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Abstract

We define Dorfman connections, which are to Courant algebroids what connections
are to Lie algebroids. We illustrate this analogy with examples. In particular, we
study horizontal spaces in the standard Courant algebroids over vector bundles:

A linear connection V: X(M) x I'(E) — I'(E) on a vector bundle E over a smooth
manifold M is tantamount to a linear splitting TFEF ~ T% E & Hy, where T F is the
set of vectors tangent to the fibres of F. Furthermore, the curvature of the connection
measures the failure of the horizontal space Hy to be integrable. We extend this
classical result by showing that linear horizontal complements to T2 E & (T2 E)°
in TE @ T*FE can be described in the same manner via a certain class of Dorfman
connections A: T'(TM @ E*) x T(E@T*M) — I'(E®T*M). Similarly to the tangent
bundle case, we find that, after the choice of such a linear splitting, the standard
Courant algebroid structure of TE & T*E — FE can be completely described by
properties of the Dorfman connection. As a corollary, we find that the horizontal
space is a Dirac structure if and only if A is the dual derivation to a Lie algebroid
structure on TM & E*.

We use this to study splittings of TA @ T* A over a Lie algebroid A and, following
Gracia-Saz and Mehta, we compute the representations up to homotopy defined by
any linear splitting of TA @ T* A and the linear Lie algebroid TA®T*A — T M ¢ A*.
We characterise VB- and LA-Dirac structures in TA @ T* A via Dorfman connections.
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1. Introduction

This paper introduces Dorfman connections, and studies in depth the standard
Courant algebroid over a vector bundle. Let us begin with a simple observation. Take
a subbundle F© C T'M of the tangent bundle of a smooth manifold M. Then the
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R-bilinear map
V:T'(F) x X(M) = T(TM/F), VxY =[X,Y]

measures the failure of vector fields on M to preserve F'. The subbundle ' is involutive
if and only if VxY =0 for all X, Y € I'(F'). In this case, V induces a flat connection

V:D(F) x T(TM/F) = T(TM/F), VY =[X,Y],

the Bott connection associated to F' [1].
In the same manner, given a Courant algebroid E — M with bracket [-, -], anchor
p and pairing (-, ), and a subbundle K C E, we define an R-bilinear map

A:T(K)xT'(E) = I(E/K),  Aze=[k,e€].

Again, we have Ak’ = 0 for all k, k' € T'(K) if and only if I'(K) is closed under the
bracket on I'(E). If K is in addition isotropic, it is a Lie algebroid over M and the
pairing on E induces a pairing K X, (E/K) — R. The R-bilinear map

A:T(K)xT(E/K) - T(E/K),  Aye=Tk, €]

that is induced by A is not a connection because it is not C*°(M)-homogeneous
in the first argument, but the obstruction to this is, as we will see, measured by
the pairing, the anchor of the Courant algebroid and the de Rham derivative on
C>®(M). This map is an example of what we call a Dorfman connection, namely
the Bott—Dorfman connection associated to K in E. Dorfman connections appear
naturally in several situations related to Courant algebroids and play a role similar to
the one that connections play for tangent bundles and Lie algebroids. We illustrate
this with a few examples and we present two major applications of the notion.

Linear splittings of the standard Courant algebroids over vector bundles.
Our main motivation for introducing this new concept is the following. It goes back
to Dieudonné that a linear T'M-connection V on a vector bundle qp: E — M
corresponds to a splitting TE ~ T% E & Hy, where T9% EF C TE is the set of vectors
tangent to the fibers of the vector bundle F, and Hy is a subbundle of TE — E that
is also closed under the addition in T'E — T'M . There exists then for each vector field
X € X(M) a unique section XV € I'(Hy) C X(E) (a horizontal vector field) such
that T'qp 0 XV = X o qg. The Lie bracket of two such vector fields XV, YV € I'(Hy),
for X,Y € X(M), is given by

[ XV, VY] = [X,Y]Y — Ry(X,Y),



where Ry (X,Y) € X(F) is given by

Re(X,Y)(em) = % . em +1-Re(X,Y)(en)

for all e,,, € F, and so has values in the vertical space T E. Since I'(Hy) is generated
as a O°°(E)-module by the set of sections {XV | X € X(M)}, this means that the
failure of the horizontal space Hy to be involutive is measured by the curvature of the
connection. The connection itself encodes the Lie bracket of horizontal and vertical
vector fields. The space I'(TY2 F) is indeed generated as a C*°(E)-module by the
vertical vector fields et with flow ¢¢' (¢/) = e/, + te(m) for e € T(E), and we have
[ XV, el = (Vxe) for all X € X(M).

This paper uses Dorfman connections to answer the following question: what can
be said about linealﬂ splittings

TE®T'E ~ (T"E & (TE)°) & L

of the standard Courant algebroid over E?

Our first main result is a similar one-to-one correspondence of such linear splittings
with TM @ E*—Dorfman connections A on E @ T*M. Then we prove that the bundle
L is isotropic (and thus also Lagrangian) relative to the canonical pairing on
TE & T*FE if and only if a bracket on sections of TM & E*, that is dual of the
Dorfman connection (in the sense of connections), is skew-symmetric. Further, the
set of sections of Lx is closed under the Courant-Dorfman bracket if and only if
the curvature of the Dorfman connection vanishes. The Dorfman connection itself
is the Courant-Dorfman bracket restricted to horizontal and vertical sections of
TE®T'E — E.

The direct sum T'E & T*E has the structure of a double vector bundle [2], 3] over
the bases £ and TM @ E*. Double vector subbundles of (TE@®T*E; E, TM & E*, M)
have a double vector bundle structure over subbundles of E and TM & E*. After
proving the main results on splittings of TE & T*F — E, we characterise the double
vector subbundles of TE @ T*E over the sides E and a subbundle U C T'M & E*.
These double vector subbundles can be described by triples (U, K, A), where A is a
Dorfman connection and K is a subbundle of E @ T*M (the core or double kernel
of TE ® T*E). We prove that both maximal isotropy and integrability of this type
of double subbundle depend only on simple properties of the corresponding triple

(U, K, A).

IThe subbundle L C TE @ T*E over E is said to be linear if it is also closed under the addition
of TE ® T*FE as a vector bundle over TM & E*.



Note that TE & T*E has the natural structure of a VB-Courant algebroid with
sides £ and TM & E* and with core E & T*M. We show in [4] that the Dorfman
connections that we study in Section {| define (after a skew-symmetrisation) a new
class of examples of split N-manifolds of degree 2, namely the ones that are equivalent
to the metric double vector bundles TE & T*FE for vector bundles . We deduce
in [5] that the split Lie 2-algebroids which are equivalent to decompositions of the
VB-Courant algebroid TE & T*E [0] are completely encoded by those Dorfman
connections. In [5] we further use general Dorfman connections for a constructive
understanding of the equivalence of decomposed VB-Courant algebroids with split
Lie 2-algebroids.

If the vector bundle E =: A has a Lie algebroid structure (ga: A — M, p,[-,]),
then the standard Courant algebroid T'A @ T* A also has a naturally induced VB-
algebroid structure over TM @ A*. Given a TM & A*-Dorfman connection A on
A @ T*M, we compute the representation up to homotopy that corresponds to the
linear splitting TA @ T*A ~ (T A® (T94A)°) @ La and describes the VB-algebroid
TA®T*A — TM @ A* [7]. This representation up to homotopy is in general not
the product of the two representations up to homotopy describing T'TA — T'M and
T*A — A*. Furthermore, we describe the sub-representations up to homotopy defined
by linear Dirac structures on A, that are at the same time Lie subalgebroids of
TAGT*A — TM & A* over a base U C TM & A*. In that case, the Dirac structure
has the induced structure of a double Lie algebroid [§], and is called an LA-Dirac
structure on A [6]. We elaborate on this in [9] to infinitesimally describe Dirac
groupoids, i.e. Lie groupoids with Dirac structures that are compatible with the
multiplication. Here, the Bott-Dorfman connections associated to the Dirac structures
play a decisive role in the proof as they can be seen as the actual multiplicative
structures that reduce to infinitesimal Lie algebroid “actions”.

Let (A, A*) be a Lie bialgebroid [10] and let w4 be the linear Poisson bivector field
defined on A by the Lie algebroid structure on A*. The graph of Wg: T*A —TAis a
known example of an LA-Dirac structure on A. The second most common example
of an LA-Dirac structure is the graph of a linear presymplectic form o*we., € Q2(A),
for an IM—2—form o: A — T*M [11,[12]. A third example is F4 & F3, where Fy — A
is an involutive subbundle that has at the same time a Lie algebroid structure over
some subbundle F,; C T M. We describe the 2-term representations up to homotopy
encoding linear splittings of the three examples above.

Outline of the paper

Some background on Courant algebroids and Dirac structures, connections, and
double vector bundles is collected in the second section. In the third section, Dorfman
connections and dull algebroids are defined, and some examples are discussed. In



the fourth section, splittings of the standard Courant algebroid TE & T*FE over a
vector bundle F are shown to be equivalent to a certain class of TM @& E*-Dorfman
connections on F @ T* M. Linear Dirac structures on the vector bundle £ — M are
studied via Dorfman connections. In the fifth section, the geometric structures on
the two sides of the standard LA-Courant algebroid TA @ T*A over a Lie algebroid
A — M are expressed via splittings of TA & T* A, and LA-Dirac structures on A are
classified via Dorfman connections and some adequate vector bundles over the units
M.

Notation and conventions

Let M be a smooth manifold. We denote by X(M) and Q'(M) the spaces of
smooth sections of the tangent and the cotangent bundle, respectively. For an arbitrary
vector bundle E — M, the space of sections of E is written as I'(E). We write in
general qg: E — M for vector bundle projections, except for pyr = grar: TM — M,
ey = qreye: T°M — M and 7y = qryersv: TM & T M — M.

The flow of a vector field X € X(M) is written as ¢, unless specified otherwise.
Let f: M — N be a smooth map between two smooth manifolds M and N. Then two
vector fields X € X(M) and Y € X(N) are said to be f-related if Tfo X =Y o f.
We then write X ~; Y.

Given a section € of E*, we always write /.: E — R for the linear function
associated to it, i.e. the function defined by e, — (e(m), e,,) for all e, € E. We write
¢': B* — A* for the dual morphism to a morphism ¢: A — B of vector bundles over
the identity, and we write F*w for the pullback of a form w € Q(N) under a smooth
map F': M — N of manifolds.
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2. Preliminaries

First we recall some necessary background on Courant algebroids, on the double
vector bundle structures on the tangent and cotangent spaces TE and T E of a vector
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bundle F, and on linear connections.

2.1. Courant algebroids and Dirac structures

A Courant algebroid [13, 14] over a manifold M is a vector bundle E — M
equipped with a fibrewise non-degenerate symmetric bilinear form (-, -), a bilinear
bracket [-,-] on the smooth sections I'(E), and an anchor p: E — T'M, which satisfy
the following conditions

L. [e1, [e2, es]] = [[ex, €], es] + [e2, [e1, €3]],

2. pler)(ez, e3) = ([e1, e2], e3) + (e, [e1, es]),

3. [[61, 62]] + [[62, 61]] = D<€1, 62)
for all ey, €9, e3 € T'(E). Here, we use the notation D := p'od: C*°(M) — T'(E), using
(-,-) to identify E with E*: (Df,e) = p(e)(f) for all f € C*°(M) and e € T'(E). The
compatibility of the bracket with the anchor and the Leibniz identity

4. pler, e2]) = lpler), plea)];
5. [er, fea] = fler, e2] + (pler) f)ez
are then also satisfied. They are often part of the definition in the literature, but [15]

observed that they follow from (1)-(3)F] For a nice overview of the history of Courant
algebroids, consult [16].

Example 2.1. [I7] The direct sum TM & T*M endowed with the projection on T'M
as anchor map, p = pry,,, the symmetric bracket (-, -) given by

(Vi Om ) (Winy M) = O (W) + 1 (V1) (2.1)

for all m € M, vy, w,, € T, M and a,,, 8, € T M and the Courant-Dorfman
bracket given by

[[(X’ 0))(}/7 77)]] = ([X7Y]7£X77_in9) (2'2)

for all (X,0),(Y,n) € I'(T'M & T*M), yield the standard example of a Courant
algebroid, which is often called the standard Courant algebroid over M. The
map D: C*(M) - T'(TM & T*M) is given by Df = (0,df).

We are particularly interested in the standard Courant algebroids over vector
bundles.

A Dirac structure D C E is a subbundle satisfying

2We quickly give here a simple manner to get (4)-(5) from (1)-(3). To get (5), replace e by fes
in (2). Then replace e3 by fes in (1) in order to get (4).



1. Dt = D relative to the pairing on E,
2. [I(D), T(D)] € T(D).

The rank of the Dirac bundle D is then half the rank of E, and the triple
(D — M, plp, [, -]|ryxry) is a Lie algebroid on M. Dirac structures appear natu-
rally in several contexts in geometry and geometric mechanics (see for instance [1§]
for an introduction to the geometry and applications of Dirac structures).

2.2. Basic facts about connections
In this paper, connections will not be linear actions of Lie algebroids, but more
generally of dull algebroids.

Definition 2.2. A dull algebroid is a vector bundle Q — M endowed with an
anchor, i.e. a vector bundle morphism pg: QQ — T M over the identity on M and

a bracket |-, -]g on I'(Q) with polq1, ¢2)o = [po(q1), po(qe)] for all ¢, € T'(Q), and
satisfying the Leibniz identity in both terms

[fiaq1, f2Q2]Q = fifelar, Q2]Q + f1PQ<Q1)(f2)Q2 - fzﬂQ(Q2)(f1)Q1
for all fi, fo € C*(M), q1,q2 € T(Q).

