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RALF MEYER

ABSTRACT. Weexplainsomemathematicalideasunderlyingdimensionalregu-
larization,whichisanimportantingredientin theBPHZrenormalizationscheme.
Our discussionis limited to thecaseof scalarfield theories.

1. INTRODUCTION

Theproblemof perturbative renormalizationtheoryis to give ameaningto cer-
tain divergentintegralsarisingfrom Feynmandiagrams.Theanalyticaldifficulty
is to regularizetheoccurringdivergentintegrals,associatingto eachFeynmandia-
gramsomefinite value.Thephysicaldifficulty is to do this in sucha way that the
outcomehasa physicalmeaning.Thecontributionsof the variousFeynmandia-
gramsarenot independentof eachother: If a graphcontainsdivergentsubgraphs,
thentheway they have beenregularizedmustbetakeninto account.

In this talk wewill concentrateontheanalyticalpartof theproblem.Wewill ex-
plainhow to associateafinite valueto aFeynmandiagram.Thisvalueis physically
correctonly if the diagramcontainsno divergentsubgraphs.The combinatorics
neededfor generaldiagramswill beexplainedin otherlectures.Theprocedurewe
useto regularizean integral is calleddimensionalregularization. It is usedin the
BPHZrenormalizationscheme.

Thebasicideabehinddimensionalregularizationis thatrenormalizationis much
easierin low dimensions.Therefore,we try to write down thedivergentintegrals
thatwe have to regularizein sucha way that thedimensionof thephysicalspace-
time becomesanexternalparameterthatcanbevaried.Thenwe boldly allow the
dimensionD tobeanarbitrarycomplex number. As expected,ourintegralbecomes
convergentfor ReD

�
0 anddefinesananalyticfunctionthere.This functioncan

be continuedmeromorphicallyto all of � . However, it may have a pole at the
physicaldimensiond of space-time.Finally, the regularizedvalueis obtainedby
minimalsubtraction: We subtractthepolepart in theLaurentexpansionaroundd
andevaluatethe remainingfunctionat d. Thepolepart is calledthecounterterm
andhasto berecordedbecauseit is neededwhendealingwith divergentsubgraphs.

Althoughthemeaningof physicsin a D-dimensionalspace-timewith D ��� is
ratheropaque,dimensionalregularizationis usedby physicistsbecauseof its sim-
plicity andgoodinvarianceproperties.This schemeis alwaysgaugeandLorentz
invariant.Thesepropertieswill notbecomeapparentin thediscussionbelow, how-
ever, becausewe will limit ourselvesto scalartheories,thusexcludinggaugethe-
ories. Thereasonfor this restrictionis thata scalarfield theorycanautomatically
be formulatedin all non-negative integerdimensions.Hencewe have sufficiently

This noteis basedon a talk the authorheld at the 2002workshop“Theory of Renormalization
andRegularization”in Hesselberg, whichwassponsoredby theVolkswagenStiftung.
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many dimensionsto make a guidedguessaboutthecorrectformulasfor theD-di-
mensionalintegral for D ��� . Sincethespinis specialto four-dimensionalspace-
time,it is unclearhow to formulateanon-scalartheoryin otherdimensions.Physi-
cists,of course,know how to do this. Mathematicians,however, mayfind thecase
of scalarfield theoriesalreadychallengingenough.

We have preparedthe lecturefollowing Pavel Etingof (see[1]). However, our
presentationdifferssignificantlyfrom his. In particular, we have a morepowerful
methodfor themeromorphicextension.

2. A ROUGH OUTLINE OF THE METHOD

Webriefly describehow aphysicistmight carryoutdimensionalregularization.
LetV bed-dimensionalspace-time.ConsideraFeynmandiagramwith mexternal
legs andcorrespondingmomentaq1 ��������� qm � V, andwith n 	 m loops(n 
 m).
Theamplitudeof thisdiagramcanbewrittenas

I f � q1 ��������� qm � : ��
Vn � m

f � q1 ��������� qn � dqm� 1 ����� dqn �
wherethefunction f is of theform

f � q�  P � q�
∏ j � l j � q� 2 � m2

j �
with a certainpolynomialP, anda numberof linear forms l j on Vn andmasses
mj � 0. The rationalfunction f hasno poles,but doesnot decayfastenoughat
infinity, sothattheintegral diverges.

