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1. Intr oduction

This thesisconsistsof two parts. In the rst part we develop a generalmachinery
to study operads, algebrasand modules in symmetric monoidal model categories.
In particular we obtain a well behaved theory of E; -algebrasand modules over
them, where E; -algebrasare an appropriate substitute of commutativ e algebrasin
model categories. This theory givesa derived functor formalism for commutativ e
algebrasand modules over them in any nice geometric situation, for example for
categoriesof sheaveson manifolds or, as we show in the secondpart of the thesis,
for triangulated categoriesof motivic sheareson schemes. As our main application
of this theory we construct a so called limit motive functor, which is a motivic
analogue and generalization of the limit Hodge structures consideredby Sdimid,
Steerbrink et.al. and can also be viewed as a re nement of the vanishing cycle
functor. As a corollary one can obtain motivic tangertial basepoint functors for
triangulated categoriesof Tate motiveson rational curves. This answersa question
of Deligne asked in [Del2].

We start with a brief historical review. Recerily important new applications of
model categoriesappeared, for example in the work of Voewodsky and others on
the Al-local stable homotopy category of schemes. But also for certain questions
in homological algebra model categoriesbecame quite useful, for example when
one dealswith unbounded complexesin abelian categories. In topology, mainly in
the stable homotopy category, one is usedto deal with objects having additional
structures, for example modules over ring spectra. The work of [EKMM] made it
possibleto handle commutativit y appropriately, namely the special properties of
the linear isometries operad lead to a strictly assaiative and commutativ e tensor
product for modules over E; -ring spectra. As a consequencenany constructions
in topology becamemore elegant or even possibleat all (see[EKM]). Moreover
the category of E; -algebrascould be examinedwith homotopical methods because
this category carries a model structure. In [KM] a parallel theory in algebrawas
developed (see[May]).

Parallel to the achievemens in topology the abstract model category theory
was further dewveloped (see[Hov1] for a good intro duction to model categories,see
also [DHK]). Categories of algebras and of modules over algebrasin monoidal
model categorieshave beenconsidered([SSY, [Hov2]). Also localization techniques
for model categorieshave becomeimportant, becausethey yield many new useful
model structures (for examplethe categoriesof spectra of [Hov3]). The most general
statemert for the existenceof localizations is given in [Hir].

In all these situations it is as in topology desirable to be able to work in the
commutativ eworld, i.e. with commutativ e algebrasand modulesover them. Sincea
reasonablemodel structure for commutativ e algebrasin a given symmetric monoidal
model category is quite unlikely to exist the need for a theory of E; -algebras
arises. Also for the category of modules over an E; -algebraa symmetric monoidal
structure is important. One of the aims of this paper is to give adequate answers
to theserequiremerts.

E, -algebrasare algebrasover particular operads. Many other interesting oper-
ads appearedin various areasof mathematics, starting from the early application
for recognition principles of iterated loop spacegwhich wasthe reasonto introduce
operads), later for exampleto handle homotopy Lie algebraswhich are necessary



for generaldeformation theory, the operadsappearingin two dimensionalconformal
guantum eld theory or the operad of moduli spacesof stable curvesin algebraic
geometry. In many casesthe necessaryoperads are only well de ned up to quasi
isomorphism or another sort of weak equivalence (as is the casefor example for
E1 -algebras), therefore a good homotopy theory of operadsis desireable. A re-
lated questionis then the invariance (up to homotopy) of the categoriesof algebras
over weakly equivalent operadsand alsoof modulesover weakly equivalent algebras.
We will also give adequatesolutions to these questions. This part of the paper was
motivated by and owesmany ideasto [Hin1] and [Hin2].

Soin the rst half of Part | we dewvelop the theory of operads, algebras and
modules in the general situation of a co brantly generated symmetric monoidal
model category satisfying sometechnical conditions which are usually ful lled. Our
rst aim is to provide these categorieswith model structures. It turns out that in
generalwe cannot quite get model structures in the caseof operadsand algebras,
but a slightly weaker structure which we call a J-semi model structure. A version
of this structure already appearedin [Hov2]. To the knowledge of the author no
restrictions arise in the applications when using J-semimodel structures instead of
model structures. The J-semimodel structures are necessarysincethe free operad
and algebrafunctors are not linear (even not polynomial). Thesestructures appear
in two versions,an absolute one and a versionrelative to a basecategory.

We have two possible conditions for an operad or an algebra to give model
structures on the assaiated categoriesof algebrasor modules,the rst oneis being
co brant (which is in some sensethe best condition), and the secondone being
co brant in an underlying model category:.

In the secondhalf of Part | we demonstrate that the theory of S-modules of
[EKMM ] and [KM] can also be deweloped in our context if the given symmetric
monoidal model category C either receivesa symmetric monoidal left Quillen functor
from SSet (i.e. is simplicial) or from Comp ,(Ab ). The linear isometriesoperad L
givesvia one of thesefunctors an E; -operad in C with the samespecial properties
responsible for the good behavior of the theories of [EKMM ] and [KM]. These
theories do not yield honestunits for the symmetric monoidal category of modules
over L-algebras, and we have to deal with the same problem. In the topological
theory of [EKMM] it is possibleto get rid of this problem, in the algebraic or
simplicial one it is not. Neverthelessit turns out that the properties the unit
satis es are good enoughto deal with operads,algebrasand modulesin the category
of modulesover a co brant L-algebra. This seemsto be a little counterproductive,
but we need this to prove quite strong results on the behavior of algebrasand
modules with respect to basechangeand projection morphisms. Theseresults are
even new for the casestreated in [EKMM ] and [KM].

In a remark we show that one can always de ne a product on the homotopy
category of modules over an O-algebra for an arbitrary E; -operad O without
relying on the special properties of the linear isometries operad, but we do not
construct assaiativit y and commutativit y isomorphismsin this situation! In the
casewhen S-modules are available this product structure is naturally isomorphic
to the onede ned using S-modules.



Certainly this generaltheory will have many applications, for examplethe ones
we give in the secondpart of this thesis or to dewvelop the theory of schemesin
symmetric monoidal co brantly generatedmodel categories(see[TV]).

Part 11 of the thesis is concernedwith the applications of the generaltheory of
Part | to Al-local homotopy categoriesof schemesand of sheares with transfers
intro duced by Vladimir Voewodsky. Our main application will be the construction
of what we call limit motives This construction has predecessorsn the world of
Hodgestructures, the socalledlimit Hodgestructures, and for special casesn other
realization categories,for examplethe I-adic one, asintroducedby Deligne in [Del].
He considerssheareson a pointed curve and de nes a functor which assaiates to
sudh a sheafanother sheafon the pointed tangent spaceat the point missing on
the curve. This functor computesthe local monodromy around the point. Deligne
also describes a more general geometric situation of a smooth variety and normal
crossingdivisors on it for which he conjecturesthe existenceof a local monodromy
functor which assaiatesto a sheafon the open variety a sheafon the product of
the pointed normal bundles of the divisor over the intersection of the divisors. We
will de ne sudch a functor for this situation over a general basefor some class of
triangulated categoriesof motivic sheaves. We will comparethis construction with
the classicalonesin a forthcoming paper.

The rst section of Part 11 briey sketchesin a topological context the way we
construct the local monodromy functor. The construction makes use of a general
principle which enablesone to identify a certain subcategory of (some sort of)
sheaveson a scheme X over a base S consisting of generalizedunipotent objects
relativeto S with the category of modules over the relative cohomologyalgebra of
X on S. The abstract version of this principle is givenin the secondsection.

We then introducein a uniform way the Al-local model categorieswe consider.
We use cd-model structures throughout, which are nitely generatedmodel struc-
tures using the special properties of the Nisnevich or cdh-topology. There are two
types of these model categories. The rst oneis basedon simplicial sheases on
somesite of schemes. The corresponding model categorieswill give Al-local ho-
motopy categoriesof schemes,for example the stable motivic homotopy category.
The secondsort of model categoriesinvolve complexesof sheaves with transfers.
They give triangulated categoriesof motivesor motivic sheares. We comparethese
categoriesover a eld of characteristic O to the categoriesconstructed in [Vo3] and
give someproperties of the behaviour of their T -stabilizations.

The construction of the local monodromy functor producing limit motivesworks
in enrichments of the stable motivic homotopy categories(i.e. in modules over
algebrasin there). Werestricted to this casebecausefor the triangulated categories
of motiveswe do not know the gluing exact triangles. Working with modules over
the motivic Eilenberg Mac Lane spectrum gives a substitute for the triangulated
categoriesof motivesin someinteresting cases.

Finally we sketch the proofs of the statemerts about the behaviour of the local
monodromy functor with respect to composition.

| would like to thank Bertrand Toen for many useful discussionson the subject.
My special thanks are to Prof. Dr. G. Harder who supported my work and drew
my attention to many interesting questions.



Part |

2. Preliminaries

We rst review somestandard argumerts from model category theory which we
will usethroughout the paper (seefor the rst part e.g. the introduction to [Hov2]).

Let C be a cocomplete category. For a pushout diagram in C

ro——eo

K — I

we call f the pushout of g by ' , and we call B the pushout of A by g with attaching
map ' . If we say that B is a pushout of A by g and g is an object of Crather than
a map then we meanthat B = g and A neednot be de ned in this case(we need
this convention to handle pathological casesin the statemerts describing pushouts
of operads and algebrasover operadsin C correctly).

Let | be asetof mapsin C. Let | -inj denote the classof mapsin C which have
the right lifting property with respectto I, | -cof the classof mapsin Cwhich have
the left lifting property with respectto | -inj and | -cell the classof maps which are
trans nite compositions of pushouts of maps from |. Note that |-cell |-cof and
that | -inj and | -cof are closedunder retracts.

Let us supposenow that the domainsof the mapsin | are small relativeto | -cell.
Then by the small object argumert there exists a functorial factorization of every
map in Cinto a map from | -cell followed by a map from | -inj. Moreover every map
in | -cof is a retract of a map in | -cell such that the retract inducesan isomorphism
on the domains of the two maps. Also the domains of the maps in | are small
relative to | -cof.

Now let Cbe equipped with a symmetric monoidal structure such that the prod-
uct : C C! Cpresenescolimits (e.g. if the monoidal structure is closed). We
denote the pushout product of mapsf : A! B andg: C! D,

A DtaocB C! B D,

by f g

For ordinals and we usethe convertion that the well-ordering on the product
ordinal is such that the elemers in  have higher signi cance. We will need
the

Lemma 2.1. Letf : Ap! A = colim< Ajandg: Bp! B = colim< Bjbea

- and a -sgjuene suchthat the transition mapsA; ! Aj+x; andB; ! Bj. are
pushoutsby maps' ; : K;! Kj+; and ;: L;! Lij+ . Then the pushoutproduct
f gisa( )-sqquen@ Mgy ! M = colimj< M; suchthat the transition
mapsM;y ! Mg +1) are pushoutsby the maps'; ;.
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Proof. For any (i;j) 2 de ne M;; ) to be the colimit of the diagram

A B A i 5 B
71 rr’?g
rr’
Poodpdp(p rrrr

Aj Bo Aj Bj

Clearly Mg.g) = A Bota, B, Ao B isthe domain off g. We have obvious
transition maps My ! Mgy induced by the maps A; | Ajy and Ajip !

Ajs2. For xed i 2 both colimj< My and M 41,0 are canonically isomorphic
to the pushout of the diagram A Bo Aijs1 Bo! Ajx1 B . From this and
the factthat commuteswith colimits it followsthat the assignmen (i; j) 7! M)

isa( )-sequence.lt alsofollows that the limit of this sequencdsA B and
the map from M q.g) to this limit isf g. We have to show that a transition map
My ! Mg+ isapushoutby'; ;. Todo this oneshawnsthat in the obvious
diagram

Kivn Litk, o, Ki Ljsn —Kina  Ljna

Aisi Bjta, B A Bjaa — AL Bju

M) M i +1)

the upper and the lower squareare pushout squares.

The pushout product is assaiative. Fonr mapsf; : Aj! Bj,i=1:::;n,inC
giving a map from the domain of g := ,_; f; to an object X 2 Cis the sameas
to give maps' ; from the

01 o
Sj = ( Bi) Aj Bj
i=1 i=j+1
to X forj = 1;:::5;nsuchthat ' j and' jo (j°> j) coincide on
ok 61 o
|j;j 0 .= ( Bi) Aj ( Bi) Ajo Bi
i=1 i=j+1 i=jo+1

after the obvious compositions. We call the S; the summandsof the domain of g
and the |j; o the intersections of these summands. Sometimessomeof the f; will
coincide. Then there is an action of a product of symmetric groups on g, and the
quotient of a summand with respect to the induced action of the stabilizer of this
summand will also be called a summand (and similarly for the intersections).

For the rest of the paper we x a cobrantly generated symmetric monoidal
model category C with generating co brations | and generatingtrivial co brations
J. For simplicity we assumethat the domainsof I and J are small relative to the
whole category C. The interested reader may weaken this hypothesisappropriately
in the statemerts below.
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For a monad T in C we write C[T] for the category of T-algebrasin C. The
following theorem summarizesthe generalmethod to equip categoriesof objects in
C with \additional structure" with model structures (e.g. asin [Hov2, Theorem
2.1)).

Theorem 2.2. Let T be a monad in C, assumethat CJT] has coequalizers and
suppse that every map in TJ-cell, wher the cell complex is built in C[T], is a
weak equivalene in C. Then there is a co brantly geneated model structure on
dT], wher a map is a weak equivalen@ or br ation if and only if it is a weak
equivalene or br ation in C.

Proof. We apply [Hovl, Theorem 2.1.19]with generating co brations TI, generat-
ing trivial co brations TJ and weak equivalencesthe maps which are weak equiv-
alencesin C.

By [McL, VI.2, Ex 2], (T] is complete and by [BW, 9.3 Theorem 2] cocom-
plete. Property 1 of [Hovl, Theorem 2.1.19]is clear, properties 2 and 3 follow by
adjunction from our smallnessassumptionson the domainsof I and J. Sinceead
elemen of J is in | -cof, hencea retract of a map in | -cell, each elemen of TJ is
in Tl -cof, hencetogether with our assumption we seethat property 4 is ful lled.
By adjunction TI-inj (resp. TJ-inj) is the classof mapsin C[T] which are trivial
brations (resp. brations) in C. Henceproperty 5 and the secondalternativ e of 6
are ful lled.

In most of the caseswe are interested in the hypothesis of this theorem that
every map in TJ-cell is a weak equivalencewon't be ful lled. The reasonis that
we are considering monads which are not linear. The method to circumvert this
problem wasfound by Hovey in [Hov2, Theorem 3.3]. He considerscategorieswhich
are not quite model categories. We will call them semimodel categories.

Denition 2.3. (I) A J-semimodel categoryover Cis aleft adjunction F : C! D
and sulrategories of weak equivalenes, br ations and co br ations in D such that
the following axioms are ful | led:

(1) The adjoint of F preserves br ations and trivial br ations.

(2) D is bicomplete and the two out of three and retract axioms hold in D.

(3) Cobrations in D havethe left lifting property with respect to trivial br a-
tions, and trivial co br ations whosedomain becomesco br ant in C havethe
left lifting property with respect to br ations.

(4) Every mapin D can be functorial ly factored into a co br ation followed by a
trivial br ation, and every map in D whosedomain becomesco brant in C
can be functorial ly factored into a trivial co br ation followed by a br ation.

(5) Co brations in D whosedomain becomesco br ant in C become co br ations
in C, and the initial object in D is mapped to a co br ant object in C.

(6) Fibrations and trivial br ations are closal under pullback.

We say that D is co brantly generatedif there are setsof morphisms| and J in
D suchthat | -inj is the classof trivial br ations and J-inj the classof br ations
in D and if the domains of | are small relative to | -cell and the domains of J are
small relative to mapsfrom J-cell whosedomain becomesco brant in C.

D is called left proper (relative to C) if pushoutsby co br ations preserveweak
equivalen@s whosedomain and codomain become co brant in C (hence all objects
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which appear become co brant in C). D is called right proper if pullbacks by br a-
tions preserveweak equivalenes.

(I) A category D is called a J-semi maodel category if conditions (2) to (4) and
(6) of De nition 2.3 are full led where the condition of becoming co brant in Cis
replacd by the condition of being co br ant.