In other words, a dull algebroid is a Lie algebroid if its bracket is in addition
skew-symmetric and satisfies the Jacobi-identity.

Let (Q — M, pg,[-,-]o) be a dull algebroid and B — M a vector bundle. A
@-connection on B is a map V: I'(Q) x I'(B) — I'(B), with the usual properties. By
the properties of a dull algebroid, one can still make sense of the curvature Ry of
the connection, which is an element of I'(Q* ® Q* ® B* ® B). The dual connection
V*: T(Q) x I'(B*) — I'(B*) to V is defined by

(VaB:b) = pqa(q)(B,b) — (B, Vgb)

for all ¢ € I'(Q), b € I'(B) and g € I'(B*).

2.2.1. The Bott connection associated to a subbundle FF C T M

Recall the definition of the Bott connection associated to an involutive subbundle
of TM: Let ' C T M be a subbundle, then the Lie bracket on vector fields on M
induces a map

VI T(F) xD(TM) —» T(TM/F),  VkYy =[X,Y].

The subbundle F is involutive if and only if VEX' =0 for all X, X’ € I'(F). In that
case, the map V¥ quotients to a flat connection

VI T(F)x I(TM/F) - T(TM/F),

the Bott connection.



2.2.2. The basic connections associated to a connection on a dull algebroid

Consider here a dull algebroid (@, pg, [, -|g) together with a connection V: X(M)x
I'Q) — I'(Q). The induced basic connections are )-connections on ) and T M
that are defined as follows [19].

VP =V T(Q) x T(Q) = T(Q), Ve =g,d]e + Vigw)a

and

Vo = VT T(Q) x X(M) = X(M), VX = [pg(a), X] + po(Vxq).
The basic connections satisfy

yhasTM po = pg o VvhasQ

The basic curvature is the map R2*: I'(Q) x ['(Q) x X(M) — I'(Q),

R}%as(qa ¢)(X) =-Vxlg,qlq + 0. Vxdlo — ¢, Vxdlo + Vv};,asxq - Vv};aSXCI’-
The basic curvature satisfies the identities

PQ © Rbas = vaas,TM

R%as(Ch, CD)(PQ(%)) + Ja@[-,-](fh, 02, q3) = Ryvase(q1,42)qs,
for q1, g2, g3 € I'(Q), where Jacy. j is the Jacobiator in Leibniz form of the dull bracket:

Jaci. 1(q1, 42, 43) = a1, (a2, @3lolo — a1, ©2la, lo — (@ (01, @slgle-

If the dull bracket is skew-symmetric, then R%* is an element of Q?(Q, Hom(T'M, Q)).

2.3. Double vector bundles, VB-algebroids and representations up to homotopy

We briefly recall the definitions of double vector bundles, of their linear and core
sections, and of their linear splittings and lifts. We refer to [2, 20, [7] for more
detailed treatments. A double vector bundle is a commutative square

D-"~B
A |
A — M
of vector bundles such that
(di +ads) +p (ds+ads) = (di +p ds) +a (d2 +5 ds) (2.3)
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for dl,dg,dg,d4 € D with 7TA(d1> = 7TA(d2), 7TA(d3) = 7TA(d4) and 7TB(d1) = 7TB(d3),
wp(dy) = mp(dy). Here, +4 and +p are the additions in D — A and D — B,
respectively. The vector bundles A and B are called the side bundles. The core C
of a double vector bundle is the intersection of the kernels of 74 and of 7g. From
follows easily the existence of a natural vector bundle structure on C' over M.
The inclusion C' < D is denoted by C,, > ¢+ ¢ € 7, (02) N 75" (08).

The space of sections I'g(D) is generated as a C*°(B)-module by two special
classes of sections (see [21]), the linear and the core sections which we now describe.
For a section c¢: M — C, the corresponding core section c': B — D is defined as
cl(by) = f)bm +4¢(m), m € M, b, € B,,. We denote the corresponding core section
A — D by ¢l also, relying on the argument to distinguish between them. The space
of core sections of D over B is written as I'G(D).

A section ¢ € I'g(D) is called linear if £: B — D is a bundle morphism from
B — M to D — A over a section a € I'(A). The space of linear sections of D over B
is denoted by T',(D). Given ¢ € T'(B* ® C), there is a linear section ¢): B — D over
the zero section 04: M — A given by ¢(by,) = Oy, +4 1 (bm). We call ¢ a core-linear
section.

Example 2.3. Let A, B, C be vector bundles over M and consider D = AX 3y Bx ,C.
With the vector bundle structures D = ¢4,(B&C) — A and D = ¢3(A®C) — B, one
finds that (D; A, B; M) is a double vector bundle called the decomposed double
vector bundle with core C'. The core sections are given by

¢ by, > (02, by, c(m)), where m € M, by, € B,y,, c € I'(C),

and similarly for ¢': A — D. The space of linear sections 'y (D) is naturally identified
with T(A) ® T(B* ® C) via

(a, ) : by — (a(m), by, ¥(by)), where v € I'(B* ® C), a € T'(A).

In particular, the fibered product A x,; B is a double vector bundle over the sides
A and B and has core M x 0.

A linear splitting of (D; A, B; M) is an injective morphism of double vector
bundles >: A x,; B < D over the identity on the sides A and B. That every double
vector bundle admits local linear splittings was proved by [22]. Local linear splittings
are equivalent to double vector bundle charts. Pradines originally defined double
vector bundles as topological spaces with an atlas of double vector bundle charts
[23]. Using a partition of unity, he proved that (provided the double base is a smooth
manifold) this implies the existence of a global double splitting [2]. Hence, any double
vector bundle in the sense of our definition admits a (global) linear splitting.



A linear splitting 3 of D is also equivalent to a splitting o4 of the short exact
sequence of C*°(M)-modules

0 —I'(B*®C)—I'YD) — TI'(A) — 0, (2.4)

where the third map is the map that sends a linear section (&, a) to its base section
a € T'(A). The splitting o4 is called a horizontal lift. Given X, the horizontal
lift o4: T'(A) — I'4(D) is given by oa(a)(b,) = X(a(m),b,,) for all a € T'(A) and
bm € B. By the symmetry of a linear splitting, we find that a lift o4: T'(4) — I'5(D)
is equivalent to a lift og: I'(B) — T'%(D). Given a lift 04: I'(A) — I'y(D), the
corresponding lift op: T'(B) — T%(D) is given by ag(b)(a(m)) = a4(a)(b(m)) for all
acI'(A),beI(B).

Example 2.4. Let qg: E — M be a vector bundle. Then the tangent bundle T'F
has two vector bundle structures; one as the tangent bundle of the manifold E, and
the second as a vector bundle over T'M. The structure maps of TE — T'M are the
derivatives of the structure maps of £ — M.

TE 2. F

| o

I'M——M

The space T'E is a double vector bundle with core bundle £ — M. The map
B = pt(08) N (Tgr)H(0T™) sends e,, € E,, to &, = % | o tem € Top E. Hence
the core vector field corresponding to e € T'(E) is the vertical lift e': E — TE,
i.e. the vector field with flow ¢¢ : E x R — E, ¢;(e,,) = €/ + te(m). An element
of T5(TE) = XY(E) is called a linear vector field. It is well-known (see e.g. [20])
that a linear vector field ¢ € X!(E) covering X € X(M) corresponds to a derivation
D:T(E) — I'(E) over X € X(M). The precise correspondence is given by the
following equations

§(le) = Lpre) and &(qpf) = qp(X(f)) (2.5)
for all e € I'(E*) and f € C*°(M), where D*: T'(E*) — I'(E*) is the dual derivation

to D. We write D for the linear vector field in X!'(E) corresponding in this manner to
a derivation D of I'(E). Given a derivation D over X € X(M), the explicit formula

for D is p
D(en) = Te(X (m)) +5 | (em —tD(e)(m) (2.6)
t=0
for e,, € E' and any e € I'(E) such that e(m) = e,,. The choice of a linear splitting >
for (TE;TM, E; M) is equivalent to the choice of a connection on E: Since a linear
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splitting gives us for each X € X(M) exactly one linear vector field o7y (X) € X!(E)
over X, we can define V: X(M) x I'(E) — I'(E) by o7u(X) = Vi for all X € X(M).
Conversely, a connection V: X(M) xT'(E) — T'(E) defines a lift 0y,,: X(M) — X'(E)
and a linear splitting XV : TM x, E — TE:

SV (Vs €m) = Tine(vm) +5 4 (em — tVy,.€)
dt |-
for any e € I'(E) such that e(m) = e,,. Note that the image of 3V is a subbundle
Hy C TE that is linear, i.e. also closed under the addition in TEF — T'M and
satisfies TE ~ Hy @ T E as a vector bundle over F. Hence we have just described
the correspondence of the two definitions of a connection; the first as the map
V:X(M) xT'(E) = I'(E), the second as a linear splitting TE ~ T E & H. Given
V or ¥V it is easy to see, using the equalities in , that

[0V (X),0V(Y)] =0V [X,Y| — Ry(X,Y), 2
oV (X),el] = (Vxe),  [el.el] =0 |

for all X,Y € X(M) and e, ey, es € I'(E). That is, the Lie bracket of vector fields on
E can be described using the connection. The connection itself can also be seen as a
suitable quotient of the Bott connection Vv:

H
V.Y

UTM(X)GT = (vXe)T

for all e € I'(F) and X € X(M). That is, the Bott connection associated to Hy
restricts well to linear (horizontal) and vertical sections.

Example 2.5. Dualising TE over E, we get the double vector bundle

T*E-£ . F

o e

E = M

The map rg is given as follows. For 0., , rg(0.,) € E¥

, d ,
<TE<eem)7 €m> = <95m, % o em + t€m>

for all e/, € E,. The addition in 7*F — E* is defined as follows. If f., and w., are
such that rg(0.,,) = re(We,) = €m € Er,, then the sum 0., +,, we € 17 o Eis
given by

<067n +E* we{m’ Uenl +TM /Ue'lm> = <05'm7 /Uem> + <w€’lm7 ,Ue{m,>
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for all v, € T, E, ver € Terp, E such that (qg)«(ve,,) = (qr)«(ver ).

For ¢ € T'(E*), the one-form d/. is linear over €, and for § € Q'(M), the one-form
q0 is a core section of TE — E. We have rg(d,, £.) = e(m) and 7 ((¢50)(e,n)) = 05"
The sum d.,, lc +,, der £. equals dc,, e £.. The vector space T E is spanned by
d., . and d.,, (¢} f) for all e € I'(E*) and f € C>(M).

Example 2.6. By taking the direct sum of the two double vector bundles in the two
preceding examples, we get a double vector bundle

TE®T*EE S FE |

e

TM & EY ——M

dT MG E*

In the following, for any section (e, §) of E @& T*M, the vertical section (e, 0)" €
Ip(TE @ (T E)°) is the pair defined by

o) = (5

er, + te(m), (TegﬂqE)t@(m)> (2.8)

t=0

for all €/, € E. Note that by construction the vertical sections (e, )" are core sections
of TE & T*FE as a vector bundle over E.

A subbundle L of TE®T*E — F is said to be linear if it projects to a subbundle
UCTM ® E* under &5 and if it is also closed under the addition on TE & T*E
as a vector bundle over TM & E*. Such a linear subbundle defines a sub double
vector bundle of TE ® T*E.

A double vector bundle (D; A, B; M) is a VB-algebroid ([24]; see also [7]) if
there are Lie algebroid structures on D — B and A — M, such that the anchor
©: D — TB is a morphism of double vector bundles over ps: A — T'M on one side
and if the Lie bracket is linear:

5(D),Ts(D)] CTp(D),  [[R(D),TH(D)] C TH(D),  [H(D), (D)) =0.

The vector bundle A — M is then also a Lie algebroid, with anchor p4 and bracket
defined as follows: if &, & € I'3(D) are linear over aj,ay € I'(A), then the bracket
€1, &2 is linear over [aq, as).

Now let A — M be a Lie algebroid and consider an A-connection V on a vector
bundle £ — M. Then the space Q°(A, E) of E-valued Lie algebroid forms has an
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induced operator dy given by the Koszul formula:

de(alu te 7ak+1> :Z(_l)wrjw({a’ha’j]?alu ce 7&1'7 s 7dj7 ce 7ak+1>

1<J

z+1 ~
+ E Val al,...,ai,...,akﬂ))

for all w € QF(A, E) and ay, ..., a5 € T(A).
Let eg, e; be two vector bundles over the same base M as A. A 2-term repre-
sentation up to homotopy of A on Ey & E; [25] [7] is the collection of

(1) amap 0: Ey — Ey,
(2) two A-connections, V? and V! on Ey and F}, respectively, such that 9 o V° =
Voo,
(3) an element R € Q*(A, Hom(F}, Ep)) such that Rgo = Ro d, Ry1 = d o R and
dyrem R = 0, where V1™ is the connection induced on Hom(E;, Ey) by V° and
Vi
Note that Gracia-Saz and Mehta [7] defined this concept independently and called
them “superrepresentations”.

