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Introduction to Shimura curves
I. Fundamental domains and CM-points (M. Alsina, P. Bayer)
II: Uniformization of Shimura curves (A. Travesa, P. Bayer)

III: Abelian varieties with QM (J. Guardia, V. Rotger, P. Bayer)



H = (‘@b), ®:H— M(2,R), D=pi...ps,, OCH
rceoh), X(M(C)
e Objective: To understand Shimura curves as moduli spaces

Objects that they classify: Abelian surfaces with QM =
fake elliptic curves

CM-points: fake elliptic curves with complex multiplication

e Examples in Xp, for D =6,10,15



PEL-type (Shimura): Q= (H, &, x;T, O; V)

e H indefinte quaternion algebra, over @; ® : H — M(2,R);
* a positive anti-involution of H.

e O C H maximal order, stable under x;
T : Hx H— Q non-deg. alternating form, integer valued over O.

e V= (vq1,...,vs) a level structure, provided by finitely many ordered
quaternion classes v; e O R Q/O = H/O.

P = polarization, E = endomorphism, L = level



e The alternating form T : H x H — Q:
Consider the positive anti-involution in H: (aB8)* = g*a™*, Tr(aax) > 0.

From the Skolem-Noether theorem: There exists u € H such that

o = p~lau, for any o € H; moreover

pw=-m, p*<o.
Since Q(~/—D) — H, u may be chosen so that p € O and ;ﬂ = —D.
T(a,B) = Tr(paB)

§ = (PF(T))1/2



Fake elliptic curves: (A,., L, W)/C of PEL-type Q= (H, &, x; T, O; V)
(i) An abelian surface A/C.

(ii) Aninjective ring homomorphism ¢ : O — End(A) such that H{(A,Z)
regarded as a left O-module is isomorphic to O.

(iii) A principal polarization £ on A such that the associated Rosati
anti-involution, ¢, : End%(A) — End®(A), restricts to the anti-
involution % on +(O). End?%(A4) := End(4) ® Q.

(iv) A level structure W C H7(A,Q) given by the image of V under the
isomorphism H ~ H1(A,Q) obtained from (ii).



Fake elliptic curves with CM
R(d,m) C Q(v/d), d<O0, suppose that R(d,m) COC H

Definition. A fake elliptic curve (A,:,L£, N) is said to admit CM by
R(d,m) if

End(A,.,L,N) ~ R(d,m).
In this case,

End?(A,., £,N) ~Q(Vd), Q(Vd)®gH ~M(2,Q(Vd))

A~ E x E,isogeny, E elliptic curve with CM by Q(v/d)

Fake elliptic curves with CM are jacobians of genus 2 curves defined

over Q.



Shimura's canonical model

Q: @:H<— M(2,R), p2=-D, a—a O(D,1); N
X(D,N)/Q canonical model

. H—=T(D; N)\H, JD.N ° r(D,N)\'H— X(D,N)(C)

ip.N(m(2)) < [Az, 12, L2, Nz],  isomorphy class of fake elliptic curves
e CM-points generate class fields: jp ny(7m(2)) € X (D, N)(Q(V/d))

e Shimura’'s reciprocity law, 1959



SCM-points
F=Qd) npo(X,Y) = X% —dY?

R = R(d,m) ngr2(X,Y)

i

D
X2 - TFmQYQ if D =0 (mod 4)

nr2(X,Y) = 4

1-D
—TFy2 if Dp =1 (mod4)

X2 4+ mXY +m?