The sameis valid for the de nition of being co brantly geneated and of being
right proper.

(Note that the only reasonableproperty to require in a de nition for a J-semi
model category to be left proper, namely that weak equivalencesbetweenco brant
objects are presened by pushouts by co brations, is automatically fullled asis
explained below when we considerhomotopy pushouts.)

Alternativ e: One canweakenthe de nition of a J-semimodel category (resp.
of a J-semi model category over C) slightly by only requiring that a factorization
of a map in D into a co bration followed by a trivial bration should exist if the
domain of this map is co brant (resp. becomesco brant in D). We then include
into the de nition of co brant generation that the co brations are all of | -cof.
Using this de nition all statemerts from section 3 on remain true if one does not
imposeany further smallnessassumptionson the domainsof I and J aswe did at
the beginning. This follows in ead of the casesfrom the fact that the domains of
| and J are small relative to | -cof.

Of coursea J-semimodel category over Cis a J-semimodel category. There is
also the notion of an I -semi (and also (I ; J)-semi) model category (over C), where
the parts of properties 3 and 4 concerningco brations are restricted to mapswhose
domain is co brant (becomesco brant in C).

We summarizethe main properties of a J-semimodel category D (relativeto C)
(compare also [Hov2, p. 14]):

By the factorization property and the retract argumert it follows that a map is
a co bration if and only if it hasthe left lifting property with respect to the trivial
brations. Similarly a map is a trivial bration if and only if it hasthe right lifting
property with respect to the co brations. Thesetwo statemerts remain true under
the alternativ e de nition if D is co brantly generated.

A map in D whose domain is co brant (becomesco brant in C) is a trivial
co bration if and only if it hasthe left lifting property with respectto the brations,
and a map whosedomain is co brant (becomesco brant in C) is a bration if and
only if it hasthe right lifting property with respectto the trivial co brations whose
domains are co brant (becomeco brant in C).

Pushouts presene co brations (also under the alternativ e de nition if D is co -
brantly generated). Trivial co brations with cobrant domain (whose domain
becomesco brant in C) are preserned under pushouts by maps with co brant
codomain (whose codomain becomesco brant in C).

In the relative casethe functor F presenes co brations (also in the alterna-
tive de nition if D is co brantly generated),and trivial co brations with co brant
domain.
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Ken Brown's Lemma ([Hovl, Lemma 1.1.12]) remainstrue, and its dual version
hasto be modi ed to the following statemert: Let D be a J-semi model category
(over C) and D° be a category with a subcategory of weak equivalenceswhich
satis es the two out of three property. SupposeF : D! D%isa functor which takes
trivial brations between brant objects with co brant domain (whose domain
becomesco brant in C) to weak equivalences.Then F takesall weak equivalences
between bran t objects with co brant domain (whosedomain becomesco brant in
O) to weak equivalences.

We de ne cylinder and path objects and the various versionsof homotopy asin
[Hovl, De nition 1.2.4]. Cylinder and path objects exist for co brant objects (for
objects which becomeco brant in C).

We give the J-semiversion of [Hovl, Proposition 1.2.5]:

Prop osition 2.4. Let D be a J-semi model category (over C) andletf;g: B! X
be two mapsin D.

(1) Iff 'gandh: X! Y, thenhf ' hg. Dually,if f " gandh: A! B,

thenfh " gh.
(2) Leth: A! B andsupmseA and B are co brant (become co brant in C)

and X is brant. Thenf ' g implies f h ' gh. Dually, leth: X ! Y.
SuppseX and Y are co brant (become co brant in C) and B is co br ant.
Thenf " gimplies hf ' hg.

(3) If B is co br ant, thenleft homotopyis an equivalene relation on Hom(B; X ).

(4) If B is cobrant and X is co brant (becomesco brant in C), then f ! g

implies f " g. Dually, if X is brant and B is co brant (becomesco br ant
in ©), thenf " gimpliesf ' g.
(5) f Biscobrantandh: X ! Y is atrivial bration or weak equivalene

between br ant objects with X co brant (such that X becomesco brant in
O), then h induces an isomorphism

Hom(B;X)=' T Hom(B;Y)="

Dually, supmse X is brant and co brant (becomes co brant in C) and
h: A! B is atrivial cobration with A co brant (such that A becomes
co brant in C) or a weak equivalene® between co br ant objects, then h in-
duces an isomorphism

Hom(B;X)=" T Hom(A; X)="

This Proposition is also true for the alternative de nition of a J-semi model
category (over C). We changedthe order between4 and 5, becauseit is a priori
not clear that right homotopy is an equivalencerelation (under suitable condition),
this follows only after comparisonwith the left homotopy relation.

As in [Hovl, Corollary 1.2.6 and 1.2.7]it follows that if B is co brant and X
is brant and co brant (becomesco brant in C), then left and right homotopy
coincideand are equivalencerelations on Hom(B ; X ) and the homotopy relation on
D¢ is an equivalencerelation and compatible with composition. The statemert of
[Hovl, Proposition 1.2.8]that a map in D¢ is a weak equivalenceif and only if it
is a homotopy equicalenceis proved exactly in the sameway. The sameholds for
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the fact that HoD¢; is naturally isomorphicto D=  ([Hovl, Corollary 1.2.9]).
Finally the existenceof the co brant and brant replacemen functor RQ implies
that the map HoD¢ ! HoD is an equivalence.

De niton  2.5. A functor L : D! DO between J-semi model categories is a left
Quillen functor if it hasa right adjoint and if the right adjoint preserves br ations
and trivial br ations.

Of coursein the relative situation F is a left Quillen functor. We show that a
left Quillen functor induces an adjunction betweenthe homotopy categories(also
when we usethe alternativ e de nition). L presenes(trivial) co brations between
co brant objects, hence by Ken Brown's Lemma it preseres weak equivalences
between co brant objects. This induces a functor HoD ! HoD° By the dual
versionof Ken Brown's Lemmathe adjoint of L presenesweakequivalencesbetween
brant and co brant objects which gives a functor HoD®! HoD. One easily
cheds that L presenescylinder objects on co brant objects and that the adjoint
of L preserwespath objects on brant objects. As in Lemma [Hovl, Lemma1.3.10]
it follows that on the derived functors betweenHoD and HoD? there is induced a
natural derived adjunction.

Next we are going to consider Reedy model structures and homotopy function
complexes.We have the analogueof [Hov1l, Theorem 5.1.3]:

Prop osition 2.6. Let D be a J-semi maodel category and B be a direct category.
Then the diagram category DB is a J-semi model category with objectwise weak
equivalenesand br ations and wherea map A! B is a co brations if and only if
the mapsA;t o LiB! B; arecobrations for all i 2 B.

Proof. As in [Hovl, Proposition 5.1.4] one shows that co brations have the left
lifting property with respect to trivial brations. Then it follows that if A! B
is a map in DB with A cobrant suc that the maps Ajt | .o LiB ! B; are
(trivial) co brations then the map colimA ! colimB is a (trivial) co bration in
D. So a good trivial co bration (de nition asin the proof of [Hovl, Theorem
5.1.3]) with co brant domain is a trivial co bration and trivial co brations with
co brant domain have the left lifting property with respect to brations. We then
can construct functorial factorizations into a good trivial co bration followed by a
bration for mapswith co brant domain asin the proof of [Hovl, Theorem 5.1.3])
and also the factorization into a co bration followed by a trivial bration (for the
alternativ e de nition for maps with co brant domain). It follows that a trivial
co bration with co brant domain is a good trivial co bration. All other properties
are immediate.

Similarly but easierwe have that for an inversecategory B the diagram category
DB is a J-semimodel category.

We can combine both results asin [Hovl, Theorem 5.2.5]to get

Prop osition 2.7. Let D be a J-semi model category and B a Reedy category.
Then DB is a J-semi model category where a mapf : A! B is a weak equivalene
if and only if it is objectwise a weak equivalene, a co bration if and only if the
mapsAi t,a LiB ! B; are cobrations and a br ation if and only if the maps
Ai! Bi wm,8 MjA are brations.



13

It is easily chedked that cosimplicial and simplicial frames (see[Hov1, De nition
5.2.7])existon co brant objects. In the following wedenoteby A and A functorial
cosimplicial and simplicial frameson co brant A 2 D. We are going to equip the
category D¢ with a strict 2-category structure Dcf2 with underlying 1-category
D¢ and with assa@iated homotopy categoryHoD¢ . Let A; B 2 D¢ . As in [Hovl,
Proposition 5.4.7]there are weak equivalences

Homp (A ;B) ! diag(Homp(A ;B )) Homp(A;B )

in SSet which are isomorphismsin degree0, and we de ne the morphism category
Hom, -(A;B) to bethe groupoid assaiated to one of thesesimplicial sets. By the
cf

groupoid assaiated to a K 2 SSet we meanthe groupoid with set of objects K [0]
and set of morphisms Hom(x; y) for x; y 2 K [0] the homotopy classef paths from
X to y in the topological realization of K. We have to give composition functors

Hom, fz(A; B) HomDsz(B;C) ! Hodez(A; C).

cf

These are the normal composition on objects and are induced on the morphisms
by the map of simplicial sets

Homp (A ;B) Homp(B;C)! diag(Homp(A ;C)).

In the following we write o for the composition of 2-morphismsover objects and L for

the composition of 2-morphisms over 1-morphisms. We claim that for A;B;C 2
D¢, morphismsf;g: A! B,f%g’: B! C and 2-morphisms' : f ! g,
: 191 g°we have

;= (dio 1) ( 1dg)= (- 1dr) (g ")

This follows from the corresponding equation of homotopy classesof paths in
Homp (A ;B) Homp(B;C ). Moreover for a 1-morphismf%: C ! D we
have (Id+ o o ) o Idf = Idfoo O( o Id¢ ), and the assignmeits Hom, 2(B;C) !
cf
Hom, »(B;D), a7! |df000a., and Hom, -(B;C)! Hom, -(A;C), a7! a0 Ids,
cf cf cf
are functors. From thesethree properties it follows that o is assaiative and that

and are compatible. HenceDcf2 is a strict 2-category We setHo 2D := Dcfz.
0 1

One can show that this 2-categoryis weakly equivalent to the 2-truncation of the
1-Segalcategory (see[Hi-Si]) assaiated to D.

Let x be the category whosediagrams (i.e. functors into another category) are
the \lo wer left triangles”, and the category whosediagrams are the commutativ e
squaredik e the squareat the beginning of this section. There is an obvious inclusion
functor x! . For a category D denote by D* (resp. D ) the category of x-
diagrams (resp. of -diagrams) in D. There is a restriction functor r : D ! D*.

Let D be a J-semi model category. Then there is a canonical way to de ne a
homotopy pushout functor

t : (HoD)*! (HoD)
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which sendsa triangle By to the square EO—/Bt G)C , together with a

A—Ic A——-Ic

natural isomorphismfrom r t to the identity. This is doneby lifting a triangle to
atriangle in D whereall objects are co brant and at leastone map is a co bration.

Then by the cube lemma ([Hovl, Lemma 5.2.6]), which is also valid for J-semi
model categories,the pushout doesnot depend on the choicesand indeedyields a
well-de ned squarein HoD. We call a squarein HoD a homotopy pushoutsquae
if it is in the essetial image of the functor t . A homotopy pushoutsquae in D is
de ned to be any commutativ e squareweakly equivalent to a pushout square

B Do
o
A—2 Ic

where all objects are co brant and f or g is a co bration.

Taking A to be an initial object in HoD (i.e. the image of an initial object in
D) the product t o givesthe categorical coproduct on HoD. For general A the
homotopy pushout neednot be a categorical pushout in HoD.

A commutativ e square

in Ho 2D is called a homotopy pushout squareif it is equivalert to the image of a
homotopy pushout squarein D. Note that a homotopy pushout squarein Ho 2D
neednot be a categorical homotopy pushout.

Note that it follows that for any T 2 HoD and homotopy pushout square as
above the map

Hom(B t A C;T)! Hom(B;T) nom(aT)HOM(C,T),
where all homomorphism setsare in HoD, is always surjective.

There is a dual homotopy pullback functor  and the dual notion of a homotopy
pullback squarein both HoD and Ho 2D.

For any homotopy pushout square4 3
Bb— o

A—Ic
in HoD and object T 2 HoD the squareinduced on homotopy function complexes
map(B;T) &— map(D;T)

map(A; T) &— map(C; T)
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in Ho SSet is a homotopy pullback square. If we have another homotopy pullback

square4
B§—D4

AO —/Co

in HoD andamap 4 ;! 4, sud that the mapsA! A% B! B%andC! C°
are isomorphismsthen the map D ! D ?is alsoan isomorphism, sincean analogous
statemert is valid for the diagrams of homotopy function complexes.

We remark that it is possibleto lift any commutativ e square
E‘b [‘b
A—Ic

in HoD to a commutative squarein D¢ by rst lifting it to a squarein D¢ with
co brations as morphisms starting at A with a homotopy betweenthe two compo-
sitions and then replacing D by a path object on D.

It followsthat for any such squarein HoD thereisamapBt oC ! D compatible
with the squares. Hence such a squareis a homotopy pushout if and only if the
induced squareson homotopy function complexesare homotopy pushouts for all
T 2 Ho SSet.

For a co brant object A 2 D the category A # D of objects under A is again a
J-semimodel category. The 2-functor

D! Cat,
A 7! Ho((QA) #D)
where QA ! A isacobrant replacemen, descets to a 2-functor
Ho °D! Cat ,
A 7! D(A #D)

such that the image functors f of all mapsf in Ho 2D have right adjoints f .
The functor f preseneshomotopy pushout squares,and the functor f presenes
homotopy pullback and homotopy pushout squares.For f : 0! A the map from
an initial object to an object in Ho 2D the functor f : D(A # D) ! HoD
factors through A #HoD and the map from A to the image of the initial object in
D (A #D) is an isomorphism.

Consider a commutativ e square

in Ho 2D. Let E 2 D(B #D). There is a basechange morphism
gf E! fO¢°E
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adjoint to the natural mapf E ! f ¢g°g®™ = gf9g°™. This base change
morphism applied to diagrams

)
A—9 A
enablesoneto construct a 2-functor
(A#Ho 2D)! D(A#D)
which givesan equivalenceafter 1-truncation of the left hand side.
Remark 2.8. The alove construction should genealize to give functors between
(weak) (n + 1)-categories
Ho "*'D! n Cat
A7!D "(A#D),
where Ho "*1 D is the (n + 1)-truncation of the 1-Segal category asswiated to D,
n Cat is the (n+ 1)-category of n-categoriesand D "(A #D) := Ho "(QA #D)
for QA'! A aco brant repla@ment.

There are dual constructions for objects over an object in D.

The following theorem is the main sourceto obtain J-semi model categories.

Theorem 2.9. LetT beamonadin Cand assumethat C[T] has coequalizers. Sup-
posethat every map in TJ-cell whosedomain is co brant in Cis a weak equivalene
in Cand every map in TI -cell whosedomain is co brant in Cis a co bration in C
(here in both casesthe cell complexesare built in C[T]). Assume furthermore that
the initial object in C[T] is co brant in C. Then there is a co br antly geneated J-
semi model structure on C[T] over C, wher a map is a weak equivalen@ or br ation
if and only if it is a weak equivalen@ or br ation in C.

Proof. We de ne the weakequivalences(resp. brations) asthe mapsin C[T] which
are weak equivalences(resp. brations) asmapsin C. By adjointnessthe brations
are TJ-inj and the trivial brations are Tl -inj. We de ne the classof co brations
to be Tl -cof. Sincethe adjoint of T is the forgetful functor property 1 of De nition
2.3is clear.

The bicompletenessof C[T] follows as in the proof of Theorem 2.2. The 2-out-
of-3 and retract axioms for the weak equivalencesand the brations hold in C[T]
sincethey hold in C, the retract axiom for the co brations holds becauseT| -cof is
closedunder retracts. Soproperty 2 is ful lled.

The rst half of property 3 is true by the de nition of the co brations. By our
smallnessassumptionswe have functorial factorizations of mapsinto a co bration
followed by a trivial bration and into a map from TJ-cell followed by a bration.
We claim that a map f in TJ-cell whose domain is co brant in C is a trivial
co bration. f is a weak equivalence by assumption. Factor f asp i into a
co bration followed by a trivial bration. Sincef hasthe left lifting property with
respect to p, f is a retract of i by the retract argumert, hencealso a co bration.
Hencewe have shown property 4.