Pretendingthat the integral exists, we rewrite eachfactor in the denominator.
Thesimplerule � ∞

0 exp � 	 at � dt  a� 1 yields

I f  �
t j � 0

exp ��	 ∑
j

t jm
2
j � �

Vn � m
P � q� exp ��	 ∑

j
t j l j � q� 2 � dqdt �

Moreprecisely, sincemasseshaveaphysicaldimension,exp � 	 m2
j � is meaningless.

Weshouldfirst introduceamassscaleΛ andapplytheabove rule to a  � l j � q� 2 �
m2

j ��� Λ2 instead.Thustheresultof theregularizationdependson thechoiceof this
massscale. In the following, we will simplify our notationby assumingthat all
massesaremeasuredwith respectto somescaleandhencedimensionless.

For fixedt  � t j � , theGaussianintegraloverq abovecanbecomputedexplicitly.
To write down the result,we assumethat the field theoryis scalar. For physical
reasons,the function f is Lorentz invariant,which means,constanton orbits of
the Lorentz group action on Vn � m becausef hasscalarvalues. Therefore,the
externalmomentadonotenterdirectly, but only throughtheir innerproductmatrix
C:  � qi � q j � i � j � m. TheintegrationoverVn � m givesusafactor � detB � t ��� � d � 2, where
B � t � is therestrictionof thebilinearform ∑ j t j l2

j � q� toVn � m. Altogetherweobtain

I f  �
t j � 0

exp � 	 ∑
j

t jm
2
j ! ψ � t � C � d �"� detB � t ��� � d � 2 dt

with somepolynomialfunctionψ thatcomesfrom thepolynomialP. In this for-
mula,thedimensiond of space-timehasbecomeanexternalparameterwhichmay
bereplacedby any complex numberD. Now mathematicsprovidesthefollowing
results:First, for ReD

�
0 the integral I f � D � exists; secondly, this functionof D

hasameromorphicextensionto � .
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Oncewe have a meromorphicfunction I f � D � , the regularizedvalueof the in-
tegral is obtainedby minimal subtraction at the physicaldimensionD  d. We
considertheLaurentseries

I f � D �  ∑
n #%$ an �"� D 	 d � n

aroundd. Thenthecountertermis thefunction

Icounter
f :  � ∞

∑
n& � 1

an �'� D 	 d � n �
theregularizedvalueis

I reg
f :  a0 �

If our graphhasdivergentsubgraphs,thenwe shouldsubtractappropriateterms
involving the countertermsfor the divergent subgraphs,accordingto the BPHZ
renormalizationscheme.

3. THE D-DIMENSIONAL INTEGRAL

In this section,we constructtheD-dimensionalintegral for Schwartzfunctions.
In thenext section,we will show how to extendthis constructionto moregeneral
functions.

Wewill alwayswork with theEuclideanmodelof space-time.Thefinal results
can,of course,be translatedto Minkowski space-timeby a Wick rotation. How-
ever, intermediateresultsdependon the positivity of the space-timemetric. We
let V beEuclideanspace-time.We let β bethepositive definitemetriconV. We
denotethe physicaldimensionof space-timeby d, anduseD for the dimension
whenviewedasavariable.In theEuclideanpicture,theLorentzgroupis replaced
by theorthogonalgroupO � d � .
3.1. Coordinate-freereformulation of the integral. If W is afinite dimensional
vectorspace,wewrite S2W ( for thevectorspaceof symmetricbilinearformsonV,
andS

2� W ( andS2� W ( for thesubsetsof positivesemi-definiteandpositivedefinite
bilinearformsonW. Thus

