DIMENSION AL REGULARIZA TION

RALF MEYER

ABSTRACT. Weexplainsomemathematicaldeasunderlyingdimensionategu-
larization,whichis animportantingredientn theBPHZ renormalizatiorscheme.
Ourdiscussionis limited to the caseof scalafrfield theories.

1. INTRODUCTION

The problemof perturbatie renormalizatiortheoryis to give ameaningto cer
tain divegentintegralsarisingfrom Feynmandiagrams.The analyticaldifficulty
is to regularizethe occurringdivergentintegrals,associatingo eachFeynmandia-
gramsomefinite value. The physicaldifficulty is to do thisin sucha way thatthe
outcomehasa physicalmeaning. The contritutions of the variousFeynmandia-
gramsarenotindependentf eachother: If a graphcontainsdivergentsubgraphs,
thentheway they have beenregularizedmustbetakeninto account.

In thistalk we will concentrat®ntheanalyticalpartof the problem.Wewill ex-
plainhow to associatafinite valueto aFeynmandiagram.Thisvalueis physically
correctonly if the diagramcontainsno divergent subgraphs.The combinatorics
neededor generadiagramswill be explainedin otherlectures.Theprocedurave
useto regularizeanintegral is calleddimensionafregularization It is usedin the
BPHZ renormalizatiorscheme.

Thebasicideabehinddimensionategularizationis thatrenormalizationis much
easielin low dimensions.Therefore we try to write down the divergentintegrals
thatwe have to regularizein suchaway thatthe dimensionof the physicalspace-
time becomesan externalparametethatcanbe varied. Thenwe boldly allow the
dimensiorD to beanarbitrarycomplex number As expectedpurintegralbecomes
convergentfor ReD « 0 anddefinesananalyticfunctionthere. This functioncan
be continuedmeromorphicallyto all of C. However, it may have a pole at the
physicaldimensiond of space-time Finally, the regularizedvalueis obtainedby
minimal subtiactiont We subtracthe pole partin the Laurentexpansionaroundd
andevaluatethe remainingfunctionat d. The pole partis calledthe counterterm
andhasto berecordedecausé is neededvhendealingwith divergentsubgraphs.

Althoughthe meaningof physicsin a D-dimensionakpace-timevith D € C is
ratheropaquedimensionategularizationis usedby physicistshecausef its sim-
plicity andgoodinvarianceproperties.This schemds alwaysgaugeandLorentz
invariant. Thesepropertieswvill notbecomeapparenin thediscussiorbelow, how-
ever, becauseve will limit ourselesto scalartheoriesthusexcluding gaugethe-
ories. Thereasorfor this restrictionis thata scalarfield theorycanautomatically
be formulatedin all non-ngative integer dimensions.Hencewe have suficiently
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mary dimensiongo make a guidedguessaboutthe correctformulasfor the D-di-
mensionalintegral for D € C. Sincethe spinis specialto four-dimensionakpace-
time, it is uncleathow to formulatea non-scalatheoryin otherdimensionsPhysi-
cists,of courseknow how to do this. Mathematicianshowever, mayfind the case
of scalarfield theoriesalreadychallengingenough.

We have preparedhe lecturefollowing Pavel Etingof (see[1]). However, our
presentatiomiffers significantlyfrom his. In particular we have a more powerful
methodfor the meromorphiaxtension.

2. A ROUGH OUTLINE OF THE METHOD

We briefly describehow a physicistmight carry out dimensionategularization.
LetV bed-dimensionakpace-timeConsidera Feynmandiagramwith m external
legs and correspondingnomentaqs, - .. ,qm € V, andwith n— m loops(n > m).
Theamplitudeof this diagramcanbe written as

11(@ees )= [ F(Gaseees o) Ao . i

wherethefunction f is of theform
P(g)

fl)= — WV
D= R a@
with a certainpolynomial P, anda numberof linear forms|; onV" andmasses
m; > 0. Therationalfunction f hasno poles,but doesnot decayfastenoughat
infinity, sothattheintegral diverges.
Pretendinghat the integral exists, we rewrite eachfactorin the denominatar
Thesimplerule [5° exp(—at) dt = a ! yields

I =/tjzoexp<—§tj”ﬁ>/nmP(Q)exp<—;tj|j(q)2> dqgt.