Now let f be atrivial co bration whosedomain is co brant in C. We can factor
f asp iwith i2 TJ-celland pa bration. pisatrivial bration by the 2-out-of-3
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property, hencef hasthe left lifting property with respectto p, sof is aretract of
i and has therefore the left lifting property with respect to brations. This is the
secondhalf of property 3. Property 5 immediately follows from the assumptions,
and property 6 is true sincelimits in C[T] are computed in C.

Alternativ. e: Assumethat C[T] has coequalizers, that sequetial colimits in
C[T] are computed in Cand that the pushout of an object in JT] which is co brant
in Cby amap from Tl (resp. from TJ) is a co bration (resp. weak equivalence)as
a map in C. Then the sameconclusionholds as in the Theorem above. Moreover
the conclusion also holds for the alternative de nition of J-semi model category
without the smallnessassumptionson the domains of I and J which we made at
the beginning of this section.

Example 2.10. Let Ass(C) be the category of assiative unital algebasin C. Then
Asgq(C) is a J-semi model category over C (see [Hov2, Theorem 3.3)).

Will will needthe

Lemma 2.11. Let R be aring with unit in C, i amapin (I  R)-cof (taken in
R{Mod;) andj a mapin R{Mod which is a (trivial) co bration in C. Theni Rgj
is a (trivial) cobrationin C. If i isin (J R)-cof, theni Rgj is atrivial co bration
in C.

Proof. This follows either by [Hovl, Lemma 4.2.4]applied to the adjunction of two
variablesR{Mod, R{Mod! C (M;N)7!'M g N, or by LemmaZ2.1.

3. Operads

For a group G write CJG] for the category of objects in C together with a right
G-action. This is the sameas 1[G}{Mod,, where 1[G] is the group ring of G in
C. Let CN be the category of sequencesn C and C the category of symmetric
sequencesi.e. C =, d ] Finally let C¥ (resp. C ‘) be the category of
objects X from CN (resp. from C ) together with amap 1! X (1).

Prop osition 3.1. For any group G the category CJG] has a natural structure of
co br antly geneated maodel category with genearting co br ations | [G] and genegat-
ing trivial co br ations J[G].

Proof. Easy from [Hovl, Theorem 2.1.19].

Hencethere are also canonical model structures on CN, % , C and C ' . For
ead such model categoryC and n 2 N there is a left Quillen functor i, : C! C
adjoint to the forgetful functor at the n-th place. C is co brantly generatedwith
generating co brations  ;,in(l) and generating trivial co brations  ,,in(J).
We denotethem by NI, N I, | and | respectively (similarly for J).

Note that a map of groups' : H ! G inducesa left Quillen functor CJH] !
dG]. If ' isinjectivethe right adjoint to this functor presenes(trivial) co brations.

Let Op(C) be the category of operadsin C, where an operadin Cis de ned as
in [KM, De nition 1.1]. Let F : CN I Op(C) be the functor which assignsto a
sequenceX the free operad F X on X . This functor naturally factors through CV: ,
C and C ' , and the functors starting from one of these categoriesgoing to Op(C)
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are alsodenoted by F. The right adjoints of F, i.e. the forgetful functors, map O
to Ol.

For any object A 2 C there is the endomorphism operad End®P (A) given by
End°? (A)(n) = Hom(A ";A).

We cometo the main result of this section:

Theorem 3.2. The category Op(C) is a co brantly geneated J-semi model cate-
gory over C © with geneating co br ations F (NI ) and geneating trivial co br ations
F(NJ). If Cis left proper (resp. right proper), then Op(C) is left proper relative to
C ' (resp. right proper).

We rst give an explicit description of free operadsand pushouts by free operad
maps, which will be neededfor the proof of this Theorem.

De nition  3.3. (1) An n-tree is a nite connected directed graph T suchthat
any vertexof T has 1 ingoing arrows, the outgoing arrows of each vertex

tree hasone tail, soit is a 1-tree.

(2) A doubly colored n-tree is an n-tree together with a decomposition of the
set of verticesinto old and new vertices.

(3) A proper doubly colored n-tree is a doubly colored n-tree such that every
arrow starting from an old vertex is either a tail or geesto a new vertex.

We denotethe set of n-treesby T (n), the setof doubly coloredn-treesby Tyc(Nn)
and the set of proper doubly colored n-treesby TR (n). SetT := ,,T(n) and

(p) .— (p)
Tdc - n2NTd (n)

C

The n-trees will describe the n-ary operations of free operads,and indeed T ( )

glueing the root of T; to the i-th tail of T for everyi = 1;:::;n. The previously
j-th tail of T; getsthe label j + L:i my. The free right action of ,, on T(n)
(which is also de ned on Td(cp)(n)) is such that 2 sendsa tree T 2 T(n)

to the tree obtained from T by changing the label i of a tail of T into  (i).

Note that an n-tree hasa natural embedding into the plane and this embedding
is equivalent to the numbering of the arrows. It followsthat there existsa canonical
labelling of the tails of an n-tree, namely the one which labels the tails succesiely
from the left to the right in the planar embedding of the tree.

For T an elemeri of T or Td(cp) let V(T) denote the set of vertices of T (this is

de ned up to unique isomorphism, sinceour treesdo not have automorphisms) and
let u(T) be the number of verticesof T of valency 1 and U(T) be the set of vertices
of T of valency 1. For T 2 Td(c”) write Voig (T) (resp. Vhew(T)) for the set of old
(resp. new) verticesof T and Ugq (T) (resp. Unew (T)) for the set of old (resp. new)
verticesin U(T) and ugg (T) (resp. Unew (T)) for their number.
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Prop osition 3.4. (1) The free operad IBX on X 2 CN is given by
a

(FX)(n) = X (val(v)) .
T2T (n) v2V(T)
(2) The free operad FX on X 2 CV is givenby an ! -sequen@
FX = colim« FiX
in CV, wher (F; X )nois a pushoutof (F; 1X1)n by the map
a o
@ X (val(v))A e (V)
T2 T(n) v2V(T)nU(T)
uT) =i
where e is the unit map 1! X (1).

(3) The free operad on X02 C is given by 1

a 0]
(FX)(n)= @ X (val(v))A =,
T2T (n) v2V(T)
whet the equivalen@ relation identi es for everyisomorphism of directed
graphs' @ T ! TO T;T°2 T(n), which rescts thg numkering of the
tails |\kat not necessarily of the arrowg, the summands ) X (val(v))
and  ,y 1o X(val(v)) bythemap — ,y ), v, Where , :X(val(v)) !
X (val(" (v))) = X(val(v)) is the action of the element ,, 2 4, such
that ' mapsthe i-th arrow of v to the (i)-th arrow of ' (v).
(4) The freeoperad FX on X 2 C * is givenby an ! -sqquen@

FX = colim« FiX
in CV, wher (FiX%)n is a pushoutof (F; 1X), bythe map
0 1 1
a 0]
@ @ X (val(v)A e (WA =
T2T (n);u(T)=i v2V(T)nU(T)
wher e is asin 2 and the equivalene relation is like in 3.

In cases2 and 4 the attaching map is induced from the operation of removing

a vertex of valency 1 from a tree. Note that the morphism in 4 and the attaching

morphism respects the equivalene relation. The ,-actions are induced from the
n-action on T (n).

Proof. We claim that in all four casesthe functors F de ne a monad the algebras
of which are the operadsin C. So we have to de ne in all four casesmaps m :
FFX ! FX ande: X ! FX satisfying the axiomsfor a monad. We will restrict
ourselesto casei) and leave the other casesto the interested reader.

The domain of the map m(n) is a coproduct overall T 2 T(n), T, 2 T (val(v))
for all v2 V(T) of the
X (val(w)) ,
v2V(T);w2V(Ty)
and the map m sendssuch an ertry via the identity to the entry assaiated to the
tree in T (n) obtained by replacing every vertex v of T by the tree T, in suc a way
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that the numbering of the arrows starting at v and the numbering of the tails of T,

correspond. The map e sendsX (n) to the summand X (n) in FX which belongsto

the tree with onevertex and n tails sud that the labelling of the arrows coincides
with the labelling of the tails (which are of courseall arrows in this case)(i.e. the
labelling of the tails is the canonicalone). It is clear that m is assiative and e is
a two-sided unit. To seethat an F-algebrais the sameas an operad one proceeds
as follows: Let X be an F-algebra. Let O(n) := X (n). The structure maps of
the operad structure we will de ne on O are obtained from the algebra map by
restricting it to the summands belonging to trees where every arrow starting at

the root goesto a vertex which has only tails as outgoing vertices and where the

labelling of the tails is the canonicalone. The unit in O(1) correspondsto the empty

tree. The right action ofa 2 , on O(n) is given by the algebra map restricted

to the tree with one vertex and n tails suc that the i-th arrow simultaneously is
the  (i)-th tail. That 1 acts asthe identity is the unit property of X, and the

assciativit y of the action follows from the assaiativit y of X . It is easyto seethat

the assaiativity and symmetry properties of O also follow from the asscaiativit y

of X . The unit properties follow from the behaviour of the empty tree.

On the other hand let O be an operad. We de ne an F-algebra structure on
X := Ol: Let T 2 T(n) be a tree with canonical labelling of the tails. Then it is
clear how to de ne a map from the summandin FX correspondingto T to X (n)
by iterated application of the structure maps of O (the unit of O is neededto get
the map for the empty tree). The map on the summand corresponding to T for

2  isthe map for T followed by the action of on X (n) = O(n). Onethen can
che that the assaiativit y, symmetry and unit properties of the structure maps
of O imply that we get indeed an F -algebra with structure map FX | X just
described.

For describingpushoutsby free operad mapswe needan operation which changes
anew vertex in atree in T (n) into an old vertex and givesagain a tree in T(n).
This is given by rst making the new vertex into an old vertex to get an elemen
of Tqc(n) and then removing all arrows joining only old vertices and identifying
the old vertices which have beenjoined. The numbering of the arrows of the new
tree is most easily described by noting that this numbering correspondsto a planar
embedding of the tree and the operation of removing the arrows and identifying
the vertices can canonically be done in the plane. For T 2 Td’f: and v 2 Vpew(T)
denote by chy (v) 2 poc the tree obtained by changing the new vertex v in T into
an old vertex. Note that for O 2 gp(C) there is a concatenation map

o]
cond (v) : O(val(v)) O(val(v®) ! O(val(v®)
V02 Ve (V) V02 Vo (chr (v))
induced by applying the operad maps of O.
Prop osition 3.5. Let O 2 Op(C) andf : A! B and' : A! O! be mapsin
CN. Then the pushoutO° of O by Ff with attaching map the adjoint of ' is given
byan! (! + 1)-sequen@ O%= colim(j )« (1 +1) O(ij) in CV, wher for j < !
Oijy(n) is %pushoutof Oijy 1(n) i{] C by the quotient of the map

a O
@ O(val(v))A e (You (T) f (val(v)) ,
V2 Voig (T)NUoi (T) V2 Vneu (T)
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where the coproduct is over all T 2 Tf(n) with Vnew(T) = i and ugq(T) = j,
with respect to the equivalene relation which identi es for every isomorphism of
doubly colored directed graphs' : T! T T;T92 Td’é, which respects the labkeling
of the tails and of the arrows starting at new vertices, the summandscorrespnding
to T and T via a map analogousto the map in Proposition 3.4.3. Here e is the
unit 1! O(1) and the attaching map is the following: The domain of the atove
map is obtained by glueingi + j objects together, hene we haveto givei + j maps
compatible with glueing. The rst i mapsare induced by removingone of the vertices
in Ugiq (T) from T, and the other j mapsare induced by changingone of the vertices
in Vhew (T) into an old vertex and applying the mapsconc® (T), v 2 Vhew(T). (Note
that for n = 1 the operad O appears in the second step of the limit, in all other
casesin the rst) The n-actions are induced from the oneson T (n).

There are similar descriptions of pushoutsof O by free operad maps on maps
fromCY: , C andC ' .

Proof. Let &(n) be the colimits described in the Proposition. First of all we chedk
that this is well de ned, i.e. that rstly the i + j maps we have described glue
together. This is the casebecausethe processe®f removing old vertices of valency 1
and/or changinga newvertex into an old oneand concatenatingcommute with eadh
other. Secondlythis map factors through the quotient described in the Proposition
becauseof the symmetry properties of O and becauseof the fact that in previous
stepsquotients with respect to analogousequivalencerelations have beentaken.

Next we have to equip @ 2 C with an operad structure. The unit is the one
coming from O. We de ne the structure map : G(n) G(my) 6G(my,) !
B(m) (m = i”:l m;) inothe following way: 1For T 2Th(n) let

o) o)
S(T):= @ O(val(v))A B (val(v)) .

v2 Vo (T) V2 Vhew (T)
First onede nes for treesT 2 TL(n), T 2 TR(mi), i = 1;:::;n, amap
(TiTaTa) - S(T)  S(Ta) S(Th) ! G(m) .

Therefore one gluesthe tree T; to the tail of T with label i and concatenatessuch
that one getsa tree ¥ 2 poc(m). Then by applying structure maps of O one gets
amap S(T) S(Ti) S(Tn) ! S(®) and composesthis with the canonical
map S(F) ! B(m).

Let mg := n. Supposewe have alfeady de ned fora0 k n and for all trees
Ti 2 TR(mp), i=k;:ii;n, amap ( :‘:01 G(m;)) S(Tk) S(Ty) ! &(m).
From this data onethen obtains the samedata for k + 1 iRstead of k asfollows: Let
Ti 2 Td’;(mi), i=k+1;:::;n. Onede nesthemap' : ( ik:O B(M;)) S(Tk+1)

S(Th) ! &(m) by trﬁns nite induction onthe termsofthe! (! +1)-sequence

de ning ©(mx): Solet (15! G(mi)) Oy (mk)  S(Tk) S(Ta) ! G&(m)
be already de ned and let  be the map by which O +1y (M) is a pushout of
Oijy(my). Wedene ' on( :<:01 O(mi)) Oij +1) (Mk)  S(Tk) S(Tn) by

using the data described above for k to get the map after taking the appropriate
guotient on the codomain of . One hasto chedk the compatibility of this map
with the givenmap via the attaching map. To do this for oneof the i + ] summands
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of the domain of oneusesthe fact that the samekind of compatibilit y is valid in
®(m). Finally when arriving at k = n we get the desired structure map.

The assaiativity of the structure maps follows by proving the corresponding
statemert for the (r.r,...r,). This one getsby rst glueing trees without con-
catenating and then observingthat the concatenation processest di erent places
commute. The symmetry properties follow in the sameway asfor free operads,the
unit properties are forced by the fact that in the 's the pushout product over the
unit mapsis taken. Hence @ is an operad. It receivescanonical compatible maps
in Op(C) from O and FB.

In the end we have to show that our operad @ indeed satis es the universal
property of the pushout by Ff. We needto show that amapg: O ! 0O%in
Op(C) together with amaph : B! (0O%! compatible with the attaching map is
the sameasamap g°: @! 0% To get g°from g and h one rst de nes for any
T2 TL(n) amap S(T)! 0O%using the structure maps of 0% Then one cheds
that thesemapsindeed glue together to a g° To get g and h from g° one composes
g®with O! @ andB! FB! . Theseprocessesre inversto eact other.

Lemma 3.6. LetO, f,' and O°be asin Proposition 3.5, assumethat O 2 Op(C)
is co brant asobject in C © andthat f is a (trivial) co bration. Then the pushout
O! O%is a (trivial) co bration in C : . There is an analagous statementfor f a
(trivial) co bration in C¥' , C andC ' .

The proof is given after the next Lemma. In this Lemma we usethe fact that if
we have a G-action on an object L anda n-action on M, then there is a canonical
action of the wreath product ,n G" onM L ",

Lemma 3.7. Letng;:::;nk 2 Nso, IetGl;:::;G;Qbe groupsand g; be a co br ation
in CGj], i = 1;:::;k. Letf beacobration in :‘:1 n;]- Then the map

k )
h = f i=1 gi ni

is a co br ation in C[(Q K. a)N (Q K G")]. If f or oneof the g is trivial, sois
h.

