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Abstract

We study a topological version of theT-duality relation between pairs consisting of

a principalU(1)-bundle equipped with a degree-three integral cohomology class. We de-

scribe the homotopy type of a classifying space for such pairs and show that it admits a

selfmap which implements aT-duality transformation.

We give a simple derivation of aT-duality isomorphism for certain twisted cohomology

theories. We conclude with some explicit computations of twistedK-theory groups and

discuss an example of iteratedT-duality for higher-dimensional torus bundles.
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1 Introduction

1.1 Summary

1.1.1 In this paper, we describe a new approach to topologicalT-duality for U(1)-principal

bundlesE → B (E is the background space time) equipped with degree-three cohomology

classesh∈ H3(E,Z) (theH-flux in the language of the physical literature).

1.1.2 We first define aT-duality relation between such pairs using a Thom class on an asso-

ciatedS3-bundle. Then we introduce the functorB 7→ P(B) which associates to each space the

set of isomorphism classes of pairs. We construct a classifying spaceR of P and characterize

its homotopy type. It admits a homotopy class of selfmapsT : R→ R which implements a

naturalT-duality transformationP→ P of order two. This transformation maps a class of pairs

[E,h] ∈ P(B) to a canonical class[Ê, ĥ] ∈ P(B) of T-dual pairs.

We conclude in particular that our definition of topologicalT-duality essentially coincides with

previous definitions, based on integration of cohomology classes along the fibers.

1.1.3 We describe an axiomatic framework for a twisted generalized cohomology theoryh.

We further introduce the condition ofT-admissibility. Examples ofT-admissible theories are
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the usual twisted de Rham cohomology and twisted K-theory. For aT-admissible generalized

twisted cohomology theoryh we prove aT-duality isomorphism betweenh(E,c) andh(Ê, ĉ),

where(E,c) and(Ê, ĉ) areT-dual pairs.

1.1.4 We compute a number of examples. Iterating the construction ofT-dual pairs, we can

define duals of certain higher dimensional torus bundles. We show that with our definition

of duality the isomorphism type of the dual of a torus bundle, even if it exists, is not always

uniquely determined.

1.1.5 We thank the referees for their useful comments, in particular with respect to the pre-

sentation and the physical interpretation of our results.

1.2 Description of the results

1.2.1 In this paper we try to explain our understanding of the results of the recent paper [2]

and parts of [3] and [10] (Sec. 4.1) by means of elementary algebraic topology. The notion

of T-duality originated in string theory. Instead of providing an elaborate historical account

of T-duality here we refer to the two papers above and the literature cited therein. In fact, the

first paper which studiesT-duality is in some sense [12]. We will explain the relation with the

present paper later in this introduction.

1.2.2 However, a few motivating words what this paper is about, and more importantly what

it is not about, are in order.

T-duality first came up in physics in the following situation. The spaceE appears as a part of a

“background space-time”. The cohomology classh∈H3(E,Z) describes the Flux for a Neveu-

Schwarz 3-form gauge potentialH. In connection withT-duality, the case whereE admits a

freeU(1)-action and thus has the structure of a principalU(1)-bundle, is of particular interest.

The natural generalization is a space with a free action of a higher-dimensional torus. Then

E is aU(1)k-principal bundle. In such a situation, for physical reasons, one expects to find a

dual bundle with a dual flux (i.e. cohomology class) roughly by replacing each fiber by the dual

fiber, the so calledT-dual. TheT-dual should share many properties with the original bundle.
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In particular one expects that certain twisted cohomology groups are isomorphic.

In the physical situation the spaces come with geometry. When passing to the dual, the metric

on the fiber should be replaced by the dual metric on the dual fiber. A lot of the literature about

T-duality and its relation to mirror symmetry have the geometry as a major ingredient, and they

focus on situations in which the dimension of the fiber and the base coincide. One of the basic

contributions in this context is [13].

1.2.3 In the present paper we will completely disregard the geometry and metrics. This also

explains the title “topological T-duality”. We are only interested in the resulting topological

type. Moreover, we adopt a mathematical definition of theT-duality relation by simply declar-

ing certain cohomological properties which are expected for physical reasons.

This approach works best forU(1)-bundles. So we will concentrate on those for most of the

paper with the exception of Section 4.4, where we study torus bundles by considering them as

iteratedU(1)-bundles.

1.2.4 In the present paper we studyT-duality for principalU(1)-bundles equipped with an

integral cohomology class of degree 3. We will call such data apair (Definition 2.1). We first

introduceT-duality as arelation between pairs (Definition 2.9) (in particular, a given pair can

have severalT-dual pairs). The paper [2] works almost exactly in the same setting: it also starts

with a pair and defines what a dual pair is (via a construction which involves some choices,

so again is not unique). This definition unfortunately is not very precise, since torsion in the

cohomology is neglected. In Section 4.3 we show by an example that it is necessary to take the

torsion into account if one studies e.g. theT-duality isomorphism for twisted K-theory.

1.2.5 At a first glance our definition ofT-duality, which is based on a Thom class on an

auxiliary 3-sphere bundle, looks quite different from the definition given in [2], which relied

on integration over the fiber. The link between the two definitions is provided by an explicit

universal example over a universal base spaceR for our definition ofT-duality. Using some

non-trivial calculations in this universal example we will obtain a complete characterization of

theT-dual (according to our definition) by topological invariants, which contains in particular

the same kind of integration over the fibre as in the older notions ofT-duality. We will show that,

up to passing to real cohomology, theT-duality of [2] is characterized by the same topological
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invariants. Therefore, we can eventually conclude that our definition is essentially equivalent to

the one used there (see 2.2.6, 2.2.7).

Later in the present paper we will understandT-duality as a map which associates to an iso-

morphism class of pairs a canonical dual isomorphism class of pairs in a two-periodic manner.

This in particular reproves the result of [2] that each pair admits aT-dual.

1.2.6 A third definition of T-duality is given in [12] (compare also [10], 4.1) or in [2]. In

[12], the main object is a continuous trace algebraA with an R-action such that its spectrum

X(A) is a freeU(1) ∼= R/Z-space. ToA we can associate a pair(X(A),h(A)) consisting of

theU(1)-bundleX(A)→ X(A)/U(1) and the Dixmier-Douady classh(A) ∈H3(X(A),Z). Vice

versa each pair can be realized in this way. With an appropriate notion of Morita equivalence

we have a bijection of equivalence classes of such algebras and isomorphism classes of pairs.

In [12] it is shown that the cross productÂ := Ao R is again a continuous trace algebra with

R-action (the latterR is in fact the dual group ofR) of the same type as above. It follows

from the comparison of the topological invariants of the pairs(X(Â),h(Â)) and the dual pair

(X̂(A), ĥ(A)) and the naturality of the constructions with respect to the change of the base spaces

that our notion ofT-duality of pairs indeed corresponds to the cross product in [12].

It is well known that̂̂A is Morita equivalent toA. This fact is reflected in our picture by the

result thatT-duality is two-periodic.

1.2.7 Given a base spaceB, we study the setP(B) of isomorphism classes of pairs(E,h) over

B, whereE→ B is of aU(1)-principal bundle andh a classh ∈ H3(E,Z). It turns out that

the contravariant set-valued functorB 7→ P(B) can be represented by a spaceR, the classifying

space of pairs. TheT-duality can then be considered as a natural transformationT : P→ P of

functors, and it is represented by a homotopy class of mapsT : R→ R.

1.2.8 Our first main result (Theorem 2.17) is the characterization of the homotopy type ofR

as the homotopy fibration

K(Z,3)→ R→ K(Z,2)×K(Z,2)
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which is classified by

pr∗1c∪pr∗2c∈ H4(K(Z,2)×K(Z,2),Z).

HereK(Z,n) is the Eilenberg-MacLane space, i.e. characterized by the property thatπk(K(Z,n))=

0 if k 6= n andπn(K(Z,n)) = Z = Hn(K(Z,n),Z). In particular, we can chooseK(Z,2) = CP∞.

The classc∈H2(K(Z,2),Z) is the canonical generator. How fibrations are classified is recalled

in 2.3.2.

1.2.9 The spaceR carries a universal pair, and the mapT will of course have the property to

represent the universal dual pair (Definition 2.27).

The classifying spaceR in fact already appears in [12] (proof of Theorem. 4.12). It is used there

in order to simplify the verification of the relation of topological invariants which corresponds

to the assertion of Lemma 2.33.

1.2.10 As observed in many places,T-duality comes with isomorphisms in certain twisted

generalized cohomology theories. In fact, the calculation of such twisted generalized cohomol-

ogy groups in terms of the (perhaps easier to understand) generalized cohomology groups of

the dual is one (topological) motivation for the study ofT-duality. If (E,h) and(Ê, ĥ) are pairs

overM, and in particularE andÊ are principalU(1)-bundles overM, which are dual to each

other, than (as shown e.g. in [2]) there is an isomorphism (of degree−1) in twisted complex

K-theoryK∗(E,h)∼= K∗−1(Ê, ĥ) or of real twisted cohomologyH(E,R,h)∼= H(Ê,R, ĥ). These

isomorphisms are implemented by explicitT-duality transformations (Definition 3.12) which

are constructed out of the diagram

E×B Ê

p↙ p̂↘
E q↓ Ê

π↘ π̂↙
B

(1.1)

using standard operations in twisted cohomology (like pull-back and integration over the fiber)1.

1In theC∗-algebraic context of [12], [10] theT-duality isomorphism is given by Connes’ Thom isomorphism

for crossed products withR.
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1.2.11 We say that a twisted generalized cohomology theory isT-admissible if theT-duality

transformation is an isomorphism in the special case of the pair(U(1)→∗,0). Our second main

result is the observation (Theorem 3.13) that theT-duality transformation for aT-admissible

twisted generalized cohomology theory is an isomorphism, and that this fact is an easy conse-

quence of the Mayer-Vietoris principle.

1.2.12 In order to produce a precise statement we fix the axioms for a twisted generalized co-

homology theory in Subsection 3.1. In doing so we add some precision to the statements in [2],

in particular to the observation that the Chern character preserves theT-duality transformation

([2], 1.14).

