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The Dirac operator with torsion

The classical Dirac operator

X compact oriented spin Riemannian manifold.
STX (TX, g™*) spinors, v
(E, gf, V¥ ) Hermitian vector bundle with connection.
DX classical Dirac operator acts on C* (X  STX E)

AX Bochner Laplacian, K% scalar curvature.

L.C connection.

Lichnerowicz formula

1 1
DX’2 = —AX + ZKX + 56 (61) C (Gj) RE (62', Gj) .
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The Dirac operator with torsion

The Dirac operator with torsion

o VI# metric connection on T'X with torsion T.
(T, 0) assumed to be antisymmetric.
n = (T'A6) 3-form on X.

o
o
o V%TX connection on S*¥ induced by VAX.

o D7 self-adjoint Dirac operator associated with V%TX.
o DFf = D* + icn.

o AY Bochner Laplacian associated with connection
with torsion 7'

Theorem B&9

X,2 H KX 10 1 2
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The Dirac operator of Kostant

The case where (T' A 0) is closed.

oD} = —AL + £= LT AGP

Theorem B&9

The local index theorem holds, with A (TX) calculated
with V2.
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The Dirac operator of Kostant

The case of a compact Lie group G

e (G compact Lie group with Lie algebra g.

@ B a G-invariant scalar product on g.

o TG ~ g left-invariant vector fields.

@ d trivial connection on TG, T (U, V) = —[U,V].
o (IT'NO)=—B(6%0) closed.
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The Dirac operator of Kostant

The Dirac operator of Kostant

o k9 (U, V,W)=B([UV],W) closed, k¥ = —% (T A ).

o DKo — D%S.

o D¥° =c(e;) Ve, + 3¢ (k?).
Theorem (Kostant)
1
K2 G 2

The connection V$ is the canonical trivial connection on
TG ~ g. []
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The Dirac operator of Kostant

A reductive group

@ (& connected reductive group, K maximal compact
subgroup.

6 Cartan involution, K fixed by 6.
g = p Pt Cartan splitting.
B a G invariant form on g, > 0 on p, < 0 on ¢&.

X = (G/K symmetric space.
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The Dirac operator of Kostant

The case where G = SLy (R)

o G=SL,(R),0g=9g".
o K=S"slhb(R)=pap L
o B(a,b) =2Tr [ab].

e X upper half-plane.
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The Dirac operator of Kostant

Casimir and Kostant

e —A% is now the Casimir operator C? (not elliptic).
o We still have a Kostant operator D®*° such that

Dko2 = % 4 ¢,
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The action of D¥° on Q' (G, R)

DX and ¢ (G) @ A (g")

(g) acts on A" (g*).
Ko = 3(e0) e+ §2(—A) acts on €= (G) @ A" (g").

Ko2 — (9 —¢. ..

Q)

)y O

o ...analogue of (—d, + d*)* = ;—;.

o Z/ =1\ X compact quotient.
o Tr [exp (t (AZ — c))} = Tr {exp (tl/iKog)} .
@ ...looks like a McKean-Singer formula ...

@ ...but it is not, because A" (g*) appears in the right
hand-side.
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The action of D¥° on Q' (G, R)

How to make A" (V*) great again

e V vector space.
AVH) =N (V) S (V).
In representation theory, A (V*) ~ R.

This complex is acyclic, and H° = R.

[dv,iy] = Ly, and Ly = NAVY),

If hY scalar product (positivity can be dropped!), iy is
the adjoint of d" .

@ The above is a Hodge theoretic proof of acyclicity.

°
°
o (A(V*),d") de Rham complex of polynomial forms.
o
Q
Q

Jean-Michel Bismut Torsion and the Dirac operator 12 /40



The operator ® g(

Action of Dy, on C*° (G) ® S (g*) ® A (g¥)

o d%+ iy actson S" (g*) ® A (g¥).

o DX° acts on C™ (G) @ A" (g).

o D, = DKo 4 = (d® +iy).

@ Dy, actson C* (G)® S (g*) @ A" (g*).

@ A spectral sequence argument shows that as b — 0,

S (g*) ® A (g*) is replaced by R.
o If P projection S (g*) ® A" (g*) — R, PDKep = .

@ %)y deforms the operator 0.
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The operator ® g(

Quotienting by K

@ The above construction is invariant by K.

o DX acts on [C®(G)® S (g") ® A (g9)]".

@ g=pPEtdescends to T X & N.