More preciselysincemassesla/eaphysicaldimensionexp(—rrﬁ) is meaningless.
We shouldfirst introducea massscaleA andapplytheabove ruleto a= (I;(q)? +
mlz)/A2 instead.Thustheresultof theregularizationdepend®n the choiceof this
massscale. In the following, we will simplify our notationby assuminghatall
massesiremeasuredvith respecto somescaleandhencedimensionless.
Forfixedt = (t;j), theGaussiarntegral over g abose canbecomputedxplicitly.
To write down the result,we assumehat the field theoryis scalar For physical
reasonsthe function f is Lorentzinvariant, which means,constanton orbits of
the Lorentz group actionon V™™ becausef hasscalarvalues. Therefore,the
externalmomentado notenterdirectly, but only throughtheirinnerproductmatrix
C:=(q-qj)i j<m- TheintegrationoverV"-™ givesusafactor(detB(t))~%/2, where
B(t) is therestrictionof thebilinearform thjljz(q) toV"~M. Altogetherwe obtain

It = /tjzoexp(—Zt,-mf)tp(t,C,d)(detB(t))d/zdt

with somepolynomialfunction y that comesfrom the polynomialP. In this for-
mula,thedimensiond of space-timénasbecomeanexternalparametewhich may
bereplacedby ary complex numberD. Now mathematicprovidesthefollowing
results:First, for ReD « 0 theintegral I;(D) exists; secondlythis function of D
hasa meromorphiextensionto C.
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Oncewe have a meromorphicfunction |¢(D), the regularizedvalue of thein-
tegral is obtainedby minimal subtiaction at the physicaldimensionD = d. We
considerthe Laurentseries

(D) =Y a-(D—d)"

NeZ

aroundd. Thenthecounterternis thefunction

|%:ounter:= z an- (D o d)n’
n=-1

theregularizedvalueis
159 :=ay.
If our graphhasdivergent subgraphsthenwe shouldsubtractappropriateterms

involving the countertermdor the divergent subgraphsaccordingto the BPHZ
renormalizatiorscheme.

3. THE D-DIMENSIONAL INTEGRAL

In this sectionwe constructhe D-dimensionaintegral for Schwartz functions.
In the next section,we will shav how to extendthis constructiorto moregeneral
functions.

We will awayswork with the Euclideanmodelof space-timeThefinal results
can,of course be translatedo Minkowski space-timeby a Wick rotation. How-
ever, intermediateresultsdependon the positiity of the space-timemetric. We
letV be Euclideanspace-time We let B be the positive definitemetriconV. We
denotethe physicaldimensionof space-timeby d, anduseD for the dimension
whenviewed asa variable.In the Euclideanpicture,the Lorentzgroupis replaced
by the orthogonalgroupO(d).

3.1. Coordinate-freereformulation of the integral. If W is afinite dimensional
vectorspacewe write S?W* for thevectorspaceof symmetricbilinearformsonV,
and§i W* andS? W for the subset®f positive semi-definiteandpositive definite
bilinearformsonW. Thus

LW CS W C SPw

We write 5(§i W*) and.$(S?W*) for the spacesf Schwartz functionson §iW*

andS?W*. By definition, a functionon §iW* is a Schwartz functioniff it is the
restrictionof a Schwartzfunctionon SPW*.
Let
E:=R", F=R"CR".

Both E andF are vector spacesquippedwith fixed volume forms—sothat we
canintegratefunctionson them—andcarry no further structure. We view ann-tu-
ple g:=(d,---,0n) With g; € V asan elementof the vector spaceHom(E,V).
Them-tuple(qy,-..,0m) is nothingbut therestrictiong|r € Hom(F,V). Theinner
productmatrixwith entriesg; - g; is identifiedwith thebilinearform g*(B) € §i E*
obtainedby pulling backp ¢ siv* alongq. Pointsqs, g € Hom(E,V) lie on
the sameO(d)-orbit iff g;B = g3B. Therefore Lorentzinvarianceimpliesthatthe

function f only depend®ng*(B) € §i E*. We supposéhat f is alreadygivenasa
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functiondefinedon all of §2+ E*. Thenwe canrewrite our (still divergent)integral
as

drp*ny — *
D= figc vomev) e kg TP

for ke Hom(F,V). Theright handsideonly depend®nk*, notonk itself. Notice
thatin the above formula, d may alreadybe ary non-ngative integer! However,
theabore formulaonly determineS?(C) if rankC < d, andit only depend®nthe
valuesof f onform of rankd.