The main point is that the cohomology classh ∈ H3(E,Z) only determines theisomorphism

classof a twist and so the isomorphism class ofK(E,h) or H(E,R,h) as an abstract group. In

order to be able to say that the Chern character is a transformation between twisted cohomol-

ogy theories one must use the same explicit objects to twistK-theory as one uses to twist real

cohomology. In order to twist complexK-theory one usually considers a principalPU-bundle

(but not a three-form as in [2]). More details on twisted K-theory can be found in [1]. On the

other hand, three-forms are usually used to twist real (de Rham) cohomology. We do not know

any natural way to relate these two kinds of twists (but look at [7], proof of Prop. 3.5, which

perhaps solves this problem). In a previous paper [5] we have constructed versions of twisted

K-theory and twisted real cohomology where the twists in both cases are Hitchin gerbes. For

these versions of twisted cohomology theories the Chern character is indeed a natural transfor-

mation and preserved byT-duality. Since this gives a framework to work simultaneously with

twisted K-theory and twisted cohomology, we propose to use Hitchin gerbes in this context. In

the paper, however, we simply assume that the twistsH and the twisted generalized cohomol-

ogy theoryh satisfies certain natural axioms, and then we go on to prove a naturalT-duality

isomorphismh(E,H )
∼=−→ h(Ê,Ĥ ) for any theory which satisfies these axioms and for dual pairs

(E,H ) and(Ê,Ĥ ).

1.2.13 For the purpose of illustration we perform some calculations of twistedK-theory. For

three-manifolds we obtain a complete answer in Subsection 4.1 (compare with the partial results

of [11]). We demonstrate theT-duality isomorphism in twistedK-theory forU(1)-principal

bundles over surfaces by explicit calculation.
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1.2.14 It is a natural question ifT-duality can be generalized to principalU(1)k-bundles for

k> 1. As observed in [3] and [10] not everyU(1)k-principal bundle has aT-dual in the classical

sense. Note the remarkable observation in [10] Theorem 4.4.2, that in general theT-dual of

a U(1)2-principal bundle equipped with a three-dimensional integral cohomology class is a

bundle of non-commutative tori. In the present paper we discuss the approach of defining a

T-dual of a higher-dimensional principal torus bundle as an iteratedT-dual ofU(1)-principal

bundles. We demonstrate by an example that this approach does not lead to a unique result.

1.2.15 A U(1)-principal bundleE→ B is essentially the same object as the freeU(1)-space

E. In a continuation [6] of the present paper we discuss a generalization ofT-duality to the case

of U(1)-spaces whereU(1) acts with at most finite stabilizers. For applications to physics, this

seems to be of relevance.

2 The classifying space of pairs

2.1 Pairs and the classifying space

2.1.1 Let B be a topological space.

Definition 2.1 A pair (E,h) over B consists of a U(1)-principal bundleπ : E→ B and a class

h∈ H3(E,Z).

2.1.2 If f : A→ B is a continuous map, then we can form the functorial pull-backf ∗(E,h) =

( f ∗E,F∗h), whereF is defined by the pull-back

f ∗E
F→ E

↓ ↓

A
f→ B

.
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2.1.3 We say that two pairs are isomorphic (written as(E0,h0) ∼= (E1,h1)) if there exists an

isomorphism ofU(1)-principal bundles

E0
F→ E1

↓ ↓
B = B

such thatF∗h1 = h0.

2.1.4 Let (Ei ,hi), i = 0,1 be pairs overB. We say that they are homotopic (written as(E0,h0)∼
(E1,h1)), if there exists a pair(Ẽ, h̃) over I ×B such thatf ∗i (Ẽ, h̃) = (Ei ,hi), i = 0,1, where

fi : B→ I ×B is given byb 7→ (i,b). Note that we insist here in equality, it is not sufficient for

later purposes to only have an isomorphism.

2.1.5

Lemma 2.2 On pairs, the relations “homotopy equivalence”∼ and “isomorphism”∼= coin-

cide.

Proof. Let (E0,h0) and(E1,h1) be homotopic via(E,h). Then there is an isomorphismE→
E0× [0,1]. Using this, we immediately get an isomorphismF : f ∗0 (E,h)∼= f ∗1 (E,h).

Conversely, if(E0,h0) and(E1,h1) are isomorphic via an isomorphismF , we construct the ho-

motopyE := E0× [0,1/2]∪F×id{1/2} E1× [1/2,1], with h obtained (uniquely) using the Mayer-

Vietoris sequence for the cohomology ofE. We take the freedom to usecanonicalisomorphisms

betweenEk×{k} andEk, k = 0,1. 2

2.1.6

Definition 2.3 By K(Z,n) we denote the Eilenberg-Mac Lane space characterized (upto homo-

topy equivalence) by its homotopy groupsπk(K(Z,n)) = 0 if k 6= n, πn(K(Z,n)) = Z. Recall

that for an arbitrary space X the cohomology withZ-coefficients Hn(X,Z) can be identified

with homotopy classes of maps from X to K(Z,n) (denoted by[X,K(Z,n)]), a fact we are going

to use frequently.
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As a model forK(Z,1) we chooseU(1). As a model forK(Z,2) we can chooseCP∞. Let

q : U → K(Z,2) be the universalU(1)-principal bundle. If we chooseK(Z,2) = CP∞, we can

chooseU := S(C∞), the unit sphere inC∞ =
S

n∈N Cn, andp factors out the canonicalU(1)-

action onC∞. Furthermore, letLK(Z,3) be the free loop space ofK(Z,3). This space admits

an action ofU(1) by uγ(t) := γ(u−1t) for γ ∈ LK(Z,3) andu, t ∈U(1).

Definition 2.4 We define the space R as the total space of the associated bundle

c: (R := U×U(1) LK(Z,3))→ K(Z,2) .

Note thatR is well defined up to homotopy equivalence. We considerc also as a cohomology

classc∈ H2(R,Z).

2.1.7 Over R we have theU(1)-principal bundleπ : (E := c∗U)→ R with first Chern class

c∈ H2(R,Z). Furthermore, we have a canonical map

h : E→ K(Z,3); h(u, [v,γ]) := γ(t),

whereu,v∈U , γ ∈ LK(Z,3) andt ∈U(1) satisfyq(u) = q(v) = c([v,γ]), andtv = u. Note that

this is well-defined, independent of the choice of the representative of the class[v,γ] ∈ R. We

consider this map also as a cohomology classh ∈ H3(E,Z). In this way we get a pair(E,h)

overR.

Definition 2.5 We call this pair(E,h) the universal pair.

2.1.8 We define the contravariant functorP from the category of topological spaces to the

category of sets which associates to the spaceB the setP(B) of isomorphism classes of pairs

and to the mapf : A→ B the pull-backf ∗ : P(B)→ P(A).

Proposition 2.6 The space R is a classifying space for P. In fact, we have an isomorphism of

functorsΨ... : [. . . ,R]→ P(. . .) given byΨB([ f ]) := [ f ∗(E,h)] for each homotopy class of maps

[ f ] ∈ [B,R] and each CW-complex B.
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Proof. It follows immediately from Lemma 2.2 that the functorP is homotopy invariant. There-

fore Ψ... is a well-defined natural transformation.

Let [E,h]∈P(B) be given. Up to isomorphism, we can assume that we have a pull-back diagram

of U(1)-principal bundles

E
C→ U

↓ ↓
B

c→ K(Z,2)

.

We represent the classh by a maph : E→K(Z,3). We construct a liftf : B→Rof c as follows.

For b∈ B choosee∈ Eb. Then we set

f (b) := [C(e),γ] ∈ R with γ(t) = h(te) ∀t ∈U(1).

Observe thatf (b) is independent of the choice ofe. If F : E → E is theU(1)-bundle map

covering f , thenF(e) = (C(e), [C(e),γ]) with e andγ as above. Therefore,h ◦F = h and we

have f ∗(E,h)∼= (E,h). This shows thatΨB is surjective.

Let now ΨB([ f0]) = ΨB([ f1]). Using Lemma 2.2, we choose a homotopyE over B× [0,1]

betweenf ∗0 (E,h) and f ∗1 (E,h). The construction used for the surjectivity part provides us with

a mapf : B× [0,1]→Rsuch thatf
∗(E,h) = (E,h). To achieve equality, we have to chooseE in

such a way thatE = c∗U for an appropriate mapc: B× [0,1]→ K(Z,2) (without changing the

bundle at the boundary, i.e. such thatck = c◦ fk). This is possible sinceK(Z,2) is a classifying

space for principalU(1)-bundles.

The construction has the property thatf k = fk, thereforef is a homotopy betweenf0 and f1,

proving thatΨB is injective.

2

2.2 Duality of pairs

2.2.1 Let π : E→ B andπ̂ : Ê→ B be twoU(1)-principal bundles. Let

π : (L := E×U(1) C)→ B
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andπ̂ : (L̂ := Ê×U(1)C)→B be the associated complex hermitian line bundles. We can consider

E andÊ as unit sphere bundles inL andL̂. We form the complex vector bundler : (V := (L⊕
L̂))→ B and letr : S(V)→ B be the unit sphere bundle, the fibers consisting of 3-dimensional

spheres.V being a complex vector bundle, the mapr is oriented. In particular, we have an

integration mapr! : H3(S(V),Z)→ H0(B,Z) (in de Rham cohomology the corresponding map

is really given by integration over the fiber). Let 1B denote the unit in the ringH(B,Z).

Definition 2.7 A Thom class for S(V) is a classTh ∈ H3(S(V),Z) such that r!(Th) = 1B.

If S(V) admits a Thom class, then by the Leray-Hirsch theorem its cohomology is a free

H(B,Z)-module generated by 1S(V) andTh. Thom classes in general are not unique. In fact,

Th′ is a second Thom class if and only ifTh−Th′ = p∗d for somed ∈ H3(B,Z).

2.2.2 Let c, ĉ∈ H2(B,Z) denote the Chern classes ofE andÊ. The productχ(V) := c∪ ĉ∈
H4(B,Z) is the Euler class ofV.

Lemma 2.8 The bundle S(V) admits a Thom class if and only ifχ(V) = 0.

Proof. This follows from the Gysin sequence forS(V). For this question the important segment

is

→ H3(B,Z) r∗→ H3(S(V),Z) r!→ H0(B,Z)
χ(V)→ H4(B,Z)→ .

2

2.2.3 We now consider two pairs(E,h) and(Ê, ĥ). Let i : E→ S(V) andî : Ê→ S(V) denote

the inclusions of theS1-bundles into theS3-bundle.

Definition 2.9 We say that(E,h) and(Ê, ĥ) are dual to each other if there exists a Thom class

Th for S(V) such that h= i∗Th andĥ = î∗Th.
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2.2.4 Let π : E→ B andπ̂ : Ê→ B be givenU(1)-principal bundles with first Chern classesc

andĉ. Then 2.8 has the following consequence.

