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Uniformizing functions for certain Shimura curves, the case D = 6

H6 =

(

3,−1
Q

)

, I2 = 3, J2 = −1, IJ = −JI = K

O6 := Z
[

1, I, J,
1+ I + J+K

2

]

Φ : H6 −→ M(2,R)

x+ yI + zJ + tK 7→
[

x+ y
√
3 z+ t

√
3

−(z − t
√
3) x− y

√
3

]

Γ6 =

{

γ =
1

2

[

α β
−β′ α′

]

: α, β ∈ Z[
√
3], det γ = 1, α ≡ β (mod 2)

}



j6 : Γ6\H ∼ X(6,1)(C), X6 := X(6,1), g(X6) = 0

C(X6) = C(t), Da(t) ∈ C(t), t Hauptmodul

Da(t) +R(t) = 0, R(t) ∈ C(t)

• Objective 1: to compute R(t) -automorphic derivative of t-

• Objective 2: to obtain a possible t

• Objective 3: to choose t with good arithmetic properties: j6

Since C(t) = C
(

at+ b

ct+ d

)

, for any

[

a b
c d

]

∈ GL(2,C), we can prescribe

the values of t at three different points.
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Fundamental domain for X6 := X(6,1)

Elliptic cycles of order 2: {P1, P3, P5}, {P6}; of order 3: {P2}, {P4}

t(P6) =∞, t(P3) = 0, t(P4) = 1, t(P2) = a



η1

[√
3 2

−2 −
√
3

]

η2
1

2

[

1+
√
3 3−

√
3

−3−
√
3 1−

√
3

]

η3

[

0 −2+
√
3

2+
√
3 0

]

η4
1

2

[

1+
√
3 −3+

√
3

3+
√
3 1−

√
3

]

η5

[√
3 −2
2 −

√
3

]

η6

[

0 1
−1 0

]

Matrices representing generators for the isotropy groups at the ver-

tices of the hexagon



Theorem. Let Γ be a Fuchsian group of the first kind such that the

associated curve X(Γ) is of genus 0. Assume that we are aware of

a fundamental half domain for the action of Γ in H. Suppose that t

is a generator of the field of Γ-automorphic functions such that its

values at the vertices of the fundamental half domain belong to P1(R).
Then, there exists a rational function R(t) such that Da(t, z)+R(t) =

0. If αiπ are the internal angles at the vertices of the fundamental

half domain, then

R(t) =
∑ 1− α2

i

(t− ai)2
+
∑ Bi

t− ai
,

where Bi are constants and the summation extends over all the ver-

tices of the fundamental half domain where the function t takes finite

values ai. Moreover, if the values of t at all the vertices are finite,

then



(a)
∑

Bi = 0,

(b)
∑

aiBi+
∑

(1− α2
i ) = 0,

(c)
∑

a2i Bi+
∑

ai(1− α2
i ) = 0.

But if ∞ is the value of t at a vertex with internal angle απ, then

(a)
∑

Bi = 0,

(b)
∑

aiBi+
∑

(1− α2
i )− (1− α2) = 0. ¤



First approach to the differential equation

R(t) =
8

9(t− 1)2
+

B4

t− 1
+

3

4t2
+

B3

t
+

8

9(t− a)2
+

B2

t− a

aÃ −1

B2 =
16

9
+B4, B3 = −16

9
− 2B4

27− 8(8 + 9B4)t+74t2 +8(8+ 9B4)t
3 +27t4

36t2(−1+ t2)2

Da(t, z) = R(t)



P1
−
√
3+ i

2
P3 (2−

√
3)i P5

√
3+ i

2

P2
−1+ i

1+
√
3

P4
1+ i

1+
√
3

P6 i

P0
(
√
6−

√
2)i

2
P7

1+
√
2i√

3
P8

−1+
√
2i√

3

Vertices of a fundamental domain for X6 and SCM-points



Fundamental domain for X6 and SCM-points: {P0, P7 = P8}

Two classes of maximal embeddings: R(
√
−6,1) ⊆ O6,

R(
√
−6,1) ring of integers of ⊆ Q(

√
−6)
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Fundamental domain for X6, SCM-points: {P0, P7 = P8} and some

hyperbolic lines



Involutions of X6 (cf. Shimura, Ogg, Michon)

O6 ⊆ N(O6) ⊆ H6, Γ+
6 ⊆ GL(2,R)+, Γ+

6 /Γ6 = 〈Φ(wd) : d|6〉

X
(d)
6 := X6/〈ωd〉, X+

6 := X6/〈{ωd : d|6}〉

X6

↙ ↓ ↘

X
(2)
6 X

(3)
6 X

(6)
6

↘ ↓ ↙

X+
6

degree 2 coverings



quaternions in N(O6) matrix

w2 := 1+ J

[

1 1
−1 1

]

w3 :=
1

2
(−3− I− 3J +K)

1

2

[

−3−
√
3 −3+

√
3

3+
√
3 −3+

√
3

]

w′3 :=
1

2
(3 + I− 3J +K)

1

2

[

3+
√
3 −3+

√
3

3+
√
3 3−

√
3

]

w6 := w2w3 = −3J +K

[

0 −3+
√
3

3+
√
3 0

]



P0 P1 P2 P3 P4 P6

w2 P7 P3 P4 P5 ∗ P6

w3 P8 ∗ P2 P6 ∗ P1

w′3 ∗ ∗ ∗ P6 P4 P5

w6 P0 ∗ P4 P6 P2 P3

w6η
−1
2 ∗ P6 P4 ∗ ∗ P5



[P1, P2, P6] [P2, P3, P6] [P3, P4, P6]

ω2 [P3, P4, P6] [P4, P5, P6] ∗

ω3 ∗ [P2, P6, P1] ∗

ω′3 ∗ ∗ [P6, P4, P5]

