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The approximation theorem



Approximation

low regularity
flexibility

↔ high regularity
rigidity

Usually:
Approximate mathematical objects by ones with better
regularity
(mollifiers, finite-dimensional approximations, ...)

Here:
Approximate maps by ones with less regularity
plus additional (unexpected) properties



Prototypical example: Nash-Kuiper embedding

Theorem (Nash 1954, Kuiper 1955)

Let Mn be a compact Riemannian manifold and f : M ↪→ Rn+1 a
short C∞-embedding.
Then for any ε > 0 ∃ embedding g : M ↪→ Rn+1 s.t.
. |f − g| < ε;
. g is C1;
. g is isometric!

In particular: Mn embedds isometrically into small ball.
Trivial for n = 1:



False for n ≥ 2?False for n ≥ 2 if C1 is replaced by C2:

True for C1:



Nash-Kuiper embedding

Theorem (Nash 1954, Kuiper 1955)

Let Mn be a compact Riemannian manifold and f : M ↪→ Rn+1 a
short C∞-embedding.
Then for any ε > 0 ∃ embedding g : M ↪→ Rn+1 s.t.
. |f − g| < ε;
. g is C1;
. g is isometric!

. False if C1 replaced by C2.

. Cao, Székelyhidi (2019): True if C1 replaced by C1,α with
α < 1

n2+n+1 (and α < 1
5 for n = 2).

. Borisov (1959): False if n = 2 and C1 replaced by C1,α with
α > 2/3.



Our setting

. V a smooth manifold;

. π : X → V a smooth vector bundle;

. k ∈ N a positive integer;

. f a Ck -section on V ;

. Γ a subsheaf of the sheaf of Ck -sections of X ;

. πk : JkX → V k -jet bundle of X ;

. jk f (p) k -jet of f at p ∈ V ;

Commutative
diagram:

JkX
πk,k−1 //

πk

!!

Jk−1X
πk−1

{{
V

Define

Jk Γ := {jkγ(p) | γ local section of Γ, defined near p, p ∈ V}
⊂ JkX



The approximation theorem

Theorem 1 (B.-Hanke 2019)

Assume ∀ p ∈ V ∃ open neighborhood W of jk−1f (p) in Jk−1X
and a continuous map σW : W → JkX s.t.
. πk ,k−1 ◦ σW = idW ;
. σW (ω) ∈ Jk Γ for each ω ∈W .
Then ∃ section f̂ of X → V s.t.:
. f̂ is Ck−1-close to f ;
. f̂ ∈ Ck−1,1

loc (V ,X );

. f̂ |U ∈ Γ(U ) for some open and dense U ⊂ V .

False if Ck−1,1
loc is replaced by Ck .

Theorem 2



Examples



Example 1: Lipschitz functions

. V = R;

. π : X → V trivial line bundle;

. k = 1;

. Γ sheaf of locally constant C∞-functions on R;

. f C1-function on R;

Put W := J0X = X = R× R and σW (p, ξ) = j1(t 7→ ξ)(p).

Corollary 1

Let f : R→ R be C1 and ε > 0. Then ∃ f̂ : R→ R s.t.
. |f − f̂ | < ε;
. f̂ is locally Lipschitz on R;
. f̂ is smooth and f̂ ′ = 0 on an open dense subset of R.



Example 1: Lipschitz functions

Apply to f (t) = t and restrict to [0,1]. Get Lipschitz function

f̂ : [0,1]→ R s.t. f̂ (0) = 0, f̂ (1) = 1, f̂ ′ = 0 on open dense subset

Comparison with Cantor function:

our f̂ Cantor function

regularity C0,1 Cα with α = ln(2)/ ln(3)

fund. thm. applies yes no
f ′ = 0 on open dense open dense of full measure



Open dense subsets need not have full measure

Example

Enumerate Q = {q1,q2,q3, . . .}. Put

U :=
∞⋃

j=1

(qj − εj ,qj + εj)

Then U ⊂ R is open and dense and

|U| ≤ 2
∑

j

εj



Example 2: Riemannian metrics

. V any manifold of dimension ≥ 2;

. π : X → V bundle of symmetric (0,2)-tensors;

. k = 2;

. f a C2-metric on V ;

. Γ sheaf of smooth metrics with sectional curvature ≡ K for
given K ∈ R;

Pick local chart (U, x1, . . . , xn) on V . Put

W := {ω ∈ π−1
1 (U) | π1,0(ω) is positive definite}.