Corollary 2.10 There exists h∈H3(E,Z) andĥ∈H3(Ê,Z) such that(E,h) and(Ê, ĥ) is a dual

pair, if and only if c∪ ĉ = 0. If such a dual pair exist, then any other has the form(E,h+π∗b)

and(Ê, ĥ+ π̂∗b) for some b∈ H3(B,Z).

2.2.5 Let (E,h) and(Ê, ĥ) be dual pairs. We consider the following part of the Gysin sequence

for E

→ H1(B,Z) c→ H3(B,Z) π∗→ H3(E,Z)→ .

We observe the following consequence of 2.10.

Corollary 2.11 If (E,h) is dual to(Ê, ĥ) and also to(Ê, ĥ′), then we havêh′− ĥ = π̂∗(c∪a)

for some a∈ H1(B,Z).

Lemma 2.12 If (E,h) is dual to(Ê, ĥ), then c=−π̂!(ĥ) andĉ =−π!(h).

Proof. We defer the proof to 2.33. It follows from the calculation of the cohomology in the

universal situation. 2

Lemma 2.13 Let (E,h) be dual to(Ê, ĥ). Consider the fiber product

E×B Ê

p↙ p̂↘
E q↓ Ê

π↘ π̂↙
B

. (2.14)

Then p∗h = p̂∗ĥ.
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Proof. This is the parameterized version of the situation considered later in 3.2.1. In partic-

ular, we have a homotopyh : I ×E×M Ê→ S(V) from i ◦ p to î ◦ p̂, wherei : E→ S(V) and

î : Ê→ S(V) are the canonical inclusions into the sphere bundle of the complex vector bundle

V associated toE andÊ, thenp∗h = p∗i∗Th = p̂∗ î∗Th = p̂∗ĥ. 2

2.2.6 We are now in the situation to compare our definition ofT-duality with the definition

used in [2], Section 3.1. When interpreted in cohomological terms instead of using the lan-

guage of differential forms, [2] constructs to a given pair(E,hR) (wherehR ∈ im(H3(E,Z)→
H3(E,R)) is an real cohomology class with integral periods) another pair(Ê, ĥR), again with

ĥR ∈ H3(Ê,R).

Let c be the first Chern class ofE and use the notation of (2.14). BycR we denote the image of

c in H2(B,R).

The construction in [2] depends on a few choices, in particular the choices of connections.

An integral lift h ∈ H3(E,Z) of hR uniquely determines the isomorphism class of theU(1)-

principal bundleÊ with Chern class ˆc := π!(h). The cohomology clasŝhR is then determined

up to addition of a class of the form̂π∗(cR∪b) with someb∈ H1(B,R).

In [2], 3.1 it is shown thatπ∗(hR) = ĉR andπ̂∗(ĥR) = cR. These formulas differ from those of

Lemma 2.12 by some signs. The reason is that in [2] the dual bundle is considered with the

oppositeU(1)-action. In [2] it is also shown thatp∗hR = p̂∗ĥR.

We will now prove that up to addition of classes of the formπ̂∗(cR ∪b) for b∈ H1(B,R) the

classĥR ∈H3(Ê,R) is uniquely determined by these properties. Since ourT-duality pairs share

these properties, we conclude that (upon passing to real cohomology) they are dual in the sense

of [2]. It then follows also that̂hR can be chosen with integral periods and with an integral lift

ĥ such that̂π∗ĥ = c, since we construct an integral lift of some representative. This assertion is

also implicit in [2], but without a detailed proof. Note also that the ambiguity in the dual class

ĥ is exactly parallel to the ambiguity in the construction of [2].

2.2.7 To prove that̂hR is determined by the propertiesπ̂∗ĥR = cR and p̂∗ĥR = p∗hR we con-

sider the following web of Gysin sequences for theU(1)-principal bundlesp, p̂, π andπ̂. Every
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row and every column is exact, and by the naturality of the Gysin sequence every square com-

mutes. We use cohomology with real coefficients throughout, but the diagram is of course also

correct with integral coefficients.

0 −−−→ H1(B) π̂∗−−−→ H1(Ê) π̂!−−−→ H0(B) ∪ĉ−−−→ H2(B)y y∪c

y∪π̂∗c
y∪c ∪c

y
H1(B) ∪ĉ−−−→ H3(B) π̂∗−−−→ H3(Ê) π̂!−−−→ H2(B) ∪ĉ−−−→ H4(B)y yπ∗

yp̂∗
yπ∗

yπ∗

H1(E) ∪c−−−→ H3(E)
p∗−−−→ H3(E×B Ê)

p!−−−→ H2(E) ∪c−−−→ H4(E)

(2.15)

Assume that̂h, ĥ′ ∈ H3(Ê) both satisfy the above equations, and setd := ĥ− ĥ′. It follows that

π̂!d = 0∈ H2(B), and that ˆp∗d = 0. The second property implies that there is a liftl ∈ H1(Ê)

with d = l ∪ π̂∗c. Setn := π̂! l ∈ H0(B). Without loss of generality we can assume thatB is

connected (else we work one component at a time). Now, only two possibilities remain (since

[2] uses real coefficients, where no torsion phenomena occur).

(1) Either n = 0, then l = π̂∗a for a suitablea ∈ H1(B), and consequentlŷh− ĥ′ = d =

π̂∗(c∪a), which is exactly what we want to prove.

(2) If n 6= 0, thencR = 0, sincencR = π̂!d = 0. In this case,̂π∗cR = 0 and therefore also

ĥ− ĥ′ = d = l ∪ π̂∗cR = 0.

2.2.8 Let us fix(E,h).

Theorem 2.16 The equivalence class of pairs which are dual to(E,h) is uniquely determined.

Proof. By Lemma 2.12 the isomorphism class of the underlyingU(1)-bundleÊ of a pair dual

to (E,h) is determined by the first Chern class ˆc := π!(h). If (Ê, ĥ) and(Ê, ĥ′) are both dual to

(E,h), then by Corollary 2.11̂h′− ĥ= π̂∗(c∪a) for somea∈H1(B,Z). It remains to show that
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there exists an automorphism ofU(1)-principal bundles

Ê
U→ Ê

↓ ↓
B = B

such thatU∗ĥ= ĥ′. Any automorphismU is given by multiplication by a suitableg : B→U(1).

Then we can factorU as the composition

Ê
(π̂,id)→ B× Ê

g×id→ U(1)× Ê
m→ Ê ,

wherem is given by the principal bundle structure. Observe that we have the pull-back diagram

U(1)× Ê
m→ Ê

pr2 ↓ π ↓
Ê

π→ B

.

UsingH3(U(1)×Ê) = pr∗2H3(Ê)⊕oU(1)×pr∗2H2(Ê) whereoU(1) ∈H1(U(a)) is the canonical

generator, naturality of integration over the fiber, and the split ofpr2, we obtain

m∗(ĥ) = pr∗2(ĥ)⊕oU(1)× π̂∗π̂!(ĥ) .

Note that[B,U(1)]∼= H1(B,Z) via [g] 7→ g∗oU(1) =: a(g) ∈ H1(B,Z).

Now we return to the construction ofU (and thereforeg) with U∗ĥ = ĥ′. To achieve this,

chooseg corresponding toa∈ H1(B,Z) such that̂h− ĥ′ = π̂(c∪a). Usingπ̂!(ĥ) = −c we get

(g×id)∗m∗(ĥ) =−a×π∗c+pr∗2(ĥ). FinallyU∗(ĥ) = ĥ−π∗(c∪a). 2

2.3 The topology ofR

2.3.1 It is a topological fact that the universal bundle with fiberK(Z,3) is

K(Z,3)→ PK(Z,4)→ K(Z,4) ,

wherePK(Z,4) is the path space ofK(Z,4), i.e. the space of all path inK(Z,4) starting in

the base point. The map toK(Z,4) is given by evaluation at the end point. The fiber of this

evaluation over the base point is the based loop spaceΩK(Z,4), which serves here as a model

for the homotopy typeK(Z,3).
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2.3.2 If B is a space, then bundles overB with (“oriented”) fiberK(Z,3) are classified by

homotopy classes of maps[B,K(Z,4)], i.e. by cohomology classes inH4(B,Z). The homotopy

type of such a bundle is determined by such maps up to self homotopy equivalences ofB and of

K(Z,4), i.e. upto the action of self homotopy equivalences ofB and up to multiplication by−1

onH4(B;Z).

We consider a bundle

K(Z,3)→ F → B

which is classified byκ ∈ H4(B,Z). For simplicity we assume thatB is connected and simply

connected. Thenκ can be read off from the differentiald0,3
4 in the Serre spectral sequence for

the bundle. By the Hurewicz theorem, the relevant part of theE4-page looks like

3 Z 0 H2(B,Z) H3(B,Z) H4(B,Z)

2 0 0 0 0 0

1 0 0 0 0

0 Z 0 H2(B,Z) H3(B,Z) H4(B,Z)

X 0 1 2 3 4

.

The differentiald0,3
4 : Z→ H4(B,Z) is multiplication withκ.

2.3.3 The main result of the present subsection is the determination of the homotopy type ofR.

Let z∈ H2(K(Z,2),Z) be the canonical generator. By the Künneth theorem, the cohomology

of K(Z,2)×K(Z,2) is the polynomial ring in two generatorsc = pr∗1z and ĉ := pr∗2z, i.e.

H(K(Z,2)×K(Z,2),Z) = Z[c, ĉ].

Theorem 2.17 R is the total space of a bundle

K(Z,3)→ R→ K(Z,2)×K(Z,2) (2.18)

which is classified by c∪ ĉ∈ H4(K(Z,2)×K(Z,2),Z).

2.3.4 To prove Theorem 2.17, we first compute the homotopy groupsπi(R). Observe thatS0

andS1 admit only one isomorphism class of pairs. This implies thatR is connected and simply

connected. This observation also frees us from basepoint considerations.
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Lemma 2.19 The homotopy groups of R are given by

πi(R) =


0 i 6∈ {2,3}

Z⊕Z i = 2

Z i = 3

.

Proof. We first observe that there is exactly one isomorphism class of pairs overSi for i ≥ 4,

namely(U(1)×Si→Si ,0). This implies thatπi(R) = 0 for i ≥ 4. It remains to determineπ2(R)

andπ3(R).