SCM points in X(D,N):



The moduli interpretation depends on the chosen PEL-type 2

X — Xo — A

| - =~ D=6,10,15



General facts on genus 2 curves

f(X)=anX"+---4+a1X +ap€C[X], A(f)#0, n=25,6
Y2 = f(X)~ Cy smooth projective curve g=|(n—1)/2] =2
HO(Cf,wa) = (dj’j,%> = (w1,w2)

H1(C¢,Z) = (v1,72,73,74) Symplectic bases for the interseccion paring



Ho ={Z e M(2,C): Z=1Z, ImZ >0} Siegel upper half space

Jyywr w1 Jyawr Sy, w1
O,— | m 72 V3 V4 — (O O
d [f71w2 Jyw2 Jyyw2 Jyy w2 217182211

Zf L= QL}QQ,JC c Ho
M| ._ o-1|w1
== )
HO(Cf,Q}jf) = (n1,m2),  normalized period matrix: [15]|Z/]

J(C}) == C?/(1a, Zy)



Theta functions
e Riemann theta function:

Nz, Z) = > exp(wiln - Z -n+ 2wiln - 2), e C? ZeHo
neZ?

t
e [ heta functions with characteristics: ¢ = ! t: ] , s € {0, 1}2

Ic](z; Z) .= exp (%mjtr - Zr+ %mjtr (z 4+ s)) Iz + %Z -r 4+ %s; Z)

dc](z; Z) is { g\éedn }<:>c is { g\(/jedn }<:>T.SE { (1) } (mod 2)



We fix a Weierstrass point W € C = Cf as the base point for the
Abel-Jacobi mapping defined by

n:C — J(C)
P
P o= | (nm)+ 5,
W(m 72)
where k is the Riemann vector. It guarantees that
NC) = — &k,
being © the divisor of the Riemann theta function 9(z; Z¢).

Let a; denote the roots of f. By means of I1, the six Weierstrass
points W, = (ay,0) of C give rise to six odd 2-torsion points in its
Jacobian:

wy, = N(Wy,) € J(C)[2]°9.



Weierstrass points and torsion points
CfIY2:a6(X—Ozl)...(X—O{6), ap € C, J(Cf)f:CQ/(Id|Zf)
6 Weierestrass points in C; — 6 torsion points in J(Cf)

m1 = [8] , M2 — H , M3 = H , Mg = H : Abel-Jacobi

z

jk = %(mj—l—Z-mk), (. k) € {(2,2), (4,2),(3,3),(4,3),(2,4),(3,4)}



f(X)=aeXP4+asX®+---+ag, Y2=f(X), A(f)#0

Theorem. The roots of f(X) are ap = —xp /71, Where (z1 i, 2 1)
is a solution of the linear equation

09 09 1 | X3
——(wg, Z¢) —(wp, Z¢)| Q = 0,
92y Wk Z) 5 (W f)] 1§ [X2]

wy € J(Cp)[2]°99, 1 <k <6.

o Qp = (1 |2 r) period matrix of C'y with respect to the basis

d d
{—x,a;—x} of HO(C, Q}J), and to any symplectic basis of H1(C,7Z)
Yy

Y
— o1
© /= Ql,fQQ,f'

cf. Guardia, 2002



Theorem. (A, ﬁ)/k polarized abelian surface, Kk C C

A(C) ~C?/(12, Z); wi,wp € A[2]°99, w € A[2]even
el 0V ]
a—(wlaz) —(’UJ]_,Z)

1 z1 0zo
Q1(2) =
Hw, Z) | oy oY
—(’U)Q,Z) —(w27Z)
| 021 0z> |

If det21(Z) # 0O, the differential forms

(w1, w2) = (dz1,dz2) 21(Z)
yield a basis of HO(A, Q}E) with periods [(21(2) | Q1(2)Z].

cf. Weil, Shimura



Equations for fake elliptic curves with CM: T~ Ar ~~ Cr

T € N'\'H zero of a binary quadratic form attached to R — O
(E;) r:=P(0) [ﬂ . A(C)=C?/Ar, 0O — End(A;)

(P;) Er: A xNr—7Z, E(P(a)r,P(B)r) =06"1T(c,3)

/\7‘ — <1, Z7'>, ET < £7’ Appe”_Humbert

(L) V= (v1,v2), wv;€ H/O such that w; := ®(v;)T € C2/A,[2]°99;