S2� W (*) S
2� W (+) S2W ( �

We write , � S2� W ( � and , � S2W ( � for thespacesof Schwartz functionson S
2� W (

andS2W ( . By definition,a functionon S
2� W ( is a Schwartz function iff it is the

restrictionof aSchwartzfunctiononS2W ( .
Let

E : .- n � F : /- m ) - n �
Both E andF arevectorspacesequippedwith fixed volume forms—sothat we
canintegratefunctionson them—andcarryno furtherstructure.Weview ann-tu-
ple q :  � q1 ��������� qn � with q j � V as an elementof the vector spaceHom� E � V � .
Them-tuple � q1 ��������� qm � is nothingbut therestrictionq 0 F � Hom� F � V � . Theinner

productmatrixwith entriesqi � q j is identifiedwith thebilinearform q( � β � � S
2� E (

obtainedby pulling back β � S2� V ( along q. Pointsq1 � q2 � Hom� E � V � lie on
thesameO � d � -orbit if f q(1β  q(2β. Therefore,Lorentzinvarianceimpliesthat the

function f only dependsonq( � β � � S
2� E ( . Wesupposethat f is alreadygivenasa
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functiondefinedon all of S
2� E ( . Thenwe canrewrite our (still divergent)integral

as
Id

f � k( β �  �21
q � Hom� E � V � 0 x 0 F  k 3 f � q( β � dq

for k � Hom� F � V � . Theright handsideonly dependsonk ( β, notonk itself. Notice
that in theabove formula,d may alreadybe any non-negative integer! However,
theabove formulaonly determinesId

f � C � if rankC 4 d, andit only dependson the
valuesof f on form of rankd.

3.2. Extrapolation to complexdimensions. Toguessaformulafor theD-dimen-
sionalintegral,weplug specialfunctionsinto Id. Let

φB � A� :  exp � 	 tr � AB��� 5 B � S2� E �
Notice that this is a Schwartz function on S

2� E ( by positivity. For the time be-

ing, theintegral Id � φB �"� C � is definedonly for C � S
2� F ( with rankC 4 d because

otherC cannotbewrittenask( β for k � Hom� F � V � . Wehave

(1) Id � φB �"� C �  π 6 n � m7 d � 2exp � 	 tr � C � BF 8 ���9�'� detBF : � � d � 2 �
In thisformula,BF : is therestrictionof B to F ;< � E � F � ( ) E ( , andBF 8 � S2� F is
thebilinearform onF ( thatis canonicallyassociatedto B. Thatis, werestrictB to
theorthogonalcomplement� F ; � ; B of F ; ) E ( with respectto theinnerproductB
andidentify

F (>= E ( � F ;?= � F ; � ; B �
If wesplit E = F @ G arbitrarilyanddescribeB by a2 A 2-blockmatrix � Bi j � with
respectto theresultingdecompositionE (> F (9@ G( , thenwe have

(2) BF :  B22 � BF 8  B11 	 B12B� 1
22 B21 �

If thedecompositionof E diagonalizesB, we simply getBF 8  B11. To verify (1),
choosea basisin which B is diagonaland observe that the resultingintegral is
Gaussian.

In theremainderof this section,wewill establishthefollowing:

Theorem 1. There areuniquedistributionsID 0C �<, � S2� E ( �CB that satisfy

(3) ID 0C � φB �  π 6 n � m7 D � 2exp � 	 tr � C � BF 8 ���9�'� detBF : � � D � 2
for all B � S2� E, C � S

2� F ( , and D �D� . In addition, thesedistributions piece
togetherto a continuouslinear map

I  � ID � D #FE : , � S2� E ( �HGJIK� � � , � S2� F ( ���L�
Definition 2. TheoperatorID is calledD-dimensionalintegral with parameters. If
F  1

0 3 , it is calledD-dimensionalintegral.

3.3. Construction of the D-dimensionalintegral with parameters. Wepresent
two descriptionsfor adistribution ID 0 C satisfying(3). Thefirst oneonly worksfor
ReD � n 	 1. Thesecondoneworks for ReD M 2 andis usedto extendthefirst
descriptionto all D �N� .