If (E,h) is a pair overS3, then we haveE = S1×S3 andh = n(E,h)1S1×oS3 for a well-defined

integern(E,h) ∈ Z, whereoS3 ∈ H3(S3,Z) is the canonical generator. The bijectionP(S3)∼= Z
given by(E,h) 7→ n(E,h) induces the isomorphismπ3(R)→ Z in view of 2.6.

Let us now consider a pair(E,h) over S2. Note thatE is canonically oriented, in particular

H3(E,Z) = [E] ·Z. Let c ∈ H2(S2,Z) be its first Chern class. Then we define the tuple of

integers

(k(E,h),n(E,h)) = (< c, [S2] >,< h, [E] >) ∈ Z⊕Z .

The bijectionP(S2) ∼= Z⊕ Z given by (E,h) 7→ (k(E,h),n(E,h)) defines the isomorphism

π2(R)∼= Z⊕Z in view of 2.6.2 2

2.3.5 The computation of the homotopy groups ofR implies by the Hurewicz theorem that

H0(R,Z) = Z, H1(R,Z) ∼= 0 and H2(R,Z) ∼= Z⊕ Z. By the universal coefficient theorem

H2(R,Z) ∼= Z⊕Z. Recall thatc ∈ H2(R,Z) is the class of the projectionc : R→ K(Z,2).

Let π : E→ Rbe the universal bundle andh ∈ H3(E,Z) be the universal class.

Definition 2.20 We definêc :=−π!(h) ∈ H2(R,Z).

Lemma 2.21 We have H2(R,Z) = cZ⊕ ĉZ.

2We leave it to the interested reader to check that these bijections are in fact homomorphisms.
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Proof. Using the canonical isomorphismsH2(R,Z)∼= Hom(H2(R,Z),Z)∼= Hom(π2(R),Z), where

x ∈ H2(R,Z) and [ f : S2→ R] is mapped to< f ∗x, [S2] >. The identificationπ2(R) ∼= Z⊕Z
above givesH2(R,Z) ∼= Z⊕Z. An inspection shows that this isomorphism mapsac+ bĉ to

(a,−b). Therefore,H2(R,Z) is freely generated byc andĉ. 2

2.3.6 Let ĉ be classified by a map̂c : R→K(Z,2). We will now determine the homotopy fiber

F of the map

(c, ĉ) : R→ K(Z,2)×K(Z,2) .

Lemma 2.22 The homotopy fiber of(c, ĉ) is K(Z,3).

Proof. We consider the long exact sequence of homotopy groups

· · · → πi(F)→ πi(R)→ πi(K(Z,2)×K(Z,2))→ πi−1(F)→ . . . .

We immediately conclude thatπi(F) = 0 if i 6∈ {1,2,3}. Furthermore we see thatπ3(F) ∼=
π3(R)∼= Z.

Therefore the relevant part is now

0→ π2(F)→ π2(R)
π1(c,ĉ)−−−−→π2(K(Z,2)×K(Z,2))→ π1(F)→ 0 .

Now we observe that(c, ĉ) induces an isomorphism in integral cohomology of degreei ≤ 2.

Therefore it induces an isomorphismα : π2(R)∼= π2(K(Z,2)×K(Z,2)). It follows thatπi(F) =

0 for i ∈ {1,2}. 2

2.3.7 We now have seen thatR is the total space of a bundle

K(Z,3)→ R
(c,ĉ)→ K(Z,2)×K(Z,2) .

It remains to determine the invariantκ ∈ H4(K(Z,2)×K(Z,2),Z) which determines this bun-

dle. To do this we compute the cohomology ofR up to degree 4 and then we determine the
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differential in the Serre spectral sequence of the bundle. We already know that

n Hn(R,Z)

0 Z
1 0

2 cZ⊕ ĉZ

.

2.3.8 We start with recalling the low-dimensional integral cohomology ofLK(Z,3). Note

thatK(Z,3) has the structure of anH-space (because one possible model isΩK(Z,4)), so that

LK(Z,3) is homotopy equivalent toK(Z,3)×ΩK(Z,3). Further note thatΩK(Z,3)'K(Z,2).

We use that
n H(K(Z,2),Z) H(K(Z,3),Z)

0 Z Z
1 0 0

2 Z 0

3 0 Z
4 Z 0

5 0 0

.

We now conclude by the K̈unneth formula that

n H(LK(Z,3),Z)

0 Z
1 0

2 Z
3 Z
4 Z
5 Z

.

2.3.9 We compute the cohomologyH3(R,Z) using the Gysin sequence of

U(1)→U×LK(Z,3)→ R . (2.23)

Observe that
U×LK(Z,3) → U

↓ ↓
R

c→ K(Z,2)
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is a pull-back ofU(1)-principal bundles. Therefore the first Chern class of theU(1)-principal

bundleU ×LK(Z,3)→ R (with thediagonal U(1)-action) is c∈ H2(R,Z). We further use the

fact thatU is contractible. The relevant part of the Gysin sequence is

0→ H3(R,Z)→ H3(LK(Z,3),Z)→ H2(R,Z) c→ H4(R,Z)→ H4(LK(Z,3),Z)→ H3(R,Z) .

Sincec is the first Chern class ofπ : E→ R, the above principal bundle is isomorphic toE and

we can use the Gysin sequence forπ : E→ R

→ H3(E,Z) π!→ H2(R,Z) c→ H4(R,Z)→

to conclude thatc∪ ĉ = −c∪ π!(h) = 0. Thereforec : H2(R,Z)→ H4(R,Z) is not injective.

SinceH3(LK(Z,3),Z)∼= Z andH2(R,Z) is free abelian this implies that

H3(R,Z) = 0 .

2.3.10 The mapc : R→ K(Z,2) admits a natural splitK(Z,2)→ R. It mapsx ∈ K(Z,2) to

the class[u,γ], whereγ is the constant loop andu∈Ux is any point. The split classifies the pair

(U,0) overK(Z,2). The existence of the split implies thatc generates a polynomial ringZ[c]

as direct summand insideH∗(R,Z).

2.3.11 In particular,c2 6= 0. Therefore the kernel ofc : H2(R,Z)→ H4(R,Z) is generated by

ĉ. The Gysin sequence for (2.23) now gives

0→ Z c2

→ H4(R,Z)→ Z→ 0 ,

where the last copyZ is H4(LK(Z,3),Z). This implies that

H4(R,Z)∼= c2Z⊕Z .

We now show thatc2 andĉ2 generateH4(R,Z) as aZ-module. We consider the pair overK(Z,2)

consisting of the trivial bundleΠ : U(1)×K(Z,2)→ K(Z,2) and the classh = oU(1)× z∈
H3(U(1)×K(Z,2),Z), wherez∈ H2(K(Z,2),Z) is a generator. This pair is classified by a

map f : K(Z,2)→ R. Let F : U(1)×K(Z,2)→ E be defined by the pull-back diagram

U(1)×K(Z,2) F→ E

Π ↓ π ↓

K(Z,2)
f→ R

.
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Then we havef ∗c = 0 and

f ∗ĉ =− f ∗π!(h) =−Π!F
∗(h) = Π!(h) =−z .

This shows that̂c∈ H2(R,Z) generates a polynomial ring isomorphic toZ[ĉ] insideH∗(R;Z).

Furthermore, we see thatf ∗(ĉ2) = z2 is primitive so thatĉ2 must be primitive, too. Thus

H4(R,Z) = c2Z⊕ ĉ2Z. Let us collect the results of our computations:

Lemma 2.24 We have
n H(R,Z)

0 Z
1 0

2 cZ⊕ ĉZ
3 0

4 c2Z⊕ ĉ2Z

.

2.3.12 We now finish the proof of Theorem 2.17. We consider theE4-page of the Serre spec-

tral sequence of the fibration (2.18).

4 0 0 0 0 0

3 Z 0 ∗ 0 ∗
2 0 0 0 Z 0

1 0 0 0 0 0

0 Z 0 cZ⊕ ĉZ 0 c2Z⊕ (c∪ ĉ)Z⊕ ĉZ
∗ 0 1 2 3 4

.

We read off that

0→ Z
d0,3

4→ c2Z⊕ (c∪ ĉ)Z⊕ ĉZ→ c2R⊕ ĉ2Z→ 0 .

The last map is the edge homomorphism and therefore induced by the mapR→ K(Z,2)×
K(Z,2). Since under this mapc is mapped toc andĉ to ĉ, d0,3

4 is multiplication by±c∪ ĉ. This

finishes the proof of Theorem 2.17 2

2.4 TheT-transformation



2 THE CLASSIFYING SPACE OF PAIRS 23

2.4.1 We have already observed thatE andU×LK(Z,3) are isomorphicU(1)-principal bun-

dles overR, both having first Chern classc. SinceU is contractible, we know the low dimen-

sional cohomology ofE by Section 2.3.8. Using the Gysin sequence ofπ : E→R, we determine

the generators in terms of characteristic classes ofE. From

0→ H0(R,Z) c→ H2(R,Z)→ H2(E,Z)→ 0

we conclude thatH2(E,Z)∼= π∗ĉZ. Finally, we get

0→ H3(E,Z) π!→ H2(R,Z) c→ H4(R,Z)→ H4(E,Z)→ 0 .

This shows thatH3(E,Z) ∼= Z andH4(E,Z) ∼= π∗ĉ2Z. Sinceĉ = −π!(h) generates the kernel

of c : H2(R,Z)→ H4(R,Z) we haveH3(E,Z)∼= hZ.

Lemma 2.25
n H(E,Z)

0 Z
1 0

2 π∗ĉZ
3 hZ
4 π∗ĉ2Z

.

2.4.2 The clasŝc classifies aU(1)-principal bundlêπ : Ê→R. Sincec∪ ĉ= 0 andH3(R,Z) =

0 there exist unique classesh∈ H3(E,Z) andĥ∈ H3(Ê,Z) such that(E,h) and(Ê, ĥ) are dual

to each other, where we use Corollary 2.10.

Lemma 2.26 We have h= h.

Proof. Let r : V→ Rdenote the two-dimensional complex vector bundle given byV := L ⊕ L̂ ,

whereL and L̂ are the hermitian line bundles associated toE andÊ. Then we can factor the

associated unit sphere bundle as

S(V) s→ P(V) t→ R ,

whereP(V) is the projective bundle ofV. Let c̃∈ H2(P(V),Z) be the first Chern class of the

U(1)-principal bundles : S(V)→ P(V). By the Leray-Hirsch theoremH∗(P(V),Z) is a free
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module overH∗(R,Z) generated by 1P(V) ∈ H0(P(V),Z) and c̃. The line bundlesL and L̂

induce two sectionsl, l̂ : R→ P(V) such that we have the following pull-back diagrams

E i→ S(V) î← Ê

π ↓ s↓ π̂ ↓

R
l→ P(V) l̂← R

.