Proof. We restrict to the casek = 1, the general caseis done in the same way.
Setn = n;, G := G; and g := g.. We can assumethat g 2 |[G]-cell and
f 2 I[ n]cell (or f 2 J[G]-cellor g2 J[ ,]-cell). Letg: Lo ! colim< L;
and f : Mg ! colimc< M; such that Lj ! L+ is a pushout by ;| 2 I[G]
and M;j ! M4 isapushoutby '; 2 I[ n]. Then by Lemma21f g "isa
"-sequenceand the transition maps are pushouts by the ' ; , in
i< ;ig;:i5in < . We can modify this sequenceto make it invariant under the
n-action: Let S be the set of unordered sequence®f length n with entries in
and for s 2 S let js be the set of ordered sequencef length n with ertries in
which map to s. Let s;s°2 S. In the following let us view s and s® as monotonly
increasing sequencesf length n. We say that s < sif thereisal i< n sud
that s(j) = s%j) fori < j and s(i) < sYi). With this order S is well-ordered. Now
g " is an S-sequencewith s-th transition map J:= ., wa w(n), SO
f g "isthe corresponding S-sequencewith transition mapsthe' ;  0,i<
s 2 S. Note that on thesemapsthereisa ,n G"-action. Now to prove our claim
it suces to show that every';  2is a (trivial) co bration in [ , n G"], which
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can easily be seenby noting that every ' ; and ; is of the form h[G] for h 2 | (or
h2J).

Proof of Lemma3.6. Let  be the equivalencerelation on TJ. which identies T
and T%in Td’é if there is an isomorphism of directed graphs T ! T 9which respects
the labeling of the arrows starting at new vertices. Let C be an equivalenceclass
of in TJ.(n). The n-action on TJ.(n) restricts to a n-action on C. We have to
show that the part of the map in Proposition 3.5 given asthe appropriate quotient

of 0 1
a (@]

@ owal(v))A e (Vo (T) . (T)f (val(v)) (¥

T2C  v2Vgq (T)NUgq (T) new

is a (trivial) co bration in C ,]. Let bea doubly colored directed graph, where
the arrows starting at new vertices are labelled, isomorphic to the objects of the
sametype ugderlying the objects from 1C Set

O
=@ owal(v))A e (Yaa O) f (val(v)) .
V2 Vo () NUa () V2 e

On ' there is an action of Aut(). Let t be the set of tails of . There is an
action of Aut() ont. It is easily seenthat the quotient of the map (*) we are

consideringis isomorphicto ' ay) t- Hencewe are nished if we show that
' is a (trivial) co bration in CJAut()]. This is done by induction on the depth
of . Let i;:::; g bethe dierent isomorphismtypesof doubly colored directed

graphs, such that the arrows starting at new vertices are labelled, sitting at the
initial vertex of with multiplicities nq;:::;ng aad setG; = 6ut( ii=1:::k.
Then, if the initial vertex of isold, Aut() = ( ni)n 1 G, otherW|se
Aut() = ikzl G, and the map ' is given like the map h in Lemma 3.7. Now
the claim follows from Lemma 3.7 and the induction hypothesis.

Proof of Theorem 3.2. We apply Theorem 2.9 to the monad T which maps X to
(FX)I. It is known that Op(C) is cocomplete. Since ltered colimits in Op(C)
are computed in CV, it follows from Lemma 3.6 that those maps from FI-cell
(resp. FJ-cell) whosedomain is cobrant in C : are co brations (resp. trivial
co brations) in C :

It is clear that Op(C) is right proper if Cis. If Cis left proper, then C & s left
proper, and the pushout in Op(C) by a co bration whosedomain is co brant in
C ' is aretract of a trans nite composition of pushouts by co brations in C ' ,
henceweak equivalencesare presened by these pushouts.

Remark 3.8. Let R be a commutative ring with unit and C be the symmetric
monoidal model category of unbounded chain complexesof R-modules with the
projective model structure. Here the genemting trivial co brations are all maps
0! D"R, n2 Z. The D"R are clearly null-homotopic. From this it follows that
for a geneating trivial co bration f in CV the codomain of the mapsin Proposition
3.5 along which the pushoutsare taken (these maps havedomain 0, so the pushouts
are trival) are also null-homotopic by the homotopy which is on the summand cor-
respndingto atree T 2 T the sum over the homotopiesfrom akove over all new
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vertices of T (this homotopy factors through the quotient which is taken). Hence
the conditions of Theorem 2.2 are ful | led, so we get a model structure on Op(C)
which is the sameas the one provided by [Hin1, Theorem 6.1.1]

Remark 3.9. One can use exactly the samemethads as atove to give the category
of colored operadsin Cfor any setof labelsthe structure of a J-semi model category.
In the case of unbounded complexesover a commutative unital ring as alove this
J-semi model structure is again a model structure.

4. Algebras

For an operad O 2 Op(C) let us denote by Alg(O) the category of algebrasover
O. Let Fo : C! Alg(O) be the free algebrafunctor which is given by
a

Fo(X)= O(n) X ".
n 0
The right adjoint of Fo mapsA to Al.
Remark 4.1. An O-algeba structure on an object A 2 Cis the sameas to give a
map of operadsO ! End®? (A).
Lemma 4.2. Let| be a small category andletD : | I Op(OQ, i 7! O, be a
functor. SetO := colim;,,; O; and let A; B 2 C. Then the following is valid.

(1) To give an O-algeba structure on A is the same as to give O;-algeba
structureson A compatible with all transition mapsin D.

(2) Assumethat A and B have O-algebia structuresand letf : A! B be
amapin C. Then f is a map of O-algebas if and only if it is a map of
O;-algebas for all i 2 D.

Proof. The rst part follows from the Remark above.

Let f be compatible with all Oj-algebra structures. Then it can be chedked
directly that f is alsocompatible with the algebrastructure on0°:= ,; O;. But
sincethe mapsO9%n) ! O(n) are coequalizersin C the claim follows.

The rst main result of this sectionis

Theorem 4.3. Let O 2 Op(C) be co brant. Then the category Alg(O) is a co -
brantly geneated J-semi model category over C with geneiating co br ations Fgl
and geneating trivial co brations FoJ. If Cis left proper (resp. right proper),
then Alg(O) is left proper relative to C (resp. right proper). If the monoid axiom
holdsin C, then Alg(O) is a co br antly geneated model category.

We want to describe pushouts by free algebra maps. The following de nition
hasits origin in [Hin2, De nitions 3.3.1and 3.3.2].

De nition 4.4, (1) A doubly colored am-tree is the sameas a doubly colored
n-tree exept that instead of the labeling of the tails everytail is marked by
either a or m.

(2) A proper doubly colored am-tree is a doubly colored am-tr ee suchthat every
arrow starting from an old vertex is either a tail or geesto a new vertex
and every vertex with only tails as outgoing arrowsis new and at least one
of the outgoing tails is marked by m.
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Note that in particular a proper doubly coloredam-tree hasno verticesof valency
0.

Let Tam be the set of isomorphism classesof doubly colored am-treesand T.f,
the set of isomorphism classesof proper doubly colored am-trees. For T 2 Ty, let
a(T) be the set of tails of T marked by a and m(T) the set of tails of T marked by
m.

Let T 2 TP,. Similarly as in the caseof operads there is the operation of
changing a new vertex v of T into an old vertex and also of changing a tail marked
by m into a tail marked by a. Denote the resulting trees in T, by chr(v) for
V 2 Vpew(T) and by chy (t) fort 2 m(T). For O 2 Op(C) and A 2 Alg(O) there is
asin the operad casea concatenation rgap

cond (v) : O(val(v)) owal(v9)) A @)
Vo2 Vg (T)

O(val(vo)) A (alhr(v))
v02Vyq (cht (V)
induced by the operad maps of O and the structure maps of A. There is also a
concatenation map

: O
cond A (1) : A O(val(v)) A @™ O(val(v)) A (@cht ()
v2V(T) v2V (cht (1))
induced by the structure maps of the algebra A.

Prop osition 4.5. Let O 2 Op(C) andf : X ! Y and' : X ! O! be mapsin
CN. Let O° be the pushoutof O by Ff with attaching map the adjoint of ' . Let A
be an O%algebm andletg: M ! N and : M ! Al bemapsin C. LetB be
the pushoutof A as O-algeba by Fo(g) with attaching map the adjoint of and
B the pushoutof A as O%algeba by Foo(g). Then the canonical maph: B! B°
is givenbyan! ! (! + 1)-sequene B®= colimgijx yByijk ), where for (i; j; k)
a sgcoessorB(i;j;k ) isa puihoutof Bijk ) 1 by the quotient of the map

a O
@ owal(v))A A @) g Ua (M) ¢ (M(T) f (val(v)),
V2 Voig (T)nUoia (T) V2 Ve (1)
where the coproduct is over all T 2 T, with Vpew(T) = i, Im(T) = j and

Uoig (T) = k, with respect to the equivalene relation which identi es for every iso-
morphism of directed graphs' : T! T T;T%2 T2, which respects the lakeling of
the tails and of the arrowswhich start at new vertices, the summandscorrespnding
to T and T? by a map which is descriled on the -part of the summandsinvolving
vertices from Voiq (T) N Ugq (T) as in Proposition 3.4.3 and on the other parts by
the identi ¢ ation of the indexing setsvia ' . The attaching map is induced on the
di er ent parts of the domain of the above map by either the operation of removing
a vertex of valencyone, by changinga new vertex into an old vertex or by changing
a tail labelled by m into a tail labelled by a and then by applying either a unit map,
a map concr (v) or a map concr (t).

Proof. We have to do the samesteps as in the proof of Proposition 3.5. Let C
be the colimit described in the Proposition. The attaching maps are again well-
de ned becausethe various concatenation processexommute with ead other and
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becauseof the symmetry properties of O and the equivalencerelations appearing
in previous steps.

We equip C with an O%algebra structure: Let us de ne the structure map
OYn) C "! C. ForT2Tg(n) let S(T) be asin the proof of Proposition 3.5.

ForT 2 TP, let
am 0 1

0 o}
S}(T) = @ owal(v)A A @™y N (M) Y (val(v)) .
V2 Vo (T) V2 View (T)

T; to the tail of T labelled by i and then concatenating. By applying operad and
algebra structure maps we get a map S(T) S?(T,) S3(T,) ! Sa(P).
It is then possibleby similar considerationsas in the proof of Proposition 3.5 to
get from these maps the desired structure map of C. It is easyto seethat these
structure maps are assaiative and symmetric. Hence C is an O%algebra which
receivesan O-algebramap from B and O%algebramapsfrom A and Foo(N) which
are compatible with ead other in the obvious way.

We have to ched that for an O%algebraD amapc: C! D isthe sameasa
map of O%algebrasa: A! D andamapn: N ! Al which are compatible with
ead other. We get the mapsa and n from c by the obvious compositions. Given a
and n we rst obtain a map of O-algebrasB ! D. Moreoverforany T 2 T}, there
isamap S3(T) ! D by applying the O%algebra structure maps of D. It is then
easyto ched that thesemapsglue together to give the map c. Theseprocessesre
inversto ead other.

Lemma 4.6. Let the notation be asin the Proposition atove. If O is co brant as
an object in C * , A is co brant as an object in C, f is a co bration in CN and g
is a co bration in Cthenthemaph: B! Blisacobrationin C. If f orgisa
trivial co bration then sois h. If f or g is a trivial co bration and A is arbitrary,
then h liesin (C J)-cof, hene is a weak equivalene if the monoid axiom holds
in C.

Proof. Let bethe equivalencerelation on T2, which identies T and TCin T2, if
there is an isomorphism of directed graphs T ! T which respects the labeling of
the tails and of the arrows starting at new vertices. Let C be an equivalenceclass
of Oin TLP,. We have to shiw that the appropriate quotient of the map

a O
@ oal(v)A A @) g Uaa(T) g (M(T) f (val(v))

V2 View (T
T2C  v2Vgg (T)NUgq (T) new (T)

is a (trivial) co bration in C (or liesin (C J)-cof under the assumptionsof the
last statemert). This is done as in the proof of Lemma 3.6 by induction on the
depth of the treesin C. This time instead obusing Lemma 3.7it is su cien t to use
Lemma 2.11 applied to rings of the form 1] :‘:1 ni -

Proof of Theorem 4.3. We apply Theorem 2.9 to the monad To which maps X to
(FoX)!. It is known that Alg(O) is cocomplete. Since ltered colimits in Alg(O)
are computed in C we are reduced to show that the pushout of an O-algebra A
which is co brant asan object in Cby amapin Fol (resp. in FoJ) is a co bration
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(resp. trivial co bration) in C. Since O is a retract of a cell operad (i.e. a cell
complexin Op(Q)) such a pushout is a retract of a pushout of the samekind with
the additional hypothesisthat O is a cell operad. Solet O be a cell operad. Then
the pushout in question is a trans nite composition of maps h asin Proposition
4.5, henceby Lemma 4.6 it is a (trivial) co bration.

It is clear that Alg(O) is right proper if Cis. The pushout in Alg(O) by a
co bration whosedomain is co brant in Cis a retract of a trans nite composition
of pushouts by co brations in C, henceif Cis left proper weak equivalencesare
presened by these pushouts, so Alg(C) is also left proper.

The last statemert follows again from Lemma 4.6.

The secondresult concerning algebrasis

Theorem 4.7. Let O be an operadin Cwhichis co brant asan object in C . Then
Alg(O) is a co br antly geneated J-semi model category with generting co br ations
Fol and genearting trivial co brations FoJ. If Cis right proper, sois Alg(O).

The next result enablesone to cortrol pushouts of co brant algebrasby free
algebramaps.

For an ordinal denoteby S the setof all mapsf : ! %N such that f (i) is
6 0 only for nitely manyi< ,iff(i)2Ntheni> Oandf(i%= 0foralli®<i
andif isasuccessothenf( 1)=0.Forf;f%2 S saythat f < fOif there is
ani < sud that f(i% = %9 for all i°> i and f (i) < f Yi). With this ordering
S is well-ordered. For i < denoteby f; the elemen of S with f;(i) = % and
fi(i%=0fori°6 i. SetS., := S t fg, where isby de nition smallerthan any
other elemert in S; .. Note that f 2 S; , iga successoif and only ifd 6 and
f() N. Forf28S,, asuccessotetjfj:= . f(i))2Nand ¢ := ", ¢(.
Prop osition 4.8. Let O 2 Op(C) and A = colimi A; be a Fo(Mor(Q))-cell
O-algebra (Mor(C) is the classof all morphismsin C) with Ag = O(0), wher the
transition mapsA; ! A1 are pushoutsof free O-algeba mapson mapsg; : K; !
L; in C by mapsadjoint to ' : K;j ! A%. Then A is a trans nite composition
A = colims2s. , As in Csuchthat

1) A =0andA¢, = A fori<
(2) for f 2 S suchthat for anipg < we havef (i) 2 N, there is for all
m 2 N, suaessorsl 2 S. . with | < f andn:= m+ jlj a map
I

. O A m O L 1(i) | A
f:my 2 O(N) (m ) io i : f

compatible with the structure map O(n) , A " ! A. By applying per-

mutations to O(n) and the big bracket there are similar maps for other

orders of the factors in the big bracket. These maps satisfy the following

conditions:

(&) They are compatible with the mapsL; ! A;, for i < ip. Moreover, if
we replae a factor L, by K;, we can either goto L;, or to A;, and
apply suitable maps . Then the two compositions coincide.
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m;, |; and n; satisfying the same conditions asm, | and n for f. Let
D; be the domain of ¢ .m,.,. Then the two possiblewaysto get from
!

o o (i)
O(n) Dj A" L,
i=1 i<
to A; given by either applying the ¢,.m,, and then ¢.+ky or by
applying the obviousoperad structure mapsand a suitable permutation
of tmsPw m1+" k y, coincide.
(3) For any sucessorf 2 S. . themapAs 1! A; is a pushoutby

oGty , « g'",
where the attaching maps on the various parts of the domain of this map
are induced from the mapsin (2) (see below).

Proof. The whole Proposition is shonvn by induction on , so supposethat it is
true for ordinals smaller than . We construct the map in 2, prove its properties
and de ne the attaching map in 3 by trans nite induction: Supposef 2 S., isa
successorthat Aso is de ned for f9< f and that the map in 2 is de ned for all
limit elemerts 2 S with < f. Letig 2 with f(ip) > 0 and let f ° coincide
with f exceptthat f Yig) = f (i) 1i The attaching map on the summam'j

s:= O(f]) o © L0 Kk, L0 © L O
i<i o ip<i<
of the domain of )
oify , « g'?
is given asfollows: Let 512 S bedened by fTig) = f (io) % I(io) =Pf (io) 1,
i) = I(i) = Ofori < ig and f{(i) = I(i) = f (i) fori > io. Letm:= 1+ 4 f(i).