For l �NO , x �?� , define

Γl � x� :  � 2π � l 6 l � 17P� 4 l � 1

∏
j & 0

Γ Q x 	 j
2 R �
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For ReD � n 	 1 andC � S2� F ( , let

ρD � A � C � :  π 6 n � m7 D � 2Γm � D � 2�
Γn � D � 2� � � detA� 6 D � n � 17P� 2� detC � 6 D � m� 17P� 2 � δ � AF 	 C �L�

This is a well-defineddistribution becausethe function � detA� � 1 is locally inte-
grableonS2F ( .
Lemma 3. LetReD � n 	 1, C � S2� F ( , andB � S2� E. Then

�
S2S E 8 ρD � A � C � φB � A� dA  π 6 n � m7 D � 2exp � 	 tr � C � BF 8 ���T�'� detBF : � � D � 2 �

Proof. Wefollow thestandardrouteof analysisonsymmetriccones(see[2]). Both
sidesof the equationarebasisindependent,they only usethe subspaceF ) E,
the volumeforms on E andF, andthe positive definitebilinear formsC andB.
Althoughwe will write down thecomputationsin an invariantform, thesimplest
way to verify it usesa basis � xi � for E that is ascompatibleaspossiblewith the
given structure. Let � x(i � be the correspondingdual basisfor E ( . We canview
bilinearformsasmatricesandhencecomposethemusingthesebases.Wechoose
thebasis � xi � so that: x1 ��������� xm spanF; thevolumeforms on E andF areequal
to x1 U?����� U xm andx1 U?����� U xn, respectively; thepositive definitebilinearformsC
andB take thenormalforms

C  c � 1m � B  � bF 8 � 1m 0
0 bF : � 1n � m

�
with c � bF 8 � bF : � 0. In fact,we musthave

c  � detC � 1� m � bF 8  � detBF 8 � 1� m � bF :  � detBF : � 1� 6 n � m7 �
Welet

G :  F ; B  span
1
xm� 1 ��������� xn 3 ) E � G(  F ; ) E ( �

We representan elementA of S2� E ( asa block matrix � Ai j � with respectto the
decompositionE  F @ G. If A ispositivedefinite,soisA11. HenceA11 is invertible
andwe candefine

Y :  A21A� 1
11 � Y ( :  A� 1

11 A12 � X :  A22 	 A21A� 1
11 A12 �

Thecomputation

� 1 0
Y 1� � � A11 0

0 X � � � 1 Y (
0 1 � V� A11 A12

A21 A22
�

shows thatA � 0 iff A11 � 0 andX � 0 andthatdetA  detA11 � detX. We apply
thechangeof variablesA WGX� A11 � X � A21 � , which identifies

S2� E (>= S2� F ( A S2� F ; A Hom� F ( � F ; �L�
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Its Jacobianhasdeterminant1 everywhere. Simplifying first the δ-function and
thentheGaussianintegral for A21, we obtain:

�
S2S E 8 ρD � A � C � φB � A� dA

 π 6 n � m7 D � 2Γm � D � 2�
Γn � D � 2� � detC � � 6 n � m7P� 2exp � 	 tr � BF 8 C ��� A

�
S2S F : � detX � 6 D � n � 17P� 2exp � 	 trBF : X � A

�
Hom6 F 8 � F : 7 exp � 	 trBF : A21C � 1At

21 � dA21dX

 π 6 n � m7 D � 2Γm � D � 2�
Γn � D � 2� � 2π � m6 n � m7P� 2 exp � 	 tr � BF 8 C ��� A