Note thatl∗c̃ = c and l̂∗c̃ = ĉ. Sincet!(c̃) = 1 = t! ◦s!(Th) we haves!(Th) = c̃+ t∗b for some

b∈ H2(R,Z). This implies thatπ!(h) = π! ◦ i∗(Th) = l∗ ◦s!(Th) = c+b. Analogously, we get

π̂!(ĥ) = ĉ+b. Furthermore, we deduce from the projection formula that

c∪ (c+b) = c∪π!(h) = π!(π∗c∪h) = 0, ĉ∪ (ĉ+b) = 0 .

Using the information about the ring structure ofH∗(R,Z) it follows that c+ b = mĉ and

ĉ+b = nc for somem,n∈ Z. SinceH2(R,Z) is freely generated byc andĉ we conclude that

m= n =−1, i.e.b =−(ĉ+c) so thatπ!(h) =−ĉ. By Lemma 2.25 each class inx∈ H3(E,Z)

is a multiple ofh. Sinceπ!(h) = π!(h) we see thath = h. 2

2.4.3 We also see thatπ!(ĥ) =−c. This shows that̂h := ĥ∈ H3(Ê,Z) is a generator.

Definition 2.27 We define the dual universal pair to be(Ê, ĥ).

As in 2.4.1 we have

Corollary 2.28
n H(Ê,Z)

0 Z
1 0

2 π∗cZ
3 ĥZ
4 π∗c2Z

.
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2.4.4 Let T : R→Rbe the classifying map of the dual pair(Ê, ĥ), covered by theU(1)-bundle

mapTE : Ê→ E.

Lemma 2.29 T ◦T classifies(E,h). In particular, T2∼ idR.

Proof. We haveT∗c = ĉ. Furthermore,T∗ĉ = T∗π!(−h) = π̂!(−T∗Eh) = π̂!(−ĥ) = c. Thus

(T ◦T)∗c= c and(T ◦T)∗ĉ= ĉ. The underlying bundle of the pair classified byT2 is π : E→R.

Sinceπ!(h) =−ĉ =−(T ◦T)∗c we must have(T ◦T)∗(E,h)∼= (E,h). 2

2.4.5 Recall from 2.1.8 thatP(B) denotes the set of isomorphism classes of pairs overB, and

that we have a natural transformation of functorsΨB : [B,R]→ P(B). The mapT : R→ R

induces an involutionT∗ : [. . . ,R]→ [. . . ,R].

Definition 2.30 We define the natural transformation of set-valued functors

T... : P(. . .)→ P(. . .)

by

TB := ΨB◦T∗ ◦Ψ−1
B .

We call it the T-duality transformation.

2.4.6 The following is a consequence of 2.29.

Corollary 2.31 Note that T2
B = id. In particular, the T-duality transformation is an isomor-

phism of functors.

2.4.7 Let (E,h) be a pair overB andc∈ H2(B,Z) be the first Chern class ofE.

Lemma 2.32 Any pair(E,h) admits the dual pair(Ê, ĥ) representing the class TB([E,h]). The

first Chern clasŝc∈ H2(B,Z) of Ê is given byĉ =−π!(h). Furthermore, c=−π̂!(ĥ).
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Proof. Let f : B→ R classify the pair(E,h). Then we let(Ê, ĥ) = f ∗(Ê, ĥ). The relations

between the Chern classes and the three-dimensional cohomology classes follow from the cor-

responding relations overRobtained in 2.4.2. We have compatible pull-back diagrams

E → E

↓ ↓
B → R

,

Ê → Ê

↓ ↓
B → R

,

S(V) → S(V)

↓ ↓
B → R

.

We obtain the Thom class ofS(V) as a pull-back of the universal Thom class ofS(V). Its re-

striction toE andÊ givesh andĥ. This shows that(E,h) and(Ê, ĥ) are in duality. 2

2.4.8 We consider pairs(E,h) and(Ê, ĥ) over a spaceB. Letc, ĉ denote the first Chern classes

of E andÊ.

Lemma 2.33 If (E,h) and (Ê, ĥ) are dual to each other, then we have c= −π̂!(ĥ) and ĉ =

−π!(h).

Proof. Denote the canonical generators of the polynomial ringH∗(K(Z,2)×K(Z,2),Z) by z, ẑ

(instead ofc, ĉ - we do this in order to avoid notational conflicts).Recall that we have a bundle

K(Z,3)→ R
(c,ĉ)→ K(Z,2)×K(Z,2)

which is classified byz∪ ẑ∈ H4(K(Z,2)×K(Z,2),Z). If f̄ : B→ K(Z,2)×K(Z,2) satisfies

f̄ ∗z∪ f̄ ẑ= 0, then it admits a liftf : B→ R. Let f̄ : B→ K(Z,2)×K(Z,2) be the classifying

map of the pair(c, ĉ), i.e f̄ ∗z= c and f̄ ∗ẑ= ĉ. Then we have a liftf : B→ R. Pulling back

the universal pairs overR we get pairs(E,h′) and(Ê, ĥ′) which are dual to each other. Further-

more,π!(h′) = −ĉ andπ̂!(ĥ′) = −c. By 2.10 we haveh = h′+ π∗b andĥ = ĥ′+ π̂∗b for some

b∈ H3(B). Henceπ!(h) = π!(h′) =−ĉ andπ!(ĥ) = π!(ĥ′) =−c. 2

2.4.9 Note that there is a natural action ofH3(B,Z) on the setP(B) given byβ[E,h] := (E,h+

π∗β), β ∈ H3(B).

Lemma 2.34 The T-duality transformation is equivariant with respect to this action of H3(B,Z).
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Proof. This is an immediate consequence of 2.10. 2

2.4.10 By Theorem 2.16 we already knew that the equivalence class of pairs dual to(E,h)

is unique, if such dual pairs exist at all. The new information obtained from the study of the

topology of the classifying space is the existence of pairs dual to(E,h). More significantly, note

that our proof of the uniqueness part of 2.16 involves Lemma 2.33, whose proof also depends

on the knowledge of the topology ofR.

3 T-duality in twisted cohomology theories

3.1 Axioms of twisted cohomology

3.1.1 There may be many explicit models of a twisted cohomology theory which lead to equiv-

alent results, and examples abound in the literature. In particular, this applies to the nature of a

twist. What we will describe here is a picture which should be the common core of the various

concrete realizations.

In any case the twists come as a pre-sheaf of pointed groupoidsB 7→ T(B) on the category of

spaces. Let us fix some notation for the main ingredients, which also recalls the concept of a

pre-sheaf we use. First of allT(B) is a groupoid with a distinguished trivial objectθB, giving

rise to the trivial twist (i.e. to no twist at all). Iff : A→ B is a map of spaces, then there is a

functor f ∗ : T(B)→ T(A) preserving the trivial twists. Furthermore, ifg : B→C is a second

map, then there exists a natural transformation

Ψ f ,g : f ∗ ◦g∗→ (g◦ f )∗ .

If h : C→ D is a third map, then we require that

Ψ f ,h◦g◦ f ∗Ψg,h = Ψg◦ f ,h◦h∗Ψ f ,g

3.1.2 The following three requirements provide the coupling to topology.
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(1) We require that there is a natural transformationc : T(. . .)→H3(. . . ,Z) (the latter is con-

sidered as a pre-sheaf of categories in a trivial manner, i.e. with only identity morphisms)

which classifies the isomorphism classes ofT(B) for eachB.

(2) If H ,H ′ ∈ T(B) are equivalent objects, then we require thatHom(H ,H ′) is aH2(B,Z)-

torsor such that the composition with fixed morphisms gives isomorphisms of torsors.

Furthermore, we require that the torsor structure is compatible with the pull-back. Note

that we have natural bijectionsu : Hom(H ,H )→ H2(B,Z) which map compositions to

sums.

(3) Let K ∈ T(Σ(B∪ ∗)), whereΣ(B∪ ∗) := I ×B/({0}×B∪ {1}×B) is the (reduced)

suspension. We have a homotopyh : I ×B→ Σ(B∪∗) from the constant mapp : B 7→
∗ ↪→ Σ(B∪∗) to itself given byht(b) = [t,b]. It induces a morphismu(h) : p∗K → p∗K
as explained in 3.1.5. We require thatu(u(h)) andc(K ) correspond to each other under

the suspension isomorphismH3(Σ(B∪∗),Z)∼= H2(B,Z).

3.1.3 Let us list two examples.

(1) In our first example the objects ofT(B) are Hitchin gerbes. Recall that a Hitchin gerbe

over X is a U(1)-extensionH → G , whereG is an étale groupoid which represents

the spaceB. A morphism inT(B) is an equivalence class of equivalences of Hitchin

gerbesu : H → H ′. The isomorphism classes of Hitchin gerbes are classified by the

characteristic classc(H ) ∈ H3(B,Z). We refer to [4] for further details, in particular the

torsor structure on the sets of morphisms.

(2) In the second example the objects ofT(B) are given by the set of continuous mapsf : B→
K(Z,3). A morphismu : f → f ′ is then a homotopy class of homotopies fromf to f ′.

We setc( f ) := [ f ] ∈ [B,K(Z,3)]∼= H3(B,Z). Recall thatLK(Z,3)' K(Z,2)×K(Z,3).

Let u : LK(Z,3)→ K(Z,2) be the first projection. The second projection is given by the

evaluation mapev0. An automorphism off is a homotopy class[γ] ∈ [B,LK(Z,3)] with

ev0◦ γ = f . Therefore, automorphisms are classified by[u◦ γ] ∈ [B,K(Z,2)]∼= H2(B,Z).

3.1.4 In the following we fix some framework of twists and formulate the axioms of a twisted

cohomology theory in this framework. We fix a cohomology theoryh for which we want to

define a twisted extension.
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Definition 3.1 A twisted cohomology theory h extending h associates to each space X and each

twistH ∈ T(X) a Z-graded group h(X,H ). To a map f: Y→X it associates a homomorphism

f ∗ : h(X,H )→ h(Y, f ∗H ) .

To a morphism u: H → H ′ of twists it associates an isomorphism, natural with respect to

pullbacks,

u∗ : h(X,H )→ h(X,H ′) .