There is a canonical map |

. o] :
S| O(Jf J) o Aio(m 1) Aio Lio(f (i0) 1) Li f (i)
ip<i<

whose codomain maps naturally to the domain of . .. Sowe get maps S !
A~ ! A; 1 the composition of which is the attaching map on the summand S.
These maps glue together for various summandsS: There are two casesto dis-
tinguish. In the rst one the intersection of two summands contains K, twice.
Then the two maps on this intersection coincide becauseof the symmetric group

invariance. In the secondcasethe intersection| contains Kig and K, with i8 < ig.

Let f~be as above and f? be similarly de ned for iJ. Now the two properties 2(a)
of the maps state that both maps| ! A; are equal the map induced by rst
mapping both Ko and Ki, to Aj, and then applying a suitable map .

Now supposef 2 S isalimit elemen with f (ip) 2 N for someip < . De ne A¢
asthe colimit of the preceedingAso, f°< f. Let m, | and n be asin 2. We de ne
f:my by induction on m and on S;, using the fact that Aj, = colim;oxs; Afo by
induction hypothesisfor the induction on . For abbreviation setL := L, ',
Let f92 S;, be a successomnd let a map
o120 AM™MY AL, LA

lo

i<



29

be already de ned. Aso is a pushout of Aso 1 by
v . i)
: O(f 9) fo i<io G :
N .
LetC:= 4, L fo('). Then the codomain of ' is O(jf 9) .o C. Moreover by
induction hypothesisfor the m-induction there is a map

on+ijfy 1) A ™Y c L 1 A,

lo

henceby plugging in O(jf 9) into the m-th place of O(n) we get a map
on A™Y o@f9 c L ! AL

This mapand o 3 gluetogetherto amap ;o: We haveto shaw that they coincide
after composition on domains of the form

on) A,™ 7P oGf% ,,S° L

for O(jf9) o S°asummand of the domain of ' cortaining K s for someig < io
(the de nition of f %is similar to the oneof f 9. To do this we can restrict for every
Aj, to objects O(jf J) o Cii=1:;m 1, for C of the sameshape asC and
f02 Sj,.+ successorsThen the two possibleways to get from

!

(D) 1
O(n) o(if %) G Off P eSS L
i=1
to As can be comparedby mapping Kig to Ajg, unwrapping the de nitions of As
and ¢o 1 and usingassaiativit y of O. We arriveat a map O(n) Aiom L! Af.

That it factors through the ( n 1)-quotient follows after replacing Aiom by
L m
K, O(f 9) 10 Ci (the C; and f? as above) in the domain of this map
sincethen the ( |)-relation is obviously alsovalid in At .

Both properties 2(a) and (b) follow easily by the technique of restricting any
appearing A; by a factor O(jf 9) .0 C.

Now using the maps  and property 2(b) we can equip & := colim;,s. , with
an O-algebra structure (to do this accurately we have to enlarge a bit and the
corresponding sequenceby trivial pushouts).

We are left to prove the universal property for & by trans nite induction on

Solet it be true for ordinals lessthan . If s a limit ordinal or the successor

of a limit ordinal there is nothing to show. Let = + 2, let B be an O-algebra

and A ! B amapin Alg(O) andL ! B! amapin Csuc that thesetwo maps

are compatible via the attaching map. We de ne maps As ! B by trans nite

induction on S. ., starting with the givenmapon Ay = A . Soletf < f <

be a successor.Sincefor any i thereisamapL; ! B! we have anatural map
oty , L'Yrs.

1<
using the algebra structure maps of B. We have to show that this is compatible
via the attaching map from the domain D of O(jfj) , i« g "M to Ar 1 with
the map As 1! B comingfrom the induction hypothesis. We ched this again on
asummand S of D containing someK,. The attaching map on S is induced from
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+~m; asabove. The canonicalmap from the domain of ., to B is compatible
with A~! B (as one cheds again by replacing any A;, by essetially products of
Li's asabove), which together with the fact that Li, ! B andA;,+1 ! B coincide
on K, implies the compatibility. By construction and the de nition of the algebra
structure on A ;1 themap A ;1 ! B just de ned is an O-algebramap.

If we have on the other hand a map of O-algebrasA .1 ! B we can restrict it
to get compatible mapsA ! B andL ! B!. Thesetwo assignmets are inverse
to ead other.

Proof of Theorem 4.7. Let O 2 Op(C) be cobrant in C . We have to show that
the pushout of an O-algebrasuch that the map from the initial O-algebrato A isin
Fol -cof by a map from Fol (resp. FoJ) is a co bration (resp. trivial co bration)

in C. We can assumethat A is a Fol -cell O-algebra, sincein the generalsituation
all maps we look at are retracts of corresponding mapsin this situation. But if A
is a cell O-algebra our claim immediately follows from Proposition 4.8 and Lemma
2.11.

5. Module str uctures

In this sectionwe want to show that if Cis simplicial Alg(O) is alsoa simplicial

J-semi model category in the caseswhen the assumptions of Proposition 4.3 or
Proposition 4.7 are ful lled. Also Op(C) is simplicial if Cis.
Denition 5.1. Let D and E be J-semi model categories (maybe over C) and let S
be a model category. Then a Quillen bifunctor D S! E is an adjunction of two
variablesD S! E suchthat for any cobration g: K ! L in S and br ation
p: Y! Zin E, theinduced map

Hom,. (g;p) : Homy(L; Y)! Hom((L;Z) hom, (k:z ) HOM:(K;Y)
is a bration in D which is trivial if g or pis.
(See also [Hovl, Lemma 4.2.2])

It follows that for f a co bration in D and g a co bration in S both of which

have co brant domains the pushout f g is a co bration in E which is trivial if f
or gis.
Denition 5.2. Let D be a J-semi model category (maybe over C) and let S be
a symmetric monoidal model category. Then a Quillen S-module structure on D
is a S-module structure on D such that the acton map : D S! Dis a
Quillen bifunctor and the map X (QS)! X S = X is a weak equivalene for
all cobrant X 2 D, where QS! S is a co brant replaement.

If D hasa Quillen S-module structure we say that D is an S-module.

Let now S be a symmetric monoidal model category where the tensor product

is the categorical product on S, solet us denotethis by (e.g. S = SSet). Let be
given a symmetric monoidal left Quillen functor S! C.
Prop osition 5.3. Letthe situation be as aloveand assumethat either 1 is co br ant
in S or that Cis left proper and the mapsin | haveco brant domains. Let O be
an operad in C which is either co brant in Op(C) or co brant as an object in C .
Then the J-semi model category (in the rst caseover C) Alg(O) is naturally an
S-module and the functor C! Alg(C) is an S-module homomorphism.
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Proof. Let A 2 Cand K 2 S. We denote by AX the homomorphism object
Hom(K;A) 2 C. There is a map of operads

End°?(A) ! End°P(AK),
which is described as follows: We give the maps
Hom(A ";A)! Hom((AX) ";AX)
on T-valued points (T2 C): AmapT A "! Aissen to the composition
T (A) "L T (AN T (AMK AR,
where the secondmap is induced by the diagonal K ! K".

Hence for objects K 2 S and A 2 Alg(O) the object (Al)X has a natural
structure of O-algebra given by the composition O ! End°?(A) I End°P (AX).
We denote this O-algebraby AK .

For a xed K 2 S the functor Alg(O) ! Alg(0), A 7! AK, hasa left adjoint
A 7' A K, which is given for a free O-algebraFo(X), X 2 C, by Fo(X) K =
Fo(X K) and which is de ned in generalby be requiremert that - K respects
coequalizers(note that every O-algebrais a coequalizer of a diagram where only
free O-algebrasappear). Sowe have a functor Alg(O) S'! Alg(O).

Let now B 2 Alg(O) be xed. By a similar argumernt as above the functor
S | Alg(O), K 7! BX, hasa left adjoint A 7! Hom® (A; B), which sendsa free
O-algebraFo (X), X 2 C, to the image of Hom(X ; B!) in S.

One chedks that the functor Alg(O) S ! Alg(O) we constructed de nes an
action of S on Alg(O).

It remains to show that this functor is a Quillen bifunctor and that the unit
property is fullled. Soletg: K ! L beacobration in Sandp: Y! Z a
bration in Alg(O). Wehaveto show that Hom . (g; p) isa bration in Alg(O), i.e.
liesin Fo J-inj. By adjointnessthis meansthat p hasthe right lifting property with
respectto the maps(Fof) g= Fo(f g) forall f 2 J, which is by adjointnessthe
casebecausef g is a trivial co bration. When p or f is trivial we want to show
that Hom . (g;p) liesin Fol-inj, so p should have the right lifting property with
respect to the mapsFo (f g) for all f 2 I, which is again the caseby adjointness.

If 1iscobrant in S we areready. In the other casethe unit property follows by
trans nite induction from the explicit description of algebra pushouts, and hence
the structure of cell algebras, given in Proposition 4.5 and the structure of cell
algebrasgiven in Proposition 4.8.

In a similar manner one shows

Prop osition 5.4. Let the situation be as before Proposition 5.3 and assumethat
either 1 is cobrant in S or that Cis left proper and the mapsin | haveco br ant
domains. Then Op(Q) is naturally an S-module and the functor C! Op(C) is an
S-module homomorphism.
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6. Modules

Let O 2 Op(C) and A 2 Alg(O). We denote the category of A-modules by
(O;A)X Mod, or A{Mod if no confusionis likely. Let Fig.ay: C! A{Mod (or Fa
for short) be the free A-module functor. It is givenby M 7! Up(A) M, where
Uo (A) is the universal enveloping algebra of the O-algebra A. Recall that AsgC)
denotesthe category of assaiative unital algebrasin C, and let Fass be the free
assaiative algebrafunctor C! Ass(C).

The main result of this sectionis

Theorem 6.1. Let O 2 Op(C) and A 2 Alg(O). Let one of the following two
conditions be satis ed:

(1) O is cobrant as an object in C and A is a co brant O-algeba.
(2) O is cobrantin Op(C) and A is co brant as an object in C.

Then there is co br antly geneated model structure on A{Mod with genegating co -
brations Fal and geneating trivial co brations FaJ. There is a right C-module
structure on A{Mod.

This theorem will follow from the fact that in ead of the two casesthe en-
veloping algebraUg (A) is co brant in C, sinceA{Mod is canonically equivalert to
Uo (A){ Mod.

Note that there is a canonical surjection from the tensor algebrato the universal
enveloping algebra

a
To(A) = On+1) A"l Ug(A).

n2N
Prop osition 6.2. LetO 2 Op(C) andf : X ! Y and' : X ! Ol be maps
in CN. Let OO0 ke the pushout of O by f with attaching map the adjoint of ' .
Let A be an O%algeba. Then Ugo(A) is a pushout of Ug (A) in Asg(C) by the
map Fass( ,nf(n+ 1) <A ") with attaching map the adjoint to the composition

anX(n+1) AN L 0+ 1) AT Ug(A).

Proof. (Compare to [Hinl, 6.8.1. Lemma.]) A (O%A)-module structure on a
(O;A)-module M is given by maps Y(n+ 1) A" M ! M forn 2 N
such that the compositions with f(n+ 1) A " M equalsthe composition
X(n+1) A "™ M! O(n+1 A "™ M! M. The samestatemert is true for
a module structure under the described pushout algebraon a Ug (A)-module.

Corollary 6.3. Let O 2 Op(C) be cobrant and let A be an O-algeba which is
co brant as an abject in C. Then U (A) is co brant in Ass(C), in particular is
co brant as an object in C.

Hencethe secondpart of Theorem 6.1 is proven.

Corollary 6.4. Let C ke left proper, let O 2 Op(C) becobrant andlet A! AChe
a weak equivalene@ between O-algebis both of which are co br ant as objects in C.
Then the map Up (A) ! Uo (A9 is a weak equivalene.

We have an analogousresult to Proposition 4.8 for the enveloping algebra of a
cell algebra.
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Prop osition 6.5. Let O 2 Op(C) and A = colimi< A; be a Fo (Mor(C))-cell O-
algeba with A = O(0), whe the transition mapsA; ! Aj+1 are pushoutsof free
O-algeba mapson mapsg : K;! L; in Cby mapsadjoint to'; : K; ! A%.
Then U := Up(A) is a trans nite composition U = colim; s, , Uy in Csuchthat

(1) U = 0and U;, = Ug(Aj) fori<
(2) for f 2 S suchthat for anip < we havef (i) 2 N, there is for all
m 2 N, suaessorsl 2 S. . with | < f andn:= m+ jlj a map
I

m O W
oo Ay, L Y

i<

O(n+ 1) (

m

compatible with the mapO(n+1) A "! U and
(3) for any suaessorf 2 S., themapUs 1! U is a pushoutby

ojfi+1) , < g'®,

whete the attaching maps on the various parts of the domain of this map
are induced from the mapsin (2).

Proof. This Proposition is proven in essetially the sameway as Proposition 4.8
except that this time we have to de ne assaiative algebra structures on the U,
and to verify the universal property stating the equivalence of module categories.
For the assaiative algebra structure one usesthe sameformulas as for the tensor
algebra and chedks that they are compatible with the attaching maps. For the
universal property one usesthe fact that an A-module M is given by maps

|

o] i '
o(fj+1) L' M1owm
i<
which are compatible in various ways the explicit formulation of which we leave to
the reader.

Corollary 6.6. For O an operad in C whichis co brantin C and A a co brant
O-algeba the envelopingalgeba Ug (A) is co brant as an object in C.

Hencealsothe rst part of Theorem 6.1 is proven.

Corollary 6.7. Let Cbe left proper, letf : O! 0O°be a weak equivalene between
operads in C both of which are co brant as objects in C and let A be a co brant
O-algeba. Let A° be the pushforwad of A with resgct to f. Then the induced
mapsA! A%and Up(A)! Uoo(A% are weak equivalenes.

De nition  6.8. Let C be left proper and let 1 and the domains of the mapsin |
be co brant in C.

(1) For O 2 Op(C) de ne the derived category of O-algebrasD Alg(O) to be
HoAlg(QO), where QO ! O is a co brant repla@mentin Op(C). De ne
the derived 2-category of O-algebrasD 2Alg(O) to be Ho 2Alg(QO).

(2) For O 2 Op(C) and A 2 Alg(O) de ne the derived category of A-modules
D (A{Mod) to be Ho (QA{Mod), wher QA ! A is a co brant replacment
of A in Alg(QO) with QO ! O a co brant repla@mentin Op(C).
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Note that these de nitions do not depend (up to equivalenceup to unique iso-
morphism or up to equivalence up to isomorphism, which is itself de ned up to
unique isomorphismin the caseof D 2Alg(0)) on the choicesby Corollary 6.7 and
[Hov2, Theorem 2.4],that if O 2 Op(C) isco brant in C thereis a canonicalequiv-
alenceDAIg(O) HoAIg(O) and that for a co brant O 2 Op(C) and A 2 Alg(O)
which is co brant in Cthere is a canonical equivalenceD (A{Mod) Ho(A{Mod).

7. Functoriality

In this sectionlet C be left proper and let 1 and the domains of the mapsin |
be cobrant in C.

Prop osition 7.1. (1) Thereis a well de ned 2-functor
Ho 20p(Q)! Cat ,
O 7! DAIg(0)
suchthat for any co brant operad O in C there is a canonical equivalen@
DAIg(O) HoAlg(O) and everyfunctor in the image of this 2-functor has

a right adjoint.
(2) For O 2 Op(Q) there is a well de ned 2-functor

D 2Alg(0)! Cat ,
A 7! D(A{Mod)
such that for any cobrant A 2 Alg(QO) (QO ! O a co brant replae-

ment) there is a canonical equivalene D (A{Mod) Ho (A{Mod) and every
functor in the image of this 2-functor has a right adjoint.

Remark 7.2. The 2-functor in the second part of the Proposition should be well
de ned for an object O 2 Ho 20p(C) and should degend on O functorial ly.