�
S2S F : � detBF : � m� 2 � detX � 6 D � n� 17Y� 2exp � 	 trBF : X � dX �

Sincetheonly structurethatour spacescarry is a volumeform, theremainingin-
tegraloverS2� F ; canonly dependon thedeterminantof BF : . A scalingargument
shows thatit mustbeaconstantmultiple of � detBF : � � D � 2. To determinethatcon-
stant,wesplit G  G1 @ G2 andusethesamedecompositionof S2� G asabove. This
reducesthecomputationfor G to thesimplercomputationsfor G1 andG2. Even-
tually, oneis led to the casewhereG hasdimension1. In that case,the integral
clearlygivesriseto someΓ-function.Theconstantsin thedefinitionof ρ � A � C � are
chosensoasto canceltheseconstantfactors. Z

ThuswemaydefineID 0C :  ρD � �P� C � for ReD � n 	 1andC � S2� F ( . ForReD �O , we alreadyknow what ID 0C hasto do, and we know that it is supportedon
bilinear forms of rank 4 D. For D 4 n 	 1, this sethasLebesguemeasurezero.
This is why we cannotdescribeID 0C soeasilyin thatregion.

Next we considertheFourier transformof ID 0C. By analyticcontinuation,for-
mula(3) holdsfor all B � S2E [D� with ReB � 0. For ReB \ 0, we get

(4) ID 0C � φiB �  π 6 n � m7 D � 2exp � 	 tr � iC � BF 8 ���9� lim
J ] 0

� det� J � iBF : ��� � D � 2
for all B � S2E. Noticethat thebilinear form BF 8 is still definedfor almostall B
by (2). Even more,sinceB WG B� 1 � detB is a polynomial function, the function
B WG BF 8 is a rationalfunctionwith denominatordetBF : .

Sincethe functionsφiB � A� for B � S2E areexactly thecharactersof thegroup
S2E ( , (4) describesthe Fourier transformof ID 0C. Sincea distribution is deter-
mineduniquelyby its Fourier transform,equation(4) shows that thereis at most
onedistributionsatisfying(3). For ReD M 2, thelimit in (4) existsevenasalocally
integrablefunctionon S2E andhastemperategrowth for B G ∞. Henceit defines
anelementof thedistribution space, � S2E � B . Its Fourier transformis anelement
of , � S2E ( � B , thatis, a tempereddistribution onS2E ( . Thisyieldsausefulformula
for ID 0 C if ReD M 2.

For the time being,we aremoreinterestedin the region ReD � n 	 1, where
ρD � �^� C � is a tempereddistribution for all C � S2� F ( . Hencethe limit in (4) must
exist in , � S2 E �CB andbeequalto theFouriertransformρ̂D � B � C � of ρD � �^� C � . Let

P � B� :  π � 6 n � m7 detBF : �
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this is apolynomialfunctionon S2E. Wehave

ρ̂D � 2 � B � C �  P � B�9� ρ̂D � B � C �L�
Consequently,

(5) ρD � 2k � A � C �  ∂ � P� kρD � A � C � 5 k �_O � D ��� � ReD � n � 2k �
where∂ � P� is thedifferentialoperatoradjointto P, actingon thevariableA. Since

∂ � P� is acontinuousoperatoron , � S2� E ( � , thedistributions∂ � P� kρD � �^� C � arewell-
definedfor all k ��O , ReD � n. This providesa holomorphicextensionof ID 0C to
D ��� . Evidently, thedistributions ID 0C for D ��� piecetogetherto a continuous
linearoperator

I 0C : , � S2� E ( ��GJI`� � � for all C � S2� F ( .
If C � S

2� F (ba S2� F ( , we canstill usethe above constructionin the following
way. Let K ) F be the nullspaceof C, so thatC givesrise to a positive definite
bilinearform C( on thequotientspaceF � K. SinceS

2� � E � K � ( ) S
2� E ( , we obtain

acontinuouslinearmap

I 0C : , � S2� E ( � restrc	 G , � S2� � E � K � ( � I dC8	 GeI`� � �L�
which satisfies(3). Theuniquenessof I 0C againfollows from thecomputationof
theFouriertransform.