Finally, we require an integration map

p! : h(Y, p∗H )→ h(X,H )

of degreedim(Y)−dim(X) for a proper h-oriented map p: Y→X. Integration shall be natural

with respect to morphisms in T(X).

These structures must satisfy the axioms described below.

Axiom 3.2 (Extension) Let θX ∈ T(X) denote the trivial twist. There exists a canonical iso-

morphism h(X,θX)→ h(X) which preserves pull-back and integration over the fiber.

Axiom 3.3 (Functoriality) If g : Z→Y is a second map, then we have

Ψg, f (H )∗ ◦ ( f ◦g)∗ = g∗ ◦ f ∗ .

If v : H ′′→H is another morphism of twists, then we have

v∗ ◦u∗ = (u◦v)∗ .

3.1.5 Assume thath : R×Y→ X is a homotopy fromf0 to f1, i.e. fk = i∗k(h), whereik : Y→
R×Y is given byik(x) = (k,x), k= 0,1. DefineF : R×Y→R×X;(t,y) 7→ (t,h(t,y)). Observe

that for H ∈ T(X) the twists(idR× f0)∗pr∗2H andF∗pr∗2H on R×Y are isomorphic, since

we can by assumption read off the isomorphism class from the pullbacks of the corresponding

classifying cohomology class, which are equal by homotopy invariance of cohomology. We

define

u(h) : (idR× f0)∗pr∗2H → F∗pr∗2H
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to be the unique morphism of twists such that

f ∗0 H
can∼= i∗0◦ (idR× f0)∗ ◦pr∗2H

i∗0(u(h))
∼= i∗0◦F∗ ◦pr∗2H

can∼= f ∗0 H

is the identity. The morphismu(h) is determined uniquely this way sincei∗0 : H2(R×Y,Z)→
H2(Y,Z) is an isomorphism. The canonical isomorphisms are induced by Axiom 3.3. Note that

u(h) is natural with respect to morphisms inT(X).

Finally we define

v(F) : f ∗0 H
can∼= i∗1◦ (idR× f0)∗ ◦pr∗2

i∗1(u(h))
∼= i∗1◦F∗ ◦pr∗2H

can∼= f ∗1 H

Axiom 3.4 (Homotopy invariance) With these conventions we require that

v∗ ◦ f ∗1 = f ∗0 .

Axiom 3.5 (Integration)

(1) Functoriality If q : Z→Y is a further proper h-oriented map, then we have

p! ◦q! ◦Ψp,q(H )∗ = (q◦ p)! : h(Z,(q◦ p)∗(H ))→ h(X,H ) .

(2) Naturality If g : Z→ X is a further map, then we have the Cartesian diagram

Z×X Y
p∗g→ Y

g∗p ↓ p ↓
Z

g→ X

,

and we require that

(g∗p)! ◦ (Ψg,g∗p)(H )∗ ◦ (Ψp,p∗g(H )∗)−1◦ (p∗g)∗ = g∗ ◦ p! .

Axiom 3.6 (Mayer-Vietoris sequence)If X = U ∪V is a decomposition by open subsets, then

we can find a functionφ : X→ R such thatφ|X\U = 1, φX\V = −1, and the inclusion i: (Y :=
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{φ = 0})→ X is a proper naturally h-oriented map. Let j: Y→U ∩V, g : U → X, h : V→ X,

k : U ∩V→U, l : U ∩V→V, and r: U ∩V→ X denote the inclusions, and defineδ := i! ◦ j∗3.

Then we require that the following sequence is exact:

· · · → h(U ∩V, r∗H ) δ→ h(X,H )
(g∗,h∗)→ h(U,g∗H )⊕h(V,h∗H ) k∗−l∗→ h(U ∩V, r∗H )→ . . . ,

where some canonical isomorphisms are suppressed in the notation.

3.1.6 Examples of twisted cohomology theories which satisfy these axioms (on the category

of smooth manifolds and smooth maps) are twisted de Rham cohomology and twistedSpinc-

cobordism theory [4] and [5]. In these examples twists are Hitchin gerbes. As indicated in [5]

there should also be a twisted version of complexK-theory. In this case the missing piece in the

literature is a nice description of integration over the fiber and also of the boundary operator in

the Mayer-Vietoris sequence.

3.2 T-admissibility

3.2.1 We consider the unit sphereS⊂C2 = C⊕C. Let E := S1 andÊ := S1. We consider the

embeddingsi : E→ S, i(z) = (z,0) and î : Ê→ S, î(ẑ) = (0, ẑ). Let T := E× Ê andp : T → E

and p̂ : T→ Ê denote the projections. We define the homotopyh : I ×T→ S from i ◦ p to î ◦ p̂

by

ht(z, ẑ) :=
1√
2
(
√

1− t2z, tẑ) .

Let K ∈ T(S) be a twist such that< c(K ), [S] >= 1. We defineH := i∗K andĤ := î∗K . The

homotopyh induces a unique morphism

u : p̂∗Ĥ = p̂∗ î∗K
Ψp̂,î(K )
∼= (î ◦ p̂)∗K

u(h)∼= (i ◦ p)∗K
Ψp,i(K )−1

∼= p∗i∗K = p∗H ,

whereu(h) is defined in Section 3.1.5.

3.2.2 Let h be a twisted cohomology theory. Note that ˆp is canonicallyh-oriented sinceTÊ is

canonically trivialized by theU(1)-action.

3Note thatδ is independent of the choice ofφ.
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Definition 3.7 We say that the twisted cohomology theory h is T-admissible if

p̂! ◦u(h)∗ ◦ p∗ : h(E,H )→ h(Ê,Ĥ )

is an isomorphism. Note that the map has degree−1.

3.2.3 Naturality implies thatT-admissibility does not depend on the choice ofK inside its

isomorphism class.

3.2.4 We show now how one can checkT-admissibility in practice.

Let S/(E∪ Ê) be the quotient space ofS wherei(E) and î(Ê) are identified to one point. We

have a natural identificationr : S/(E∪ Ê)∼= Σ(T ∪∗) given by the homotopyh used in Section

3.2.1. Note thatp∗r∗ : H3(Σ(T∪∗),Z)→H3(S,Z) is an isomorphism, wherep: S→S/(E∪Ê)

is the projection. Thus, we can chooseK := p∗r∗K̃ for some twistK̃ ∈ T(Σ(T ∪∗)). Note

thatc(K ) ∈H3(Σ(T ∪∗),Z)∼= Z is a generator. SinceH3(∗,Z) = 0 = H2(∗,Z), the restriction

of K̃ to the base point is the trivial twist. Then we obtain canonical morphismsH ∼= θE and

Ĥ ∼= θÊ. The homotopyr ◦h induces now a canonical morphismu(r ◦h) : θT → θT . By the

third property stated in 3.1.2 we know thatu(u(r ◦h)) ∈ H2(T,Z)∼= Z is a generator, too. The

determination of this generator involves the precise understanding of the isomorphismp∗r∗ and

of the suspension isomorphism.

Note thatH2(T,Z) acts naturally onh(T) via the identificationsH2(T,Z) ∼= Hom(θT ,θT) and

h(T)∼= h(T,θT). Forg∈ H2(T,Z) we denote this action byg∗.

Therefore, in order to check that the cohomology theoryh is T-admissible, it suffices to show

that

p̂! ◦g∗ ◦ p∗ : h(E)→ h(Ê)

is an isomorphism ifg∈ H2(T,Z) is a generator.

3.2.5

Lemma 3.8 Twisted K-theory is T-admissible.
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Proof. Let l ∈ K0(T) be the class of the line bundle overT with first Chern class equal to

g∈H2(T,Z)∼= Z. Theng∗ is induced by the cup product withl . Let 1∈K0(S1) andu∈K1(S1)

be the generators. One can compute

p̂! ◦g∗ ◦ p∗(1) = g B(u)

p̂! ◦g∗ ◦ p∗(u) = 1 ,

whereB : K1→ K−1 is the Bott periodicity transformation. This is indeed an isomorphism if

g∈ {1,−1}. 2

3.2.6 We consider the graded ringR := R[z,z−1] where deg(z) = −2 and the twisted coho-

mologyHR(X,H ), where we usez in order to couple the twist.

Lemma 3.9 Twisted cohomology with coefficients in R is T-admissible.

Proof. The action ofg∈ H2
R(T,Z) is given by the cup-product with 1+ zgR, wheregR is the

image ofg in HR(T). By a simple computation

p̂! ◦g∗ ◦ p∗(1) = zg u

p̂! ◦g∗ ◦ p∗(u) = 1

This is indeed an isomorphism ifg 6= 0. 2

3.2.7 T-admissibility is a strong condition onh. It implies for example that

p! ◦g∗ ◦ p̂∗ ◦ p̂! ◦g∗ ◦ p∗ : h(E)→ h(E)

is an isomorphism of degree−2. This isomorphism induces a two-periodicity ofh(E). Here is

a non-example.

Lemma 3.10 Twisted Spinc-cobordism is not T -admissible.

Proof. MSpinc(S1) is not two-periodic since it is concentrated in degree≤ 1. 2
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3.3 T-duality isomorphisms

3.3.1 We consider two pairs(E,h) and(Ê, ĥ) overB which are dual to each other. We use the

notation of 2.2.1. LetTh ∈H3(S(V),Z) be a Thom class. We choose a twistK ∈ T(S(V)) such

thatc(K ) = Th. Then we defineH := i∗K ∈ T(E) andĤ := î∗K ∈ T(Ê). We havec(H ) = h

andc(Ĥ ) = ĥ. We consider the diagram

E×B Ê

p↙ p̂↘
E q↓ Ê

π↘ π̂↙
B

. (3.11)

This is the parameterized version of the situation considered in 3.2.1. In particular, we have a

homotopyh : I ×E×M Ê→ S(V) from i ◦ p to î ◦ p̂. It induces the morphism

u : p̂∗Ĥ = p̂∗ î∗K
Ψp̂,î(K )
∼= (î ◦ p̂)∗K

u(h)∼= (i ◦ p)∗K
Ψp,i(K )−1

∼= p∗i∗K = p∗H

which is natural under pullback of bundles.

Let h be a twisted cohomology theory.

Definition 3.12 We define the T-duality transformation

T := p̂! ◦u∗ ◦ p∗ : h(E,H )→ h(Ê,Ĥ ) .

3.3.2 The main theorem of the present section is the following. Assume thatB is homotopy

equivalent to a finite complex.