3.2. Extrapolation to complexdimensions. To guessaformulafor theD-dimen-
sionalintegral, we plug speciaffunctionsinto 9. Let

@s(A):=exp(—tr(AB))  VBe SZE.

Notice that this is a Schwartz function on §i E* by positvity. For the time be-

ing, theintegral 1 9(gg)(C) is definedonly for C € §i F* with rankC < d because
otherC cannotbewritten ask*3 for k € Hom(F,V). We have

1) 19(¢8)(C) = "™/ 2exp(—tr(C-B™)) - (detB. )~ V2.
In thisformula, B istherestrictionof Bto F+ = (E/F)* CE*, andB™ € S2F is
thebilinearform on F* thatis canonicallyassociateto B. Thatis, we restrictB to
theorthogonatomplementF )& of F+ C E* with respecto theinnerproductB
andidentify

F* ~ E*/FL ~ (FL)LB-
If we splitE = F @ G arbitrarily anddescribeB by a 2 x 2-blockmatrix (B;j) with
respecto theresultingdecompositiore* = F* @ G*, thenwe have

2 Ber =B, BT =Bui— BBy Ba.
If the decompositiorof E diagonalizes, we simply getB™" = B14. To verify (1),
choosea basisin which B is diagonaland obsere that the resultingintegral is

Gaussian.
In theremainderof this sectionwe will establistthefollowing:

Theorem 1. Thete are uniquedistributions!®|c € 5(§i E*)’ thatsatisfy
3) 1P|c(gg) = m"MP/2exp(—tr(C-BF)) - (detB. ) /2

for all B € Sﬁ E,Ce §2+ F*, andD € C. In addition, thesedistributions piece
togetherto a continuoudinear map

c * =2 *
| = (IP)pec: S(5;E*) = O(C,5 (S, F*)).
Definition 2. Theoperator © is calledD-dimensionalntegral with parametes. If
F = {0}, it is calledD-dimensionalintegral.

3.3. Construction of the D-dimensionalintegral with parameters. We present
two descriptiongor adistribution I P|c satisfying(3). Thefirst oneonly worksfor
ReD > n— 1. Thesecondoneworksfor ReD < 2 andis usedto extendthe first
descriptionto all D € C.

Forl e N, x e C, define

M= (211)'<'—1>/“:|:ir (x— %)
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ForReD >n—1andC € S F*, let

_ n-mpj2I m(D/2) (detp)®-n-/2

pP(AC): Mn(D/2) ) (detC)(D-m-1)/2 '

3(Ar —C).

This is a well-defineddistribution becausehe function (detA) ! is locally inte-
grableon S?F*.

Lemma3. LetReD >n—1,C e 2 F*, andBe S E. Then
/2 pP(A,C)@s(A) dA = " ™P/2exp(—tr(C-B")) - (detB . ) P72
S2E*

Proof. Wefollow thestandardouteof analysisonsymmetricconegse€[2]). Both

sidesof the equationare basisindependentthey only usethe subspacd- C E,

the volumeforms on E andF, andthe positive definite bilinear formsC andB.