ω6 ∗ [P4, P6, P3] ∗

ω6η
−1
2 [P6, P4, P5] ∗ ∗



a a

b b

P0

P2

P3

P4

P6

a

a

b

b

P0

P2

P3

P4

P6

Fundamental domains for X
(2)
6 and X

(3)
6
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(6)
6 and X+
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angles (fhd) P0 P2 P3 P4 P6 P7

X6 ∗ π

3

π

2

π

3

π

2
∗

X
(2)
6 ∗ ∗ π

4

π

3

π

4
∗

X
(3)
6 π

π

6

π

2

π

6
∗ ∗

X
(6)
6

π

2
∗ ∗ π

3

π

2

π

2

X+
6

π

2
∗ ∗ π

6

π

4
∗



X6 P0 P1 = P3 = P5 P2 P4 P6 P7 = P8

X
(2)
6 P0 = P7 P3 P2 = P4 P2 = P4 P6 P0 = P7

X
(3)
6 P0 = P7 P3 = P6 P2 P4 P3 = P6 P0 = P7

X
(6)
6 P0 P3 = P6 P2 = P4 P2 = P4 P3 = P6 P7

X+
6 P0 = P7 P3 = P6 P2 = P4 P2 = P4 P3 = P6 P0 = P7

Identification of points



ramification P0 P2 P3 P4 P6 P7

X6 −→ X
(2)
6 P0P7 ∗ P2

3 P2P4 P2
6 ∗

X6 −→ X
(3)
6 P0P7 P2

2 ∗ P2
4 P3P6 ∗

X6 −→ X
(6)
6 P2

0 ∗ ∗ P2P4 P3P6 P2
7

X
(2)
6 −→ X+

6 P2
0 ∗ ∗ P2

4 P3P6 ∗

X
(3)
6 −→ X+

6 P2
0 ∗ ∗ P2P4 P2

6 ∗

X
(6)
6 −→ X+

6 P0P7 ∗ ∗ P2
4 P2

6 ∗



Uniformizing functions for the quotients of X6

C(X+
6 ) = C(t+6 )

C(X(2)
6 ) = C(t(2)

6 ), C(X(3)
6 ) = C(t(3)

6 ), C(X(6)
6 ) = C(t(6)

6 )

C(X6) = C(t6)

Each function is determined by its values at three vertices.

t
(2)
6 , t

(3)
6 , t+6 are triangle functions; t

(6)
6 , t6 are quadrilateral func-

tions.



initial values P0 P2 P3 P4 P6 P7

t6 ∗ a 0 1 ∞ ∗ a 6= 0,1,∞ (⇒ a = −1)

t
(2)
6 ∗ ∗ 0 1 ∞ ∗ ∗

t
(3)
6 ∗ 0 ∗ 1 ∞ ∗ ∗

t
(6)
6 0 ∗ ∗ 1 ∞ b b 6= 0,1,∞ (⇒ b = 2)

t+6 0 ∗ ∗ 1 ∞ ∗ ∗



Theorem. The following algebraic relations are fulfilled:

(a) 4t+6 t
(2)
6 = (t

(2)
6 +1)2. (b) t+6 = (2t

(3)
6 − 1)2.

(c) 4t
(2)
6 (2t

(3)
6 − 1)2 = (t

(2)
6 +1)2. (d) t26 = t

(2)
6 .

(e) 4t6t
(3)
6 = (t6 +1)2. (f) t+6 + t

(6)
6 (t

(6)
6 − 2) = 0.

(g) 2t6t
(6)
6 = i(t6 − i)2. (h) 4t26t

+
6 = (t26 +1)2.

(i) (t
(2)
6 +1)2 +4t

(2)
6 t

(6)
6 (t

(6)
6 − 2) = 0.

(j) (2t
(3)
6 − 1)2 + t

(6)
6 (t

(6)
6 − 2) = 0.



Moreover, we have the following values for the functions:

(k) t
(2)
6 (P0) = −1; (l) t

(3)
6 (P0) =

1

2
; (m) b = t

(6)
6 (P7) = 2;

(n) a = t6(P2) = −1; (o) t6(P0) = i; (p) t6(P7) = −i.¤

Proof. c := t
(2)
6 (P0)

div(t
(2)
6 −c)



1− c

t
(2)
6



 = div(t+6 ); div(t
(2)
6 −1)



1− 1

t
(2)
6



 = div(t+6 −1).

A(t
(2)
6 − c)



1− c

t
(2)
6



 = t+6 ;B(t
(2)
6 − 1)



1− 1

t
(2)
6



 = t+6 − 1. [...]



Theorem. Let Γ be a Fuchsian group of the first kind such that the

associated curve X(Γ) is of genus 0. Assume that we are aware of

a fundamental half domain for the action of Γ in H. Suppose that t

is a generator of the field of Γ-automorphic functions such that its

values at the vertices of the fundamental half domain belong to P1(R).
Then, there exists a rational function R(t) such that Da(t, z)+R(t) =

0. If αiπ are the internal angles at the vertices of the fundamental

half domain, then

R(t) =
∑ 1− α2

i

(t− ai)2
+
∑ Bi

t− ai
,

where Bi are constants and the summation extends over all the ver-

tices of the fundamental half domain where the function t takes finite

values ai. Moreover, if the values of t at all the vertices are finite,

then



(a)
∑

Bi = 0,

(b)
∑

aiBi+
∑

(1− α2
i ) = 0,

(c)
∑

a2i Bi+
∑

ai(1− α2
i ) = 0.

