.2| gives as well the equality VP o jo = jo o VP2, Using the formula it is
then easy to compute the Nijenhuis torsion of jo:

Njc,[[w-]]d(ﬁ’ T2) = Aty T2 = Do pt)jericTe T JeDpptyjer T2 + JoD(p,pt)r T2 5

which vanishes for any linear generalised complex structure according to with v = (p, p*)1y
and 7 = 7. O

Proposition 5.6. Let A — M be a Lie algebroid. The restriction of the degenerate Courant
algebroid structure on Ac ® TEM induces a complex Lie algebroid structure on K.

Proof. According to Proposition the morphism jo is a generalised complex structure
in A® T*M. The vanishing of the Nijenhuis tensor and C-linearity of the complexified
bracket imply that the bracket restricts to the ti-eigenbundle K4 of jo c. Since (p, p')c sends
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K4 to Uy = K3, the pairing restricted to K4 vanishes and thus the restricted bracket is
skew-symmetric and defines a Lie algebroid structure on K. O

5.2. The complex A-Manin pair. [I7] defines A-Manin pairs for a given Lie algebroid A
over M and constructs an equivalence between A-Manin pairs and Dirac bialgebroids over A.
Again, the complex linear extension of these results is straightforward.

Definition 5.7. Let A — M be a Lie algebroid. A complex A-Manin pair consists of
a complex Courant algebroid C over M, a complex Dirac structure U — M in C, with a
morphism v: U — TcM & Ag such that py = prp.ps ot and a morphism of (degenerate)
complex Courant algebroids ®: Ac ® T¢M — C' such that

S(Ac @ TEM)+U =C
and (u, ®(7))c = (t(u),7) for all (u,7) € U xpr (Ac @ TEM).
[T7] shows that the Courant algebroid structure on C' and the morphism ® can be recovered

from the Lie algebroid structures on A, U and ¢. All the arguments can be extended complex
linearly to obtain the following straightforward consequence.

Proposition 5.8. Let Uy be the ti-eigenbundles of the side morphism j of a generalised
complez structure J on a Lie algebroid A — M, and let Ky = UZ. Define

Usr @ (Ac © Tg M)
Cy = , ,
graph(—(p, p')c|k. )

and define an anchor map, a C-bilinear pairing and a bracket as follows. For u,uy,us € T'(Uy),
7,71, T2 € I'(Ac @ TE M) define the anchor by

cx(u®7):=pu,(u) + (pa)copra, 7,
the pairing by
(33) (ur @ 71,u2 © )0y = (w1, T2) + (ug, 1) + (71, (p, p')c(12))
and the bracket by

R bas,C bas,C
[[u1 D 71, U2 @TQ]]C:E = ([ul,UQ]Ui + Vpﬁiﬁ U2 — Vp?ic Tzul)

(34)
® ([[ﬁﬂ'z]]d,(c + AL = AL T+ (O,dc<7'1,u2>)) :

Then Cy are both complex Courant algebroids and (C+,Us) together with v: Uy — TeM & AL

and ®: Ac @ T¢M — C the canonical inclusions are complex A-Manin pairs.

Recall that Uy with its complex Lie algebroid structure is isomorphic to the complex Lie
algebroid (T'M & A*, j, p;, A) (see Proposition [4.15). Hence the result above realises the latter
Courant algebroid as a Dirac structure in the complex Courant algebroid C. .

Next, the generalised complex structure on A induces generalised complex structures Ji in
the Courant algebroids C'y defined by Proposition

Proposition 5.9. Let u@® 7 € I'(Cy). Then
Jr(u®T) = jcud jocT

is well-defined and a generalised complex structure in Cy.
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Proof. Take any element (—(p, p')ck) @ k of graph(—(p, p')c|k, ). Then

Ji((=(p, p")ck) @ k) = £i((—(p, p")ck) ® k),

which is again an element of graph(—(p, p*)|k.). Thus the map Jy is well-defined on Cy.
It is clear that J2 = —1. Orthogonality follows from an easy computation using j2 = —1,
Jj& = —jec and (p, p')c o joc = je o (p, p')c.