Vr = (w1, w))
[AT7 L, 'CT) VT]



W= (wy,ws), w; € A[2]°99, w, < ¢; level structure

[0Y[c1] 0V¥[c1]

“L02) P01 2)
J(c1,c0) = “1 <2 , w1, wo] ;= det J(cq, o).
1,2 819[02](0; 2) 0V [co] (0: ) 1,2 1,2
i 821 8z2 d

The algorithm for computing equations for our CM fake elliptic curves
IS based in the

Theorem. Let C/k be a genus 2 curve and let Z € ‘Hy be its normal-
ized period matrix. Then

(i) For any w € J(C)[2]°99, the point in P1(C) cut by the hyperplane

s—i(w;Z) g—i(w;Z)] J(wy,wo) 1 [ﬁ;] =0 is ([wy,w] : [wa, w]).



(i) Let J(C)[2]°99 = {w;}1<i<. The ratios

[’UJQ,’UJ']
l1p; 1= o 1<45<6,
+2) (w1, w,] /

are either oo (for 5 = 1) or algebraic over k.

(iii) The curve C admits the hyperelliptic model

Y2 = X (X — £123)(X — £124) (X — £125) (X — £126),

defined over k.

Remark: for each 7, CM-point, the algorithm provides 30 hyper-

elliptic models for Cr, defined over Q.



Fundamental domain for Xg and SCM-points:

i(V6-v2) , _ V3+iV6 —v/3+iV6

2 3 3




Example 1. (H, ®: H— M(2,R), x; T,0O; V) for D =06

We consider the PEL-type given by the following data:

1 141 I
Hg = 3, . Og=7|1,1J, ti+J+ 1
2

Q
B(I) = [\? O ] CD(J)—[ ]
pu=I+3J, Nr(p)=6, u2=
0 -1 1 0
T:06x O —7Z, T(x,y): =35 1Tr(uzy), _11 8 8_21
0 -2 1 0




P(Og) =7

[1 o] [\/§ o] [o 1] F+VQ§
0 1/’ |0 —3|’ ’

—142-\@ —142-\/5
1+v3 -1-V3
2 P

P(Op) =7 |19,

0o 1| |[1—-+3 0
|—1 0o’ 0 14++3

V — (U]_:UQ) — ((%7 %7 _%7 %)7 (%7 %7 _%7 %))7 (%} S H6/O6




The two CM-points by the maximal order of Q(1/—6)
(V6 —V2) V3 +iV6

> =73

1

define two fake elliptic curves
J; =C?/N\;, where A; = ®(0(6,1)) - h&]

The polarization yields A; ~ (15,7;), Z; € Ho

—142iv6 —2—i/6
5 5
—2-4v/6 643iV/6
5 5

—143iv6 —2+4i/6
5 5
—24iv/6  642iV6
5 5

le 722:




The two points in the Siegel upper half-space

—142iv/6 —2—iV/6

5 5
—2-4iv/6 643iV/6
5 5

—143iv6 —24+iV6

5 5
—24iv/6  642iV6
5 5

Z1 = , L =

yield the genus 2 curves

11
Ci1: Y%= X°—-2iV/2X*— ?X?’ + 2ivV2X? + X,

1
Co: Y? =X5—|—2€/—5—|—2\/6X4—?Oi\/§X3—|—2z’€/—5—2\/€X2—|—X



The Igusa invariants of C1,(C5 are

322102
3 )

i1 = in = 23958, i3 = 5082

Observation:

ik([J1, L£1]) = i ([J2, Lo]), for 1 <k <3

but
j6(r1) = je([J1, 06, L1]) = je(Po) = E
jo(r2) = 6 (12, O, £21) = o (Pr) =~

Forgetful mapping: Xg — Xg/{wo, w3) — A»,

cf. Rotger



Fundamental domain for Xg and SCM-points:

i(3v5 — 24/10)
5 Y

T1 =




25
Q

Example 2. H = ( ) = (1,1,J,1J), D = 10.