Theorem 3.13 If h is T -admissible, then the T-duality transformation T is an isomorphism.

Proof. Let f : A→ B be a map. Then we use the pull-back ofK in order to define the duality

transformationT overA. LetF : f ∗E→E andF̂ : f ∗Ê→ Ê be the induced maps. The statement

of the following Lemma involves various (not explicitly written) canonical isomorphisms.
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Lemma 3.14 We have

T ◦F∗ = F̂∗ ◦T : h(E,H )→ h( f ∗Ê, F̂∗Ĥ ) .

Assume that we have a decompositionB=U∪V with open subsetsU andV and let j :U∩V→
B denote the inclusion. By taking pre-images with respect toπ and π̂ we obtain associated

decompositionsE = EU ∪EV andÊ = ÊU ∪ ÊV . Let f : EU ∩EV → E and f̂ : ÊU ∩ ÊV → Ê

denote the inclusions. Finally letδ : h(EU ∩EV , f ∗H )→ h(E,H ) andδ̂ : h(ÊU ∩ ÊV , f̂ ∗Ĥ )→
h(Ê,Ĥ ) denote the boundary operators in the Mayer-Vietoris sequences.

Lemma 3.15 We have

T ◦δ = δ̂◦T : h(EU ∩EV , f ∗H )→ h(Ê,Ĥ ) .

Assuming these lemmas, the proof of the theorem now goes by induction on the number of cells

of B. The induction starts with any contractible base sinceh is T-admissible, using naturality

and homotopy invariance. In the induction step we adjoin a cell. We use Lemma 3.14 and

3.15 in order to see thatT induces a map of Mayer-Vietoris sequences. The induction step now

follows from the five-lemma. 2

3.3.3 We now prove Lemma 3.14. LetG : f ∗E×A f ∗Ê→E×B Ê be the induced map. The as-

sertion follows from the following computation, omitting a number of canonical isomorphisms.

F̂∗ ◦T = F̂∗ ◦ p̂! ◦u∗ ◦ p∗

= ( f ∗p)! ◦G∗ ◦u∗ ◦ p∗

= ( f ∗p)! ◦ (G∗u)∗ ◦G∗ ◦ p∗

= (F∗p)! ◦ (G∗u)∗ ◦ (F∗p)∗ ◦F∗

= T ◦F∗ .

2
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3.3.4 We now prove Lemma 3.15. Letφ ∈C(B) be a function which takes the value−1 on

B\V and 1 onB\U , and such that the inclusion ofi : (Y := {φ = 0})→ B is canonicallyh-

oriented. Letk : Y→U∩V, I := π∗i, Î := π̂∗i, K := π∗k, andK̂ := π̂∗k denote the corresponding

inclusions. Note thatI and Î have a trivialized normal bundle and thus are canonicallyh-

oriented. We haveδ = I! ◦K∗ andδ̂ = Î! ◦ K̂∗. Furthermore, we set̃I := q∗i andK̃ = q∗k. Finally

let J := π∗ j, Ĵ := π̂∗ j, andG := q∗ j denote the corresponding embeddings overj : U ∩V ↪→ B.

The assertion of the Lemma now follows from the following computation, where canonical

isomorphisms are omitted.

δ̂◦T = Î! ◦ K̂∗ ◦ (Ĵ∗p)! ◦ (G∗u)∗ ◦ (J∗p)∗

= Î! ◦ (Î∗p)! ◦ (Ĩ∗u)∗ ◦ (I∗p)∗ ◦K∗

= p̂! ◦ Ĩ! ◦ (Ĩ∗u)∗ ◦ (I∗p)∗ ◦K∗

= p̂! ◦u∗ ◦ Ĩ! ◦ (I∗p)∗ ◦K∗

= p̂! ◦u∗ ◦ p∗ ◦ I! ◦K∗

= T ◦δ .

2

4 Examples

4.1 The computation of twistedK-theory for 3-manifolds

4.1.1 If E is a closed oriented 3-manifold then isomorphism classes of twistsH on E are

classified by the number< c(H ), [E] >∈Z. We fix an equivalence class of twists corresponding

to n ∈ Z. Representatives can be pulled back fromS3 using a map of degree 1. Note that

K(E,H ) is independent of the twist in its class up to a non-canonical isomorphism. In the

present subsection we want to compute the isomorphism class of this group which we will

denote byK(E,n). Our computation is based on the Mayer-Vietoris sequence.

4.1.2 We choose a ballU ⊂E. Then we have a decompositionE =U∪V such thatU∩V ∼S2.

We identify the twists onU andV with the trivial twist. We can arrange that under the degree
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1 map toS3 the setU is mapped to the complement of the south pole andV is mapped to the

complement of the north pole.

Using the relation between twists and morphisms in the suspensionS3 of S2 and naturality,

we see that a twist in the classn is given by the transition morphismv : θS2 → θS2 such that

< u(v), [S2] >= ±n. Let u∗ : K(S2)→ K(S2) denote the corresponding automorphism. It acts

by the cup product with the class of the line bundle of degree±n. Then the Mayer-Vietoris

sequence reads

→ K(S2) δ→ K(E,n)→ K(U)⊕K(V)
u∗◦i∗− j∗→ K(S2)→ ,

wherei : S2→U and j : S2→V are the inclusions. At this point we have fixed the sign of the

class of the twist.

4.1.3 We identify K(S2) ∼= ZI ⊕Zθ, whereI is represented by the trivial one-dimensional

bundle, andθ is represented by the difference of a line bundle of degree one and a trivial line

bundle. We then haveu∗I = I ±nθ andu∗θ = θ.

4.1.4 The Mayer-Vietoris sequence gives

0→ K0(E,n)→ Z⊕K0(V)
a:=u∗◦i∗− j∗−−−−−−−→ ZI ⊕Zθ δ→ K1(E,n)→ K1(V)→ 0 .

The restriction ofa to the first summand maps 1∈ Z to I ⊕±nθ. If x ∈ K0(V), thenx|S2 =

dim(x)I+ < c1(x)|S2, [S2] > θ. Now observe that< c1(x)|S2, [S2] >= 0 sinceS2 bounds inV.

Therefore we havea(k,x) = (k−dim(x))I ±knθ. We conclude that forn 6= 0

K0(E,n)∼= K̃0(V)∼= K̃0(E) ,

whereK̃0(E) := ker(dim) is the reduced group. Furthermore,K1(E,n) fits into a sequence

0→ Z/nZ→ K1(E,n)→ K1(V)→ 0 .

Note thatK1(V) is free abelian and satisfiesrankK1(V) = rankK1(E)−1. In particular we

get

K1(E,n)∼= ZrankK1(E)−1⊕Z/nZ .
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4.1.5 Let M be a closed oriented surface of genusg. TheU(1)-principal bundles overM

are classified by the first Chern class. Letπ : Ek→ M be the bundle with first Chern class

< c(Ek), [M] >= k. We use the Gysin sequence in order to compute the integral cohomology of

Ek. We get

i H(Ek,Z),k 6= 0 H(E0,Z)

0 Z Z
1 Z2g Z2g+1

2 Z2g⊕Z/kZ Z2g+1

3 Z Z

.

4.1.6 We now compute theK-theory ofEk using the Atiyah-Hirzebruch spectral sequence.

The second page in the casek 6= 0 looks like (vertically periodic)

2 Z Z2g Z2g⊕Z/kZ Z
1 0 0 0 0

0 Z Z2g Z2g⊕Z/kZ Z
0 1 2 3

.

The only possibly non-trivial differential isd2,3
3 . But since the spectral sequence degenerates

rationally, the differential is trivial. We get

i K(Ek),k 6= 0 K(E0)

0 Z2g+1⊕Z/kZ Z2g+2

1 Z2g+1 Z2g+2

.

4.1.7 We now use this result in order to computeK(Ek,n). We get forn 6= 0

i K(Ek,n),k 6= 0 K(E0,n)

0 Z2g⊕Z/kZ Z2g+1

1 Z2g⊕Z/nZ Z2g+1⊕Z/nZ
.

4.1.8 Let us now verify that this computation confirmsT-duality. In fact, the unique dual pair

of (Ek,noEk) is (En,−koEn). ThusT-duality predicts an isomorphism

K(Ek,n)∼= K(E−n,−k)

of degree−1. This is in fact compatible with the results above.



4 EXAMPLES 39

4.2 Line bundles overCPr

4.2.1 Let pn : En,r → CPr be theU(1)-principal bundle with first Chern classnz, wherez∈
H2(CPr ,Z) is the canonical generator. We first computeH(En,Z) using the Gysin sequence for

pn. We get

k Hk(En,r ,Z),n 6= 0 Hk(E0,r ,Z)

0 Z Z
2l ,1≤ l ≤ r Z/nZ Z

2l +1,1≤ l ≤ r−1 0 Z
2r +1 Z Z

.

Note thatr = ∞ is permitted in the construction and calculation, and thatEn,∞ is a model for

BZ/nZ.

4.2.2 We compute theK-theory ofEn,r using the Atiyah-Hirzebruch spectral sequence. We

observe that this sequence degenerates. We get

K(En,r),n 6= 0 K(E0,r)

0 Z⊕Anr Z2r+1

1 Z Z2r+1

,

whereAnr is an abelian group withnr elements and with composition series with subquotients

Z/nZ. Using Atiyah’s completion theorem lim
←r

K̃0(En,r)∼= R̂(G) we get extra information about

these groups, e.g. that the limit is torsion-free. In the particularly simple casen = 2 we have

R̂(G)∼= Z(2), which implies thatA2r ∼= Z/2rZ is cyclic. For othern, in particular ifn is a prime

number,Anr can also be computed explicitly by looking at the completion theorem and suitable

Leray-Serre spectral sequences; we leave this as an exercise to the reader. A precise answer can

be found e.g. in the book of Gilkey [9], Thm. 4.6.7.

4.2.3 The computation of the cohomology shows that forr > 1 only E0 admits non-trivial

twists (the caser = 1 is covered by Section 4.1). Let us fix the generatorg∈ H3(E0) such that

(p0)!(g) = z. Then twistsH overE0 are classified by an integerk∈Z such thatc(H ) = kg. Let

K(E0,k) be the isomorphism class of the twistedK-theory for the twists in the classk∈ Z. We

can now applyT-duality in order to compute this group. In fact, the unique dual pair of(E0,k)
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is (E−k,0). Thus we get

K(E0,k)

0 Z
1 Z⊕Anr

.