The last remaining condition is the vanishing of the Nijenhuis torsion of Ji with respect to
the bracket on C1. Lengthy, but straightforward computations making use of the previously
proven facts that VP2%C preserves U, AL preserves K. and that the Nijenhuis torsion of jo
with respect to [, ]4 vanishes (Proposition , establish this condition. Hence J1 defines a
generalised complex structure in Cy. ]

5.3. The Lie bialgebroid (Ui, K+); proof of Theorem This section shows that the
pair (Us, K+) forms a Lie bialgebroid with Drinfeld double Courant algebroid isomorphic to
C4. First, observe that the identity U = K4 induces isomorphisms U} = K=+ and K} = U=.
The following theorem establishes then Theorem [1.5] since Uy with its complex Lie algebroid
structure is isomorphic to the complex Lie algebroid (T'M & A*, j, p;, A) (see Proposition [{.15)).

Theorem 5.10. Let (A — M,J) be a generalised complex Lie algebroid. There is an
isomorphism of vector bundles

(35) F: Uy ® Ky — Cy, (u, k) —» ud k.

This equips Uy © K+ with the structure of a Courant algebroid, in which the complex Lie
algebroids Uy and K+ are transversal Dirac structures. Thus the pair (Ux, K+) is a complex
Lie bialgebroid. F is an isomorphism of Courant algebroids where Uy @ K= is the Drinfeld
double Courant algebroid of this Lie bialgebroid.

Proof. 1t is easy to verify that

1 . 1 .
udDT > (qu §(p,pt)c(7‘:|:l]c7'), §(T:|:ZJCT)> .

is well-defined and defines an inverse to F'.

The Courant algebroid structure of C'x induces via this isomorphism a Courant algebroid
structure on the bundle Uy @ K. The following shows that the Lie algebroids U+ and K+
are Dirac structures in Cy. Liu, Weinstein and Xu showed in [25] that two transversal Dirac
structures in a Courant algebroid are equivalent to a Lie bialgebroid. Thus (Uy, K¢) is a Lie
bialgebroid, which induces the Drinfeld double Courant algebroid on U4 & K. It remains
then to show that the pairing and bracket of C'y are equal to the pairing and bracket of this
Drinfeld double and that they are thus isomorphic as Courant algebroids with the isomorphism
given by the map F defined in .

With the definition of the bracket in C¢ in , it follows for ki, ko € T'(K) directly that
[(0® k1), (0@ k2)]cy = 0@ [k, ko]ac -

Similarly, for two sections uy, us € I'(Uy), the bracket is [(u1 ®0), (u2 ®0)]cy = [u1, uz]y. ®0.

From the definition of the pairing in Cy in it is easy to see that both UL @ 0 and
0 @ K+ are maximally isotropic with respect to this pairing and thus Dirac structures in Cx.
Thus by the argument in [25] (Ux, K+) form complex Lie bialgebroids.
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The anchor and pairing are easily seen to be equal to the anchor and the pairing in
the Drinfeld double Courant algebroid. The bracket in the Drinfeld double is defined for
U1, U € F(Ui) and k‘l,k‘g S F(K:F) by

[[(ul, kl), (UQ, kg)]] = ([Ul, UQ} + ﬁi{l’llg - LdeKul, [k‘l, kg} + ,Cglkg - LugdUkl) .

It only remains to be shown that the brackets of elements of the form (u, 0) with (0, k) coincide,
the rest follows by bilinearity, since the brackets on Uy and K1 were already shown to be
inherited from the bracket in C1. A straightforward computation using shows

[u®0,0®k]c, =-V>*C ud ASk = —ydgud LUk,

PTac k

see also [I3] for details. Hence F defines indeed an isomorphism of Courant algebroids from
C+ to the Drinfeld double Uy @ K. O

Example 5.11. In the situation of Example[{.16, if A — M is equipped with a Lie algebroid
structure and a compatible linear complex structure, then the eigenbundles are Lie algebroids
and thus also define Drinfeld double Courant algebroids