Proof. We prove the rst part of the Proposition, the secondone is similar. Let
0;0°2 Op(O)¢f, ;92 Hom(0O; 0% and' a2-morphismfrom f to gin Ho 20p(C).
First of all it is clear that the pushforward functor f : Alg(O) ! Alg(Q9 is a left
Quillen functor between J-semi model categoriesby the de nition of the J-semi
model structures. We have to show that ' inducesa natural isomorphism between
f andg onthe level of homotopy categories.Solet O be a cosimplicial frame on
O. ' canbe represened by a chain of 1-simplicesin Hom(O ; 09, and a homotopy
betweentwo represering chains by a chain of 2-simplices. So we can assumethat
' is a 1-simplex, i.e. ' 2 Hom(O!;09. We have mapsOt O "'t ot I’ O,
and HoAIg(O%') ! HoAlg(O) is an equivalence. Hencefor A 2 HoAlg(O) there
is a unique isomorphism' %A) : ig (A) ! i1 (A) with p (" (A)) = Id. Then the
" (" YA)) de ne a natural isomorphismbetween(' ip) and (' 1) . Now if we
have a homotopy 2 Hom(0?; 09, the three natural transformations which are
de ned by the three 1-simplicesof are compatible, sinceon a given object they
are the imagesin HoAlg (09 of three compatible isomorphismsbetweenthe three
possibleimagesof A in HoAlg(0?).

Letf : O! O%beamap of operadsin Cand let A 2 D 2Alg(O). Then there
is an adjunction

D (A{Mod) =™—/D(f A{Mod) .
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It follows that for B 2 D 2Alg(QY there is also an adjunction
D(f B{Mod) =™—'D(B{Mod) .

Of coursefor A and B asaboveandamapf A! B thereis a similar adjunction.

Now let D be a secondleft proper symmetric monoidal co brantly generated
model category with suitable smallnessassumptionson the domains of the gener-
ating co brations and trivial co brations (depending on which de nition of J-semi
model category onetakes)and with aco brant unit. LetL : C! D beasymmet-
ric monoidal left Quillen functor with right adjoint R. For objects X;Y 2 D there
is always a natural map

R(X) R(Y)! R(X YY)
adjoint to the map
F(R(X) R(Y))=FR(X) FR(Y)! X Y

which respectsthe assciativit y and commutativit y isomorphisms(so R is a pseudo
symmetric monoidal functor). It follows that L can be lifted to preserwe operad,
algebraand module structures.

Hencethere is induced a pair of adjoint functors
Lop

Op(Q DR:/ Op(D) ,
Op

which is a Quillen adjunction betweenJ-semimodel categoriesby the de nition of
the model structures.

For O 2 Op(Q) there is induced a pair of adjoint functors
Lo
Alg(0) —'Alg (L oy () .
o

which is a Quillen adjunction betweenJ-semi model categoriesin the caseswhere
O is either co brant in Op(C) or co brant asan object in C .

Sofor O 2 Op(C), 0O%°2 Op(D) andf : Lop(0)! ©O°a map there are induced
adjunctions

DAIg(0) D:/DAIg(OO) and

D 2Alg(0) =D 2Aig(0") .

Now let A 2 D 2Alg(0), B 2 D 2Alg(0%) andg: ( A)! B beamap. Then
there is induced an adjunction

D (A{Mod) =D (B{Mod) .

All the adjunctions are compatible (in an appropriate weak categorical sense)
with compositions of the maps which induce these adjunctions.
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8. E; -Algebras

Let N bethe operadin Cwhosealgebrasare just the commutativ e unital algebras
in C, i.e. N(n) = 1for n 2 N, and let P be the operad whosealgebrasare objects
in C pointed by 1, i.e. P(n) = 1 for n = 0;1, P(n) = O otherwise. There is an
obviousmapP ! N.

De nition  8.1. (1) AnE; -operadin Cis an operad O in Cwhichis co brant
asan object in C togetherwith amapO ! N whichis a weak equivalene.
(2) A pointed E; -operad in Cis an E; -operad O in C together with a map
P ! O suchthat the composition with the map O ! N is the canonical
mapP ! N.
(3) A unital E; -operad in Cis a pointed E; -operad in C such that the map
P(0) ! O(0) is an isomorphism (this is the sameas an E; -operad O in
C suchthat the map O(0) ! N (0) is an isomorphism).

The unit 1 is an N -algebra, henceit is an algebrafor any E; -operad. Let O
be a pointed E; -operad. Then an O-algebra A is naturally pointed, i.e. there is a
canonicalmap 1! A, but note that this neednot be a map of algebras. If it is, we
say that A is a unital O-algebra. Let us denote the category of unital O-algebras
by Alg"(O). This is just the category of objects in Alg(O) under 1. If O is unital,
then every O-algebrais unital.

We rst want to show that under suitable conditions unital E; -operadsalways
exist.

For O 2 Op(C) let usdenoteby O ; the operadwith O 1(0) = O(0), O 1(1) = 1
and O ;(n) = Ofor n > 1. Thereis a canonicalmap O ;! O in Op(Q). If O'is
an E; -operad there isalsoamap O ;! P in Op(C), and we denote by @ the
pushout of O with respect to this map.

Lemma 8.2. Let O be an E; -operad which admits a pointing.

(1) Then there is a canonical equivalen@ Alg"(0) Alg(®), in particular an
O-algeba is unital if and only if it comesfrom an G-algeba.

(2) Assumethat Cis left proper, that 1 is co brant in Cand that O is co br ant
in Op(C). Then @ is a unital E; -operad in C.

Proof. By Lemma 4.2(1) an @-algebra A is the sameas an O-algebra A together
with amap 1! A sud that the structure map O(0) ! A is the composition
O()! 1! A. Hencea unital O-algebra comesfrom an 8-algebra. On the
other hand if A is an @-algebrawe have to shaw that the induced pointing 1! A
is a map of algebras. This follows easily from the fact that the map O(0) has a
right inverse(a pointing of O). For the rst part of the Lemmait remainsto prove
that an O-algebramorphism between®-algebrasis in fact an @-algebramorphism,
which follows from Lemma 4.2(2).

@ is unital by the last part of Lemma 8.3 and co brant as object in C by
Corollary 8.4. We have to shav that @ ! N is a weak equivalence. Consider the
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commutativ e square
0(0) —Fo (1)

1—IFe()

of O-algebrasand let P be the pushout of the left upper triangle of the square. We
want to show that the canonicalmap P ! Fg(1) is an isomorphism. By the rst

part of the Lemma P is an G-algebra. Now again by the rst part of the Lemma
it is easily seenthat P hasthe sameuniversal property as G@-algebraas F 4 (1).

Sothe above squareis a pushout squarein Alg(O), and henceby left properness
of Alg(O) over C (Theorem 4.3) the right vertical arrow is a weak equivalence. This
implies that O! @ is a weak equivalence.

Let uscallavertexv 2 V(T) ofatree T 2 T ano-tail vertex if one cannot reach
atail from v. Let uscall T O-special if the only no-tail verticesof T are vertices of
valency 0. A proper O-special doubly colored tree is a proper doubly colored tree
which is 0-special such that any vertex of valency O is old. Let Bf(n) be the set of
isomorphism classesof suc trees with n tails.

Lemma 8.3. Let O = colimi< O; be an operad in C suchthat the transition maps
O; ! 0j+1 are pushoutsof free operad mapson mapsg; : K; ! L; in CV and such
that Op is the initial operad. LetE 2 Candlet O(0) ! E be a morphismin C. Let
€ be the operad with E(0) = E, B(1) = 1 and E(n) = O for n > 1. Let the squaes

Oi; 1 —/Oi

e—@

ke pushout squaes in Op(C), where either i < or i is the blanket. Then @ =
colim< @&, andeverymap ®, ! @&, isan! (! + 1)-sequene in C asin
Proposition 3.5, where for j < ! O y(n) is a pushoutof Oy 1(n) in C by the
guotient of tge map

1
a O
@ @ (val(v))A e (Uou(T) g (val(v)) ,
V2 Vhew (T)
V2 Voiq (T)nUgq (T)
where the coproduct is over all T 2 Bf.(n) with Vnew(T) = i and ugq(T) = j,

with respect to an equivalene relation analogousto the one in Proposition 3.5. In
particular we have®;(0) = E for all i < or i the blanket.

Corollary 8.4. Let the notation be as in the Lemma atove and assumethat the
maps g are co brations in CV and that E is co brant in C. Then the operad @ is
cobrantin C .

Proof. The proof is along the samelines as the proof of Lemma 3.6.

For the rest of this sectionlet us x a pointed E; -operad O in C.
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Lemma 8.5. If 1is cobrant in Cand O is co brant in Op(C) there is a J-semi
model structure on Alg" (O) over C.

Proof. In any J-semi model category D over C the category of objects under an
object from D which becomesco brant in Cis again a J-semi model category over
C.

Lemma 8.6. Assumethat Cis left proper and that the domains of the mapsin |
are co brant. Let A 2 Alg(O) be co brant. Then the canonical map of A-modules
Uo(A) ! A adjoint to the pointing 1! A is a weak equivalene.

Proof. We can assumethat A is a cell O-algebra. It is easyto seethat the map
Uo(A) ! A is compatible with the descriptionsof A and Up (A) in Proposition 4.8
and Proposition 6.5 as trans nite  compositions, and the map  from the map of
part (3) of Proposition 6.5 to the map of part (3) of Proposition 4.8 is induced by
the map O(jf j+ 1) = O(jfj+1) 11 7l 11 O(fj+1) O)I I 0@)! O(fj),
which itself is induced by the unit, the pointing and a structure map of O. SinceO
is an E; -operad this is a weak equivalence, hencesince the domains of the maps
in | arecobrant is a weak equivalence. Now the claim follows by trans nite

induction and left propernessof C.

Corollary 8.7. Assumethat Cis left proper, that the domains of the mapsin | are
co brant and that O is cobrant in Op(C). Let A 2 Alg(O) be co brant as object
in C. Then the canonical map of A-modulesUg (A) ! A adjoint to the pointing
1! A is a weak equivalene.

Proof. Let QA'! A beacobrant replacemen. Then in the commutativ e square

Uo (QA) ——/Uo (A)

QA ——Ip

the horizonrtal maps are weak equivalences(the upper one by Corollary 6.4) and
the left vertical arrow is a weak equivalenceby the Lemma above, hencethe right
vertical map is also a weak equivalence.

Corollary 8.8. Assumethat Cis left proper and that the domains of the mapsin
| are cobrant. Let A! A°be a weak equivalen@ between co br ant O-algebas.
Then the map Up (A) ! Uo (A9 is also a weak equivalenc.

Proof. This follows immediately from Lemma 8.6.

This Corollary hasthe consequencehat under the assumptionsof the Corollary
there is a canonical equivalenceD (A{Mod) HoA{Mod for a co brant O-algebra
A.
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9. S Modules and Algebras

In this section we generalizethe theories developed in [EKMM ] and [KM].

Denition  9.1. (I) A symmetric monoidal categorywith pseudo-unitis a category
D together with

afunctor . _: D D! D,

natural isomorphisms(X Y) zZ! X (Y Z)andX Y! Y X
which satisfy the usual equations and

an object 1 2 D with morphisms1 X ! X (and hene morphismsX 1!
X induced by the symmetry isomorphisms) such that the diagram

1 (X Y)—Dx v

@a x) vy
commutesand such that the two possiblemaps1 1! 1 agree.

(I A symmetric monoidal functor between symmetric monoidal categories with
pseudo-unitD and D%is a functor F : D! D°togetherwith natural isomorphisms
F(X) F(Y)! F(X Y) compatible with the assaiativity and commutativity
isomorphismsand with a map F(1p) ! 1p0 compatible with the unit maps.
Denition  9.2. (I) A symmetric monoidal model category with weak unit is a
model category D which is a symmetric monoidal category with pseudo-unit such
that the functor D D ! D has the structure of a Quillen bifunctor ([Hovl, p.
108) and suchthat the composition Q1 X ! 1 X ! X is a weak equivalen@
for all cobrant X 2 D, where Q1! 1 is a co brant repla@ment.

(I A symmetric monoidal Quillen functor between symmetric monoidal model
categories with weak unit D and D° is a left Quillen functor D ! D° which is a
symmetric monoidal functor betwesn symmetric monoidal categories with pseudo-
unit suchthat the composition F(Q1p)! F(1p)! 1po is a weak equivalene.

The homotopy category of a symmetric monoidal model categorywith weak unit
is a closedsymmetric monoidal category.

Let us assumenow that Cis either simplicial (i.e. there is a symmetric monoidal
left Quillen functor SSet ! C) or that there is a symmetric monoidal left Quillen
functor Comp ((Ab) ! C, where Comp ,(Ab) is endowved with the projective
model structure. In both caseswe denote by L the image of the linear isometries
operadin Op(C) via either the simplicial complex functor or the simplicial complex
functor followed by the normalized chain complex functor. Clearly L is a unital
E; -operad. Let S:= L(1). Sisaring with unit in Cwhich is co brant asan object
in C.

As in [EKMM ] or [KM] we de ne a tensor product on S{Mod by
M N = L(2) s sM N .

[KM, Theorem V.1.5] and [KM, Lemma V.1.6] also work in our context, hence
S{Mod is a symmetric monoidal category with pseudo-unit.
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There is an internal Hom in S{Mod given by
Hom (M;N) := Homg(L(2) sM;N),

where,when forming L(2) sM, SactsonL(2) through S=1 S! S S when
forming Homg, Sactson L(2) sM via its left action on L(2) and the left action
of Son Hom (M;N) is induced through the right action of S on L(2) through
S=S 1! s S

There is an augmertation S! 1 which is a map of algebraswith unit.

Prop osition 9.3. The category S{ Mod is a co br antly geneated symmetric mono-
idal model category with weak unit with geneating co brations S | and genegating
trivial cobrations S J. The functor C! S{Mod, X 7! S X, is a Quillen
equivalen®, and its left inverse, the functor S{fMod ! C M 7' M 1, is a
symmetric monoidal Quillen equivalen@. Moreover there is a closeal action of C on
S{Mod.

Proof. That R{Mod is a co brantly generated model category together with a
closed action of C on it is true for any assaiative unital ring R in C which is
co brant asan object in C.

Let f and g be co brations in C. The -pushout product of S f andS gis
isomorphicto L(2) (f g). Asaleft Smodule L (2) is (non canonically) isomorphic
to S, henceL(2) (f @) is acobration SMod, and it is trivial if oneof f or g
is trivial. To show that for a cobrant Smodule M the map Q1 M ! M is
a weak equivalence we can assumethat M is a cell Smodule and we can take
Q1 = S Then M is a trans nite composition where the transition maps are
pushoutsof mapsf : S K ! S L,whereK ! L isa cobration in Cwith
K cobrant. But the compositon S S! 1 S! Sis a weak equivalence
betweenco brant objects in S{Mod, hencethe compositionS f ! 1 f ! f is
a weak equivalencebetweenco brations in S{Mod. So by trans nite induction the
compositonS M ! 1 M ! M isaweakequivalencebetweenco brant objects
in S{Mod.

Note that in the simplicial casel Sis cobrant in C, hencefor co brant M
both mapsS M! 1 M ! M areweakequivalences.

Let S{Mod" bethe categoryof unital S-modules,i.e. the objectsin S{Mod under
12 S{Mod. For M 2 S{Mod" and N 2 S{Mod there are the products M C N and
N B M, and for M;N 2 S{Mod" there is the product M N. Theseproducts are
de ned asin [KM, De nition V.2.1] and [KM, De nition V.2.6].

S{Mod" is a symmetric monoidal category with  astensor product.

Analogousto [KM, Theorem V.3.1] and [KM, Theorem V.3.3] we have

Prop osition 9.4. Alg(L) is naturally equivalent to the category of com-
mutative rings with unit in S{Mod". Hence for A; B 2 Alg(L) there is a
natural isomorphismAt B = A B.

For A 2 Alg(L) an A-module M is the sameas an S-module M together
with amapA CM | M satisfying the usual identities.

Denition  9.5. For A 2 Alg(L) let Comm(A) be the category of commutative
unital A-algebas in S{Mod", i.e. the objects in Alg(L) under A. In particular
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we have Alg(L) Comm(1s) =: Commc, where we denote by 1s the algeba 1 in
S{Mod". Finally set DCommc := HoCommc and D 2Commc := Ho 2Commc.

