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Exercise 11.
Let F : S (Rd) → S (Rd), d ≥ 1, be the Fourier transform. Show that, for
γ ∈ C with Re(γ) > 0,

F
(
e−

γ
2
|x|2

)
(k) = γ−d/2e−

|k|2
2γ .

Exercise 12.
For any γ > 0, let φγ : R3 → R be defined by φγ(x) := γ3/4e−γ|x|2/2. Let
H0 = −∆�C∞

c (R3) in the Hilbert space H = L2(R3) and

D = span
{
φγ(· − a); γ > 0, a ∈ R3

}
.

Show that D ⊂ D(H0) and D = H.

Exercise 13.
Show that the free propagator e−itH0 in R3 has a weak integral kernel

Kt(x, y) :=
1

(4πit)3/2
e−

|x−y|2
4πit , x, y ∈ R3, t ∈ R\{0},

in the sense that, for f ∈ L2(R3),

(
e−itH0f

)
(x) = L2 − lim

R→∞

∫
|y|<R

Kt(x, y)f(y) dy, a.e.

The solutions will be discussed in the tutorial on 05.12.2018.