But if ∞ is the value of t at a vertex with internal angle απ, then

(a)
∑

Bi = 0,

(b)
∑

aiBi+
∑

(1− α2
i )− (1− α2) = 0. ¤



In our case, the relations will determine the constants Bi for three of

the five functions R(t): for those associated to t(2), t(3),and t+.

We compare t6 and t26: → B4 = −8
9

We compare t
(6)
6 and t+6 : → B(6)7 = −59

72
.

We deduce in this way the values of the 5 automorphic derivatives:



Curve function angles −Da(t, z)

X6 t6
[P2, P3, P4, P6]

[π/3, π/2, π/3, π/2]

27t4 +74t2 +27

36t2(t2 − 1)2

X
(2)
6 t

(2)
6

[P3, P4, P6]
[π/4, π/3, π/4]

135t2 − 142t+135

144t2(t− 1)2

X
(3)
6 t

(3)
6

[P2, P4, P6]
[π/6, π/6, π/2]

27t2 − 27t+35

36t2(t− 1)2

X
(6)
6 t

(6)
6

[P0, P4, P7, P6]
[π/2, π/3, π/2, π/2]

27t4 − 108t3 +211t2 − 206t+108

36t2(t2 − 3t+2)2

X+
6 t+6

[P0, P4, P6]
[π/2, π/6, π/4]

135t2 − 103t+108

144t2(t− 1)2



Objective 2: to obtain explicit expansions of the uniformizing func-

tions around the elliptic points and around the SCM-points.

Definition. A local parameter at a point P ∈ H for the ΓP -action is

any function

q(z) :=

(

k
z − P

z − P

)e

,

where e = #ΓP is the order of the isotropy group at P and k ∈ C
is any constant. The local parameter q is said to be adapted to

a function t =
∑∞
n=m aneqn when, moreover, ae = 1 if m ≥ 0; and

a−e = 1 otherwise.



Suppose that P ∈ H is any elliptic point of order e for the Γ-action.

By definition, the isotropy group at P , ΓP , will be generated by a

transformation g ∈ PSL(2,R) of order e > 1. Let G ∈ Γ ⊆ SL(2,R)
be a matrix defining g. Since in all our cases −1 ∈ Γ, we may take

the matrix G of order 2e and, since g is an elliptic transformation,

the matrix G can be diagonalized. Let H ∈ GL(2,C) be such that

D := HGH−1 =

[

ζ 0

0 ζ−1

]

, where ζ is a 2e-th primitive root of unity.

We denote by h and d the homographic transformations of P1(C)
defined by H and D, respectively. Then

(∗) h(g(z)) = d(h(z)) = ζ2h(z).

By evaluating (∗) at the points z = P and z = P , we obtain

h(P ) = h(g(P )) = ζ2h(P ), h(P ) = h(g(P )) = ζ2h(P ).



Since e > 1, is ζ2 6= 1 and, since h is a bijective mapping of P1(C),
we must have h(P ) = 0 and h(P ) =∞ (or h(P ) =∞ and h(P ) = 0).

Hence, we have

h(z) = k
z − P

z − P
,

(

or h(z) = k
z − P

z − P

)

,

for some constant k ∈ C to be determined. We can expand any ΓP -

automorphic function t around the point P as a power series T in the

variable h(z) = k(z − P )/(z − P ):

t(z) = T (h(z)) =
∞
∑

n=n0

anh(z)
n.

We shall have T (h(z)) = t(z) = t(g(z)) = T (h(g(z))) = T (ζ2h(z)).

Thus an = 0 unless n ≡ 0 (mod e).



qP (z) :=

(

kP
z − P

z − P

)e

How to choose kP?

cf. Carathéodory, Wolfart



Hypergeometric function

F (a, b, c;w) =
∞
∑

n=0

(a)n(b)n

(c)n

wn

n!
, (a)n := a(a+1) . . . (a+n−1), |w| < 1

Assume that c 6= 1.

• The functions F (a, b, c;w) and w1−cF (a− c+1, b− c+1,2− c;w) are

two linearly independent solutions of the hypergeometric differential

equation

w(1− w)D2(f, w) + (c− (1 + a+ b)w)D(f, w)− ab f = 0.



The Schwarzian function

z = s(a, b, c;w) :=
w1−cF (a− c+1, b− c+1,2− c;w)

F (a, b, c;w)

maps the upper half w-plane H onto a triangle in the z-plane. The

vertices of this triangle are

s(a, b, c; 0) = 0,

s(a, b, c; 1) =
Γ(c− a)Γ(c− b)Γ(2− c)

Γ(c)Γ(1− b)Γ(1− a)
,

s(a, b, c;∞) = eπi(1−c)
Γ(c− a)Γ(b)Γ(2− c)

Γ(c)Γ(b− c+1)Γ(1− a)
.

The internal angles at these vertices are απ, βπ, γπ, where

α = 1− c 6= 0, β = c− a− b, γ = b− a. ¤



The computation of the constants kP

• Local parameters adapted to the triangle functions

We compare the triangle [s(0), s(1), s(∞)] with the triangles defining

our functions t+6 , t
(2)
6 , and t

(3)
6 . In each case, this will allow us to

obtain the local constant kP of the adapted local parameter in closed

form.



t [A,B,C] eA t(A) νA kA

t+6 [P0, P4, P6] 2 0 23 · 32 i

√
2+

√
3

2

Γ(7/24)Γ(11/24)

Γ(19/24)Γ(23/24)

t+6 [P4, P6, P0] 6 1
1

2 · 32

2+
√
3− i

12

Γ(1/6)Γ(7/24)Γ(19/24)

Γ(5/6)Γ(11/24)Γ(23/24)

t+6 [P6, P0, P4] 4 ∞ 25 · 3
√
2+

√
3

4

Γ(1/4)Γ(13/24)Γ(17/24)