We consider the PEL-type given by the following data:

> (1) = [? _O@] ®(J) = [_01 Cl)]

14+JI141J
010=Z[1,I, + , + ]
2 2
V — ((%7%7 _%70)7 (%7%7070))7



®(O10) = Z

\/§ 0 _\/§ _\/5 1 _1
=7 W FE ]

2

We have two CM-points by the maximal order R(—10,1):
i(3v/5 — 2v/10) iv/5

T — .

5 5

T =

They define the points in the Siegel upper half-space

31v 10 1 - v/ 10 1
Zy=| > EEAYAS R a2
_% + 44/10 31 410 _% i 410

which vyield the genus 2 curves




125

Y2 X5+mfx4+ X3+2fk?+x
2 _ 4 125 (3 2
Y mFX-w—J( _2vBX?2 + X.
Their common Igusa’s invariants are
, 32844064065625 5°.101°
1 pr— pr— ,
1 69934 25 . 37
. 3219690625 5°.1013
12 p— pr— ,
216 23 .33

2806550125 ~53.31.71-101°
- 648 - 23.34 |

13



SCM-points in X5



3,5
Q

Example 3. H = ( ) = (1,1, J,K), D = 15.

We consider the PEL-type given by the following data:

@@:{§§_&4~u»:{ggL

p=-1J, §=15,

1 I I
015 =211 +J,+J[

2 2

V = ((%7 _%7 _%7 _%)’ (%’ %’ 0, O))’



P(O15) = Z

V3 V3] 1.1 _1
127 [\ég _?/g] ) |:5\/2§ \/% ] ) [_g %]] .
2 2 2
We have four SCM-points.

Two of them have CM by R(—15,1):

i(2v/5 — V/15) 15 — 5v/3 4+ i(3v/5 — v/15)
T = , T2 = ;
5 30
and the other two have CM by R(—15,2):
iv5 _ 5+42iv5

T3 — ’ T4

5 15




They define the points in the Siegel upper half-space

Z\/E —1—|—27;\/15 —5—|—£7Lj\/15 —21—1|-2i\/15
Zl — —1+4iV/15 i/ 15 ) ZQ - —214+4v/15 —544v15 |’
2 3 12 12
iv/15 1 ivV/15 4
— 2 2 — 3 3
Z3 = 1 W/as |’ Z4 = 4 /15|
2 6 3 )




The points 71,1 yield the genus 2 curves

7\F
4

Y2 = X° X4—|— X3—|— \/_XQ—I-X

y2=Xx5 —¥3{/2111 — 168iv/15 X4 — 3V/15x3

+15 92111 4 168iv/15 X2 + X.



Their common Igusa’s invariants are

25000  23.5°

11

3 3
, 9375 3.5°
2 = ——7 = — :
2 )
, 9875 53.79
13 = —— = — .

3 23



The points 3,174 vield the genus 2 curves

y2=x5 —L1,/5(3439 + 24015) X4

+554(2140 4+ 97V15) X3

_%\/5(3439 + 240+/15) X2 + X,

Y2 = x5 —¥3{/91861516 + 21983071115 X*

+ 1L /5(40772 4 9139v/15) X3

~ V5527116 4 13537715 X2 + X.



Their common Igusa’s invariants are

_ 230234596815794975000  23.5°.1559°

11

41523861603 3. 712 )
_ 2877362908115625 3°.5°.15593
1 = = :
2 11529602 5. 78
. 3063998328865125 3.53.15592.3361747
’L3 == pt .

46118408 23.78

The quaternion algebras of discriminant D = 6,10,15 are twisting
quaternion algebras in the sense of Rotger. In these cases, forgetful
mappings explain the coincidence of Igusa’s invariants detected in the
examples.