0,11_',0 _ Tl,OM o (TI,OM)* , 0}470 _ Al,O o (AI,O)* ,
0%1 — 7% s ) (To’lM)* 7 0104,1 — A0 @ (AO,l)* 7

induced by the Lie bialgebroid structure where T&M and AL are endowed with trivial Lie
algebroid structures. That is, the brackets on C%’O and C%l are given by

H(Xa0)7 (Y7 77)]] = ([X7 Y]v‘CXn - Lydo),

and analogously on Ci’o and Cg’l. (1B0) shows that as vector bundles Cy = C;’O & Cg’l and
C_= C%l &) C’}A’O, The computations in [13] show that these are orthogonal decompositions
with respect to the pairings in Cy and that the brackets in C}’O, C%l, C}{O and Cg’l coincide
with the respective restrictions of the brackets in C+. In other words, they form matched pairs
of Courant algebroids, a notion introduced in [8].

6. GENERALISED COMPLEX STRUCTURES IN VB-COURANT ALGEBROIDS

In this section the results of Section [f] are extended to general VB-Courant algebroids
(E;Q, B; M). This leads to a definition of generalised complex structures in split Lie 2-
algebroids.

A linear splitting 3 of the double vector bundle E is called Lagrangian if the image of ¥
is isotropic in E. The paper [I8] shows that a change of Lagrangian splittings corresponds to
a skew-symmetric element ®15 € T'(Q* ® B* ® Q*).

Only the description of linear splittings with Dorfman connections relies on the special case
of TE ®T*E. The other results of Section [4 only use the abstract structure of a metric double
vector bundle and Lagrangian lifts. They therefore generalise to VB-Courant algebroids in the
following way.

Fix a Lagrangian splitting . of E and denote the corresponding lift by o: I'(Q) — I'(E).
Consider a double vector bundle morphism J: E — E over idg and j: Q@ — @ with core
morphism jo: Q* — Q*. As in Lemma[4.1] the following definition of ® depends on the choice
of the splitting.
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Lemma 6.1. Given a double vector bundle morphism J:E — E over j and idg there is
¢ € T'(Q* ® B* ® Q%) defined by setting for any q € T(Q)

J(o(q) =o(jq) + ®(q).

Furthermore, the following lemmas generalise the description of generalised almost complex
structures on a vector bundle in Section [l

Lemma 6.2. A double vector bundle morphism J: E — E satisfies J? = —idrperg if and
only if for any Lagrangian splitting and corresponding ®, and for any q € T'(Q):
(1) j* = —idg,

(2) j& = —idg-,

(3) @(j(q)) = —jc o (®(q)) -
Lemma 6.3. A double vector bundle morphism J: E — E such that additionally J?=-1,
is orthogonal if and only if for any Lagrangian splitting

(1) j=~(c)",
(2) ((q1), ®(g2) (b)) = —(i(g2), ®(q1) (D))

for allb € T'(B) and ¢1,¢2 € T(Q).

Now define a 2-form ¥ € Q2(Q, B*) by setting ¥(q1,q2) := ®(q1)*(g2). This definition
yields the following, as in Proposition

Proposition 6.4. A morphism J:E — E is a generalised almost complex structure in E, if
and only if for any Lagrangian splitting

(1) j2 =-1 )

(2) j=—(jc),

(3) W is skew-symmetric, that is ¥ € Q%(Q, B*),
(4) ¥(q1,q2) = —5"V(q1,q2) for q1,q2 € I'(Q).

Also in this case, a Lagrangian splitting can be adapted to the generalised almost complex
structure. As mentioned before it was shown in [I8] that such a change of splittings corresponds
to a skew-symmetric element ®15 € T'(Q* ® B* @ Q*).

Proposition 6.5. Given a generalised almost complex structure J in a VB-Courant algebroid
(E; Q, B; M) with side morphism j: Q — Q, there is a Lagrangian lift o: T(Q) — T'%(E), such
that for any q € T'(Q)

JI(o(q)) = o(jq).
Proof. Fix any Lagrangian lift o1 of E. This defines by Lemma a tensor ®; € T'(Q*® B*®
Q™). Define another tensor @15 € I'(Q* ® B* ® Q*) by setting for any ¢ € I'(Q) and b € T'(B)

D1z(g)(0) 1= e (@1(a)(b).