Γ(3/4)Γ(19/24)Γ(23/24)



t [A,B,C] eA t(A) νA kA

t
(2)
6 [P3, P4, P6] 4 0

32

24

(1 +
√
3)(1 + i)

8

Γ(1/4)Γ(5/12)

Γ(3/4)Γ(11/12)

t
(2)
6 [P4, P6, P3] 3 1

2

3

2+
√
3− i

6

Γ(1/3)2Γ(7/12)

Γ(2/3)2Γ(11/12)

t
(2)
6 [P6, P3, P4] 4 ∞ 28 · 3

√
3

4

Γ(1/3)Γ(2/3)Γ(1/4)

Γ(3/4)Γ(7/12)Γ(11/12)



t [A,B,C] eA t(A) νA kA

t
(3)
6 [P2, P4, P6] 6 0

1

23 · 32

(1 +
√
3)(1 + i)

12

Γ(1/6)Γ(7/12)

Γ(5/6)Γ(11/12)

t
(3)
6 [P4, P6, P2] 6 1

1

23 · 32

2+
√
3− i

12

Γ(1/6)Γ(7/12)

Γ(5/6)Γ(11/12)

t
(3)
6 [P6, P2, P4] 2 ∞ 2

(1 +
√
3)(1 + i)

4

Γ(1/4)Γ(5/12)

Γ(3/4)Γ(11/12)

Local constants for the triangle functions



Proof. First we explain the results for the case t(A) = 0. By formal

integration of the differential equation of the third order and taking

into account that t(A) = 0, it follows that there exists a normalized

power series in two variables

r(X,Y ) =
∞
∑

n=1

aneX
enY en, ae = 1,

and a constant λ ∈ C, such that

t(z) = r(λ;h1(z)) =
∞
∑

n=1

aneλ
enhen1 (z),

for any z in a neighbourhood of A. Here we take h1(z) :=
z −A

z −A
.



Consider the Schwarzian function s(a, b, c;w) determined by the angles

απ, βπ, γπ. Since r satisfies the conditions

r(λ;h1(A)) = 0, r(λ;h1(B)) = 1, r(λ;h1(C)) =∞,

we can relate the inverse of the series defining s(a, b, c;w) to the series

defining t(z). A direct computation of the first terms in both series

suffices to establish the following lemma.

Lemma. Let u(a, b, c; z) denote the inverse series of s(a, b, c;w). Then

r(ζe;h1(z)) = u(a, b, c;h1(z))

for any z ∈ C in the convergence domain and any e-th root of unity

ζe. ¤



To continue the calculation of λ, we may use either the condition

t(B) = 1 or, alternatively, the condition t(C) = ∞. In the first case,

we obtain that

1 = t(B) = r(λ;h1(B)) = r(1;λ h1(B)) = r(ζe; ζ−1
e λ h1(B)),

and

ζ−1
e λ h1(B) = s(a, b, c; 1) =

Γ(c− a)Γ(c− b)Γ(2− c)

Γ(c)Γ(1− b)Γ(1− a)
.

We can conclude that

λ = ζe
B −A

B −A

Γ(c− a)Γ(c− b)Γ(2− c)

Γ(c)Γ(1− b)Γ(1− a)
.



• Local parameters adapted to the quadrilateral functions

Next result relates the local constants for two points in H in the same

Γ-orbit.

Lemma. Let P ∈ H be a point of order e ≥ 1 for the Γ-action.

For any w =

[

a b
c d

]

∈ Γ ⊆ SL(2,R), the local constants kP and kw(P )

adapted to a Γ-automorphic function t, at P and w(P ), are related

by

kew(P ) = keP

(

cP + d

cP + d

)e

.



t P eP t(P ) νP kP

t(6)
6 P0 2 0 22 · 32 i

√
2+

√
3

2
√
2

Γ(7/24)Γ(11/24)

Γ(19/24)Γ(23/24)

t(6)
6 P4 3 1 3−1 (1 +

√
3)(1 + i)

12

Γ(1/6)Γ(7/24)Γ(19/24)

Γ(5/6)Γ(11/24)Γ(23/24)

t(6)
6 P7 2 2 22 · 32 (2

√
3+ 3

√
2)(

√
2+ i)

12

Γ(7/24)Γ(11/24)

Γ(19/24)Γ(23/24)

t(6)
6 P6 2 ∞ 22 i

√
2+

√
3

4

Γ(1/4)Γ(13/24)Γ(17/24)

Γ(3/4)Γ(19/24)Γ(23/24)



t P eP t(P ) νP kP

t6 P0 1 i 22 · 3 i

√
2+

√
3

2

Γ(7/24)Γ(11/24)

Γ(19/24)Γ(23/24)

t6 P2 3 −1 3−1 1+ (2+
√
3)i

6
3
√
2

Γ(1/3)2Γ(7/12)

Γ(2/3)2Γ(11/12)

t6 P3 2 0 3 · 2−2 (1 +
√
3)(1 + i)

8

Γ(1/4)Γ(5/12)

Γ(3/4)Γ(11/12)

t6 P4 3 1 3−1 2+
√
3− i

6
3
√
2

Γ(1/3)2Γ(7/12)

Γ(2/3)2Γ(11/12)

t6 P6 2 ∞ 24

√
3(1− i)

4
√
2

Γ(1/3)Γ(2/3)Γ(1/4)

Γ(3/4)Γ(7/12)Γ(11/12)



Example: Computation of kP3 for X6

X6 −→ X
(2)
6 , t26 = t

(2)
6 ,

h1(z) =
z − P3

z − P3
, e

(2)
6 = 4, e6 = 2 isotropy at P3

t
(2)
6 (z) = r

(2)
6 (λ

(2)
6 ;h1(z)) =

∞
∑

n=1

a
(2)
4n λ

(2)
6

4n
h4n
1 (z), a

(2)
4 = 1,

t6(z) = r6(λ6;h1(z)) =
∞
∑

n=1

a2nλ
2n
6 h2n

1 (z), a2 = 1,

λ4
6 = λ

(2)
6

4
, t6(P0) = i ⇒ λ6 = ±λ(2)