Consider again a VB-algebroid (D — B, A — M) and choose a linear splitting
¥: A xyr B — D. Since the anchor ©g is linear, it sends a core section ¢, ¢ € I'(C)
to a vertical vector field on B. This defines the core-anchor dg: C — B given
by, ©(ct) = (9pc)' for all ¢ € T(C) and does not depend on the splitting (see [3]).
Since the anchor © of a linear section is linear, for each a € I'(A) the vector field
O(c4(a)) € XY(B) defines a derivation of I'(B) with symbol p(a). This defines a linear
connection VAZ: T'(4) x T'(B) — T'(B):

O(0a(a)) = V4B

for all a € T'(A). Recall further that the anchor ©(c!) of a core section ¢ € I'4(D)
is given by O(c) = (9pc)’. Since the bracket of a linear section with a core section
is again a core section, we find a linear connection VA¢: T'(A) x I'(C') — T'(C) such
that
[oa(a), '] = (Vi)'

for all ¢ € I'(C) and a € I'(A). The difference oalay, as] — [oa(a1),04(az)] is a
core-linear section for all a;,as € I'(A). This defines a vector valued form R €
O?(A,Hom(B, C)) such that

[0a(a1),04(az)] = oala, az] — R(as, az),

for all a;,as € T'(A). For more details on these constructions, see [7], where the
following result is proved.

13



Theorem 2.7. Let (D — B; A — M) be a VB-algebroid and choose a linear splitting
Y: Axy B — D. The triple (VAB,VAC | R) defined as above is a 2-term representation
up to homotopy of A on the compler 0g: C' — B.

Conversely, let (D; A, B; M) be a double vector bundle such that A has a Lie alge-
broid structure and choose a linear splitting ¥.: A x5y B — D. Then if (VA2 VAC R)
is a 2-term representation up to homotopy of A on a complex Og: C' — B, then the
equations above define a VB-algebroid structure on (D — B; A — M).

Example 2.8. Let F — M be a vector bundle. The tangent double (TE; E, TM; M)
has a VB-algebroid structure (TE — E,TM — M). Consider a linear splitting
Y: E Xy TM — TFE and the corresponding linear connection V: X(M) x I'(E) —
['(E) as in Example By , the representation up to homotopy corresponding
to this splitting is given by 0p = idg: E — E, (V,V, Ry).

Example 2.9. Now assume that the vector bundle E is a Lie algebroid A. Then
the tangent prolongation (TTA — TM, A — M) has a VB-algebroid structure; see
The linear splitting corresponding to a linear connection V: X(M) X
['(A) — T'(A) defines a horizontal lift o 4: T'(A) — T, (T'A). The corresponding 2-
term representation up to homotopy is given by dry = p: A — T M, (VP2 VPas | Rbas),
where VPa: T'(A) x T'(A) — T'(A) and VP*: T'(A) x X(M) — X(M) are the basic
connections associated to V.

Example 2.10. Let (A, p,[-,-]) be a Lie algebroid over a smooth manifold M. Then

(T*A — A*,; A — M) is naturally a VB-algebroid; see A linear splitting
YV of T A can be dualised to a linear splitting X% : A x5y A* — T*A. In this splitting,
the VB-algebroid structure is equivalent to the 2-representation of A on the complex

pl: T*M — A* that is defined by the connections
VP D(A) x T(A*) = T(A%), V" T(A4) x QY(M) — QY(M), (2.9)
and the curvature term
— R € 02(A, Hom(A*, T*M)). (2.10)
For more details, consult [26].

Example 2.11. The linear splittings of TA and T*A described in the previous
examples define a linear splitting of the VB-algebroid (TA®T*A — TM@&A* — TM®
A*; A — M), the fibered product of TA — T'M and T*A — A*. The representations
up to homotopy found in these two examples sum up to a representation up to
homotopy of A on the complex (p,p'): A®T*M — TM & A*, which describes the
VB-algebroid in this linear splitting.

One application of our main results is a general description of linear splittings of
TAPT*A, and explicit formulas for the corresponding representations up to homotopy

(see Section [f)).
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3. Dorfman connections: definition and examples

Definition 3.1. Let (Q — M, pg, |- ,-]q) be a dull algebroid. Let B — M be a vector
bundle with a fiberwise pairing (-,-): Q Xy B — R and a map dg: C*°(M) — I'(B)
such that

(¢, dBf) = pa(a)(f) (3.11)
for allq € T'(Q) and f € C*(M). Then (B,dg, -,)) is called a pre-dual of Q and
Q@ and B are said to be paired by (- ,-).

Remark 3.2. Note that if the pairing is non-degenerate, then (B — M,dg, (-, -)) is
isomorphic to the dual of (Q — M, pg, [, |g) and dg-: C®°(M) — ['(Q*) is defined

by (3.11)), namely dg-f = ppdf.
The following is our main definition.

Definition 3.3. Let (Q — M, po, [, ]g) be a dull algebroid and (B — M,dg, (-,"))
a pre-dual of Q.

1. A Dorfman (Q-)connection on B is an R-bilinear map
A:T(Q) xT'(B) — I'(B)

such that for all f € C*(M), q,¢' € I'(Q), b € I'(B):
(a) Apgb = fAb+(g,b) -dpf,
(b) Aq(fb) = FAD + palq)(f)b and
(C) Aq(dBf) = dB(£pQ(q)f)'
2. The curvature of A is the map Ra: T'(Q) x I'(Q) — I'(B* ® B) defined on
q,q € F(Q) by RA(q, q/) = Aqu/ — Aq/Aq - A[q,q/]Q.

The failure of a Dorfman connection to be a connection is hence measured by the
map dp and the pairing of () with B. We omit the proof of the following proposition.

Proposition 3.4. Let (Q — M, pg, [, ]g) be a dull algebroid and (B,dg,(-,-)) a
pre-dual of Q. Let A be a Dorfman Q-connection on B. Then:
1. For all f € C(M) and q,q € T(Q), b € T'(B), we have Ra(q,¢)(f - b) =

.f : RA((LC]/)-
2. R is C®°(M)-linear in its first two arguments if the dull bracket is skew-

symmetric and if pg(q){q’,b) = ([q,d]q.b) + (¢', Asb) for all q,q¢' € I'(Q) and
beTI(B).

3. If this last “pre-duality” of the dull bracket with the Dorfman connection is
satisfied, we have also

(Ra(q1,2)(b), a3) = {[la1, 2] @3] + (a2, a1, @3] o)o — a1, (@2, as]q) o, b)
for all q1,q2,q3 € T'(Q) and b € ['(B).
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Note that this does not mean that the curvature of the Dorfman connection
vanishes everywhere if () is a Lie algebroid, since the pairing of () and B can be
degenerate. The following example is a trivial example for this phenomenon.

Example 3.5. Let (Q — M, pg. [, ]g) be a dull algebroid and B — M a vector
bundle. Take the pairing (-,-): @ X B — R and the map dg: C*(M) — I'(B) to
be trivial. Then any ()-connection on B is also a Dorfman connection.

Example 3.6. The easiest non-trivial example of a Dorfman connection is the
map £: ['(Q) x I(Q*) — T(Q"), (£,7,d) = po(a){T.d") — (7,[a,q]q), for a dull
algebroid (Q — M, pg, |-, ]o) and its dual (Q*,dg+), i.e. with the canonical pairing
Q xy QF = R and dg- = ppd: C*(M) — I'(Q").

The third property of a Dorfman connection is immediate by definition of £
and the first two properties are easily verified. The curvature vanishes if and only
if |-, ] satisfies the Jacobi-identity in Leibniz form [[q1, ¢2]q, ¢3]o + (a2, [01, 3]olo =

[Q17 [Q27 q3]Q]Q for all 1,942,493 € F(Q)

The following proposition illustrates the general idea that Dorfman connections
are to Courant algebroids what linear connections are to Lie algebroids. Our main
result in Section {4 is a further example for this analogy.

Let (E— M,p: E—TM,(-,-),[,]) be a Courant algebroid. If K is a subalge-
broid of E, the (in general singular) distribution S := p(K) C T'M is algebraically
involutive and we can define the “singular” Bott connection

X(WM)  X(M)
rS)  T(S)

forall X € X(M) and s € T'(S). The anchor p: E — T'M induces amap p: I'(E/K) —
X(M)/T(S), p(e) = ple) + T'(S5).

Proposition 3.7. Let E — M be a Courant algebroid and K C E an isotropic
subalgebroid. Then the map

A:T(K)xT(E/K) = T(E/K),  Ape=[k €]

Vo T(S) x by VX =[5, X]

is a Dorfman connection. The dull algebroid structure on K is its induced Lie algebroid
structure, the map dg/i is just D+ T'(K) and the pairing (-,-): K xy (E/K) = R
15 the natural pairing induced by the pairing on E.

We have p(Age) = V;f(k)ﬁ(é) for allk e T'(K) and e € T'(E/K).

Remark 3.8. 1. Because of the analogy of the Dorfman connection in the last
proposition with the Bott connection defined by involutive subbundles of T'M , we
name this Dorfman connection the Bott—Dorfman connection associated
to K.

16



2. Note that if K is a Dirac structure D in E, then E/D ~ D* and the Dorfman
connection is just the Lie algebroid derivative of D on I'(D*).

We end this section with a further class of examples of Dorfman connections.

Example 3.9. Let (E— M, p,[-,-], (-, -)) be a Courant algebroid over M and choose
a linear T'M-connection V on E. Then

1. AP T(E) x T(E) > T(E) defined by Ale; = [e1, €3] + V(ces is a Dorfman
connection with dual dull bracket [e1, ea]avas = [e1, €2] — p*(V.€1, €3), and
2. VP [(E) x (M) — X(M) defined by VX = [p(e), X] 4+ p(Vxe) is an

ordinary linear connection.

We have V2% p(es) = p(Ab®Sey) for all €1, e5 € I'(E). Note the analogy of this construc-
tion with the construction of the basic connections associated to a linear connection
on a Lie algebroid [7, 25]. The basic Dorfman connection and the basic connection
above are in fact two ingredients of the Lie 2-algebroid corresponding to the Courant
algebroid E [27], after a choice of splitting [5].

4. Linear splittings of TE & T*FE

Consider a vector bundle qg: E — M. Recall from Example that an ordinary
connection V: X(M) x I'(E) — I'(F) is equivalent to a linear splitting 3: E X,
TM — TE. We show that a Dorfman connection A: I'(TM @ E*) x '(E® T*M) —
['(E @ T*M) is the same as a linear splitting X: (TM @ E*) xy E — TE & T*E.
Further, we show that the image La of ¥ in TE & T*E is maximally isotropic
relatively to the canonical pairing if and only if the bracket [-,-]a dua]E] to the
Dorfman connection (as in Example is skew-symmetric, and we show how the
failure of I'(La) to be closed under the Dorfman bracket is measured by the curvature
RA.

Here, the vector bundle 7'M & E* is always anchored by the projection pry,,: T'M &
E* — TM and the dual & T*M is always paired with T'M & E* via the canonical
non-degenerate pairing. The map dggr+p: C°(M) — I'(E @ T*M) is consequently
always
dper-m = priqy, od,
i.e. dpgr f = (0,df) for all f € C°(M). A Dorfman connection A is here always
a T'M & E*-Dorfman connection on E @ T*M, with dual [-,-]a. Note that since the

3Since the Dorfman connection and the dual dull bracket corresponding to a linear splitting of
TE @ T*E encode the Courant-Dorfman bracket on E, we write the dull brackets on T'(TM & E*)
with double bars, as we write Courant algebroid brackets.
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pairing is non-degenerate, the Dorfman connection is completely determined by its dual
structure, the associated dull bracket [-,-]a and vice-versa. Hence, we can say here
that a Dorfman connection is equivalent to a dull algebroid (T'M @ E*, prypy, [+ ]a)-
It is easy to see, using Proposition [3.4] that the curvature Ra always vanishes on
(TM & E*)®(TM & E*)® (06 T*M) and so it can be identified with an element of
O*(TM & E*,Hom(E, E ® T*M)).

4.1. Dorfman connection associated to a linear splitting of TE & T*E

Consider a linear splitting
Y. Exy(TMeE)—-TE®T'E

and the corresponding horizontal lift o7 yrep-: T(TM @ E*) — TL(TE @ T*E). Note
that by the definition of the horizontal lift, we have oryep: (f-v) = ¢ f-ormer- (V) for
all f € C®°(M)and v € I'(TM @ E*). Also by definition, the image under (¢g )., 7g) of
ormer- (X, €)(e(m)) equals (X (m), e(m)), which is also ((¢g)«, 7E)(TmeX (m), deim)le)
for all X € X(M), e € I'(F) and € € I'(E*). Hence the difference

(TneX(m),demyle) — ormap- (X, €)(e(m))

is a core element, which can be written (Jx - €e)"(e(m)), defining so a maﬂ §: N(TMa
E*) x T(E) — T(E & T* M).
Set A: T(TM&E*)xD(E®T* M) — T(EST*M), Ax.0)(e,0) = 5x.0e+(0, £x0).
We prove that A is a Dorfman connection. First
(Tm(fe)X(m)v df(m)e(m)gs)
= (Tu(f(m)e)X (m) + X (f)(m)e' (f(m)e(m)), damem)le)

and oryep- (X, €)((fe)(m)) = ormer- (X, €)(f(m)e(m)) yield 0(x ) (fe) = fox.e)e +
X(f)(e,0). This implies

A(X,s)(f(ea 0)) = fA(X,s)(ea 0) + X(f)(e,0)

(4.12)

4To see that d(x,e)€ is a smooth section of E & T*M, it suffices to show that its pairing with
each section of TM @& E* is smooth. For (Y,x) € I'(TM @& E*), we have (§(x e, (Y,x))(m) =
(6(x,e€T(e(m)), (TmeY (m), deimyfy)) and so

(Ox.e6 (Vo)) (m) = (TmeX(m), demle) — ormen: (X, €)(e(m)), (TmeY (m), dem)fx)),

which is
Y(m)(e, e) + X(m)(x, e) — (E((X,e)(m), e(m)), (TrmeY (m), de(m)ly))-

This depends smoothly on m.
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for all (X,e) e I'(T'M & E*), (e,0) e '(E@T*M) and f € C*°(M). Then
(Tme(fX), demylye) = (Tme(f(m) X (m)), f(m)dem)le+(e, €) (m)dem)(q*f)) (4.13)
and oryep-(f - (X, €)) = quf - ormer-(X, ) yield dpx e = foxe + (0, (e, e)df).
Since £yx0 = f£x0+ (X, 0)df, we get
Af(Xﬁ)(e’ 0) = fA(Xf)(ea 6) + <(67 0)7 (Xa €)>(07 df)
for all (X,e) e T(TM @ E*), (e,0) e T(E® T*M) and f € C*°(M). The equality
Ax(0,df) = (0,d£x f) is immediate.