Summingup,we have constructedfor eachC � S
2� F ( a continuouslinearmap

I 0C : , � S2� E ( �fGgIK� � � . Theorem1 asserts,in addition, that thesemapspiece

togetherto a mapwith valuesin I`� � � , � S2� F ( ��� . Sincewe will not usethis fact
andsinceits proof is rathercomplicated,weomit it.

4. EXTENSION TO FUNCTIONS WITHOUT RAPID DECAY

Sofar, we have learnedhow to performa D-dimensionalintegral for Schwartz
functions,with arbitraryD. However, thefunctionson S2E ( thatarisefrom Feyn-
mandiagramsarenot Schwartz functions. They are rational functionson S2E (
withoutsingularitiesin S2� E ( . Ourfirst claim is thattheD-dimensionalintegral of
sucha functionmakessensefor ReD

�
0. Our secondclaim is that theresulting

analyticfunctionhasa meromorphiccontinuationto � . Actually, we do not quite
needrationalfunctions.Wewill specifylargerclassesof functionsfor which these
resultshold. In thefollowing, weassumethatn � m. Otherwise,themapID is just
theidentitymap,andthereis nothingto prove.

First,we examinethesetS
2� E ( moreclosely. We fix aninnerproducton E, so

thatthetraceof a bilinearform is defined.ThetracetrA is positive for A � S
2� E ( ,

andwe canestimatetheoperatornorm(that is, largesteigenvalue)by h A hi4 trA.

Thisshows thattheset � S2� E ( � 1 of positive bilinearformswith trace1 is compact.
Furthermore,we have ahomeomorphism

S
2� E ( a 1

0 3 = � S2� E ( � 1 Aj- (� � A WGk� A� trA � trA�L�
Definition 4. Let f : S

2� E ( G � bea smoothfunctionandlet a �N- . For amulti-
index α, let ∂α be the correspondingconstantcoefficient differentialoperatoron
S2E ( . Wesaythat f hasorder 4 a if f

∂α f � A�  O � � trA� a�Hdα d ! for trA G ∞ andall α �
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Let , 6 a7 � S2� E ( � bethespaceof functionsof order 4 a, equippedwith its canonical
topology.

Clearly, a function on S
2� E ( is Schwartz iff it hasordera for all a �.- . It is

straightforwardto seethatarationalfunctionof totaldegreea withoutsingularities
in S

2� E ( hasorder 4 a. Hencethefollowing theoremappliesto thefunctionsthat
arisefrom Feynmandiagrams.

Theorem5. If f : S
2� E ( G � hasorder M ∞, thenID � f � existsfor ReD

�
0. More

precisely, for all a �j- , thedistribution ID 0C extendscontinuouslyto , 6 a7 � S2� E ( � if

ReD M 2 	 2 � a � n2 ���2� n 	 m� , C � S
2� F ( .

Proof. Let f bea functionon S
2� E ( of order 4 a. Let ∂ � P� betheconstantcoef-

ficient differentialoperatorthat figuresin (5). Sinceit hasordern 	 m, we have
∂ � P� k f  O � trA� a � 6 n � m7 k for all k �_O , andthesameestimatefor all derivativesof

∂ � P� k f . A measurablefunctionon S
2� E ( is integrableif it is O � trA� � b for some

b � n2. As a result,the function∂ � P� k f andall its derivativesareintegrablepro-
videdk �l� a � n2 ���2� n 	 m� . Wecanextend f to a function f̄ : S2E ( G � with the
samedecayproperty. Sincethe Fourier transformturnsdifferentiationinto mul-
tiplication by polynomials,we concludethat theFourier transformof ∂ � P� k f̄ has
rapid decay(however, we claim nothingaboutthe derivatives of this function!).
Henceit canbe pairedwith theFourier transformof ID 0C for ReD M 2, which is
a locally integrablefunction with temparategrowth by (4). By (5), this defines
ID � 2k 0C � f � for ReD M 2. As a result,ID 0C extendscontinuouslyto , 6 a7 � S2� E ( � if
ReD M 2 	 2 � a � n2 ���2� n 	 m� . Z
Definition 6. Let � fl � l #%$ be a family of smoothfunctionson � S2� E ( � 1 and let

