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Exercise 1.
Let H be a Hilbert space. An operator V : H → H is called isometric if
||V u|| = ||u|| for all u ∈ H. An operator U : H → H is called unitary if U is
isometric and surjective.

(1) Let (Vn)n∈N be a sequence of isometric operators that converges strongly
to a bounded operator V . Show that V is isometric.

(2) According to (1), the strong limit of a sequence of unitary operators is
isometric but it is not necessarily unitary: Consider the unitary operators
ℓ2 → ℓ2 given by

Un[(fk)k∈N] := (fn, f1, f2, . . . , fn−1, fn+1, fn+2, . . . ),

for f = (fk)k∈N ∈ ℓ2, and show that (Un)n∈N converges strongly to

U0[(fk)k∈N] := (0, f1, f2, f3, . . .).

Exercise 2.
Let H be a Hilbert space and let A ∈ L(H) be a self-adjoint operator with
A =

∫
λ dE(λ). Let B ∈ L(H). Show that:

[A,B] = 0 ⇐⇒ [B,E(λ)] = 0, ∀λ ∈ R.

Hint. For the proof of “=⇒”, show first that for any λ0 ∈ R there exists a
sequence of polynomials pn : R → R such that pn(A)f → E(λ0)f , n → ∞,
for all f ∈ H.

The solutions will be discussed in the tutorial on 07.11.2018.


