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Exercise 12.
Let α ∈ C1(R,R) with ||α||∞ <∞ and ||α′||∞ ≤ 1/2 be given, and let ϕ : R2 →
R2 be defined by ϕ(x1, x2) = (x1 + α(x1), x2). Let W ∈ L1(R2), and assume
that the distributional derivative ∂1W is a (signed) measure µ of finite total
variation ||µ||1.

Then ||W ◦ ϕ−W ||1 ≤ 2 ||µ||1 ||α||∞.

Exercise 13.
Let f ∈ L1(Rn) and C ≥ 0. Show that the following properties are equivalent:

(1) The mapping R→ L1(Rn), t 7→ f(· − te1) is Lipschitz continuous with
Lipschitz constant C.

(2) The distributional derivative ∂1f is a (signed) Borel-measure of finite
total variation ≤ C.

The solutions will be discussed in the tutorial on 26.06.2019.