Althoughwe will write down the computationsn aninvariantform, the simplest
way to verify it usesa basis(x;) for E thatis ascompatibleas possiblewith the
given structure. Let (x*) be the correspondinglual basisfor E*. We can view

bilinearformsasmatricesandhencecomposghemusingthesebasesWe choose
the basis(x) sothat: xg,...,Xn spanF; the volumeformson E andF areequal
to Xy A -+ AXm andxy A - -+ A Xn, respectiely; the positive definitebilinearformsC

andB take the normalforms

_ _ bF* * 1m 0
C—C-lm, B= ( 0 bFL‘ln_m>

with ¢,b™",bg. > 0. In fact,we musthave
c= (detC)"/™, b™" = (detB™ )Y/, be. = (detBg. )Y/ (),

We let
G:=F'® = spaf{Xmn;1,..., X} CE, G*=F' CE*"
We representin elementA of S2 E* asa block matrix (Ajj) with respectto the
decompositiorie = F ® G. If Ais positive definite,sois A1;1. HenceAq; isinvertible
andwe candefine
Y :=Axn Ill’ Y*:= AIllAlz, X:=~Axp— A2]_AIllA12.

The computation

1O.A110.1Y*_A11A12

Y 1 0 X 0 1) \Ax Ax
shavs thatA > 0 iff Aj; > 0andX > 0 andthatdetA = detA;; - detX. We apply
the changeof variablesA — (A;1, X, A1), whichidentifies

SEE* > S2F* x S2F* x Hom(F*,F1).
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Its Jacobiarhasdeterminantl everywhere. Simplifying first the &-function and
thenthe Gaussiarintegral for Ay;, we obtain:

[, . PP(AC)Im(A) aA

_ ﬁn—m)D/z%(detcr(”‘m’/ Zexp(—tr(B" C)) x

/2 (detX)(P"D/2exp(—trBg. X) x
RFL

/ exp(—tr BFLAZJ_C_lAtZl) dAy1dX
Hom(F*,FL)

_ T[(nm)D/z%(zmm(nm)/Z eXp(—tr(BF*C)) X

/ _(detBe.)™2(detX) " D/2exp(— trB. X) dX.
SFL

Sincethe only structurethatour spacesarryis a volumeform, the remainingin-
tegral overS?r F- canonly dependnthedeterminanbf B-.. A scalingargument
shawvs thatit mustbea constanmultiple of (detBg.) /2. To determinethatcon-
stantwe split G = G1 & G, andusethesamedecompositiorof Si G asaborve. This
reduceghe computationfor G to the simplercomputationgor G; andG,. Even-
tually, oneis led to the casewhereG hasdimensionl. In thatcase the integral
clearlygivesriseto somel -function. The constantsn thedefinitionof p(A,C) are
chosersoasto canceltheseconstanfactors. O

Thuswe maydefinel P|c :=pP(-,C) for ReD > n—landC € S5 F*. ForReD €
N, we alreadyknow what 1P|c hasto do, andwe know thatit is supportedon
bilinear forms of rank < D. For D < n— 1, this sethasLebesguaneasurezero.
Thisis why we cannotdescribe P|c soeasilyin thatregion.

Next we considerthe Fourier transformof 1°|c. By analyticcontinuation for-
mula(3) holdsfor all B € S°’E ® C with ReB > 0. For ReB \, 0, we get

@) 1Plc(qe) = "B 2exp(—tr(iC-BF)) -lim (det3+ iBe.)) /2

for all B € S’E. Noticethatthe bilinearform BF" is still definedfor almostall B
by (2). Evenmore,sinceB — B~!.detB is a polynomial function, the function
B~ BF is arationalfunctionwith denominatodetB . .

Sincethe functions@g(A) for B € SE areexactly the character®f the group
S?E*, (4) describeghe Fourier transformof 1P|c. Sincea distribution is deter
mineduniquelyby its Fourier transform,equation(4) shavs thatthereis at most
onedistribution satisfying(3). For ReD < 2, thelimit in (4) existsevenasalocally
integrablefunctionon S? E andhastemperaterowth for B — c. Henceit defines
anelementof the distribution space$(S?E)’. Its Fouriertransformis anelement
of S(S?E*)', thatis, atemperedlistribution on S?E*. Thisyieldsausefulformula
for 1P|c if ReD < 2.