f : S
2� E ( G C be a smoothfunction. Let χ : S

2� E ( Ggm 0 � 1n be a cutoff function
thatvanishesfor trA

�
1 andis identically1 for trA o 1. Wesaythat

∑
l #%$ fl � A� trA�9�'� trA� l

is anasymptoticexpansionfor f if f fl  0 for l o 0 and

f � A� 	 ∑
l p a

fl � A� trA�9�'� trA� l � χ � A� �q, 6 a7 � S2� E ( �
for all a �N- . Wecall f symbolicif f it hassuchanasymptoticexpansion.

Theaboveconditionis reminiscentof regularityconditionsfor symbolsof pseu-
dodifferentialoperators.A symbolicfunctionhasorder M ∞. A Schwartzfunction
is symbolic with asymptoticexpansion f = 0. It is easyto seethat a rational
functionwithout singularitiesin S

2� E ( is symbolic. Hencethefollowing theorem
appliesto functionsfrom Feynmandiagrams.

Theorem 7. Let f : S
2� E ( G � bea symbolicfunctionand let C � S

2� F ( . Then
ID 0C � f � , which is definedfor ReD

�
0, extendsto a meromorphicfunctionon �

with only simplepoles,which mustbein r � 2�2� n 	 m� .
Proof. Weneedtheequivarianceof ID with respectto dilations.Wedefineactions
of -s(� on , � S2� E ( � and , � S2� F ( � by σt f � B� :  f � tB� . It follows from thedefining
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property(3) that

ID � σt f �  t 6 n� m7 D � 2σt I
D � f � 5 D �?� � f �j, � S2� E ( �L�

We considertheintegratedform of this actionto, say, compactlysupporteddistri-
butionsh on - (� . UsingtheLaplacetransform

ĥ � s� :  � ∞

0
h � t �9� ts dt

t
we have

ID � σh f �  ĥ � D �'� n 	 m��� 2�9� σh � ID � f � ! �
Considernow theactionof σh on theasymptoticexpansionof f ! Let

f � A� = ∑ fl � A� trA�T�'� trA� l for A G ∞ �
Supposefl  0 for l � a, so that f hasorder 4 a. Clearly, σt multiplies theterm
fl � A� trA�"� trA� l by t l . As a result,σh f is againsymbolicwith asymptoticexpan-
sion

σh f = ∑ ĥ � l �9� fl � A� trA�9�"� trA� l �
Fix s �N- . Theorem5 yieldsb �?r suchthat ID � f � existsfor ReD M s and f of

order 4 b. Let h bethecompactlysupporteddistribution on - (� with

ĥ � z�  ∏
l #%$bt%u b � au � z 	 l �L�

Thenσh f hasorder 4 b becausethehighertermsin theasymptoticexpansionare
multiplied by ĥ � l �  0. HenceID � σh f � exists for ReD M s. The inverseLaplace
transformof 1� h is a distribution h̃ on - (� with supportcontainedin m 1 � ∞ m . The
standardpropertiesof the Laplacetransformyield σh̃σh  σh( h̃  id. Usingalso
theequivarianceof ID, we obtain

ID � f �  ĥ � D �'� n 	 m��� 2� � 1 � σh̃ � ID � σh f � !
for ReD

�
0. However, theright handsidecontinuesto makessensefor ReD M s.

HenceID 0C � f � is ameromorphicfunctionfor ReD M swhosepolesaresimpleand
containedin theset r � 2�2� n 	 m� . Sinces is arbitrary, thetheoremis proved. Z

Theaboveconstructiononly yieldssimplepoles.Thisis becausewedisregarded
divergentsubgraphs.Thecountertermsthey producealreadydependon D them-
selves.Therefore,they yield termsof theform ID � fD � , where fD mayhave a pole
atd. In thisway, higherpolesmaybecreated.
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