@ DX acts on O (X, S (T*X & N*) @ A (T*X & N*¥)).
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The operator ® g{

The Bargmann isomorphism

e V Euclidean vector space.
o B:S(V*) =~ Ly (V) isomorphisms of Hilbert spaces.
@ B depends explicitly on the metric.
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The operator ® 5

The geometric action of D;*

@ DX acts on O (X, S (T*X ® N*) @ A (T*X & N*¥)).
@ DX on C™ (X, Ly (TX ®N)@ A (T*X & N*)).

o X total space of TX & N.

o ©;¥ acts on C™ (P/C\,%* (A (T*X & N*)))
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The operator ® g(

The explicit form of D;*

DX = DX e ([vyN, vTX]) +%£dp +YPA+d" +iye)
myzgery W;cgen
+ X - b_l (—=d' = YA +d™ +iye) .

e P orthogonal projection on ker (d° + ...).
oP (D¥° 4 ic ([Y¥,YTX])) P = 0.

eD;* deforms the operator 0.
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The operator ® g{

X
The operator L;

o L¥=1 (—lA?KO’2 + @‘5(2) acts on
o (2? FA (T X @ N*)) .

o L)X deforms 5 (—AX +¢).
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The operator ® g{

A formula for [:g(

6 Cartan involution = 1 on N,TX.
1 NA (T*X&N)

£X _ _ | YN YTX ‘ ATX@N 4+ Y —n +
b [ ] 2 b2 ( ‘ ‘ ), b2
quartic term Harmonic oscillator of T X &N

+i< Yy +¢(ad (Y'))—c (ad (Y™) + ifad (YN))>.

geodesic flow

By Hérmander, 2 — L;* is hypoelliptic.
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The operator ® g{

A fundamental identity

Theorem B11
If Z =T\ X compact quotient, for ¢t > 0,b > 0,

Tro" (ZR) lexp (t (A% —¢) /2)] = Trs [exp (—tLF)] .

Limit as b — 0, Bianchi identity
D7, 7] = [@5 , (@52 + Cg) /2} — 0, combined with

0 t 0
%TrS [exp (—tﬂbz)} = —§TrS ”@bZ, %@bz exp (—tEbZ)” = 0.
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The operator ® g{

oplitting the identity

@ The identity splits as identity of orbital integrals. ..

© ... which are contributions of the conjugacy classes of
I' = 1 (Z)
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The operator ® g(

Semisimple orbital integrals

@ v € (G semisimple, |y] conjugacy class.

o Fort >0, I([y]) =Tt! lexp (t (A% —¢) /2)] orbital
integral of heat kernel on orbit of ~:

I([]) = /Z( )\pr( (97 "v9) dg.
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The operator ® g(

The minimizing set

e X (v) C X minimizing set for the convex displacement
function d (z,yx).

e X (7) C X totally geodesic symmetric space for the
centralizer Z (7).
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The operator ® g{

(Geometric form of the orbital integral

——

Jacobian

I(y)= / Tr [pf (Y,7Y)] r(Y) dY.
Nx(y)/x

Zo X(’Y) YZo

Y Y

A(Y,7Y) > ClY| = '

p;X (z,2") < Cexp(—C'd2(az,x’)).
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The operator ® g{

The heat kernel for £;*
exp (—tL) has a heat kernel ¢, ((x,Y), (2, Y”)).

Theorem (B2011)
e For b €]0, M], t > 0 fixed,
@ (2,Y), (@, Y"))]
< Cexp (—C' (d2 (z,0') + Y] + |Y/|2)> :

o5 ((2,Y), (@, Y)) =3

: 1
Pp%X <ZE,CC/) W_dlmg/2 exp (5 (|Y|2 4+ |Y/|2)) P
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The operator ® g{

A second fundamental identity

Theorem B2011
For b > 0,t > 0,

Tr! lexp (1 (A* —¢) /2)] = T, lexp (—tL7)] -

The proof uses the fact that Trl" is a trace on the algebra
of G-invariants smooth kernels on X with Gaussian decay.
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The operator ® g(

The limit as b — +o0

o After rescaling of Y7X YV as b — +oo,

Ly EAYNYTX]P + LY = Vyrx

geodesic flow

o As b — +00, the orbital integral localizes near X (7)
exactly like in Lefschetz formulas.

o y=cktaep ke K Ad(k)a=a.

o Z (7) centralizer of v, 3(v) = p () & £(v) Lie algebra
of Z (7).
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The operator ® g{

Semisimple orbital integrals

Theorem (B. 2011)
There is an explicit function J, (YOE) , Yy € €(7), such that

T fexp (¢ (A7 — o) /2)] = SRl /20

(27rt)p/2
[ R O T [ (7 e (i ()
¢|2 dYy
exp (- [¥§|” /2¢) gl
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The operator ® 5

The function J, (Yy), Yy € €(v)

1 A (iad (YZ) loi)
‘det (1 —Ad (%)) A (’iad (ch)ew))

Sy (YE)E) —

5

1
[det (1— Ad (k1)

|3&(7)

det (1 — exp (—iad (1)) Ad () w] 1/2
et (1~ exp (10 (V) Ad (D) g ]
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The operator ® g(