Conversely let £ — M be a vector bundle and consider a Dorfman connection
A:T(TMeE*)xI'E®T*M) — I'(E® T*M). We want to define a linear splitting
YS:(TM@®E*)xy E—TE®T*E by

(Vs em)s €m) = (TmeX (m), dle(em)) — Axe (e, 0) (em) (4.14)
for any sections (X, ¢) € I'(TM @ E*) and e € I'(E) such that X(m) = v, e(m) = &,
and e(m) = e,,. For X € X(M), e € I'(E*) and e € I'(E) define the element

(X, e,e)(m) = (TneX (m),dl:(en)) — Axe (e, 0) (em)

of TE & T*E. By and the properties of the Dorfman connection we have
(X, e, fe)(m) = f(m) rmer11(X, e, e)(m) and by we have I[I(f X, fe,e)(m) =
f(m) -gII(X,e,e)(m) and for all f € C*(M), (X,e) e '(TM & E*) and e € I'(E).
Using this, it is easy to show that the map in is a well-defined, injective
morphism of double vector bundles. Since it is the identity on the sides, it is a linear
splitting of TE & T*E.

Hence, we have proved our main theorem:

Theorem 4.1. Let E — M be a vector bundle. A linear splitting ¥: (TM & E*) X
E — TE ®T*E defines a Dorfman connection A*: T(TM @& E*) x T(E & T*M) —
NEeT*M) by

S((X,e)(m), e(m)) = (TweX (m), de,, o) — Afi o (e,0) (e(m)) (4.15)

and A(x ) (0,0) = (0, £x0) for alle e T(E), (X,e) e (TM @ E*) and € Q*(M).
Conversely, each Dorfman connection A: T(TM @ E*) xT'(E®T*M) - T(EQT*M)
defines a linear splitting X2 : (TM © E*) xyy E — TE ® T*E as in (4.15) and the
maps

A T4, A® X

are inverse to each other.
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In short we have a bijection

(T'M & E*)-Dorfman connections o Linear splittings
Aon E®TM S (TM @ E*) xy E — TEGTE

Since a (T'M @& E*)-Dorfman connection A on E @ T*M is equivalent to a dull
algebroid structure (pry,,, [+, ]a) on TM @ E*, we can reformulate this bijection as
follows:

Dull algebroids o Linear splittings
(TM & E*,prras [, ] Y. (TM@®E)xyE—->TE®TE |~

Now we study some examples of Dorfman connections. The first example explains
how linear splittings of T'E induce linear splittings of T"E & T*E. That is, we show
how a linear T'M-connection on E defines a Dorfman connection as above.

Example 4.2. Let E — M be a vector bundle with a linear connection V: X(M) x
I'(E) — I'(E). Then the standard Dorfman connection associated to V is the
map A: IN(TM & E*) xI'EaT*M) - T'(E®T*M),

Axe (e, 8) = (Vxe, £x0 4+ (Vie,e)).
The dual bracket is in this case defined by
[[(X7 5>’ (K X)]]A = ([Xv Y]? V}X - VZK/S)

for all (X,e),(Y,x) € I'(TM & E*).
The curvature of the standard Dorfman connection A associated to V is given by

RA((X7 8)7 (Y> 7])) = (RV<X7 Y>7RV*(7X)(7]) - Rv*(,Y)(g))

As a consequence, we find easily that (TM & E*, prryy, [+, ]a) is a Lie algebroid if
and only if V is flat.
For any section (X,e) € ['(T'M & E*), the horizontal lift is

d
aﬁM@E*(X, e)(em) = (TmeX(m),d,, 0.) — (— em +tVxe, (Te, qe) (Vie, e))

dt

t=0
and the subbundle La spanned by these sections is equal to Hy ® Hy. Hence, the
standard Dorfman connection associated to a connection V is the same as the splitting

TEGT'E=(T"E & (T™"E)°) & (Hy © HY),

the sum of a (trivial) Dirac structure and an almost Dirac structure.

Note that Hy @ Hg is a Dirac structure if and only if V is flat, that is, if and
only if (TM @ E*,pryyy, [, -]a) is a Lie algebroid. This is not a coincidence, but a
special case of our next main result in Proposition and Theorem
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Now we discuss more intricate examples of Dorfman connections A: I'(T'M &
ExT(E@T*M) - I'(E @ T*M). The geometric meaning of the corresponding
linear splittings will be explained later.

Example 4.3. Consider a dull algebroid (A, p, |-, ]) with skew-symmetric bracket.
We construct a T'M @ A-Dorfman connection A on A* @ T™* M, hence corresponding to
a linear splitting ¥: (TM ® A) Xy A* — TA* @ T*A* of the Pontryagin bundle over
A*. Take any connection V: X(M) x I'(A) — I'(A) and recall the definition of the
basic connection VP3: T'(A) x I'(A) — I'(A) associated to V and the dull algebroid
structure on A: V2%b = [a,b] + V pa for all a,b € I'(A). The Dorfman connection

A:T(TM @ A) x T(A* @ T*M) — T(A* @ T* M)
is defined by
Axa) (o, 0) = ((a, VPa) + Via — p'(V.a,a), £x0 + (V.a, a}) )
The bracket [-,-]a on sections of TM & A is then given by
[(X.a),(Y,b)]a = ([X,Y],Vxb—Vya+ V,na— Vyab+ [a,b]).

Since it is skew-symmetric, the image LA of ¥ is in this case maximally isotropic.
The projection pry,, obviously intertwines this bracket with the Lie bracket of vector
fields. The curvature of this Dorfman connection is given by
— (Ra((X1,a1), (X2, a2))(, 0), (X3, a3)) (4.16)
= ([(X1, 1), [(X2, a2), (X3, a3)[a]a + c.p., (@, 0)) (4.17)
= ((RV(Xl — plar), Xo — P(GQ))CLS) +c.p.,a)
+ ((R'%as(al, as) (X3 — p(ag)) + c.p., ) + ([ay, [ag, ag]] + c.p., a).
The proof of this formula is a rather long, but straightforward computation and
we omit it here. Example the signification of this example in terms of the

linear almost Poisson structure defined on A* by the skew-symmetric dull algebroid
structure.

Example 4.4. Consider a vector bundle £ — M endowed with a vector bundle
morphism o: E — T*M over the identity and a connection V: X(M) xI'(E) — I'(E).
Define the Dorfman connection A: I'(TM & E*) x '(E & T*M) — I'(E & T*M) by

Axe(e,0) = (Vxe, £x(0 —o(e)) + (Vi (o' X +€),€) + a(Vxe)).
The bracket [-,-]a on sections of TM & E* is here given by

[[(Xv 5)7 (Y7 W)]]A = ([X7 Y]vv}(n—f_gty) - V;(&‘-}-O’tX) - Ut[X’ Y])
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In this case also, the image L of ¥4 is maximally isotropic.
Here also, we give the curvature of the Dorfman connection in terms of the
Jacobiator of the associated bracket:

[[(X> 5)’ [[(}/a 77)7 (27 V)HA]]A +c.p. = <O7 RV* <X> Y) (7 + UtZ) + C-p'>- (4'18)

Example 4.22] shows how this Dorfman connection is related to the 2-form o*wea, €
O%(F), where we,y is the canonical symplectic form on 7% M.

4.2. The canonical pairing, the anchor and the Courant-Dorfman bracket on TEGT*E

This section shows that the image of a linear splitting X: (TM @ E*) Xy E —
TE®T*E is maximally isotropic if and only if the corresponding dull bracket [-, -]s is
skew-symmetric, and its set of sections is closed under the Courant-Dorfman bracket
if and only if the curvature of A* vanishes.

Here and later, we need the following notation. Let £ — M be a vector bundle
and A: T(TM @ E*) xT(E®T*M) — I'(E @ T*M) a Dorfman connection. We call
Skewp € I'((TM & E*) @ (TM @ E*) ® E*) the tensor defined by

SkewA(Vla VQ) = prE*(Hyla VQ]]A + [[1/27 yl]]A)

for all v1,15 € I'(TM & E*). By the Leibniz identity, this is indeed C'*°(M)-linear
in both arguments. Note that the T'M-part of [y, 5]a + [va, 1] a always vanishes
since the Lie bracket of vector fields is skew-symmetric.

In this subsection, given a Dorfman connection A: I'(TM @ E*) x '(E®T*M) —
[(E @ T*M), we always write o® for the induced horizontal lift 62, . : (T M ®
E*) - TW(TE @ T°E).

Proposition 4.5. Let A: T(TM @ E*)xT(E®T*M) — T(E®T*M) be a Dorfman
connection and choose v,vy,vy € I'(TM & E*) and 7,7, 70 € I'(E & T*M). Then

1. <O'A(V1), O'A(V2>> = éSkEWA(V17V2)7
2 (o). 1) = gl 7).

3. <T1T,7'2> 0.

Proof. Since the second and third equalities are immediate by (4.14)), we prove only
the first one. We write 11 = (X, ¢), vo = (Y, n) and compute for any section e € I'(E):

(e X (), Ae()) — Aoy (e20)1 (Ene), (ToneY (), Aly(em) — Ay (e, 0) (e
= X(m)(n,e) = (prpep Ay (e, 0), X (m)) — (n(m), prp Acxe (e, 0))
+ Y (m)(e, €) = (preear Aixe (e, 0), Y (m)) — (e(m), pr Ay (e, 0))
= (X(n.e) = (App(e,0), (X,€)) + V(e e) = (Axe(e,0), (V7)) (m)
=((e,0), [v2, 1] a + [v1, 2] A)- O
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The last proposition implies the following result.

Theorem 4.6. The dull bracket [, -]|a associated to a Dorfman connection A is
skew-symmetric if and only if the image of ¥° is maximally isotropic in TE ® T*E.
Then TE ® T*E is the direct sum of the Dirac structure T E @ (T E)° and the
linear almost Dirac structure La = S2((TM @ E*) xy E).

Proof. Since the rank of La as a vector bundle over E is equal to the dimension of
E as a manifold, we have only to show that L is isotropic if and only if [, ]a is
skew-symmetric. But this is immediate by the preceding theorem. O

Next we describe the anchor of the Courant algebroid TE & T*E — E in terms
of linear splittings and the corresponding Dorfman connections. We begin with a
proposition, the proof of which is left to the reader.

Proposition 4.7. Let A: T(TM @ E*) xI'(E®T*M) — T'(E®T*M) be a Dorfman
connection. Then the map

V:I(TM & E*) x I'(E) — I'(E), V.e =prg(A,(e,0))
18 a linear connection.

This linear connection encodes in the following manner the anchor pryg: TE @
T"E - TE.

Proposition 4.8. Let A: I'(TM & E*) x I'(E & T*M) — I'(E & T*M) be a
Dorfman connection and choose v € T'(TM & E*) and 7 € I'(E & T*M). Then
Prrp (U%MEBE*(V» =V, and prog(r7) = (prp 7).

Proof. The second claim is immediate by the definition of 7" in (2.8]). For the first
equality, note that by definition of V and 04,55+ (v),

prrs (0o () () = Tielpran, v)(m) +5 | elm) = 19,e(m)

for all e € I'(F) and m € M. By ({2.6)), this proves the claim. O

Finally, we show how the Dorfman connection encodes the Courant-Dorfman
bracket on linear and core sections. The next theorem shows how the integrability of
L is related to the curvature Ra of the Dorfman connection.

Proposition 4.9. Let A: T(TM @& E*)xT(E®T*M) — T(E®T*M) be a Dorfman
connection and choose v,vy, vy € I'(TM & E*) and 7,7, 79 € I'(E & T*M). Then
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1. [[Tf,rgﬂ =0,
2. [o2(), "] = (A7), -
3. [[OA(I/l), UA(VQ)]] = 02([v1, e]a) — Ral(va,12)(+,0).

The proof of these formulas is relatively long and technical, it can be found in

)
Append 5]

Remark 4.10. 1. If the Courant-Dorfman bracket is twisted by a linear closed
3-form H over a map H: TM ATM — E* [28], then the bracket [, 7] is
linear over [, ]ga = [vi,12]a + (0, H(X,, X3)). Note that the Dorfman
connection dual to this bracket is AZo = Ayo + (0, (H(X,-),e)). A more
careful study of general exact Courant algebroids [14] over vector bundles and
of the corresponding twisting of the Dorfman connections and dull algebroids
corresponding to splittings of TE & T*E will be done somewhere else.