6



At this point, it would be natural to consider the adapted local pa-
rameter

qA(z) =

(

kA
z −A

z −A

)eA

as a uniformizing variable in the neighbourhood of the point A. By
doing this, we would obtain series developments,

t(z) =
∞
∑

n=1

bnq
n, bn := ane, b1 = 1, if t(A) = 0,

t(z) = t(A) +
∞
∑

n=1

bnq
n, bn := ane, b1 = 1, if t(A) 6= 0, ∞,

t(z) =
∞
∑

n=−1

bnq
n, bn := ane, b−1 = 1, if t(A) =∞.



Objective 3: to obtain explicit expansions of the uniformizing func-

tions around the elliptic points and around the SCM-points with in-

teger coefficients.

• In the classical case of X0(1):

j(q) = 1728 v(q), q(z) = exp(2πiz),

j(q) =
1

q
+744+196884q+21493760q2+864299970q3+20245856256q4+

333202640600q5 +4252023300096q6 +O(q7)



Case t(P ) = 0.

t(z) =
∞
∑

n=1

b′n
q(z)n

(en)!
, b′1 = e!.

Replace q by ν−1q:

t(z) =
∞
∑

n=1

b′′n
q(z)n

(en)!
, b′′1 = νe!.

n0 := νe!, j(P, qP ; z) := n
−1
0 t(z)

j(P, qP ; z) =
∞
∑

n=1

cn
qP (z)

n

(en)!
, c1 = 1, qP (z) =

1

νP

(

kP
z − P

z − P

)eP

Coefficients cn (1 ≤ n ≤ 10) of j+6 (P0, qP0; z):



1 = 1
−452 = −22 · 113

368782 = 2 · 23 · 8017
−465743904 = −25 · 3 · 1721 · 2819

840330350424 = 23 · 33 · 61 · 1117 · 57097
−2050858105802208 = −25 · 33 · 2373678363197

6503028742464357168 = 24 · 34 · 13 · 743 · 519491571737
−25981826380934619350016 = −210 · 36 · 547 · 24499 · 2597206657

127675097928802324852258176 = 27 · 37 · 17 · 31 · 41 · 62501 · 337727176363
−756716925891887407770855224832 = −29 · 38 · 19 · 103 · 947 · 1307 · 92998738431167

•



Coefficients cn (1 ≤ n ≤ 10) of j
(2)
6 (P3, qP3; z):

1 = 1
−448 = −26 · 7

959904 = 25 · 33 · 11 · 101
−6103968192 = −26 · 34 · 7 · 59 · 2851

90923623432416 = 25 · 34 · 19 · 1846239917
−2721122080736719968 = −25 · 35 · 7 · 11 · 23 · 197593754483

147279129951957848291664 = 24 · 36 · 7 · 29 · 195791 · 317691018137
−13341613069114979697787419072 = −26 · 36 · 7 · 31 · 827 · 1593439561347980693

1906232128795344429236197931669856 = 25 · 310 · 72 · 11 · 621799 · 144613813 · 20814438419
−409857407645556808907941968378368870688 = −25 · 38 · 7 · 19 · 322592534160773 · 45499520472986641

•



Coefficients cn (1 ≤ n ≤ 10) of j
(3)
6 (P2, qP2; z):

1
−5676

532178676
−328466329655904

845716702991756382900
−6887589447952825780433918400

147249822718256663687202341143394400
−7225649830857326774763945127976142727449600

735376645215632112699481542309958009415559525240000
−143392809567563583393857705980974592078044176916017528160000

and their factorizations:

1
−22 · 3 · 11 · 43
22 · 32 · 17 · 19 · 45767
−25 · 32 · 11 · 23 · 4507937111
22 · 34 · 52 · 29 · 16126171 · 223259851
−26 · 35 · 52 · 11 · 17 · 19 · 101 · 109 · 10243 · 44215113463
25 · 35 · 52 · 41 · 163 · 113341004907003045999648347
−210 · 36 · 52 · 11 · 23 · 47 · 181 · 4124746079 · 43612928053262839331
26 · 38 · 54 · 17 · 19 · 43 · 53 · 727 · 166723 · 31405305990706420759677020203
−28 · 38 · 54 · 11 · 29 · 59 · 7717 · 626982641494446302399 · 1499997867399813686137



Coefficients cn (1 ≤ n ≤ 10) of j
(6)
6 (P0, qP0; z):

1 = 1
−236 = −22 · 59

113902 = 2 · 56951
−95763552 = −25 · 3 · 571 · 1747

123617657304 = 23 · 33 · 15919 · 35951
−226399919228064 = −25 · 33 · 262036943551

558634091378761008 = 24 · 34 · 13 · 181 · 467 · 4649 · 84377
−1786399367397350427648 = −210 · 36 · 971 · 1279 · 1926909407

7185275996670852724319616 = 27 · 36 · 17 · 137 · 149 · 683 · 146369 · 2219629
−35501246674777850728791937536 = −29 · 39 · 19 · 29 · 6393383440755160741

•



Coefficients cn (1 ≤ n ≤ 10) of j6(P3, qP3; z):

1 = 1
0 = 0

−48 = −24 · 3
0 = 0

27504 = 24 · 32 · 191
0 = 0

−64498392 = −23 · 32 · 7 · 127973
0 = 0

436272183216 = 24 · 34 · 23 · 229 · 63913
0 = 0

•



Case t(P ) 6= 0,∞.

t(z) =
∞
∑

n=0

b′n
q(z)n

(en)!
, b′1 = e!.