Express 1-jet ω ∈ π−1
1 (U) as ω = ω0 +

∑
j ωjx j .

Associate the metric hω given by hω = ω0 +
∑

j ωjx j . Put

σW (ω) := j2
((

(exphω
p )−1)∗g[K ]

TpV

)
(p) ∈ J2Γ.



Example 2: Riemannian metrics

Corollary 2

Let V be a smooth manifold with a C2-Riemannian metric g.
Then there exists a Riemannian metric ĝ on V with the
following properties:
. ĝ is C1-close to g;
. ĝ has local C1,1-Lipschitz regularity;
. the curvature tensor of ĝ exists as an L∞loc-tensor field and

secĝ ≡ K on an open dense subset of V .



How about Gauss-Bonnet?

Corollary 3

Each differentiable manifold of dimension ≥ 2 has a complete
C1,1-Riemannian metric with curvature ≡ 1 (and others with
curvature ≡ 0 and ≡ −1, resp.) on an open dense subset.

If V is a compact surface then the Gauss-Bonnet theorem∫
V

K dA = 2πχ(V )

holds for these metrics!



Example 3: Embeddings of surfaces

. V analytic 2-dimensional manifold;

. π : X → V trivial R3-bundle;

. k = 2;

. f a C2-embedding V ↪→ R3;

. Γ sheaf of analytic embeddings with Gauss curvature ≡ K for
given K ∈ R;

Corollary 4

There exists a C1,1-embedding f̂ : V ↪→ R3 C1-close to f which
is analytic on an open dense subset U ⊂ V and has constant
Gauss curvature K on U (w.r.t. the induced metric).



The proof



Gromov’s exercise



Gromov’s exercise



Partial differential relations (PDRs)

. X → V a vector bundle;

. k ∈ N0;

. JkX → V the k th jet bundle;

. R ⊂ JkX a subset.

Definition

R is called a partial differential relation of order k .
A section u : V → X solves R if jku(v) ∈ R for all v ∈ V .



Local flexibility - Setup

. X → V a vector bundle;

. R an open PDR of order k ;

. V0 ⊂ V a closed subset;

. U an open neighborhood of V0 in V ;

. f0 a Ck -section on V solving R;

. F ∈ C0([0,1],Ck (U,X )) s.t. each F (t) solves R over U.

Moreover, assume
. f0|U = F (0);
. jk−1F (t)|V0 = jk−1f0|V0 for all t ∈ [0,1].



Solution of Gromov’s exercise

Theorem 2 (B.-Hanke 2019)

∃ open subset U0 with V0 ⊂ U0 ⊂ U ⊂ V and a continuous
f : [0,1]→ Ck (V ,X ) s.t.

. f (0) = f0;

. f (t)|U0 = F (t)|U0 ;

. f (t)|V\U = f0|V\U ;

. each f (t) solves R.

Theorem 1



Proof of Theorem 1

Pick dense countable subset {p1,p2,p3, . . .} ⊂ V .
Inductively construct fj and Uj s.t.

. f0 = f and U0 = ∅;

. Uj ⊃ Uj−1;

. pj ∈ Uj ;

. fj = fj−1 on Uj−1;

. ‖fj − fj−1‖Ck−1(V ) < 2−j · ε;

. ‖fj − fj−1‖Ck (V ) < C + 2−j ;

. fj |U j
∈ Γ(U j).

Then f̂ = limj→∞ fj does the job with U =
⋃

j Uj .



Thanks for your attention!
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