2. The Courant bracket, i.e. the skew-symmetric counterpart of the Courant-
Dorfman bracket, is given by

@ [.74] =0

(b) [[UA(I/), TT]]C = [[O’A(V),TT]] — (0, %q%d(u, T/>)\j (A,ﬂ' — (0, %d(u, T>))T,

(C) [[UA(Vl)a OA(V?)]]C = UA([[VM VQ]]A) - RA(VD V2)('? O) - (07 %ngkewA(Vl,lﬂ))?
with

—_—

1 1
<O, §d€SkGWA(V1,V2)) = O'A <§ SkeWA(Vl, 7/2)) + A%SkeWA(Vl,IJQ)(" 0)

We chose to work with the Courant Dorfman bracket — and to call Dorfman
connections after I. Dorfman— because it is described naturally by Dorfman
connections, as in Proposition . Since Dorfman connections are equivalent to
linear splittings of the standard Courant algebroid over a vector bundle, this
shows that in this context, the Courant Dorfman bracket is more natural than
the Courant bracket.

The following corollary of Theorem and Proposition 4.9 is immediate.

Theorem 4.11. Let E — M be a vector bundle and consider a linear splitting
TEST'E = (T E& (T E)°) & L. Then the horizontal space L is a Dirac structure
if and only if the corresponding dull algebroid (TM & E*,pryyy, [, -]n) is a Lie
algebroid.

In the next section we study more general (non-horizontal) Dirac structures on E.
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4.3. VB-Dirac structures and Dorfman connections

We consider linear subbundles

D——U of TE®T'E—TM @ E*
E—M E M

The intersection of such a sub- double vector bundle D with the vertical space
T Ed (T E)° always has constant rank on E and there is a subbundle K C E®T*M
such that DN (T9 E @ (T9 E)°) is spanned over E by the sections k' for all k € T'(K).
In other words K is the core of D. The following proposition follows from this
observation.

Proposition 4.12. Let E be a vector bundle endowed with a linear subbundle D C
TEDT*E over U CTM @© E* and with core K C E® T*M. Then there exists a
Dorfman connection A such that D is spanned by the sections k' for all k € T'(K)
and o (u) for all u € T(U).

The Dorfman connection A is then said to be adapted to D. Conversely, given
a Dorfman connection and two subbundles U CTM & E* and K C E®T*M, we
call Dy g A the linear subbundle of TE & T*E — E that is spanned by kT, for all
k € T(K) and o (u) for all u € T'(U).

Proof. To see that such a splitting exists, we work with decompositions. Since D
and TE @& T*E are both double vector bundles, there exist two decompositions
Ip: ExyUxy K— Dandl: EXy (TM@®E*) Xy (E®@T*M) - TE®T*E. Let
t: D — TFE & T*E be the double vector bundle inclusion, over vy: U — TM & E*
and the identity on E, and with core tx: K — E & T*M. Then there exists ¢ €
[(E*QU*®(E®T*M)) such that the map I torollp: ExpUXy K — Ex oy (TM@®
E*) xp (E@®T*M) sends (em, Um, km) t0 (€m, tr (um), L (km) + ¢(€m, U)). Using
local basis sections of T'M & E* adapted to U and a partition of unity on M, extend ¢
to ¢ € D(E*®@(TM&E*)®(E®T*M)). Then define a new decomposition I':TE®
T*E — EXy (TMOE*) Xy (EQT*M) by I7HE) = T7HE) +E5(em), Omy —P(€m, Vi) =
I71¢) +rmers (Om, Vi, —é(em,um)) for { € T, E x T} E with ®g(§) = v,,. Then
(Totolp)(ems tm, km) = (€my bt (), tic (k) for all (em, tm, k) € E X3y U X 31 K.
The corresponding linear splitting X: E x 3 (TM @& E*) — TE & T*E, X(em, vy) =
TI(em, Vs Or) sends (€, ty(tum)) to t(Ip(€m, tm, 0m)) € t(D). O

Next we ask how many linear splittings are adapted to D, and how two linear
splittings that are adapted to D are related.
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Definition 4.13. Two Dorfman connections A, A" are said to be (U, K)-equivalent
if ( A=ANTU)xT(E®0) CT(K).

The following proposition shows that this defines an equivalence relation on the
set of Dorfman connections. We write [A]y k, or simply [A], for the (U, K)-class of
the Dorfman connection A. By the next proposition, triples (U, K, [A]) are in one-one
correspondence with linear subbundles of TE & T*E — E.

Proposition 4.14. Choose two Dorfman connections A, A" and assume that A is
adapted to D. Then A’ is adapted to D if and only if A and A" are (U, K)-equivalent.

Proof. Since A is adapted to D, D is spanned by the sections o2 (u) and k' for all
kel (K)andu e I'(U). If A and A" are (U, K)-equivalent, we have oa(u) —oar(u) =
¢, for some ¢, € I'(Hom(E, K)). This implies immediately that A’ is adapted to D.
The converse implication can be proved in a similar manner. O

The following theorem follows from the results in the preceding subsection.

Theorem 4.15. Let D be a linear subbundle of TE ®T*E — E over U CTM & E*
and with core K C E®T*M, and choose a Dorfman connection A that is adapted to
D. Then

1. D is isotropic if and only if Skewa |pgy =0 and K C U°.

2. D is maximally isotropic if and only if Skewa |pgu =0 and K = U°.
3. I'(D) is closed under the Courant-Dorfman bracket if and only if

(a) Ak e I'(K) for allu e T'(U), k € T'(K),

(b) [T(U),T(U)]a € (),

(¢) Ba(T(U) x T(U) x T(E ® T*M)) € I'(K).

Proof. This is an immediate corollary of the results in the preceding subsection,
using Ra (P(TM @ E*) x D(TM @ E*) x D(0 & T*M)) — 0. To see this use (2) of
Proposition [3.4] bearing in mind that the anchor is pry;. O

Corollary 4.16. Let D be a linear subbundle of TE®T*E — E over U CTM & E*
and with core K C E®T*M, and choose a Dorfman connection A that is adapted to
D. Then

1. D is an isotropic subalgebroid of TE & T*E — E if and only if
(a) UC K,
(b) Ayk € I(K) for allu € I'(U), k € I'(K),
(c) (U,pryas o, [, -lale@yxray) is a skew-symmetric dull algebroid.
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(d) the induced Dorfman connection

A:T(U) x T((E & T*M)/K) — T((E & T*M)/K)

1s flat.
2. D is a Dirac structure if and only if U = K° and (U, prry v, [+ -] alr@)yxew)
15 a Lie algebroud.

Note that in the second situation, the induced Dorfman connection A is just the
Lie derivative -
£L=A:TU)xT(U") - T(U,

which flatness is equivalent to the restriction of [-,-Ja to I'(U) satisfying the Jacobi-
identity. The Dorfman connection A depends only on the class [A] of the connection A.
Conversely, a Dorfman connection A: T(U) x ((E®@T*M)/K) - T(E®T*M)/K),
can be extended to a Dorfman connection A: I'TM & E*) x I'(E & T*M) —
['(E®T*M) (by extending in a dull manner the corresponding Lie algebroid bracket
on U). Two such extensions of A are automatically (U, K)-equivalent.

Proof of Corollary[{.16. The proof is immediate. For (2), note only that K = U° and
Ak e T'(K) for all w € T(U), k € T'(K) imply together that the dull bracket restricts
to a bracket on I'(U), and vice-versa. O

Remark 4.17. 1. Using the following Proposition [4.18] one can see that if the
conditions in (2) of Corollary are satisfied for A, then they are also satisfied
for any A’ that is (U, K)-equivalent to A.

2. We say that (U, K, [A]) is a Dirac triple if the corresponding linear subbundle
D k,a)) is a Dirac structure on E. By the considerations above, we find that
linear Dirac structures in TE & T*FE — E are in one-one correspondence with
Dirac triples.

Proposition 4.18. Let E — M be a vector bundle and choose a triple (U, K, [A]y k)
such that U = K°. Then for any two representatives A, A" € [Alyk, we have
[ur, us]a = Jur, us]arfor all uy, uy € T'(U).

Proof. Since prpp,[ur, us]a = [proas i, proas uz] = proalus, us]ar, we need only
to check that (Juy,us]a, (e,0)) = ([ui, uz]as, (e,0)) for all e € I'(E). But this is
immediate by the hypothesis, the duality of A and [-,-]a and the definition of
(U, K )-equivalence. O

Since a linear Dirac structure D in TE @ T*E over the base U CTM & E* is a
VB-algebroid (D — E,U — M), we get the following corollary from Theorem [4.15]

Corollary and Proposition [4.1§]
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Corollary 4.19. Let (D; E,U; M) be a linear Dirac structure in (TE®T*E; E,TM &
E*; M).

A linear splitting X of TE ® T*E that is adapted to D defines a linear splitting
Y of D. Then

L (U,prea o, [ -]alr@yxr@y) is a Lie algebroid (that does not depend on the
splitting) — it is the base Lie algebroid of the VB-algebroid (D — E,U — M);

2. the restriction A of A to T(U) x I'(U°) — I'(U®) is a linear connection;

3. the linear connection V restricts to V:T(U) x T(E) = T'(E) and the vector-
valued 2-form R restricts to Ra € Q*(U,Hom(FE, U®)).

The triple (A, V, Ry) is a 2-term representation up to homotopy of U onpry |pe: U® —
E, that describes the VB-algebroid structure on D in the linear splitting X2.

We conclude with a series of examples of Dorfman connections adapted to linear
Dirac structures. Our first example finds a Dorfman connection adapted to a linear
trivial Dirac structure (the direct sum of a linear involutive subbundle of TE and its
annihilator).

Example 4.20. In the situation of Example [£.2] choose two subbundles Fy, € T'M
and C C E. Set U := Fjy®C° and K := C @ Fy; = U°. The linear subbundle Dy g a
corresponding to U, K and the standard Dorfman connection associated to V is then
the direct sum of a linear subbundle Frp C TE, with Cg C T*E. Since U = K°,
we get immediately that Crp = I and Dy g [a) is the trivial almost Dirac structure
Fg @ F5. An application of Corollary to this situation yields that Fg @ Fp is a
Dirac structure if and only if

1. F); is involutive,
2. VxceI'(C) for all X € I'(F)y) and ¢ € I'(C') and
3. the induced connection V: I'(Fy;) x ['(E/C) — I'(E/C) is flat.

Since F @ Fp, is Dirac if and only it Fy C T'E is involutive, we have recovered
Proposition 4.2 in [29], see also [30].

The second example describes a Dorfman connection adapted to the graph of a
linear (almost) Poisson structure.

Example 4.21. In the situation of Example[.3] consider U = graph(p: A — TM) C
TM & A* and set K = graph(—p': T*M — A*) = U°. A straightforward computation
shows that

Ap(ay.a)(—0'(6),0) = (—pt (VBaS*O) ,VS“J‘S"&) € I'(K)
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for all a € T'(A) and 0 € Q'(M). Furthermore, we have

[(p(ar),a1), (p(az), az2)]a = (p(lar, az]), [a1, az))

for all ai, as € I'(A), which shows that (U, prypy, [+, ]a) is a Lie algebroid if and only
if A is a Lie algebroid. We have:

Apaya) (@, 0) = ((a, Vbisa) + Ve — pH{V.a,0), (V.a, a>>

= ((a,VPaS@ + Vi 0) = (£,0,0).

Finally, the right-hand side of vanishes for (p(a), a), (p(b),b), (p(c),c) € I'(U)
and arbitrary (a,6) € I'(A* @ T*M) if and only if A is a Lie algebroid.

Hence, we find that the linear subbundle D of TA* & T*A* — A* associated to
U, K and A is an almost Dirac structure on A*, and that is is a Dirac structure if
and only if A is a Lie algebroid. The vector bundle D — A* is the graph of the vector
bundle morphism

74 T*A* — TA*

associated to the linear almost Poisson structure defined on A* by the skew-symmetric
dull algebroid structure on A (see [I7]). More precisely, D is spanned by the sections
k' for k € T(K) and oa(u) for u € T(U), or, equivalently, by the sections (—p'0", ¢%.0)

and <$\a, d€a> for 6 € QY(M) and for a € T'(A). By |Appendix A.1} these are exactly
the sections (1%, (¢%.6), ¢.60) and (7%, (d¢,), dl,).

The third example finds a Dorfman connection adapted to the graph of a linear
closed 2-form on FE.

Example 4.22. Consider, in the situation of Example , U := graph(—o': TM —
E*) and K := graph(o: E — T*M). Then U = K° by definition and since

Ax,—atx)(e,0(e)) = (Vxe,o(Vxe)),
we find that Ak € I'(K) for all w € I'(U) and k € I'(K). Furthermore, we have
[(X, _UtX)’ (Y, _Uty)]]A = ([X, Y], _Ut[Xv YY)

for all X, Y € X(M) and U is a Lie algebroid (isomorphic to 7'M with the Lie bracket
of vector fields). Alternatively, the Jacobiator in is easily seen to vanish on
sections of U. This shows that the double vector subbundle D C TE @ T*E defined
by U, K and A is a Dirac structure.

By the considerations in [Appendix A.2] D is the graph of the vector bundle
morphism TE — T*E defined by the closed 2-form 0*we., € Q*(F).
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Example 4.23. In this example, we consider the vector bundle £ = T'M, for a
smooth manifold M. Consider a Dirac structure D on M and the Bott-Dorfman
connection

AP:T(D)xT(TM & T*M/D) — T'(TM & T*M/D)

defined by D (see Proposition [3.7)). Choose an extension A: I'(TM &T*M) x T'(TM &
T*M) — T(TM & T*M) of AP i.e. a dull extension of the restriction to I'(D) of the
Courant-Dorfman bracket.