The formula of Atiyah-Bott

e Compare with fixed point formulas by Atiyah-Bott

AN

L) = [ A,(TX)chy ().

e We ultimately compute the trace of any heat kernel, and
not ‘only’ the index of a Dirac operator, and this by a
‘local’ formula.
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Kostant and Dirac

DR and D*

e Recall that D¥2 = 09 + c.
e D®° gplits as the sum of two commuting pieces

m

Di° = Z c(e;) e,
1
m+n 1

Dy ==Y cle;) (e +clad(e) ) + S G)

m-+1
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The Dirac operator with torsion
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The fibration G — X

G

DKo — DI};() + D50

X =G/K D*

Jean-Michel Bismut Torsion and the Dirac operator 32 /40



Kostant and Dirac

The descent of DX° to D+

e For eta invariant of D*, Casimir not enough.

@ Assume K to be simply connected.

o Then D¥° descends to DX + 2¢ (k') acting on
C>= (X, STX @ A (N7)).

e Before, DX° was acting on
Co(X,S(T*"X e N )N (IT*X & N¥)).

@ We have to combine the action of ¢(g*) on A" (g*) and
on SP.
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Kostant and Dirac

An action of SO (2)

g=podt.

Introduce another copy p of p, sothat gbp=pPp B¢t
SO (2) acts by rotations on p @ p.

If e € p, Ryc(e) Ry = cos (9) ¢ (e) +sin (9) ¢ (€).

DX = RyDX°R;".

DXe = sin (9) DX + . ..

e Ultimately, we can recover results of Moscovici-Stanton

on geometric evaluation of eta invariants on locally
symmetric spaces.
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Kostant and Dirac

The results of Shu Shen on analytic torsion

Using the above geometric formulas for orbital integrals,
Shu Shen was able to complete the results of
Moscovici-Stanton on the Fried conjecture for analytic
torsion on locally symmetric spaces.
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(Geodesic flow and Fourler transtorm

o Z =3 Y2
o 0(Z)=+—-1{Y,§) = Fourier.
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Hypoelliptic Laplacian, math, and ‘physics’

Exterior algebra and symmetric algebra

o Exterior algebra A" (7*X) in de Rham (Q (X),d¥).

e Symmetric (polynomial) algebra S* (T*X) is less
popular.

o Introducing S" (T*X) restores supersymmetry.

o If ¢™* Riemannian metric, S (T*X) is L, space for
fibrewise Gaussian measure.

o Ifa; = % (agi ""Yi) ;= % <_a?/i "’Yi)
annihilation, creation operators, geodesic flow

o, 1 0
Z=Y"— = i : :
ort /2 (i + a7) ox’

@ 2 Bosonic Dirac operator.

Jean-Michel Bismut Torsion and the Dirac operator 37 /40



The Dirac operator with torsion

The Dirac operator of Kostant

The action of DX on Q- (G, R

The operator Dj
Kostant and Dirac

Hypoelliptic Laplacian, math, and ‘physics’
References

& J.-M. Bismut.
A local index theorem for non-Kéahler manifolds.
Math. Ann., 284(4):681-699, 1989.
URL: http:
//www.math.u-psud.fr/~bismut/Bismut/1989b.pdf.

& J.-M. Bismut.
Hypoelliptic Laplacian and orbital integrals, volume 177
of Annals of Mathematics Studies.
Princeton University Press, Princeton, NJ, 2011.

URL:
http://press.princeton.edu/titles/9629.html.

Jean-Michel Bismut Torsion and the Dirac operator 38 /40



The Dirac operator with torsion

The Dirac operator of Kostant

The action of DX on Q- (G, R

The operator Dj
Kostant and Dirac

Hypoelliptic Laplacian, math, and ‘physics’
References

W J.-M. Bismut.
Eta invariants and the hypoelliptic Laplacian.

03 2016.
URL: http://arxiv.org/abs/1603.05103,
arXiv:{arXiv:1603.05103}.

W H. Moscovici and R. J. Stanton.
Eta invariants of Dirac operators on locally symmetric

manifolds.
Invent. Math., 95(3):629-666, 1989.

Jean-Michel Bismut Torsion and the Dirac operator

39 / 40



The Dirac operator with torsion

The Dirac operator of Kostant

The action of D¥° on Q (G, R

The operator D
Kostant and Dirac

Hypoelliptic Laplacian, math, and ‘physics’
References

% H. Moscovici and R. J. Stanton.
R-torsion and zeta functions for locally symmetric

manifolds.
Invent. Math., 105(1):185-216, 1991.

W S. Shen.
Analytic torsion, dynamical zeta functions and orbital
integrals.
02 2016.
URL: https://arxiv.org/abs/1602.00664,
arXiv:1602.00664.

Jean-Michel Bismut Torsion and the Dirac operator 40 / 40