By Lemma [6.2] and Lemma [6.3] @12 is skew-symmetric. Define a new Lagrangian lift by

o2(q) := 01(q) — ®12(q). This lift satisfies the desired property. O

Using this existence of an adapted Lagrangian splitting, use the correspondence of VB-
Courant algebroid structures to split Lie 2-algebroids proved in [I8]. Fix such an adapted
Lagrangian splitting as in Proposition [6.5] Then the VB-Courant algebroid structure is
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equivalent to a split Lie 2-algebroid structure (pg,d%, [+, Ja, V,w) on Q @& B*, where the
bracket in E is described by the dull bracket on @ and the dual Dorfman connection as follows.
lo(a1),0(@2)] = o([a1. g2]a) —~ Rular, g2)
[o(q), 7] = (A, and  [rf, 73] =0.
Here R, (q1,42) := w(q1,q2,-)t € T'(Hom(B, Q"))

This description of the Courant algebroid bracket yields similar computations and results
for the Nijenhuis tensor of core sections and lifts for a linear generalised almost complex
structure in the VB-Courant algebroid E as in Section [£.2]in the special case of TE & T*E.

First, analogously to the computations in Section the section N (co(q), ") vanishes
for any ¢ € I'(Q) and 7 € I'(Q*) if and only if N;. j, vanishes. Second, the analogous
computation for the Nijenhuis tensor of two lifts gives

Ny (1), 7(42)) = 0 (N 116 (01, 02)) + R (1), (02)) — Ros(a1,02)
—Jjo o Ry(j(q1), @2) — jo ° Ru(q1,5(q2))
Dualising the property

R, (j(q1),7(q2)) — Ru(q1,q2) — jc © Rw(j(q1),q2) — jo © Ru(q1,5(g2)) =0,

by evaluating at any b € I'(B) and then pairing with ¢3 gives as an equivalent condition on
w € Q3(Q, B*) the following:

w(q1, g2, q3) — w(iar, 72, 43) — w(iaqr, 2, 7g3) — w(qr, jg2, jgs) = 0.
This yields the following proposition.

Proposition 6.6. A linear generalised almost complex structure J in E over j: Q — Q is
integrable if and only if for any adapted Lagrangian splitting of the corresponding split Lie
2-algebroid,

(1) Njp,3a(q1,42) =0,
(2) w(q1,q2,93) —w(iq, ja2, 3) — w(iq, q2,793) — wlqi,jq2,75q3) =0

for any q1,q2,q3 € T(Q).

As before the vector bundle morphism j: Q — @ defines an equivalence relation on the
Lagrangian splittings.

Definition 6.7. Given a VB-Courant algebroid (E; Q, B; M) and a vector bundle morphism
i Q — Q, two Lagrangian splittings X1 and Xo are j-equivalent if the corresponding change
of splittings ¥ € Q*(Q, B*) satisfies ¥(q1,q2) = ¥ (jq1,jq2) for any q1,q2 € T(Q).

Analogously to Lemma given a splitting »; which is adapted to a linear generalised
almost complex structure (J,j), then a second splitting 3 is also adapted to (7, ) if and
only if ¥ and ¥ are j-equivalent. This allows a formulation of the analogue of Theorem [£.10]
in the general case.

Theorem 6.8. A linear generalised complex structure J in a VB-Courant algebroid E is
equivalent to a vector bundle morphism j: Q — @Q and a j-equivalence class of linear splittings
such that in the corresponding split Lie 2-algebroid (pg, 0%, [+, ]a, V,w) over Q & B*

(1) 2 = —idg,
(2) N-,[[.7.HA =0,
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(3) W(Qla‘ha%) - w(jQLjQ%QS) - W(j(I1aCI27jCI3) - w(Qlu.ij?]qJ) =0
for any q1,q2,93 € T(Q).

