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Exercise 1.

Let H be a Hilbert space. An operator V: H — H is called isometric if
|Vu| = |u| for all w € H. An operator U: H — H is called unitary if U is
isometric and surjective.

(1) Let (V,)nen be a sequence of isometric operators that converges strongly
to a bounded operator V. Show that V is isometric.

(2) According to (1), the strong limit of a sequence of unitary operators is
isometric but it is not necessarily unitary: Consider the unitary operators
ly — {5 given by

Un[(fk)kEN] = (fna f17 f2> cee 7fn717 fn+17 fn+27 LR )7
for f = (fx)ken € {2, and show that (U, )nen converges strongly to

UO[(fk>k€N} = (07 f17f27 f37 s )

Exercise 2.
Let H be a Hilbert space and let A € £(H) be a self-adjoint operator with
A= [AdE(N). Let B € L(H). Show that:

[A,B]=0 <= [B,E(\)]=0,V\cR.

Hint. For the proof of “=", show first that for any \g € R there exists a
sequence of polynomials p,: R — R such that p,(A)f — E(X\)f, n — oo,
for all f € H.

The solutions will be discussed in the tutorial on 07.11.2018.