Replace q by ν−1q,

t(z) =
∞
∑

n=0

b′′n
q(z)n

(en)!
, b′′1 = νe!.

nv = νe!, v = t(P ),

j(P, qP ; z) := n
−1
v t(z)

j(P, qP ; z) =
∞
∑

n=0

cn
qP (z)

n

(en)!
, c1 = 1, qP (z) =

1

νP

(

kP
z − P

z − P

)eP



Coefficients cn (0 ≤ n ≤ 10) of j+6 (P4, qP4; z):

1/40
1

14916
2639563956

2632246040676384
9971727168673570086900

112207190111310380168705198400
3168053921557488802801671338888930400

198428682366797460021020011775919007788057600
25099784536086808879697423028764790918688842962040000

5954434460571889718654223114666068111474072522176792841760000



and their factorizations:

2−3 · 5−1

1
22 · 3 · 11 · 113
22 · 33 · 17 · 151 · 9521
25 · 32 · 11 · 23 · 31 · 13183 · 88397
22 · 34 · 52 · 29 · 263 · 1181 · 136672684427
26 · 36 · 52 · 11 · 17 · 463 · 787 · 167777 · 8414792699
25 · 35 · 52 · 41 · 59 · 113 · 521 · 98865563057 · 1157441966699
210 · 36 · 52 · 11 · 23 · 47 · 563 · 1588218245630374707782364954553
26 · 310 · 54 · 17 · 31 · 53 · 179 · 115577367943 · 18390144388091634195642557
28 · 38 · 54 · 11 · 29 · 59 · 2647 · 3491 · 80387 · 5611687 · 123817039 · 724312409 · 806154743287

•



Coefficients cn (0 ≤ n ≤ 10) of j
(2)
6 (P4, qP4; z):

1/4 = 2−2

1 = 1
40 = 23 · 5

4716 = 22 · 32 · 131
1193280 = 26 · 3 · 5 · 11 · 113

552688980 = 22 · 3 · 5 · 37 · 47 · 5297
422330232960 = 27 · 33 · 5 · 17 · 151 · 9521

494861914346400 = 25 · 32 · 52 · 68730821437
842318733016442880 = 211 · 32 · 5 · 11 · 23 · 31 · 13183 · 88397

1997360876347002360000 = 26 · 36 · 54 · 29 · 7561 · 312386159
6381905387951084855616000 = 29 · 34 · 53 · 29 · 263 · 1181 · 136672684427

•



Coefficients cn (0 ≤ n ≤ 10) of j
(3)
6 (P4, qP4; z):

1/10
1

5676
532178676

328466329655904
845716702991756382900

6887589447952825780433918400
147249822718256663687202341143394400

7225649830857326774763945127976142727449600
735376645215632112699481542309958009415559525240000

143392809567563583393857705980974592078044176916017528160000



and their factorizations:

2−1 · 5−1

1
22 · 3 · 11 · 43
22 · 32 · 17 · 19 · 45767
25 · 32 · 11 · 23 · 4507937111
22 · 34 · 52 · 29 · 16126171 · 223259851
26 · 35 · 52 · 11 · 17 · 19 · 101 · 109 · 10243 · 44215113463
25 · 35 · 52 · 41 · 163 · 113341004907003045999648347
210 · 36 · 52 · 11 · 23 · 47 · 181 · 4124746079 · 43612928053262839331
26 · 38 · 54 · 17 · 19 · 43 · 53 · 727 · 166723 · 31405305990706420759677020203
28 · 38 · 54 · 11 · 29 · 59 · 7717 · 626982641494446302399 · 1499997867399813686137

•



Coefficients cn (0 ≤ n ≤ 10) of j
(6)
6 (P4, qP4; z):

1/2 = 2−1

1 = 1
0 = 0

−1356 = −22 · 3 · 113
0 = 0

74611380 = 22 · 3 · 5 · 1243523
0 = 0

−38683567274400 = −25 · 32 · 52 · 5372717677
0 = 0

101782604056899960000 = 26 · 34 · 54 · 139 · 226002762361
0 = 0

•



Coefficients cn (0 ≤ n ≤ 10) of j
(6)
6 (P7, qP7; z):

1/36 = 2−2 · 3−2

1 = 1
236 = 22 · 59

113902 = 2 · 56951
95763552 = 25 · 3 · 571 · 1747

123617657304 = 23 · 33 · 15919 · 35951
226399919228064 = 25 · 33 · 262036943551

558634091378761008 = 24 · 34 · 13 · 181 · 467 · 4649 · 84377
1786399367397350427648 = 210 · 36 · 971 · 1279 · 1926909407

7185275996670852724319616 = 27 · 36 · 17 · 137 · 149 · 683 · 146369 · 2219629
35501246674777850728791937536 = 29 · 39 · 19 · 29 · 6393383440755160741

•



Coefficients cn (0 ≤ n ≤ 10) of j6(P4, qP4; z):

1/2 = 2−1

1 = 1
20 = 22 · 5

1356 = 22 · 3 · 113
227040 = 25 · 3 · 5 · 11 · 43

74611380 = 22 · 3 · 5 · 1243523
42574294080 = 26 · 32 · 5 · 17 · 19 · 45767

38683567274400 = 25 · 32 · 52 · 5372717677
52554612744944640 = 210 · 32 · 5 · 11 · 23 · 4507937111

101782604056899960000 = 26 · 34 · 54 · 139 · 226002762361
270629344957362042528000 = 28 · 34 · 53 · 29 · 16126171 · 223259851

•



Coefficients cn (0 ≤ n ≤ 10) of j6(P2, qP2; z):