Analogously to the case of TE @ T*E, a bracket A on I'(Q) can be defined by A(q1,¢2) =
%([[qh @]a — ﬂqu,qu]]A) . The vanishing of N; . j, is equivalent to complex bilinearity of
A and the condition on w in Theorem implies the Jacobi identity for A. This defines a
complex Lie algebroid (Q, p, A with the complex anchor p: Q — TcM given by

plq) = %(PQ(Q) —ijpe(q)) -

But if the core-anchor dp is not surjective, then the condition on w in Theorem is stronger
than the Jacobi identity of this bracket, since Jacy. j, = 05 o w. Therefore — unlike in the
special case of TE ®T* E — here the complex Lie algebroid structure is not sufficient to describe
the conditions on the linear generalised complex structure.

Theorem suggests that a generalised complex structure in a split Lie 2-algebroid should
be defined as a tuple of maps (pg, 9%, [, -], V,w) over @ & B* is a vector bundle morphism
Jj+ @ — @, such that for any ¢1,¢2,¢3 € I'(Q)

(1) j2 = - ldQ )
(2) Nj’“"'ﬂ - 07 . . . . . .
(3) wlqr,q2,q3) —w(iqr, 7g2, q3) — w(jar, 42, 7q3) — w(q1,jg2, jg3) = 0.

APPENDIX A. RELATION WITH THE ADAPTED GENERALISED CONNECTIONS IN [4]

The equality J(c2(v)) = o (jv) in Proposition for v e I'(TM @ E*) is equivalent to
(36) J(La) = La
for the horizontal space Lo C TE @ T*FE corresponding to A.

Let E — M be an arbitrary Courant algebroid. A generalised connection on E is a
linear connection V: I'(E) x I'(E) — I'(E), which is compatible with the pairing in E ([I0]).
For instance, if V: X(M) x I'(E) — T'(E) is an ordinary metric linear connection, then
V7. T(E) xI'(E) — T'(E) defined by VZe’ = V oy’ for e, e’ € I'(IE), is a generalised connection.

Let J: E — E be a generalised almost complex structure. The paper [4] shows that there
exists a metric linear connection V: X(M) x I'(E) — I'(E) that is adapted to J:

(37) V.J =0.

The pullback V? is then a generalised connection adapted to J and its intrinsic torsion relative
to the connection is studied in [4] in relation with the integrability of J — generalising the
fact that an almost complex structure J: TM — T M on a smooth manifold M is integrable
if and only if there exists a complex-linear torsion-free connection V: X(M) x X(M) — X(M).
The condition is equivalent to the generalised complex structure 7.7 : TE — TE over
T M preserving the horizontal space Hy C TE defined by V:

(38) TJ(Hy) = Hy.

The notion of adapted generalised connection in [4] seems in general different from the
notion of adapted Dorfman connection in Proposition However, as the similarity of
with suggests, they are equivalent at least in a special situation, which is explained in the
remainder of this section.
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Let E — M be a Courant algebroid and denote the co-anchor of E by p*, which is defined by
composing p' with the isomorphism between E and E* induced by the pairing in E. Consider
a generalised connection V: I'(E) x I'(E) — I'(E) such that V,.g = 0 for all § € Q'(M). It is
easy to see that

(39) Ac,e2 = e, e2] + Ve, e1

for all e1, ey € T(E), defines a Dorfman connection A: TI'(E) x T'(E) — T'(E), see also [19].
Conversely a Dorfman E-connection on E defines a generalised connection by , that must
satisfy

(40) Ve = —e, 0] + Dep0 = p" (= £ ()0 + £()0) = 0

for all e € I'(E) and all § € Q'(M). Hence Dorfman E-connections on E are equivalent
with linear E-connections on E satisfying (40). In particular, since po p* =0 (see [31]), the
pullbacks of T'M-connections are equivalent to a class of Dorfman E-connections on E. A
metric T'M-connection on E is equivalent to a Lagrangian splitting of the tangent prolongation
of E, which is a VB-Courant algebroid. The induced dull bracket on I'(E) is the degree 1 part
of the splitting of the corresponding Lie 2-algebroid, see [I8§].