For the time being, we are moreinterestedn the region ReD > n— 1, where
pP(-,C) is atemperediistribution for all C € S5 F*. Hencethelimit in (4) must
existin $(S?E)’ andbe equalto the Fouriertransformp®(B,C) of p®(-,C). Let

P(B):=1 ("™ detB .,
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thisis a polynomialfunctionon S?E. We have

p°~*(B,C) =P(B)-p°(B,C).
Consequently
(5) pP~2(A,C) = d(P)*pP(A,C)  VkeN,D e C,ReD > n+ 2k,
whered(P) is thedifferentialoperatoradjointto P, actingon thevariableA. Since
o(P)is acontinuousoperatonon5(?3r E*), thedistributionsd(P)¥pP(-,C) arewell-
definedfor all k € N, ReD > n. This providesa holomorphicextensionof 1P|c to

D € C. Evidently thedistributions|P|c for D € C piecetogetherto a continuous
linearoperator

llc: S(SE*) » 0(C)  forallCe S2F*.

If Ce §i F*\ St F*, we canstill usethe above constructionin the following
way. Let K C F bethe nullspaceof C, sothatC givesrise to a positive definite
bilinearform C, onthe quotientspacerF /K. Since§i(E/K)* C §2+ E*, we obtain
acontinuoudinearmap

lle: S(LE) =% S(ELE/K)") *> 0(0),
which satisfies(3). The uniquenessf ||c againfollows from the computationof

the Fouriertransform. S
Summingup, we have constructedor eachC € S, F* a continuoudinearmap

llc: 5(§i E*) — O(C). Theoreml assertsjn addition, that thesemapspiece

togetherto a mapwith valuesin O((C,;S(§2+ F*)). Sincewe will notusethis fact
andsinceits proofis rathercomplicatedwe omit it.

4. EXTENSION TO FUNCTIONS WITHOUT RAPID DECAY

Sofar, we have learnedhow to performa D-dimensionaintegral for Schwartz
functions,with arbitraryD. However, thefunctionson S2E* thatarisefrom Feyn-
man diagramsare not Schwartz functions. They arerational functionson S?E*
withoutsingularitiesin Si E*. Ourfirst claimis thatthe D-dimensionalntegral of
suchafunctionmakessensdor ReD <« 0. Our secondclaim is thatthe resulting
analyticfunctionhasa meromorphiccontinuationto C. Actually, we do not quite
needrationalfunctions.We will specifylargerclasse®f functionsfor whichthese
resultshold. In thefollowing, we assumehatn > m. Otherwisethemapl P is just
theidentity map,andthereis nothingto prove.

First, we examinetheset§2+ E* moreclosely We fix aninnerproducton E, so

thatthetraceof a bilinearform is defined.Thetracetr A is positive for A € §i E*,
andwe canestimatethe operatomorm (thatis, largesteigevalue) by ||A|| < trA.

Thisshavs thatthe set(§i E*)1 of positve bilinearformswith tracel is compact.
Furthermorewe have ahomeomorphism
SEN\{0}=(FE) xR, A (A/trAtrA).

Definition 4. Let f: §i E* — C beasmoothfunctionandleta € R. For amulti-
index a, let 0% be the correspondingonstantcoeficient differential operatoron
S?E*. Wesaythat f hasorder < a iff

0% f(A) = O((trA)®F®)  for trA — 0 andall a.
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Let 5@ (§2+ E*) bethe spaceof functionsof order< a, equippedvith its canonical
topology

Clearly afunction on§i E* is Schvartziff it hasordera for allac R. It is
straightforvardto seethatarationalfunctionof total degreea without singularities
in §i E* hasorder< a. Hencethefollowing theoremappliesto the functionsthat
arisefrom Feynmandiagrams.

Theorem5. If f: §2+ E* — C hasorder < oo, thenl P( f) existsfor ReD <« 0. More
preciselyfor all a € R, thedistribution 1P| extendscontinuouslyto S@ (S, E*) if
ReD < 2—2(a+m)/(n—m),Ce & F*.