−1/2 = −2−1

1 = 1
−20 = −22 · 5
1356 = 22 · 3 · 113

−227040 = −25 · 3 · 5 · 11 · 43
74611380 = 22 · 3 · 5 · 1243523

−42574294080 = −26 · 32 · 5 · 17 · 19 · 45767
38683567274400 = 25 · 32 · 52 · 5372717677

−52554612744944640 = −210 · 32 · 5 · 11 · 23 · 4507937111
101782604056899960000 = 26 · 34 · 54 · 139 · 226002762361

−270629344957362042528000 = −28 · 34 · 53 · 29 · 16126171 · 223259851
•



Coefficients cn (0 ≤ n ≤ 10) of j6(P0, qP0; z):

i/12 = −i · (1 + i)−4 · 3−1

1 = 1
−12i = i · (1 + i)4 · 3
−226 = −2 · 113
5664i = (1+ i)10 · 3 · 59

160728 = 23 · 3 · 37 · 181
−5467296i = −(1 + i)10 · 3 · 56951

−211472208 = −24 · 35 · 109 · 499
9193300992i = −i · (1 + i)20 · 32 · 571 · 1747

445513958784 = 27 · 33 · 128910289
−23734590202368i = −(1 + i)18 · 34 · 15919 · 35951

•



Case t(P ) =∞.

t(z) =
∞
∑

n=−1

b′n
q(z)n

(2e(n+2))!
, b′−1 = (2e)!.

Replace q by ν−1q:

t(z) =
∞
∑

n=−1

b′′n
q(z)n

(2e(n+2))!
, b′′−1 = ν(2e)!.

n∞ = ν(2e)!

j(P, qP ; z) := n
−1∞ t(z)

j(P, qP ; z) =
∞
∑

n=−1

cn
qP (z)

n

(2e(n+2))!
, c−1 = 1, qP (z) =

1

νP

(

kP
z − P

z − P

)eP



Lemma. Let f(q) :=
∞
∑

n=1

an

(en)!
qn, be a power series such that a1 = e!

and an ∈ Z. Define
1

f(q)
=

∞
∑

n=−1

bn

(2e(n+2))!
qn. Then, bn ∈ (2e)!Z,

for any n ≥ −1. ¤



Coefficients cn (−1 ≤ n ≤ 10) of j+6 (P6, qP6; z):

1
3343340

111948373987450
−54435869374345338880000

140974127254120546405654835200000
−1451995069656286502661556678971134279680000

49283100210624991571510179429489090572139228160000000
−4777228974509029772293671213092611285145988194147197337600000000

1175719619425609985194900279066058839012857366553849646492007178035200000000
−667759157723595014021170869875465280838436601261126279680531553523889643274\

\240000000000
8097322334981560627048285624325266997838412729219764838718576955737893235659

\52408899086336000000000
−1964729142365603297217401959543570054328091075036868677409216797859622378792\

\500367144266716493028966400000000000



and their factorizations:

1
22 · 5 · 7 · 11 · 13 · 167
2 · 52 · 7 · 112 · 13 · 17 · 19 · 23 · 101 · 271
−216 · 54 · 73 · 11 · 13 · 17 · 19 · 23 · 29 · 31 · 4057
215 · 55 · 72 · 113 · 133 · 17 · 192 · 23 · 29 · 31 · 37 · 2046397
−218 · 54 · 74 · 113 · 132 · 172 · 19 · 232 · 29 · 31 · 37 · 41 · 43 · 47 · 2049602209
216 · 57 · 75 · 113 · 132 · 172 · 192 · 23 · 29 · 31 · 37 · 41 · 43 · 47 · 53 · 17683 · 28181 · 14576069
−220 · 58 · 77 · 114 · 133 · 172 · 192 · 232 · 29 · 312 · 37 · 41 · 43 · 472 · 53 · 59 · 61 · 277 · 1559 · 24116461
219 · 58 · 76 · 114 · 133 · 172 · 192 · 232 · 292 · 31 · 37 · 41 · 43 · 47 · 53 · 59 · 61 · 67 · 71 · 311 · 6031504093·
202040107657
−223 · 510 · 78 · 114 · 133 · 173 · 193 · 232 · 29 · 312 · 37 · 41 · 43 · 47 · 53 · 59 · 61 · 67 · 71 · 73 · 79 · 57487·
95939578949716701709
220 · 3 · 59 · 78 · 116 · 134 · 173 · 192 · 232 · 292 · 31 · 372 · 41 · 432 · 47 · 53 · 59 · 61 · 67 · 71 · 73 · 79 · 83·
557 · 63127 · 247969188922729907134591
−223 · 3 · 511 · 79 · 115 · 134 · 173 · 194 · 233 · 292 · 312 · 37 · 412 · 43 · 472 · 53 · 59 · 61 · 67 · 71 · 73 · 79·
83 · 89 · 1996739944641703 · 3000365731636993457

•



Coefficients cn (−1 ≤ n ≤ 10) of j
(2)
6 (P6, qP6; z):

1
320320

1897776680800
25407270303655240000

−30835673303673772470236300000
−41424882466454792629954834213749740000

113291101072377329413664401490446774877858750000
3670539218120769620921601917276433901003637288446925000000

18340419325124171728546151222131453593741680361009377806886262500000
−10584642016145720779619088055290118389392418264002902567171569142793771562500000
−13518097449053674932987377211453854768447917742745189587186761357278963468536578\

\60218750000
426347447623198386969559652711687014265693163941626902981474912318165271235796451\

\776405980020312500000



and their factorizations:

1
26 · 5 · 7 · 11 · 13
25 · 52 · 7 · 112 · 13 · 17 · 19 · 23 · 29
26 · 54 · 74 · 11 · 13 · 17 · 19 · 23 · 29 · 31 · 277
−25 · 55 · 72 · 113 · 133 · 17 · 192 · 23 · 29 · 31 · 37 · 458357
−25 · 54 · 75 · 113 · 132 · 172 · 19 · 232 · 29 · 31 · 37 · 412 · 43 · 47 · 157 · 10631
24 · 57 · 75 · 113 · 132 · 172 · 192 · 23 · 29 · 31 · 37 · 41 · 43 · 47 · 53 · 1253333 · 54568751
26 · 58 · 78 · 114 · 133 · 172 · 192 · 232 · 29 · 312 · 37 · 41 · 43 · 47 · 53 · 59 · 61 · 880264179511
25 · 58 · 76 · 114 · 133 · 172 · 192 · 232 · 292 · 31 · 37 · 412 · 43 · 47 · 53 · 59 · 61 · 67 · 71 · 277 · 1721·
4955694727637
−25 · 510 · 79 · 114 · 133 · 173 · 193 · 232 · 292 · 312 · 37 · 41 · 43 · 47 · 53 · 59 · 612 · 67 · 71 · 73 · 79·
532830271 · 3473353087
−24 · 3 · 59 · 78 · 116 · 134 · 173 · 192 · 232 · 292 · 31 · 372 · 41 · 432 · 47 · 53 · 59 · 61 · 67 · 71 · 73 · 79·
83 · 47933 · 210853927 · 94385621098829
25 · 3 · 511 · 710 · 115 · 134 · 173 · 194 · 233 · 292 · 312 · 37 · 412 · 43 · 472 · 53 · 59 · 61 · 67 · 71 · 73 · 79·
83 · 89 · 4003 · 6833 · 18823841 · 94556917997669

•



Coefficients cn (−1 ≤ n ≤ 10) of j
(3)
6 (P6, qP6; z):

1
420

385770
0

−5661515059200
0

2269355489521376256000
0

−7720765145640785980553011200000
0

140550871518780826743163334434849505280000
0



and their factorizations:

1
22 · 3 · 5 · 7
2 · 3 · 5 · 7 · 11 · 167
0
−212 · 32 · 52 · 7 · 11 · 13 · 17 · 192

0
213 · 33 · 53 · 73 · 11 · 13 · 17 · 19 · 23 · 225257
0
−216 · 34 · 55 · 73 · 112 · 13 · 17 · 19 · 23 · 29 · 31 · 373 · 346277
0
217 · 35 · 54 · 74 · 113 · 132 · 17 · 19 · 23 · 29 · 31 · 37 · 41 · 43 · 61 · 317 · 467 · 3323
0

•



Coefficients cn (−1 ≤ n ≤ 10) of j
(6)
6 (P6, qP6; z):

1
420

237930
0

6071229964800
0

2374058686017642624000
0

7640852733559978782846796800000
0

140299254334201815956492248499478558720000
0



and their factorizations:

1
22 · 3 · 5 · 7
2 · 3 · 5 · 7 · 11 · 103
0
29 · 32 · 52 · 7 · 11 · 13 · 17 · 19 · 163
0
210 · 33 · 53 · 73 · 11 · 13 · 17 · 192 · 23 · 313 · 317
0
213 · 34 · 55 · 73 · 112 · 13 · 17 · 19 · 23 · 29 · 31 · 37 · 197 · 239 · 587
0
214 · 35 · 54 · 74 · 113 · 132 · 17 · 19 · 23 · 29 · 31 · 37 · 41 · 43 · 239633828339
0

•



Coefficients cn (−1 ≤ n ≤ 10) of j6(P6, qP6; z):

1
0

18480
0

12803590800
0

−817993722627081000
0

−156078929845326558019950000
0

122859953407720110679241179380345000
0

j6(q) =
1

q
+18480q+12803590800q3−817993722627081000q5+ . . .



and their factorizations:

1
0
24 · 3 · 5 · 7 · 11
0
24 · 32 · 52 · 7 · 112 · 13 · 17 · 19
0
−23 · 33 · 53 · 73 · 11 · 13 · 17 · 19 · 23 · 29 · 47 · 61
0
−24 · 34 · 55 · 73 · 112 · 13 · 17 · 192 · 23 · 29 · 31 · 41 · 13729
0
23 · 35 · 54 · 74 · 114 · 132 · 17 · 19 · 23 · 29 · 31 · 37 · 41 · 43 · 661 · 59107
0

•

We note that each generating function j(P, qP ; z) is a representative

of the homothety class of the corresponding function t.



n∞ 3870720 = 30965760 = 48 = 24 · 3 96 = 25 · 3 384 = 27 · 3
212 · 33 · 5 · 7 215 · 33 · 5 · 7

t(P ) =∞ j+6 (P6, qP6) j(2)
6 (P6, qP6) j(3)

6 (P6, qP6) j(6)
6 (P6, qP6) j6(P6, qP6)

n0 144 = 24 · 32 27

2
= 2−1 · 33 10 = 2 · 5 72 = 23 · 32 3

2
= 2−1 · 3

t(P ) = 0 j+6 (P0, qP0) j(2)
6 (P3, qP3) j(3)

6 (P2, qP2) j(6)
6 (P0, qP0) j6(P3, qP3)

n1 40 = 23 · 5 4 = 22 10 = 2 · 5 2 2

t(P ) = 1 j+6 (P4, qP4) j(2)
6 (P4, qP4) j(3)

6 (P4, qP4) j(6)
6 (P4, qP4) j6(P4, qP4)

ni ∗ ∗ ∗ ∗ 12 = 22 · 3

t(P ) = i ∗ ∗ ∗ ∗ j6(P0, qP0)

Local uniformizing functions j(P, qP ; z) = n
−1t(z)