Equations and can in fact be related in the case of the standard Courant algebroid
TM & T*M over a smooth manifold M. A computation shows that the canonical isomorphim

T(TM & T*M) ———~——— T(TM) & T*(TM)
\ ar " ‘ \ .
() |
TM & T*M id TM & T*M

\M \M

arising from the canonical involution I: TTM — TTM (see e.g. [21] and references therein)
sends Hy CT(TM @T*M) to La CT(TM)® T*(TM), if and only if A and V* are related
by .

Consider an almost complex structure J: TM — TM, as well as a torsion-free linear
connection V: X(M) x X(M) — %(M). Consider the T'M-connection V: X(M) x I'(TM @
T*M) - D(TM &T*M), Vx(Y,0) = (VxY,V%8). Let J; be the generalised almost complex
structure defined as in Example The generalised connection V* satisfies

VPJy =0, or in other words TJ;(Hg) = He,
if and only if V.J =0, i.e. if and only if TJ(Hy) = Hy .

Here, an easy computation shows that A and V7 are related by if and only if A is the
standard Dorfman connection defined by V as in Example As a consequence

I(He) = La.

The canonical isomorphism Z also transforms T'7; into the linear generalised almost complex
structure Jy,., where Jp is~the almost complex structure I o T'J o I on the vector bundle T'M
seen as a manifold. Then V.J; = 0 if and only if

Jir(La) = La,
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where A: T(TM @ T*M) x T(TM & T*M) — T'(TM @ T*M) is the standard Dorfman
connection defined by V as in Example That is,

TJJ(H@) ZH@ if and only if jJT(LA) :LA.
In other words, V is adapted to J; in the sense of [4] if and only if A is adapted to JroTsor

in the sense of Proposition [£.7]

More generally, let J: TMET*M — TM®T*M be a generalised almost complex structure
and let V: I'(TM) x I'(TM & T*M) — I'(TM @ T*M) be a linear connection adapted to
J. Asbefore TT: T(TM &T*M) — T(TM @& T*M) is a linear generalised almost complex
structure over the identity on the base TM, and J: TM @ T*M — TM & T*M on the side.
The isomorphism Z in tranforms T'7 into a linear generalised almost complex structure
Jrv: TTM)®e T (TM) - T(TM)®T*(TM) in the standard VB-Courant algebroid over
TM. Then since V is adapted to J:

TJ(Hv) = Hy,
which is again equivalent to

Jrm(La) = La,
where V” and A are equivalent via .

APPENDIX B. PROOF OF LEMMA [3.1]

Since £ — M is a holomorphic vector bundle, it has local holomorphic frames. Let
p € M. Then there exists U C M open with p € U and holomorphic sections ey, ..., e of
E|y — U such that e1(q), ..., ex(q) span E(q) as a C-vector space for each ¢ € U. Then, if
©: U — U C C™ is a holomorphic chart for M, the smooth map

k
G Bl = UxC e, g = aje;(q) = (pla), an,- - )
j=1

is a linear holomorphic chart for E. A section e € I'y(F) is holomorphic if and only if
e = Zle fje; with f; holomorphic functions on U. In the coordinates E|y ~ U x CF
and T(E|y) ~ U x C™ x C* x C*, the vector field e" € X(E|y) is defined by U x CF —
U x C™ x C* x C¥,

(q,zla--'vzk) — (Q70’Z15"'7zka(f1 o@_l)(Q)w"v(fk O‘P_l)(q»'

This map is clearly holomorphic. The map Jg: TE — TE is, modulo the isomorphism ¢, just
the multiplication by i in the fibers of T(U x CF) — U x C*:

(qvwh"'awm721u~~~7zkucl7'"7Ck) — (Qaiwla"'7iwm7zla"'azk7i<17"'7i<k)

Let e = 2521 fie; with f; € C*°(U,C) — hence e is a section of E|y — U, not necessarily
holomorphic. Then, again in the chart,

JE(eT(Q7 Z)) = (q>i'0ﬂ Rly- - >Zk7i(f1 030_1)((])7 s 77’(fk O@_l)(Q)) = (Z ’ C)T(q, Z) = (je)T(% Z)

for any (g,z) € U x C*.
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