Note that the calculations of this section, using the results of the present paper, rely on the fact

that twisted K-theory is a twisted cohomology theory in the sense of our axioms. As explained

earlier, no complete account of such a theory seems to be available in the literature .

4.3 An example where torsion plays a role

4.3.1 As the base space we consider the total space of the bundlepk : Ek,r →M as in Section

4.2 for a prime numberk> 1 and forr > 1, i.e. we setB := Ek,r . We fix a class 06= c∈H2(B,Z)

and letFc denote the correspondingU(1)-principal bundle overB. Sincec generatesH∗(B,Z) as

a ring, except for the top degree, the Gysin sequence ofFc shows that its cohomology vanishes

in degrees 1< i < 2r +1, andH1(Fc,Z)∼= Z.

Choose therefore 0= h∈H3(Fc,Z). SinceH3(B,Z) = 0, there is a unique dual pair(Fĉ, ĥ) with

Chern class ˆc=−π!(h) = 0 andĥ∈H3(Fĉ,Z). Since ˆc= 0, Fĉ is the trivial bundle, therefore its

cohomology isH l (Fĉ,Z)∼= H l (B,Z)⊕H l−1(B,Z), e.g.H3(Fĉ,Z)∼= H2(B,Z)∼= Z/kZ. Now ĥ

is the unique class witĥπ!(ĥ) =−c, i.e. corresponds to−c under the isomorphismH3(Fĉ,Z) =

H2(B,Z). Clearly, if we only worked with differential forms as is done in [2], then we could

not distinguish this torsion twist from the trivial one.

4.3.2 The Atiyah-Hirzebruch spectral sequence forK(Fc) degenerates. This shows thatK0(Fc)∼=
Z2 ∼= K1(Fc), whereasK0(F0) ∼= K0(B)⊕K1(B) ∼= Z⊕Z⊕Akr ∼= K1(F0). TheT-duality iso-

morphism identifiesK(Fc) with K(F0, ĥ) for the torsion twistĥ. In particular we see that

K(F0) 6∼= K(F0, ĥ) which shows that the torsion part of the twist is important.
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4.4 Iterated T-duality

4.4.1 Let T denote the groupU(1)×U(1).

Definition 4.1 Two principal T -bundles F→ B and F′→ B are isomorphic if there exists an

isomorphism of fiber bundles

F
U→ F ′

↓ ↓
B = B

such that U is T-equivariant.

4.4.2 The group of automorphisms ofT is GL(2,Z). If we identify T ∼= R2/Z2, then the

action of this group onT is induced by the linear action onR2. Let φ ∈GL(2,Z).

Definition 4.2 Two principal T -bundles F→ B and F′→ B areφ-twisted isomorphic if there

exists an isomorphism of fiber bundles

F
U→ F ′

↓ ↓
B = B

such that U isφ-twisted T-equivariant, i.e. U(p· t) = U(p) ·φ(t) for all p ∈ F, t ∈ T.

Assume thatB is connected. We say that twoT-principal bundles overB are twisted isomorphic

if they areφ-twisted isomorphic for some (then uniquely determined)φ.

4.4.3 We consider aT-principal bundleπ : F→B. We need the subgroupsS0 :=U(1)×{1}⊂
T andS1 := {1}×U(1) ⊂ T. We defineE0 := F/S0 andE1 := F/S1. All these spaces fit into

a diagram

F

p0↙ p1↘
E0 π ↓ E1

π0↘ π1↙
B

, (4.3)
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wherepi andπi areU(1)-principal bundles in a natural way. We consider a classh∈H3(F,Z).

Definition 4.4 We say that the pair(F,h) is dualizable, if h= p∗0(h0)+ p∗1(h1) for some hi ∈
H3(Ei ,Z).

4.4.4 We can now try to construct aT-dual of (F,h) by iteratedT-duality. We first form the

dual(0F̂ ,0ĥ) of the pair(F → E1,h). Note that we have the pull-back diagram

F
p0→ E0

p1 = π∗1π0 ↓ π0 ↓
E1

π1→ B

.

Let (Ê0, ĥ0) be a dual of(E0,h0). Then we get0F̂ by the pull-back diagram

0F̂ 0 p̂0→ Ê0

0p̂1 = π∗1π̂0 ↓ π̂0 ↓
E1

π1→ B

.

Furthermore we get

0ĥ := 0p̂∗0(ĥ0)+ 0p̂∗1(h1) .

Now we form the dual(F̂ , ĥ) of the pair(0F̂ → Ê0,0ĥ). Let (Ê1, ĥ1) be the dual of(E1,h1).

Then we getF̂ by the pull-back

F̂
p̂0→ Ê0

p̂1 ↓ π̂0 ↓

Ê1
π̂1→ B

.

and

ĥ = p̂∗0(ĥ0)+ p̂1(ĥ1) . (4.5)

4.4.5 Note that this construction of the iterated dual involves the choice of a representation

h = p∗0(h0) + p∗1(h1). The goal of the following discussion is to show that the bundleF̂ →
B may depend on this choice even if we consider it up to twisted equivalence. It should be
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remarked that our examples with a non-unique dual do not depend on the existence of torsion in

cohomology and therefore would also show up if we only worked with de Rham cohomology.

Our example should be contrasted with the constructions of [3], were a very similar definition

of T-duality for torus bundles is used, but in which case (at least according to the authors) theT-

dual (which exists under conditions similar to ours) is uniquely determined (up to isomorphism).

In [10], a different approach toT-duality for torus bundles is used, based on continuous trace

algebras over the initial bundle and actions ofRn on the continuous trace algebra. Under our

existence assumption, the construction of [10] also gives rise to a classical dual torus bundle,

which is claimed to be uniquely determined. The relationship to our construction is not quite

clear, we plan to investigate this, and to give more information about the higher dimensional

case in a subsequent paper.

4.4.6 A T-principal bundleF→ B gives rise to Chern classesc0,c1 ∈H2(B,Z) of the bundles

E0,E1. The pair(c0,c1) determines the isomorphism class ofF by the proof of Corollary

4.7. We consider this pair of Chern classes as a classc(F) ∈ H2(B,Z2) in the natural way.

Then the Chern classes of the dual are−((π0)!(h0),(π1)!(h1)). Note thatGL(2,Z) acts on the

cohomology with coefficients inZ2.

4.4.7 Choose nowφ ∈GL(2,Z). Then we can define a newT-principal bundleφF . It has the

same underlying fiber bundleF → B, but we redefine the action ofT such that

φF
id→ F ′

↓ ↓
B = B

,

is aφ-twisted isomorphism. Letσ : GL(2,Z)→GL(2,Z) be the bijection (of order two)(
a b

c d

)
7→ (ad−bc)

(
a −c

−b d

)
.

Lemma 4.6 We have c(φF) = φσc(F).
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Proof. Let φ =

(
a b

c d

)
. Then by an easy computation (which has only to be carried out

for the generators
(−1 0

0 1

)
,
(

0 −1
1 0

)
,
(

1 −1
1 0

)
of GL(2,Z)) we see thatφE0 = (Ea

0⊗E−c
1 )det(φ) and

φE1 = (E−b
0 ⊗Ed

1)det(φ). Thereforec(φF) = det(φ)

(
a −c

−b d

)
(c0,c1). 2

Corollary 4.7 The twisted isomorphism class of the T-principal bundle F is determined pre-

cisely by the orbit GL(2,Z)c(F)⊂ H2(B,Z2).

Proof. If F andF ′ are isomorphicT-principal bundles overB, thenc(F) = c(F ′) ∈ H2(B,Z2).

If F and F ′ are Φ-twisted isomorphic, thenF and ΦF ′ are isomorphic, and by Lemma 4.6

c(F) ∈Gl(2,Z)c(F ′).

Finally, if F andF ′ are two bundles withc(F) = c(F ′), then theU(1)-principal bundlesE0 and

E′0 as well asE1 andE′1 are isomorphic. It follows thatF , as the pullback ofE1 alongE0, is iso-

morphic to the pullback ofE′1 alongE′0, i.e. toF ′. If c(F) ∈GL(2,Z)c(F ′) thenc(F) = c(ΦF ′)

for a suitableΦ ∈ GL(2,Z) and thereforeF andΦF ′ are isomorphicT-principal bundles, so

thatF andF ′ are twisted isomorphic. 2

4.4.8 Let Li be the line bundles associated toEi andV := L0⊕L1. Let furthers : S(V)→ B be

the unit sphere bundle. Then we have natural embeddingsi0 : E0→ S(V) andi1 : E1→ S(V).

We have a decomposition

S(V) = D(L0)×B E1∪E0×B D(L1) .

The associated Mayer-Vietoris sequence gives the exact sequence

H2(F,Z)→ H3(S(V),Z)
i∗0⊕i∗1→ H3(E0,Z)⊕H3(E1,Z)

p∗0−p∗1→ H3(F,Z). (4.8)

Let r i ∈ H3(Ei ,Z). Then we havep∗0(r0)+ p∗1(r1) = 0 if an only if (r0,−r1) ∈ im(i∗0⊕ i∗1). If

this is satisfied we get a (second) splitting of 0= p∗0(0) = p∗1(0) ∈ H3(F,Z).
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To understand the corresponding dual, we compute(πi)!(r i). The dual of anyT-bundle with

splitting 0= p∗0(0) + p∗1(0) has Chern class(0,0). If we can find an example as above with

((π0)!((i0)∗X),(π1)!((i1)∗X)) 6= 0, the latter can not lie in theGL(2,Z)-orbit of (0,0) and there-

fore not even the underlying bundle of the second dual is twisted isomorphic to the first one.

4.4.9 Choose nowB = S2, c0 = c1 the generator ofH2(S2,Z). ThenE0 = E1 has underlying

spaceS3 with the Hopf principal fibration. In this case(πi)! : H3(S3,Z)→ H2(S2,Z) is an

isomorphism. Moreover,F is aU(1)-bundle overS3 and thereforeH2(F,Z) = 0, consequently

i∗0⊕ i∗1 in (4.8) is injective. The Gysin sequence forS(V) gives

H3(B,Z)→ H3(S(V),Z) s!→ H0(B,Z)
c0∪c1→ H4(B,Z) ,

i.e.H3(S(V),Z)∼= Z 6= {0}.

It follows that there is 06= X ∈H3(S(V),Z) such thati∗0(X)⊕ i∗1(X) 6= 0, and therefore(π0)!(i∗0(X))⊕
(π1)!(i∗1(X)) 6= 0 and we are done by the above observation.
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