It is easy to check that the triple (D, D,[A]) = (D, D, AP) is a Dirac triple. Later
we will see the meaning of the Dirac structure on T'M associated to it.

Example 4.24. We now combine Examples and We consider the vector
bundle 7*M — M endowed with a T'M-connection V and the Dorfman connection

A:T(TM & TM) x T(T*M & T*M) — T(T*M & T* M),

A(X,y)(e,W) = (VXQ, £X(w - (9) + <V*<X + Y),w) + VXH)

Consider a subbundle /' C TM and U := {(v,—v) | x € F} CTM @& TM. The
annihilator K = U° is then given by K = {(6,w) e T"M & T*M | § —w € F°}.

Note that by Example [£.4] the dull bracket on TM @ TM is skew-symmetric.
It is easy to see that its restriction to U is just the Lie bracket of vector fields:
[(X,—X),(Y,-Y)]a = ([X,Y],—[X,Y]) forall X, Y € T'(F). Hence, we know already
that the linear subbundle Dy g [a]) is an almost Dirac structure on 7M. An easy
computation using [Appendix A.2| yields that

D, ia)(0) = {(vg, Wi (ve) + o) | va € F(0),m9 € F°(6)}

for all § € T*M, where F = (Tcyp ) *(F). Assume that M is the configuration
space of a nonholonomic mechanical system and F' the constraints distribution. If
L is the Lagrangian of the system, then the pullback to the contraints submanifold
FL(F) C T*M of the Dirac structure Dy k a)) is one of the frameworks proposed in
[31, Equation (22)] for the study of nonholonomic systems, following [32, Equation

(2.1)].

5. The prolongation TA @ T*A — T M & A* of a Lie algebroid A

We consider a Lie algebroid (A — M, p,[-,-]) and a Dorfman connection
A:T(TM ® A*) x T(A@ T*M) — T(A® T*M)

with corresponding dull bracket [-,-]a and anchor pry,, on TM & A*. By Theorem
[4.7], this Dorfman connection corresponds to a linear splitting of TA & T*A. Our goal
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is to compute the representation up to homotopy defined by this linear splitting of
the VB-algebroid (TA® T*A — TM @& A*, A — M). Note that until now, only the
representations up to homotopy defined by standard Dorfman connections were known
(Example [2.11)). The results in this section are used in [9] to describe infinitesimally
Dirac groupoids.

We define a map Q: I'(TM & A*) x I'(A) = T(A&T*M) by
Qxaya = A(X,a)(a, 0) — (0, d{a, a}).

Q satisfies Qp(x.0y0 = [Qx,a)a and Qx 0y (fa) = [Qx,aya+X(f)(a,0) = (o, a)(0,df)
for all f € C*°(M), a € I'(A) and (X, a) € I'(T'M & A*). For each a € T'(A), we have
two derivations over p(a) € X(M):

Lo T(AT*M) T (A T*M), £Lo(d',0) = ([a,d'], £,)0) and
Lo: T(TM & A*) - T(TM @ AY), L.(X,a) = ([pla), X], £,a).
Note that £,(a',0) = fLa(d,0) + (—p(d)(f)a, (0, p(a))df).

5.1. The basic connections associated to A\

Proposition 5.1. The two maps
VP T(A) x T(TM @ A*) —» T(TM @ A*), and
VP T(A) x T(ADT*M) - T(A® T*M),

defined by VP*(X,a) = (p, P (Qxa) + £.(X, @) and Vhas(a' ) = Qo) (0,000 +
La(d',0) are ordinary linear connections.

Proof. The proof is straightforward and left to the reader. O]

The following proposition is easily checked, and shows that the connections are
dual to each other if and only if the dull bracket on I'(T'M @& A*) is skew-symmetric.

Proposition 5.2. We have
(Vov,7) + (v, V1) = pla){v,7) — (Skewa (v, (p, p')7), ) (5.19)
Vo (p p') = (p, p)V ™7 (5.20)
forallae'(A), ve'(TM & A*) and T e T(AT*M).

Definition 5.3. The connections V**: T'(A) x I(TM @& A*) — I'(TM @& A*) and
VP T(A) x T(A@® T*M) — T(A® T*M) in Proposition [5.1 are called the basic

connections associated to /.
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Proposition 5.4. The map
RY:T(A) x T(A) x T(TM @ A*) = T(A® T*M)
where R%(a,b)(X, a) is
—Qxayla, b + £ (Qxarb) — £4 (Qxa)a) + Qgpas (x,0)0 — Qs (x,0b-
is tensorial, i.e. it defines R3S € Q?(A, Hom(TM & A*, A® T*M)).
Proof. This proof also is a straightforward computation. O

Definition 5.5. We call the tensor R the basic curvature associated to A.

Proposition 5.6. The basic curvature satisfies Rgvas = B3 0 (p, p') and Rygoas =
(p; ") o RR™.
Proof. For r e '(A@® T*M) and a,b € I'(A), we have

Ra(a,b)((p, p)T) = —=Qppyrla, b + £ (Qpptyr) — L4 (Qp pt)ra)
+ Qb (p,ptyr@ = Ldwpasp,pt)rb
= =Qpp1rla, b = LT + £a ()b + £17)
— £ (Q(p’pt)Ta + £a7') + Qvl’jas(p#)t),ra — Qvgas(p7pt)7—b
= VT + VoE VST — ViVt = Ryes(a,b)T.

Note that in the second equality, we insert £,£y, — £y£, — £[54 = 0. The second
equality is shown in a similar manner. O]

5.2. The Lie algebroid structure on TA®T*A — TM ¢ A*

Consider a Lie algebroid A and a Dorfman connection A: I'(TM & A*) x '(A &
T*M) — I'(A@ T*M). Then, for any section a € I'(A), the horizontal lift o4(a) €
Cryeas(TA® T*A) is given by

05(a) (Vm, ) = (T, da, le) — Ax,)(a, 0) ()
for any choice of section (X, «) € I'(T'M & A*) such that (X, a)(m) = (vm, oy ). That
is, we have

o4 (a) = (Ta, R(dl,)) — Qa=d — Qa

for all @ € T'(A) (using the notation of [Appendix CJ). For simplicity, we write o4 for

A
o%-

Proposition 5.7. The Lie algebroid structure on TA®T*A — T M & A* with anchor
O:TAGT*A - T(TM & A*) is described as follows:
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L [oa(a1)oa(az)] = oa([ar, az]) — RX5(a1, az),
2. [oa(a), 7] = (V1)1

3. [TlT,TQT] =0,

4. O(oala)) = Vb= € X(TM @ A*),

5.

bay
O(r") = ((p,p") )" € X(TM @ A*).

In other words, we have the following theorem.

Theorem 5.8. (p,p'): A& T*M — TM & A*, the basic connections V> and the
basic curvature R define the representation up to homotopy describing the VB-Lie
algebroid structure on TA@® T*A — T M @& A* in the linear splitting given by A.

Proof of Proposition |5.7. The proof of this theorem consists in checking the formulas,
using the description of the Lie algebroid structure on TA® T*A — TM & A* in

We begin with the Lie algebroid brackets. Choose aq,as € T'(A) and
7 € (A® T*M). Using Proposition [3 we find

[oa(a1),04(az)] = [aﬁ - QElﬂlz - 9772]

= a1, a9 — ff:;?l./ag + ff;?l./al + Q.ag o (p, pt) 0 Qay — Q.ay o (p, pt) 0 Q.ay

= oalay, as] — R (a1, az).
We have used
(£ 902)(0) + (£ (0) + (Las 0 (p.p) 0 L)) — (Qa o (p. ) 0 L) (v)
= - £a1 Q'L}CLZ + Q.Ealva2 + £G2Qv(11 - Q£a2va1 + Q(p,pt)ﬂva1a2 - Q(p,pt)Qvazal
= — £a19va2 =+ £QQQUG1 —+ QVQTSUCLQ — Qvg;%al = —Rzas(ah CLQ)U i Qv [ah a2]
for all v € I'(T'M & A*). Next, we find

[0
For the anchor map, we compute O(c4(a)
desired equality since

((Q.a)((p,p")7),v)

a(@), 7] = (£a7)! 4+ Qp iyt = (Vo)
)(€7) = Leor—(@.a)t((ppt)r), Which yields the

((p, P20, 7) = (V™0 — Lav, 7)
pla) (v, 7) — (v, Vo™'7) — (£Lav, 7)

and consequently (v, £,7 — (Q.a)'((p, p')7)) = (v, VP2"7). The remaining equalities
follow from Proposition [3] in [Appendix C| O

Proposition 5.9. Consider a Lie algebroid A and a Dorfman connection A: T'(T'M &
AT (A®T*M) — T'(A®T*M). LetU C TMBA* and K C A®T*M be subbundles.
Then the linear subbundle Dy k (a)) 15 a subalgebroid of TA@®T*A — TM & A* over
U if and only if:
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L (p,p)(K)CU
2. Vbask e I'(K) for alla € T'(A) and k € T(K),
r

3. VPay € T(U) for all a € T(A) and u € T(U),
4. R%(ay,as)u € T(K) for allu € T(U), ay,ay € T'(A).

Proof. Assume that D g a)) — U is a subalgebroid of TA ® T*A — TM & A*.
Then we have ((p, p")k)'y = ©(k'|y) € X(U) and @S|U = O(o4(a)|ly) € X(U)
for all a € T'(A) and k € T'(K). This is the case if and only if ((p, p")k)"(¢,)|r = 0
and V/B\aS(ZTHU = 0 for all 7 € T(U°). Since ((p,p")k)T(¢;) = 7 ((p, p')k, ) and
5‘3\&8(&) = lgpas=,, we find that (p, p')k must be a section of U and Vhasr € D(U°)
for all 7 € T'(U°). But the latter is equivalent to V?*u € T'(U) for all u € T'(U). We
have in the same manner (V22k)T|y = [o4(a), k']|v € DN(Dw,k a)) and (oalar, as] —
R (ay,a2))|v = [oalar), 04(a2)]|v € T(Dw,k a)) forall ar, as € T(A) and k € I'(K).
But this is only the case if V2*k € T'(K) and, since oalar,as]|lv € T(Dw,k a)),
if RR(a1,a9)'|y € T'(Dw,kap). This holds only if R (ai,a2)u € I'(K) for all
u € I'(U). The converse implication is shown in a similar manner. O

5.3. LA-Dirac structures in TA® T*A

Our last result is a description of the triples (U, K, [A]y k) associated to Dirac
structures on A that are at the same time Lie subalgebroids of TA®T*A — TM & A*.
We call such a Dirac structure Dy an LA-Dirac structure on A, and we call the
pair (A, D4) a Dirac algebroid.

Proposition 5.10. Consider a Lie algebroid A and a Dorfman connection A: T'(T M@
AV xT(AT*M) T (A T*M). Let U CTM & A* and K C A@ T*M be sub-
bundles. Then Dk (a)) i a Dirac structure in TA® T*A — A and a subalgebroid
of TAGT*A — TM & A* over U if and only if:

1. K=U°

2. (p,p")(K) CU,

(U, prran -5 ]a) s a Lie algebroid,

Vbhask € T'(K) for all a € T(A) and k € T(K),

5. RX*(a1,a5)u € T(K) for allw € T(U), ar, az € T(A).

i

Proof. This theorem follows from (2) in Corollary [4.16] together with Proposition [5.9]
Note that if U = K°, (p, p')K C U and (U, pryy, [+ ]a) is a Lie algebroid, then VP2
preserves ['(U) if and only if VP preserves T'(K). So (2) and (3) in Proposition
become one single condition. O

Hence we have found the following result.
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Theorem 5.11. There is a one-one correspondence of triples (U, K, [Alu.x) satisfying
(1)-(5) in Proposition with LA-Dirac structures on the Lie algebroid A.

Remark 5.12. If D is an LA-Dirac structure over U C TM @ A* in TA® T*A, then
(D — U,A— M) and (D — A, U — M) are VB-algebroids. A linear splitting ¥4
that is adapted to D defines a linear splitting > of D. The 2-term representation
up to homotopy (A, V,Ra) of U on prg: U — A describes (D — A, U — M) in
this splitting (see Corollary . Proposition shows that the representation up
to homotopy (VP8 VP RR) of A on (p,p'): ADT*M — TM @& A* restricts to a

representation up to homotopy (VP Vbas RRas) of A on (p, p')|ye: U° — U. One
can check that these two 2-term representations up to homotopy form a matched
pair, which implies that D is a double Lie algebroid [26]. The computation is very
similar to the one for the double Lie algebroid T'A in [26, Section 3.3].

Finally we discuss our previous examples and we recover the equivalences of
infinitesimal ideal systems with foliated algebroids [29], of Lie bialgebroids with
Poisson Lie algebroids [10] and of IM-2-forms with presymplectic Lie algebroids [12].
To avoid confusions, we write V4 for the A-basic connections induced on A and T'M
by the Lie algebroid structure on A and the connection V, and R& for the basic

curvature associated to it (§2.2.2)).