For the rest of the section let us make the following

Assumption 9.6. The model category C is left proper and 1 and the domains of

the mapsin | are co brant in C.

Corollary 9.7. Commc is a co br antly geneated J-semi model category.
For any co brant A 2 Commc the category Comm(A) is also a co br antly
geneated J-semi model category.

If Al B is aweak equivalene between co brant A; B 2 Commc, then the
induced functor Comm(A) ! Comm(B) is a Quillen equivalene.

Proof. Follows from Theorem 4.7.

De nition  9.8. For A 2 Commc let DComm(A) be HoComm(QA) for QA! A a
co br ant repla@mentin Commc, andlet D 2Comm(A) := Ho 2Comm(QA). The
2-functor Comm¢ ! Cat, A 7! DComm(A), desentsto a 2-functor D 2Commc !
Cat, A 7! DComm(A).

Let A 2 Commc and M;N 2 A{Mod. As in [KM, De nition V.5.1] or [KM,
Remark V.5.2] we de ne the tensor product M A N as the coequalizerin the
diagram

Id
(MBA) N=M ACN)™—/IM N—IM AN or
Id m

mld(
M A N—//M N—/M AN
Id m

With this product the category A{ Mod hasthe structure of a symmetric monoidal
category with pseudo-unit, where the pseudo-unitis A. As for S-modules one can
de ne products Ca, Ba and . There is also an analogueof Proposition 9.4 for
A-algebrasand modules over A-algebras.

The free A-module functor S{Mod ! A{Mod is givenby M 7! A C M. More
generally for A'! B a map in Comm¢ the pushforward of modules is given by
M 7! B Ca M. In particular there is a canonical isomorphism of A-modules
U (A)=ACS.

Lemma 9.9. Let A'! B beamapin Commc, let M;N 2 A{Mod and P 2
B{Mod. Then there are canonical ismorphisms

M AP:(BCAM) g P and
(BCaM) g(BCaN)=BCa(M aN).

Proof. Similar to the proof of [KM, Proposition V.5.8].

For M;N 2 A{Mod de ne the internel Hom Hom, (M;N) in A{Mod as the
equalizer
Hom, (M;N) —/Hom (M;N) ——7/Hom (A C M;N)
likein [KM, De nition V.6.1].
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Prop osition 9.10. For a cobrant A 2 Commc the category A{Mod is a co -
brantly geneated symmetric monoidal model category with weak unit with gener-
ating co brations A C (S 1) and geneating trivial cobrations A C (S J).
If f : A! B is amapin Commc between co brant algebas the pushforwad
f : A{Mod! B{Mod is a symmetric monoidal Quillen functor which is a Quillen
equivalene if f is a weak equivalene.

Proof. A{Mod is a co brantly generatedmodel category by Theorem 6.1(1). Let
f and g be co brations in C. By Lemma 9.9the A -pushout product of the maps
AC(S f)andAC (S g)isgivenby AC (L(2) (f @), hencesinceL(2) =S
as S'modules this is a co bration in A{Mod, and it is trivial if oneof f or g is
trivial.

Note that A C Sis cobrant in A{Mod and that the map A C S= U_(A)! A
is a weak equivalenceby Lemma 8.6. Sowe have to shaw that for cobrant M 2
A{Mod the map (A C S A M ! M isa weakequivalence,which follows from
the fact that the mapsof the form (ACS) A (AC (S f))! AC(S f) for
co brations f 2 Cwith co brant domain are weakequivalenceshetweenco brations
in A{Mod. The rst part of the last statemert follows from Lemmas9.9 and 8.6,
and the secondpart by Corollary 8.8.

Denition  9.11. For any algeba A 2 Comm¢ set D (A{Mod) := Ho(QA{Mod)
and D 2(A{Mod) := Ho 2(QA{Mod) for QA'! A a co brant replaement.

D (A{Mod) is a closed symmetric monoidal category with tensor product
induced by a. The assignmem A 7! D(A{Mod) factors through a 2-functor
D 2Commc ! Cat®™, A 7! D(A{Mod), where Cat ™ is the 2-category of sym-
metric monoidal categories,sud that the imagefunctors of all mapsin D ?Commc¢
have right adjoints.

We nally considerbasechangeand projection morphisms. Let

be a commutativ e squarein D 2Commc. Let M 2 D(B{Mod). Then we have a
basechange morphism

gf M1 f°%g¢°Mm
de ned to be the adjoint of the natural mapf M ! f g° g™ = g f%g°™ or
equivalently of the mapfO f M = g% f M ! ¢°M.
The basechange morphism is natural with respect to composition of commuta-
tive squares.

The following statemert is trivial in the context of usual commutativ e algebras,
but is a rather strong structure result in our context.

Prop osition 9.12. Let the notation be as alove. If the squae is a homotopy
pushout, then the base changemorphismg f M ! f° g°M is an isomorphism.
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The proof will be givenin the next section.

Let A! B beamapinD 2Commc. Let M 2 D(A{Mod) andN 2 D(B{Mod).
There is a projection morphism

M af NI f (fM gN)

adjoint to the natural mapf (M Aof N)=f M gff N! f M g N. Note
that for B-modulesM % N °there is a natural mapf M? of NOI f (M? g N9,
and the projection morphism is equivalertly described as the composition M 5
fNT ffM Af NI f (M gN)

Prop osition 9.13. Let the notation be as alove. Then the projection morphism
M Af NIV f (f M g N)isanisomorphism.

We give the proof in the next section.

Let a squarein D 2Commc be given as above and let M 2 D(B{Mod), N 2
D(AYMod) and P 2 D(A{Mod). SetM%:= f M, N°:= g N, f&1 = ¢g°M,
:=fN and®:= g°f P =10 P.

Lemma 9.14. Let the notation be as above. Then the diagram

(M ARy aN°—Jg(gM® aP) aoN)—Igfo((f eg®) &0¥) .

MO A(P ANY—IF (M gf (P aAN9) —Jt (1 go(® 5014))

where in the rst two horizontal maps the projection morphism is applied and in
the second two an adjunction and the base changemorphism, commutes.

Proof. Let F := g f® = f g°. One cheds that both compositions are equal to
the compositon M® AP ANCl F M1 AFB AFR! F(M g 0M),
wherethe rst arrow is a tensor product of obvious objectwise morphisms.

Let A 2 D 2Commc. We can use the two Propositions above to give the
natural functor M : DComm(A) ! D(A{Mod) a symmetric monoidal struc-
ture with respect to the coproduct on D Comm(A) and the tensor product A on
D (A{Mod): We usethe fact that DComm(A) is equivalent to the 1-truncation of
A #D 2Commc. Solet B Al C beatriangle in D 2Commc and complete
it by a homotopy pushout to a squarewith upper right cornerB t o C. First we
apply the basechangeisomorphismto the unit 1g in D(B{Mod), which says that
there is a natural isomorphism

(C! BtaC) (Igr,c)=(A! C) (M(B)) .

Applying (A! C) to the left hand side of this isomorphismwe get M (B t 5o C),
applying this map to the right hand sidewe get M (B) a M (C) by the projection
formula. This establishesthe isomorphismM (B) A M(C) = M(Bt 5o C). That
this isomorphism respects the commutativit y isomorphisms follows from Lemma
9.14with P = 15. That it respects the assaiativity isomorphisms for objects
f: Al B,h: Al Candg: A! A%n A #Ho 2D alsofollows from Lemma
9.14with M = 15, N = 1a0 and P = h 1¢ and a diagram chase.
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10. Pr oofs

In this sectionwe give the proofs of Propositions9.12and 9.13. Assumethrough-
out that Assumption 9.6 is ful lled.

We needthe concept of operadsin A{Mod for A 2 Comm¢. We also give the
de nition of a pointed operad, becauseit is neededin the Remark. In the context
of symmetric monoidal categorieswith pseudo-unit a pointed operad is not just an
operad O together with a pointing of O(0), the domains of the structure mapsalso
have to be adjusted (seebelow).

Solet us x A 2 Commc. Let A{Mod" be the category of pointed A-modules,
i.e. the category of objects in A{Mod under A. For M a pointed or unpointed
A-module and N a pointed or unpointed A-module let M ~ N be eitherM A N,
M Ca N, M Ba N orM A N, depending on whether M and N are unpointed,
M is pointed and N is unpointed, M is unpointed and N is pointed or M and N
are pointed. M ~ N is an object in A{Mod unlessboth M and N are pointed in

them either pointed or unpointed the product M;~ ~ M, is well de ned, despite
the fact that for dierent bracketings of this expressionthe symbols for which ~
actually stands can be di erent.

De nition  10.1. An operad O in A{Mod is an object O(n) 2 (A{Mod)[ ] for
eachn 2 N, wher O(1) is pointed, together with maps

O(m) ~ O(ny) ~ ~O(nm)! O(n),

P
wheem;ni:::;nm 2 Nandn = i”;l n;, suchthat the usual diagrams for these

structure maps commute. A pointed operad in A{Mod is the same as alove with
the exaption that O(0) is also pointed.

Let Op(A{Mod) be the category of operadsin A{Mod and OpP(A{Mod) the
category of pointed operadsin A{Mod. A pointed operad O in A{Mod is called
unital if the pointing A ! O(0) is an isomorphism. Let Op"(A{Mod) be the
category of unital operadsin A{Mod.

Let (A{Mod) * bethe category of collections of objects O(n) 2 (A{Mod)[ n],
which are pointed for n = 0; 1 and unpointed otherwise. As for ordinary operads
we have free (pointed) operad functors F starting from the categories(A{Mod)N,
(A{Mod) , (A{Mod) @ in the pointed caseand various other pointed versionsof
these categoriesto Op(A{Mod) or OpP(A{Mod). Note that if A is cobrant all
these sourcecategoriesof the functors F are model categories.

Theorem 10.2. Let A be co brant in Commc. Then the category Op(A{Mod)
(resp. OpP(A{Mod)) has the structure of a co brantly geneated J-semi model
category over (A{Mod) * (resp. over (A{Mod) ' ) with geneating co br ations
F (N(Fal)) and geneating trivial co brations F(N(FaJ)). If Cis left proper, then
Op(A{Mad) (resp. OpP(A{Mod)) is left proper relative to (A{Mod) ‘ (resp. rel-
ative to (A{Mod) © ). If Cis right proper, so are Op(A{Mod) and OpP(A{Mod).

Let f beamapin A{Mod or A{Mod" and let g be amap in A{Mod or A{Mod".
Let f g bethe pushout product of f and g with respect to the product ~. f g
is a map in A{Mod unlessboth f and g are mapsin A{Mod" in which casef ¢
is a map in A{Mod".
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Note that if A is co brant the category A{Mod" has a natural model structure
as category of objects under A in the model category A{Mod. Note however that
A{Mod" is not symmetric monoidal (with potential tensor product ), sincethis
product is not closed.

Lemma 10.3. Let A be cobrant in Commc, let f be a co bration in A{Mod or
A{Mod", let g be a co bration in A{Mod or A{Mod" let M ke co brant in A{Mod
or A{Mod" andlet N be cobrant in A{Mod or A{Mod". Then

the pushoutproduct f g is a co bration in A{Mod or A{Mod" which is
trivial if f or g is,

the product M ~ f is a co bration in A{Mod or A{Mod" which is trivial if
f is and

the product M ~ N is co brant in A{Mod or A{Mod".

There is also a version of this statement when the map or object in A{Mod hasa
right action of a discrete group G and the other map or object is in A{Mod" (resp.
when both maps or objects are in A{Mod and have actions of discrete groups G
and G9. The resulting map or object is then a co bration or co brant object in
(A{Mod)[G] (resp. (A{Mod)[G G9)).

Note that in a symmetric monoidal category cases? and 3 would be special cases
of casel.

Proof. It su ces to shaw this for relative cell complexesf and g and cell complexes
M and N, for which it follows for the rst caseby writing the pushout product of
a -sequenceand a -sequenceas a -sequence.Let M 2 A{Mod". Then if
A! M isa -sequenceM itself isa (1+ )-sequencein A{Mod. One concludes
now by writing the products in cases? and 3 again as appropriate sequencesThe
caseswith group actions work in the sameway.

We remark now that there are versionsof Proposition 3.4 and Proposition 3.5 for
OpP(A{Mod) where all tensor products are repacedby ~ -products and all pushout
products by the ~-pushout product . There is alsoa versionof Lemma 3.6, from
which Theorem 10.2 follows in the sameway as Theorem 3.2.

De nition  10.4. Let O 2 Op(A{Mod) (resp. O 2 OpP(A{Mad)).

(1) An O-algebrais an object B 2 A{Mod (resp. B 2 A{Mod") together with
maps
omn)~B™"! A
satisfying the usual identities. The category of O-algebas is denotad by
Alg(0).
(2) LetB 2 Alg(O). A B-module is an object M 2 A{Mod togetherwith maps
Onh+1)~B™"~-M! M

satisfying the usual identities. The category of B-modules is denoted by
B{Mod.

Let O 2 Op® (A{Mod). The free O-algebrafunctor Fo : A{Mod ! Alg(O) is
given by a
Fo(M)=  O(n)~ , M »".

n 0
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In the pointed caseFo factors through A{Mod".

As in section 4 one shows the

Theorem 10.5. Let A be cobrant in Commc and let O 2 Op(A{Mod) (resp.
O 2 OpP(A{Mod)).

(1) If O is co brant the category Alg(O) is a co br antly geneated J-semi model
category over A{ Mod with generating co brations FoFal and geneating
trivial co brations FoFaJ. If Cis left proper (resp. right proper), then
Alg(O) is left proper relative to A{Mod (resp. right proper).

(2) Let O be cobrant as an object in (A{Mod) * (resp. in (A{Mod) * ).
Then Alg(O) is a co br antly geneiated J-semi model category with gener-
ating co brations FoFal and geneanting trivial co brations FoFpaJ. If C
is right proper, sois Alg(O).

Let Na 2 Op(A{Mod) (resp. NX 2 Op"(A{Mod)) be the operad with N (n) =
A (resp. Ni(n) = A) for n 2 N and the natural structure maps. Note that both
categoriesAIg(“)(NA) are not equivalent to the category Comm(A) but there are
functors
cy : Alg(NM) 1 comm(A) ,
which are de ned to be the left adjoints of the pullback functors Comm(A) !
AIg(N,ﬁ“)). Theseadjoints exist sincethey exist on free algebrasand every algebra

is a coequalizerof two mapsbetweenfree algebras(as is always the casefor algebras
over a monad).

Let O 2 Op®(A{Mod) and B 2 Alg(0). As for ordinary algebrasone de nes
the universal enveloping algebraUg (B) asthe quotient of the tensor algebra
a

O(n+1)~ _B™"
n 0
by the usual relations. Ug (B) is an asscaiative unital algebrain A{Mod, henceit
is an A; -algebrain C (i.e. an algebra over the operad L consideredas a non-

operad), which also has a universal enveloping algebraU, (Ug (B)) 2 Ass(C). One
has canonical equivalences

B{Mod Uo(B)Y{Mod UL (Uo(B)){ Mod .
Let Fg : A{Mod! B{Mod be the free B-module functor.

As in section 6 one shows the

Theorem 10.6. Let A be co brant in Commg, let O 2 Op(A{Mod) (resp. O 2
OpP(A{Mod)) and B 2 Alg(O). Let one of the following two conditions be satis ed:

(1) O is co brant as an object in (A{Mod) * (resp.in (A{Mod) ' ) and B
is a co brant O-algeba.

(2) O is cobrant in Op(A{Mod) (resp. OpP(A{Mod)) and A is co brant as
an object in A{Mod (resp. in A{Mod").

Then there is co br antly generated model structure on B{Mod with generating co -
brations Fg Fal and geneating trivial co br ations Fg FaJ.
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De nition  10.7. An E; -operad (resp. pointed E; -operad) in A{Mod is an object
O 2 Op(A{Mod) (resp. O 2 OpP(A{Mod)) which is co brant as an object in
(A{Mod) ' (resp.in (A{Mod) * ) togetherwith amapO! Na whichis a weak
equivalene@. A pointed E; -operad O is called unital if it is unital as an object in
OpP(A{Mod).