Proof. Let f beafunction on§2+ E* of order< a. Let d(P) bethe constantoef-
ficient differential operatorthat figuresin (5). Sinceit hasordern—m, we have
A(P)kf = O(tr A)a ("MK for all k € N, andthe sameestimatefor all derivativesof
d(P)kf. A measurabléunction on§2+ E* is integrableif it is O(tr A)~° for some
b > n?. As aresult,the functiond(P)kf andall its derivatives areintegrablepro-
videdk > (a+n?)/(n—m). We canextend f to afunction f: S?’E* — C with the
samedecayproperty Sincethe Fourier transformturnsdifferentiationinto mul-
tiplication by polynomials,we concludethat the Fourier transformof a(P)*f has
rapid decay(however, we claim nothing aboutthe derivatives of this function!).
Henceit canbe pairedwith the Fourier transformof 1P|c for ReD < 2, whichis
a locally integrablefunction with temparategrowth by (4). By (5), this defines
ID=2(|(f) for ReD < 2. As aresult,1P|c extendscontinuouslyto S@ (S E*) if
ReD < 2—2(a+n?)/(n—m). O

Definition 6. Let (fi)cz be a family of smoothfunctionson (§fr E*); andlet

f: §i E* — C be a smoothfunction. Let x: §i E* — [0,1] be a cutof function
thatvanishedor tr A < 1 andis identically 1 for trA>> 1. We saythat

Y fi(A/trA)- (trA)'
ez
is anasymptotiexpansionfor f iff fi =0for| > 0and

f(A) = fi(A/trA)- (rA) - X(A) € SO (] EY)
I>a

for allae R. We call f symboliciff it hassuchanasymptoticexpansion.

Theabaove conditionis reminiscenbdf regularity conditionsfor symbolsof pseu-
dodifferentialoperatorsA symbolicfunctionhasorder< «. A Schwartzfunction
is symbolic with asymptoticexpansionf ~ 0. It is easyto seethat a rational
functionwithout singularitiesin §i E* is symbolic. Hencethe following theorem
appliesto functionsfrom Feynmandiagrams.

Theorem7. Let f: §i E* — C bea symbolicfunctionandlet C € §i F*. Then
IP|c(f), which is definedfor ReD < 0, extendsto a melomorphicfunctionon C
with only simplepoles,which mustbein Z - 2/(n— m).

Proof. We needthe equivarianceof |P with respecto dilations. We defineactions
of R% on .S(§2+ E*) and5(§i F*) by o; f(B) := f(tB). It follows from thedefining
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property(3) that
120y f) =t(~MP/2G,1P(f) VD eC,f e $(S, EY).

We considerthe integratedform of this actionto, say compactlysupportedlistri-
butionsh onR% . Usingthe Laplacetransform

A(s) ::/Om h(t)-t5$

we have ~
I°(onf) =h(D-(n—m)/2) - o (1°(f)).
Considemow theactionof o}, ontheasymptoticexpansionof f! Let
FA) ~ 5 fi(A/trA)-(rA)' for A— co,
Supposef, = 0 for | > a, sothat f hasorder< a. Clearly o; multipliestheterm
fi(A/trA)(trA) by t'. As aresult,onf is againsymbolicwith asymptoticexpan-
sion
onf ~ S h(1)- fi(A/trA) - (trA).

Fix s€ R. Theoremb yieldsb € Z suchthat|P( f) existsfor ReD < sand f of

order< b. Let h bethecompactlysupportedlistribution onR*. with
h@= [] @D
lezZn|b,a]

Thenonf hasorder< b becausehe highertermsin the asymptoticexpansionare
multiplied by h(I) = 0. Hencel D(ghf) existsfor ReD < s. TheinverseLaplace
transformof 1/h is a distrikution h on R with supportcontainedin [1,c[. The
standardpropertiesof the Laplacetransformyield o0, = o}, = id. Usingalso
the equiarianceof |, we obtain

I°(f) =h(D-(n—m)/2) -0 (1°(onf))

for ReD « 0. However, theright handsidecontinuego makessensdor ReD < s.
Hencel P|c( f) is ameromorphidunctionfor ReD < swhosepolesaresimpleand
containedn thesetZ - 2/(n—m). Sincesis arbitrary thetheoremis proved. O

Theabore constructioronly yieldssimplepoles. Thisis becauseve disregarded
divergentsubgraphs.The countertermshey producealreadydependon D them-
seles. Thereforethey yield termsof theform 1P(fp), where fp mayhave a pole
atd. In this way, higherpolesmaybe created.
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