Example 5.13 (Foliated algebroids and infinitesimal ideal systems). In the situation
of Examples and [£.20 assume that the vector bundle F is a Lie algebroid A.
We show that the conditions in Proposition define in this case an infinitesimal
ideal system [29], see also [33]. Condition (1) is trivially satisfied by construction and
Condition (3) is the involutivity of Fj; and the quotient of V to a flat connection
V:T(Fy) x T(A/C) — T'(A/C) (Example . Condition (2) is p(C) C Fy,
Condition (4) is VAc € T(C) for all ¢ € T(C) and VAX € T'(Fy) for all X €
['(Fy). To see this, note that VPa: I'(A) x T(A® T*M) — T'(A @ T*M) is here just
Vb3 (a',0) = (VAd', VA'H). Finally, an easy computation shows R3(ay,as)(X, a) =
(R& (a1, a9) X, —R&(ay, az)*a), which implies the equivalence of Condition (5) with
R&(ay,a2)X € T(C°) for all X € I'(Fy) and all ay,ay € T'(A). Therefore, following
[30, §5.2] we find that the conditions of Proposition are satisfied if and only if
(Fy, C, V) is an infinitesimal ideal system in A.

Example 5.14 (Poisson Lie algebroids and Lie bialgebroids). Consider again Exam-
ples 4.3 and [£.21] Assume that A* has itself also a Lie algebroid structure with anchor
p« and bracket [-,-],. For simplicity, we switch the roles of A and A* in Examples
and [£.21] We show that U, K, A satisfy the conditions of Proposition [5.10]if and only
if (A, A*) is a Lie bialgebroid. Recall that we have already found that (1) and (3) are
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equivalent to A* being a Lie algebroid. Then, (2) in Proposition is equivalent to
peop’ =—popl. (5.21)
We assume in the following that this condition is satisfied. We also have:

Qpo(a),a)@ = (faa — P {V*a, a), (V*a, a>) —(0,d{c, a))
= (iadAa + pi <Oé, VACL), —<O,/, VCZ>) )

for all « € T'(A*) and a € T'(A) and so
Q(p7pt)(,pi979)a = Q(p*(ptg)’ptg)a, = (iptgdAa + pi <,0t9, V.a>, —<ptl9, Va)) .
for all € QY(M). In particular, if § = df for some f € C°(M), we get:
Vo (=pudf,df) = Qop-prarana + £La(—pldf,df)
= (ia,.rdaa + pi(da-f,V.a) = [a,daf]. —(da- £, V.a) + d(p(a)(f))) -
Thus, using (1) in Proposition [5.10] V?*(—ptdf,df) € T(K) if and only if
<(idA*fdAa + pi <dA*f> V(l> - [(I, dAf]? _<dA*f> VCZ> + d(p(a)(f>)) ) (p*Oé, O{)> =0

for all & € I'(A*). But this pairing equals

<(idA*fdAa + pi<dz4*fv VCL> - [a’ dAf]? _<dA*f7 VCL> + d(p(a)(f))) ) (p*Oé, Oé)>,

which is easily shown to be ([p.(c), p(a)]+ ps(£q0) — p(£aa) + p(dalc, a)))(f). Since
f was arbitrary, we have shown that the fourth condition is satisfied if and only if

9(), p(@)] = pu(£40) + p(£0a) = p(da(aa)) (5.22)

for all @ € I'(A) and a € I'(A*). Thus, we have found until here and (5.22),
which are properties of Lie bialgebroids (see [20]).

Using these equations, we study Condition (5), on the basic curvature. Since
Qi (),)0 = (1adaa,0) — (—pl(a, V.a), (o, V.a)), we find (Q,. ()00, (p:/, ) =
(daa)(a, ) forall a € I'(A), a, o’ € T'(A*). The fourth condition together with
and the first and third conditions imply that V"2y € T'(A) for all u € T'(U). Hence,

Vo (p(@), ) = (p. p') (iadaa + pia, V.a), —(a, V.a)) + La(p:(a), @)
= (p(—p"{a,V.a) + £,0), —p"(e, V.a) + £,0)

and
(Qgbas(poa,m @’ (020, ) = (dad’)(—p" (e, V.a) + £.0,)
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for all a,a’ € T'(A), a,/ € I'(A*). Then a computation yields

(RX®(a,a')(pecv, @), (pec, ) = (dala, a'] = [a,dad] + [d, daa])(a, @)
{0, Vp,(£2000") = (@ Vip(a) pea)@’) = (@, Vo (£,,01@) + {0, Vipar) p.ar)@)
+ (@ Viaataan @) = (@ Ve ua)@) = (0 Viaate am @) + (@ Ve pana).
By , the second and the third lines vanish. We find hence that the last condition
is satisfied if and only if (A, A*) is a Lie bialgebroid. Hence, (U, K, [A]) is an LA-Dirac

triple if and only if (A, A*) is a Lie bialgebroid, and so the graph of 74 is a subalgebroid
and Dirac if and only if (A, A*) is a Lie bialgebroid. This was already found in [10].

Example 5.15 (IM-2-forms and presymplectic Lie algebroids). In the situation of
Examples 4.4 and [4.22] assume furthermore that F =: A is a Lie algebroid. Condition
(2) in Proposition reads here (p, p')(a,o(a)) = (p(a), —c'p(a)) for all a € T'(A),
that is, p' o 0 = —o' o p. This is equivalent to the first axiom defining an IM—2—form
o: A— T*M [11], 12], namely (o(a1), p(az)) = —(p(ay),o(az)) for all a;,as € I'(A).
Next we compute VP (a/, o(a’)). We have
Qix—otxya = (Vxa,—£xo(a) +0(Vxa)) + (0,d{c(a), X))
= (Vxa,—ixdo(a) + 0(Vxa))
and as a consequence
Vgas(a, O'((l,)) = Q(p,pt)(a’,a(a’))a —+ £a(CL/, O'(CL,))
= (Vpw)a + la, ], £y@)0(a’) = ipando(a) + o(Vyw)a).

Hence we find that VE*(a’,0(a’)) € T(K) if and only if ([a, @], £ )0 (d’) —ip@do(a))
is a section of K, i.e. if and only if o([a,d’]) = £ @)o(a’) — iywydo(a). Since this
is the second axiom in the definition of an IM—2—form, we find that the graph of
(0" Wean)": TA — T*Ais a subalgebroid of TAGT*A — TM®A* over U = graph(—a?)
only if 0: A — T*M is an IM—2—form.

In order to recover the equivalence of IM-2-forms with presymplectic Lie algebroids

[12], we show that in this example, Condition (5) follows from the four previous
conditions. We have also for a,a’ € I'(A) and X € X(M):

£Q/Q(X7_Utx)a = —(0, £p(a/)ixda(a)) + ([a’, Vx&], .fp(a/)O'(VXa))
= —(0, i) x1do(a) +ix £,@)do(a)) + ([, Vxal,o([d', Vxa]) +iyvado(a’))

and
VoS (X, —=0'X) = —(p, p')(0,ixdo(a)) + (p, p)(Vxa,0(Vxa)) + £4(X, —0'X)
which equals (VAX, —0(V4X)). Then we easily get
RX*(a,d')(X, =0'X) =(Rg(a,d')(X), 0(Rg(a,a')(X))) € T'(K).
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Example 5.16 (Tangent Dirac structures). We are here in the situation of Exam-
ple 4.23] Recall that 7'M — M with the Lie bracket of vector fields and the anchor
IdTM is the standard example of a Lie algebroid. We check here that the Dirac
triple (D, D, AP) satisfies the conditions of Proposition m First, we obviously have
(Id7ps, Id%,,) (D) C D. Then, note that for all X, Y € X(M) and 6 € QY(M), we have

V(Y 0) = £x(Y,0) + QX =[(X,0),(Y,0)] + Awe(X,0) — (0,d(d, X))
= A(Yﬁ) (X7 0) - [[(Yv 9)7 (X7 O)]]

Thus, we can compute for X € X(M) and dy,dy € I'(D):

<V§?Sd17 d2> = <Ad1 <X7 0) - [[dlv (X7 O)]]? d2> < (X ) > - <Hd17 (X7 0)]]7 d2>
= <[[dl>(X70)]]7d2>_ <[[d1’(X>O)]]’d2> 0.
This shows that V5#d € T'(D) for all d € T'(D). Finally we check Condition (5),
involving the basic curvature. For this, note first that an easy computation using
(Ag(X,0),d) = (AP(X,0),d) = ([d, (X 0)],d) yields (Q24X,d) = —(£xd,d') for
all X € X(M) and d,d" € T'(D). We get that (R2(X, X5)d, d') equals
<—Qd[X1,X2] + £XleX2 — £XQQdX1 + Qvlg(azstl — Qvl))(alstQ, d/>
= (L x00d + £x,QaX0 — £x,0X1 — Lx, VEd+ £Lx, V3, d'),
since we have found above that Vbasd Vbabd € I'(D). But since £ x, Q24 Xo— £ XlVbabd =
_-£X1£X2d we find <RbaS(X1, Xg)d d> <£[X1,X2]d £X1£X2d + £X2£X1d d/> = 0.

There is a canonical isomorphism from the Courant algebroid over T'M

TTM & T*TM —=TM & T*M — T(TM)&T(T*M)—=TM & T*M

| | | |

TM M TM M

to the double tangent of the vector bundle 7'M &T* M [34], see also [20]. One can check
in a straightforward manner (using for instance [20]) that this isomorphism is nothing
else than the anchor of the VB-Lie algebroid (T(T'M)&T*(TM), TM&T*M;TM, M).

D(p.p.apy is spanned as a vector bundle over D by the sections o4,,(X)|p for
all X € X(M) and dT|D/§)r all d € T(D). By Theorem [5.7, the image of o%,(X)

under the anchor © is V5 and the image of d' is d'. Hence, since V" restricts to
a T'M-connection on D, we get that the linear subbundle (Dp p apy, D; TM, M) is
sent via this isomorphism to (T'D, D; T M, M), the tangent Dirac structure in [17].
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Appendix A. Linear almost Poisson structures and the canonical symplec-
tic form on T*FE

Appendiz A.1. Linear almost Poisson structures

Consider here a skew-symmetric dull algebroid (A, p, [-,-]). This is equivalent to a
linear almost Poisson bracket on the vector bundle A* — M, i.e. a skew-symmetric

bracket {-,-}: C®(A*) x C*°(A*) — C*°(A*) such that

1. {-,-} satisfies the Leibniz identity,

2. {la, by} = l1ap) is again linear for two sections a,b € I'(A) and

3. {la, ¢} = ¢ (p(a)(f)) is again a pullback for all a € T'(A) and f € C®(M).
Let m4 € X?(A*) be the bivector field associated to this almost Poisson structure. We
describe the vector bundle morphism ﬂﬁA: T*A* — TA*, dF — {F,-}, F € C>®(A"),

associated to it.
We compute the vector fields 7% (df,) and 7% (¢%,0) for alla € T'(A) and 6 € Q'(M).
(q

(d
Since 7 (g3-4f)(q5-9) = 74 (g /)(@5-9) = 0 and (A F)(Le) = —gy (p(a) (f)
for all f,4 € C>°(M) and a € T'(A), we find 7,(¢.df) = —(p'(df))T for all f €
C>(M) and consequently 7 (¢%.0) = —(p'0)" for all § € Q' (M). In the same manner,
we have

T(Al) () = by and 7h(dl)(dh-S) = g (p(a) ()

for a,b € I'(A) and f € C°°(M). Recall that the vector field £, € X(A*) satisfies
£, alam)(ly) = €ab](am) and £, alam) (@ f) = pla(m))(f) for a,, € A*. This shows
the equality 7% (df,) = £..

Appendix A.2. The canonical symplectic form on T*E

Now let M be a smooth manifold and ¢y, : T*M — M its cotangent bundle. Recall
that there is a canonical 1-form 0., € QY(T*M), given by

(Ocan(m) s Vi) = (s T ar (V)
for all n,, € T*M and v,, € T, (T*M). The canonical symplectic form we,, €
O2(T*M) is defined by wean = —dbean.
Consider a vector bundle £ — M endowed with a vector bundle morphism
A E — T*M over the identity, and a connection V: X(M) x I'(E) — I'(F). For

simplicity, we write o¥ for the horizontal lift oy,,;. The one-form \*0.., € Q'(E) can
be described as follows

(M ean)(€1,), 0V (X)(€1,)) = (Bean(A(€],)), Tep, AoV (X)(€1,))) = (A(el,), X (m))
(A" Ocan) (e ' m
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for all e/, € E, X € X(M) and e € I'(E). This shows in particular the equality
(N Ocan, oV (X)) = Uxe(x)- As a consequence, we get for all e, ey, ez € QYM), X,Y €
X(M):

Ntoean(07 (X),07 (V) =07 (X) (W llan) (07 (V) = 07 (V) (X Bean) (07 (X))
~ (Vfea) (0¥ [X.Y] ~ Ry(X.Y))

=Ly vy — bvpoex) — Iaxy] = 0vs (0y) - vy (M X) A XY
XN Wean (07 (X), €") =0V (X)(0) = €T (lxix) = Nean ([0V (X)), €]) = =gi(A(e), X)

and M wean (€], €}) = 0. Hence, the one-forms (M wean)’(0¥(X)) and (M wean)’(e) €
QY E) are given by

(Nwean)’ (0¥ (X)) = dloyex + A(Vxe) = Lx(A()),

where A\(Vx-) — £x(\(+)) is a section of Hom(E, T*M), and (\*wean)’(eT) = q(A(e)).

Appendix B. Proof of Proposition 4.9

In this section we prove Proposition 4.9 For simplicity, given a Dorfman connection
A:T(TM @ E)xT(E®T'M) - T(E®T*M),

we write X = pryg (0855 (X, €)) and & = pro. g (0855 (X, €)). The reader should
bear in mind that both X and £ depend on X and e. More precisely, X is the linear
vector field V/(;E), with the connection V: T(TM & E*)xI'(E) — I'(E) in Proposition
.71 Recall that by construction, the Dorfman connection can be written

A(Xﬁ)(e, (9) = A(Xﬁ)(e, O) + (0, fXH) (Bl)
for all (X,e) e I'(T'M & E*) and (e,8) € I'(E & T*M). This shows that
prpoA =Vopry. (B.2)

Lemma 1. Choose (X,¢) € I'(T'M & E*) and e € I'(E). Then
L. (&, e") = gple,e).
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Proof. The first claim is immediate by the definition of €. For any ¢’ € I'(E), we have
(£er€, €/T> = eT(<é> €,T>) — (&, [€T7 G/TD = 6T(q*E<5> €,>) —(£,0) =0.

This shows that £.+¢ is vertical, i.e. the pullback under ¢z of a 1-form on M. Thus,
we just need to compute ((£.4€)(e'(m)), T,n€'vy,) for ¢ € I'(E) and v,, € TM. But
we have

((£eré)(e'(m)), Ton€'vm) = — . (£('(m) + te(m)), T @5 (Tne'vm))

= 7| () + te(m)), Tule! + te)um)

= — U (e, € 4 te) — (prpep Axe (€ +te,0), v)
=0

= Um<€7 €> - <prT*M A(X,E)(ea O)a Um>'

For the third equality we just need to compute (X, e'](£r) for sections &' € I'(E*)
and [X, eM(q f) for functions f € C°°(M). We have

(X, e(L) = X(eT(lr) — €' (X (L)) = X(ap{e’ €) — €' (bur, o)
=i (X(,e) = (Vixoe'0) = (Vixae) (t),

and [X, e](g5f) =0 = (Vxge) (gpf) since e’ ~y, 0 and X ~,, X. O

Next note that since X is linear over X, the flow gzﬁfz of X is a vector bundle
morphism £ — E over ¢;* : M — M, for any ¢ € R where this is defined. Hence, for

any section e € I'(E), we can define a new section 1" (¢) € I'(E) by
X, X
e = 0% oo d.

Lemma 2. The time derivative of wiXﬁ) satisfies

d (X&) oy _
i, Py (e) = Vix €.

Note that in this statement, there is an abuse of notation: Given m € M, the
curve c: t +— ;X(e)(m) is a curve in E with ¢(0) = e,, and satisfying qg o c = m.
Hence, the derivative ¢(0) can be understood as a vertical vector over e,,. But given
e € I'(F) we understand the map m — £ | —o ng’g)(e)(m) as a new section of F.
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Proof. Since ¢;* is linear, we have

(65 ) e) = e+ 50 e) (m)

0

S5 6 () + se( (m) = -

0

for e/, € E. Thus, we get for any € € I'(E*):

RN = G| (e o (65

d d ! X.e _ d d / Xe
= 7| @ O<g(m),em+s¢g J(e)(m)) = as | 0<€(m)>em+sw§ (e)(m)
= % Os<a(m)’ % O¢§X7E)(e)(m)> — <€(m),% Ong’s)(e)<m>>-

This shows that

%, el] = (% 0¢£X’E><e>)T.

By (3) of Lemma |1, we are done. O

Now we can prove Proposition [4.9] We write 7 = (e, 0), 7, = (e;,6;) and v = (X, ¢),
v = (X;,g) fori=1,2.

Proof of Proposition [f.9. The first equality is easy to check: for the tangent part, we
use the commutativity of the flows of the vertical vector fields. For the cotangent
part, note that since ej ~gp 0 for ¢ = 1,2, we get immediately £qu§«92 — iegdqgel =
q*E (£062 - iodgl) = 0. N

For the second equality, we know by Lemmathat (X, €] equals (pry Acx (e, 0))".
We compute the cotangent part of the Courant-Dorfman bracket. Using Lemma [T},
we have

£3qp0 —iadé = £L3qp0 — £46+d(E,€)
= £3q50 — ¢ (d(e, €) — pro-yr Arxo)(6,0)) + dgi(e, e)

* B.1)
= qp(£x0 + proey Axe)(e,0) = g Pryey AT

This leads to our claim [of,qp-(v), 7] = A, 7"
For the last equality choose a section 7 = (e,0) of E@® T*M. Then the pairing of
£X1§2 — 15(2(2151 with GT is

X1 (5s,eh) — <,§27 [X17€T]> — Xolér, el + el (e, Xy) + <51, [X27€T]>
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First we have (5,e') = ¢4(es,e) by Lemma (I, and consequently we find that
X (8, ¢f) equals g (X (e2, €)). Then, we get (&, | X1, €| ) = a {2, Vi, cupe) by (3)

of Lemma, and (€1, Xy) (en) = Xa(m){e1, €)—(e1, Vo,e) () —(Xa, prons Ay, (€,0))(m),
which defines a linear function on E. This yields

eT<517X2> = q*E (X2<€17 €> - <517 vu2€> - <X27prT*M Am (67 0)>) .

Thus, we get

(£3,8 —ig,der, ) = g (Xi(e2.€) — (22, Vure) — Xalere] + Xoler®] — (- ¥57]
(XD Ay (6,0)) + (£4-97€))

q*E (X1<€276> - <<X2,€2),A,/1 (6’0») = q*E<[[V17 VQ]]A’ (670)>'

This leads to ([0 105 (1), 0yap (12)] , (6,0)T) = g3([v1, 2] a, (e, 0)), which shows
that [[G%M@E* (V1)7 U%M@E* (VQ)]] (em) - (Tme[le X2]<m)7 demgprE* [[V17V2]]A) + TT(em)v
for some 7 € I'(E @ T*M). Hence we know that for any (X,¢) € T'(TM & E*), we
have

(r, (X, e))(m) = ([o7mop (1), 0T uep- (12)] (em), (TneX (m), de, b))

— X(m) ([, vl (0, 0)) — [Xu, Xelm)(ere). )

First we find |:X1,X2] (L) = €v;1V;25_V;2V;15. We compute (£ 3 &, T,e X (m)).
Using Lemma [2 and the identity gthl(em) = p",(e)(¢;* (m)), we find

(B0 (). (2,0 o Toe) X (m))

(E2(074(e) (1 (M), Ty, 7€) ((673)7(X) (67 ()

o 0((&%)*(?())(82,wiﬁ(e)ﬂ P (m)) = (prrens Aoy (¥74(e), 0), (67)"(X)) (@7 (m))

= (—[X1, X]{(eq, €) + X1 X (e9,€) — X (g9, prg Ay, (e,0)) — X1(prpp; Ay, (e,0), X)
+<prT*M AVQ (6, O)a [X1>X]> + <prT*M AVz(prE AV1(€7 0)7 0>7X>) (m)

We also have

(., (1, Xo), TmeX (m)) = X (<51,X2> ° e>
= X (Xa{e1, ) — (proear Au,y (6,0), Xo) — (€1, Vi,e))
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which leads to

(£3,8 —ig,dé), TeX (m)) = (£5,8 — L&+ d(E1, Xs), TrueX (m))
= (e ) = X(e V) X1<prT* Au(€,0), X) + (prpens Auy(e,0), (X2, X])
+ (prywas Ay (Vo €,0), M—FW
+ Xo(proye s Ay, (e,0), X> (proens Au, (€,0), [Xo, X]) — (proeps Ay, (Vo,e,0), X)
+X T, €) — X (pryep Ay, (€,0), Xo) — X (£4-¥€)) (m)
The first, second and last remaining terms add up to X (X (v, (€,0))—(A,,(e,0),15)) =

X([v1,v2]a, (e,0)). The fifth remaining term is (A,,(pry Ay, (e,0),0), (X,0)). But
this equals

Xa{(prg Ay, (e,0),0), (X, 0)) — ((prg Ay, (€,0),0), [v2, (X, 0)]a)

=0- < V1(6 0) [[V27(X O)]]A> <prT*MAV1( O) [XQaXDv
which, together with the seventh remaining term, add up to —(A,, (e, 0), [v2, (X, 0)]a).
This and the sixth remaining term add up to (A,,A, (e,0),(X,0)). Similarly, the

eighth, third and fourth remaining terms add up to —(A,,A,,(e,0), (X,0)). This
leads to

<£X152 — ij(2d6~1, TmeX(m)>
= (X<[[V17 VQ]]Av (67 0)> - <AV1AV2(67 0) - AVZAVI (67 0)7 (X7 0)>) (m)

Now we find that (B.3)) simplifies to the function (7, (X,¢)) being

<v;1vz*/25 - VZQV;& 6> - [le XQ] <67 6) - <AV1AV2 (67 O) - A1/2Al/1 (67 0)7 (X7 O>>
= (Ry~(v1,12)e + V[, 1.6 €) — [X1, Xol(e, €)

- <RA(V17 VQ)(ev 0) + A[[VLVZ]]A(67 0)7 <X7 0)>
<_RV(V1> 1/2)6 - V[[l/lﬂ/z]]Ae? 5> - <RA(V17 VQ)(67 O) + A[[l/lﬂ/z]]a(e? 0)7 (X7 O>>
<_RA(V17 1/2)(6, O) - AHV17V2HA(67 O)v (X7 8))

In the last equality, we have used (B.2)), which implies that pry o Ra(v1,12)(e, 0) equals
Ry (v1,15)e. This shows 7 = —Ra(v1,145)(€,0) — Ap, 1,74 (€, 0). O
Appendix C. The Lie algebroid structure on TA P T*A - TM P A*

Let (ga: A — M,p,][-,-]) be a Lie algebroid. We describe here the Lie algebroid
structures on TA — TM, T*A — A* and TA®T*A — TM & A*. For simplicity, we
write ¢ :=qa: A — M and ¢, := qa+: A* — M for the vector bundle maps.
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The Lie algebroid TA — T M

Recall that for a € T'(A), we have two particular types of sections of TA — T'M: the
linear sections T'a: TM — T A, which are vector bundle morphisms over a: M — A,
and the core sections a': TM — TA, a'(v,,) = 1,04, +,, % ‘ ot - a(m). The Lie
algebroid bracket on sections of TA — T'M is given by

[Tay, Tas] = Tlay, asl, [Tay, ag] = |ay, CLQ]T, [aI, ag] =0

—

and the anchor is given by pra(Ta) = [p(a), ], pra(a’) = (p(a))t € X(TM) (see [35]).

The Lie algebroid T*A — A*

There is an isomorphism of double vector bundles

T*A* 2 A N T A5 A
ol ST
A M At M

over the identity on the sides, and — idp«;; on the core T*M. The map R is given as
follows: for § € Q' (M), we have R(q;0(cvy)) = dgaly, — q*0(07) and for a € T'(A*)
and a € I'(A4), we have R(dam)la) = dam)(la — ¢* (@, a)) for all m € M. Hence, we
find that for € Q'(M), the core section 01 € ['4«(T*A) is o, — R(—q:0(auy)). For
a € I'(A), we write a® € T4«(T*A) for the section o, — R(da(m)la)-

Recall that since A is a Lie algebroid, its dual A* is endowed with a linear Poisson
structure given by

Wari by} = liap,  {la @i} =@ (p(a)(f),  {aif. g9} =0

for all a;,ay € I'(A) and f,g € C(M). Hence, there is a Lie algebroid structure on
T*A* — A* associated to this Poisson structure, and the Lie algebroid structure on
T*A — A* is exactly such that the isomorphism R: T*A* — T*A is an isomorphism
of Lie algebroids [35, [36].

Therefore, we first give the Lie brackets and images under the anchor map pg« 4« of
the sections df, and ¢:0 € Q' (A*) = ['4-(T*A*), for € QY(M) and a € T'(A). By the
definition of the Lie algebroid structure 7% A* — A* associated to the linear Poisson
structure on A*, one finds easily that the Lie algebroid structure on T*A* — A* is
given by the following identities:

[Cwa: deb] = dg[a,b]a [d&u qI@] = qz(ffp(a)e)a [QIea QIe] =0,
PT*A* (dga) = £a S %(A*)v Pr*A* (qu@) = (_pte)T € %<A*)
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for a,b € T'(A) and 6,0 € Q'(M). As a consequence, we find that the Lie algebroid
structure on T*A — A* is given by
[&{27 GQR] = [alv a2]R7 [aﬁv m] = (£P(G1)9>T7 [91[’ ‘9;] =0,
prea(a”) = £, € X(AY),  prea(d’) = (p'0) € X(AY)

for aj,a; € T(A) and 61,0, € Q' (M).

The fibered product TA X4 T*A — TM X A*

The Lie algebroid TA®T*A — T M @ A* is defined as the pullback to the diagonals
Ay — Ay of the Lie algebroid TA x T*A — T M x A*. We have the special sections

a' = (Ta,a®): TM ® A* - TAGT*A
for a € I'(A) and
(a,0)" == (a',0"): TM ®A* = TADT*A

for (a,0) € I'(A@® T*M). The set of sections of TA®T*A — T M & A* is spanned as
a C°°(TM @ A*)-module by these two types of sections. We write 7: TM & A* — M
for the projection and ©: TA@®T*A — T(TM & A*) for the anchor of TAGT*A —
TM & A*. We leave to the reader the proof of the following proposition.

Proposition 3. The Lie algebroid (TA@® T*A, O, [-,]) is described by the following
identities

[CL%UQZQ] = [&17a2]l7 [QZ>TT] = ("gaT)T’ [7—177—2] =0

[, ¢] = £a0, [0 =0((p, )T,  [d,0] =wo(p,p)op—go(pp)ot,
Od) =L, () =(p.o))".  O(d)=(p.p) oo
for a,b € I'(A), o, 7 €e T(A® T*M) and ¢,¢ € I'(Hom(TM & A*, A® T*M)).
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