For O a pointed E; -operad in A{Mod let us de ne the operad @ in the same
way asin section8. Then we have analoguesof Lemmas8.2 and 8.3 and Corollary
8.4. Sowe are able to construct a unital E; -operad in A{Mod by rst taking a
co brant resolution O ! Na in Op(A{Mod) and then forming &. This will be
relevant in the Remark.

Let B 2 Alg(O) be cobrant. As in Lemma 8.6 one can show that the map
Uo(B)! B adjoint to the pointing A! B is a weak equivalence.

For the rest of this sectionlet us x an unpointed E; -operad O in A{Mod (we
could alsotake a pointed one). Let bethe mapO'! Na.

Lemma 10.8. Let A be co brant in Commc. Then the composition

Alg(0) —/AIg(N ) =~ Icomm(A)

is a Quillen equivalenc.

Proof. This follows from the fact that for a co brant A-module M the map
o(n)~ , M ~A"1 M A"=
is a weak equivalence.

Lemma 10.9. Let A be co brantin Commc and let B 2 Alg(O) be co brant. Then
the functor
B{Mod! (Cn, ) (B){Mod

is a Quillen equivalenc.

Proof. This follows from the fact that the map U_ (Uo(B)) ! UL((Cn, ) (B))
is a weak equivalence,which follows itself from the description of thesealgebrasin
terms of trans nite  compositions asin Propositions 4.8 and 6.5.

Lemma 10.10. Let A be cobrant in Commc and let B 2 Alg(O) be co brant.
Then Ug (B) is co brant as object in A{Mod".

Proof. Follows by the description of Up (B) asin Proposition 6.5.

Corollary 10.11. Let A be cobrant in Commc. Then for cobrant B 2 Alg(O)
and co brant M 2 B{Mod the underlying A-module M is co brant in A{Mod.
Proof. Follows from Lemmas10.10and 10.3 and trans nite induction.

Lemma 10.12. Let and beordinalsandletS. . andS; . beasin Proposition
4.8. Then there is a (necessarily unique) isomorphism

I:S+;+=S;+ S;+
of well-ordered sets.
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Proof. There is a natural inclusion S., ! S ..., and' maps its image to
fg S..: inthenatural way. Nowletf 2 S , with f (i) 2 N for somei 2 . There
isasegmemn M¢ S, starting at f which isisomorphicto S. . asawell-ordered
set. Via this identication S correspondsto all f°2 S . with f§ = fj + 3.
Then' mapsM; toffj g S..ifi>0andtoffj 1g S.,ifi=0.1Itis
easyto seethat this way ' is well-de ned, bijective and order-preserving.

Remark 10.13. Iff 2S., andg2 S, ;. are suaessors,then’ maps(ft g) 1
to(g L;f 1)

Proof of Proposition 9.12. By Lemmas 10.8 and 10.9 we can work in Alg(O). So
let B;C 2 Alg(O) beco brant. Let us denotethe coproduct in Alg(O) by t o. We

have to prove the basechangeisomorphism for the diagram
0

Bo——/BtgC .

f f0

A—2 ¢

Let M 2 B{Mod beco brant. Thenf M isco brant in A{Mod by Corollary 10.11.
Hencethe basechangemorphism is represeried by the morphism of Ug (C)-modules
Uo(C) Ca M ! Uo(BtaC)Cy,@e) M which is adjoint to the map M = A Cp
M ! Uo(BtaC)Cy,i)M. Wecanassumethat M is a cell module. Then by
trans nite induction we are reducedto the following statemen: Let K 2 A{Mod
be cobrant. Then the map Up(C) Ca (Uo(B) Ca K) ! Upg(Bta C) Ca K
is a weak equivalence. By Lemma 10.3 this follows if we show that the map of
B-modules : Upg(B) A Uo(C)! Up(Bt C) (wherewe exchangedthe roles of
B and C) is a weak equivalence. It su ces to prove this for cell algebrasB and
C. Solet B = colimi< Bj, where the transition maps are given by pushouts by
cobrations g : K;j ! L; in A{Mod with co brant domain asin Proposition 4.8.
Similarly let C = colimi< C;, where the transition maps are given by pushouts
by co brations h; : M;j ! N; in A{Mod with co brant domain. Then the map
0! Uo(Bta C) is described as in Proposition 6.5 by a S . . + -sequence(l).
Sincethe maps 0! Ug(B) resp. 0! Ug(C) are S. ;- resp. S. , -sequences,
the map 0! Up(B) a Uo(C)isaS.. S..-sequencg2) by Lemma 2.1 (this
also holds in the caseof a symmetric monoidal category with pseudo-unit). Let
S.+ S,+ ! S... bethe isomorphism of well-ordered sets of Lemma
10.12.Letf 2 S., andf?%2 S., besuccessorsThen identies (ft f9 1and
(f% 1;f 1), and the relevant pushoutsin the sequencegl) and (2) are by maps

f (i) h £ 9(i)

ofj+ )~ O[3+~ , o g @ o h O
It is easyto seeby trans nite induction that the map is compatible with sequences
(1) and (2) via the identi cation  onthe indexing setsand with the above pushouts
by the map induced by the tensor multiplication map O(jfj+ 1)~ O(jf § + 1) !
O(jf [ f9+ 1) which inserts the secondobject into the last slot of the rst object.
This map is a weak equivalencebecauseO is an E; -operad, hencethe claim follows
by trans nite induction.
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Proof of Proposition 9.13. By Lemmas 10.8 and 10.9 we can assumethat we have
acobrant B 2 Alg(0), acobrant ¥ 2 B{Mod and a cobrant M 2 A{Mod and
prove the projection isomorphism for M and the image N of ¥ in B{Mod, where
B is the image of B in Comm(A). Since ¥ is co brant as A-module by Corollary
10.11the projection morphism is represertied by the composition

M AI@!M AN:(BCAM) BN,

where the isomorphismat the secondplaceis from Lemma9.9. Sowe have to show
that the rst map is a weak equivalence. We can assumethat ¥ is a cell module.
Then by trans nite induction oneis left to show that for a co brant A-module K
the mapM A (Uo(B) Ca K)! M A (B Ca K) is a weak equivalence. But
this map is the map from the free B-module on M 5 K to the free B-module on
M A K, which is a weak equivalenceby Lemma 10.9. Hencewe are nished.

11. Remark

Assumethat Assumption 9.6 is ful lled.

In this sectionwe give an alternativ e de nition of a product on the derived cat-
egory of modules over an algebrain D 2Commc := D 2Alg(N) without using
the special properties of the linear isometries operad. Unfortunately it seemsto
be rather ugly (or dicult) to construct assaiativity and commutativit y isomor-
phisms, and we did not try hard to do this! Note that D 2Commc is the sameup
to canonical equivalenceas the category denoted with the samesymbol in section
9. If O isaunital E; -operadand A 2 D 2Commc, then there is a represerativ e
& 2 Ho ?Alg(0O) which is well de ned up to an isomorphism which itself is well
de ned up to a unique 2-isomorphism. There is a similar statemert for a lift of A
into Alg(0O).

Let us rst treat the casewhere Cis simplicial, sinceit is a bit nicer. Let O be
a pointed E; -operad in SSet and denote by O alsoits image in Op(C). In SSet
the diagonal4 : O! O O is a map of operads, hencewe also have a map of
operadsO! O O in Op(Q).

We will de ne a tensor product on Ho A{Mod for a co brant O-algebra A.

First note that for O-algebrasA and B the tensor product A B isaO O-
algebra, hencealso a O-algebravia 4 . Also for an A-module M and a B-module
N the tensor product M N has a natural structure of an A B-module. If
A; B are unital there are induced maps in Alg"(O) A= A 1! A B and
B=1 B! A B.

Prop osition 11.1. Assume that O is either unital or co brant in Op(C). Let
A; B 2 Alg"(O) be co brant. Then the canonical mapAt B! A B in Alg"(0)
induced by the mapsA! A B andB! A B is awek equivalene.

Proof. This proof is very similar to a part of the proof of Proposition 9.12. By
Lemma 8.2 we are reducedto the casewhere O is unital. It suces to prove the
claim for cell algebrasA and B. Solet A = colimi< A;, where the transition
maps are given by pushoutsby mapsg; : Ki ! L; asin Proposition 4.8. Similarly
let B = colimi< B;j, where the transition maps are given by pushouts by maps
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hi :Mi ! N;. ThenthemapO! At B isdescribedby Proposition4.8by as . . .-
sequencgl). Sincethe maps0! A resp.0! B areS..-resp.S. .-sequences,
themap0! A BisaS.: S..-sequencg2). Let :S.,..! S.. S.: be
the isomorphism of well-ordered setsof Lemma 10.12. Let f 2 S. . andf%2 S. .
be successors.Then identies (ft % 1 and (f° 1;f 1). The relevant
pushoutsin the sequencegl) and (2) are by maps
; f(i) 1)
oGftf% ..., < g i< h and
4 o
oGt oGt , o g w0,

and again one shows by trans nite induction that themap : At B! A B is
compatible with sequencegl) and (2) via the identi cation  on the indexing sets
and with the above pushouts by the map induced by

o 4 . o . :
o(if j + it 9 ——IoGf j+ if ) o(fj+ it ) —oGf)) OGf %) |
where inserts the pointing 1 ! O(0) into the last jf§ slots of O(jfj + jf9)
and inserts the pointing into the rst jfj slots. This map is a weak equivalence

since O is an E; -operad, so our claim follows by trans nite induction and the
assumptions.

Assumethat O is either unital or co brant in Op(C). For any co brant O-algebra
A let Qa denote a co brant replacemen functor in A{Mod. Let A 2 Alg¥(O) be
cobrant. Then the map At A! A A is a weak equivalence. Now de ne a
functor
T: A{Mod A{Mod! A{Mod by
T(M;N):= (At Al A) (Qnta)(QaM QaN)).
It is clearthat T descets to a functor

T: D(A{Mod) D(A{Mod)! D(A{Mod).

We will seethat this functor is naturally isomorphic to the tensor product de ned
in section 9.

Now we skip the restriction of C being simplicial. Let O be a unital E; -operad
in C which always exists by Lemma 8.2. Then the operad O O is also a unital
E; -operad. Let A;B 2 Alg(O ©O). Let ;: O O! O N = O and

2: O O! N O = O bethe two projections and dene A; = | A,
Bi:= i B,i= 12 Notethat ; and ; areweakequivalences.There are maps
Al 1! Al B> and
1 B! A1 B
of O O-algebrasand natural isomorphismsof O O-algebrasA:1 1= ;A;
and1 By = ,B3, which are on the underlying objects in C the isomorphisms
A; 1= A;and1 Bj; = B,. Usingthe adjunction units A! ;Aj;andB! ,B;

we nally getmapsA! A; BrandB! A; B, henceamap
At B! A1 B>
of O O-algebras.

Prop osition 11.2. Let A;B 2 Alg(O O) becobrant. ThenthemapAt B!
A1 B, constructed alove is a weak equivalene.



51

Proof. The proof of this Proposition is exactly the sameasthe onefor Proposition
11.1, except that this time the relevant pushoutsin the sequencegl) and (2) are
by maps

(O(Jf t f%) O(Jf t f(i)) fre0 i< G T i< hi o and

o , _ o
oGfi) oGty , . w« g o on"O,
The map At B! A; By is again compatible with these pushouts by the map
induced by

o(if j+ it %) oGfi+ if 9 —IoGt) oG9 |

where inserts the pointing 1! O(0) into the last jf § slots of O(jf j + jf §) and
inserts the pointing into the rst jf j slots. This map is again a weak equivalence
sinceO is an E; -operad, sowe are done.

Let DCommg := DAIg(N).
Corollary 11.3. The natural functor M : DCommc ! HoC hasa natural sym-
metric monoidal structure with resgect to the coproduct on D Commc and the tensor
product on Ho C.

If S'modulesare available in Cit is clear that this symmetric monoidal structure
is naturally isomorphic to the one constructed at the end of section 9.

Let now A 2 Alg(O O) beco brant. Note that for M;N 2 A{Mod the tensor
product - M 5 NisanA; Aj-module, hencealsoan At A-module. Consider
the functor

T: A{Mod A{Mod! A{Maod,

(MIN) 7L (At AT A) (Qata( 1, (QaM) 2. (QaN))) .
It is again clearthat T descets to a functor

T: D(A{Mod) D(A{Mod)! D(A{Mod).

To seethat this functor is isomorphic to the previousfunctor T in the simplicial
caseonetakesthe previousO to be O O and looks at the map of O O-algebras
(obtained via the diagonal) A A! (A; 1) (A Aj). The last algebrais
isomorphicto the O O-algebraA; A,. Hencefor A-modulesM and N we get
amapof A A-modulesM N ! M; N which is a weak equivalence. From
this one getsthe natural isomorphism we wanted to construct.

It remainsto shaw that in the casesCreceivesa symmetric monoidal left Quillen
functor from SSet or Comp ,(Ab ) the functor T is isomorphicto the tensor prod-
uct A dened in section9.

To do this let O beaunital E; -operadin S{Mod = 1s{Mod andlet O := O <1
be its imagein Op(C). The operad O ~ O (which is de ned componertwise) is also
a unital E; -operad whoseimagein Op(C) isO O. Then by the above procedure
one can de ne a tensor product on Ho(A{Mod) for a co brant O ~ O-algebra A,
and it is easyto seethat this coincides(after the appropriate identi cations) with
the product T de ned above on Ho (A{Mod) (A is the imageof A in Alg(O 0))
on the one hand and with the product a0 on Ho (A% Mod), where ACis the image
of A in Commc, on the other hand.
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Part |1

12. A to y model

In the secondpart of this thesis we want to give applications of the general
theory of the rst section. Our main application is the construction of what we call
limit motives They are a motivic analogue of limit Hodge structures considered
by Scmid, Steerbrink, Varchenko, et. al. The basic idea is the following: Let
D:=fz2Cjjzj< lgand D := D nf0g. Considera proper family of complex
algebraicmanifoldsf : X ! Dsucdthatf : X =f YD )! D issmoothand
Y := f 1(0) is a divisor with normal crossingsin X . Let X := f 1(t)fort2 D .
Then the H"(X; C) are part of pure Hodge structures and there is a way to put a
mixed Hodge structure on lim¢; o H"(X; C) depending on the direction in which t
movesto 0 such that the weight Itration is givenin terms of the monodromy action
around 0. The considerationsin [Del] suggestthat theselimit Hodge structures are
b ersof aunipotent variation of mixed Hodgestructures on C , the pointed tangent
spaceof D at 0.

Let now C be a smooth curve over a eld k C and xo 2 C(k). Let C :=
C nfxpg. We are going to proposea construction which assciatesto any motivic
sheafF on C a unipotent motivic sheaff® on Tcx ,» the pointed tangernt spaceof
Xoin C. Letf : X | C be a proper morphism such that f : X :=f (C)!
C is smooth and Y := f 1(xq) is a divisor with normal crossingsin X. Let
F := Rf Z asa motivic sheafon C , i.e. F is an object in a certain triangulated
category possessingsuitable Hodge realizations. Then the Hodge realizations of
B, t2 Tcx,(C), should give the limit Hodge structures of the H" (X (C)x;C),
x 2 C (C). Wewill examinethis and further questionsin a forthcoming paper.

We now sketch the method of the construction of the functor F 7! P in a toy
model. Let S be a 2-dimensional real manifold, x 2 Sand S = Snfxg. Let D
be a small disc around x in S and D = D nfxg. For a manifold M let DM (M)
be the derived category of the category of sheases of abelian groupson M. This
is the homotopy category of a symmetric monoidal model category satisfying our
assumptions of Part I. Let UDM (M) be the smallest triangulated subcategory
of DM (M) containing the constant sheafZ and closedunder arbitrary sums. The
objectsin UDM (M) should be thought of asgeneralizedunipotent objects. Clearly
we canidentify UDM (D ) and UDM (Tg, ) via somechoiceof inclusion D | Tsx
inducing the identit y on the tangent spacesat x and 0.

Let F 2 DM (S ) such that Fjp 2 UDM(D ). Then we get a sheaf ® as
the image of Fjp in UDM (Tg, ). Unfortunately this assignmen is not algebraic
if we replace S by a complex smooth algebraic curve. What we can do is the
following: Let i : fxog! S bethe closedandj : S ! S the openinclusion. Let
p: Tsy,! fXog bethe projection. Then we have two main obsenations:

There is a canonicalisomorphismi Rj Z = Rp Z in DM (f xog) = D Comp(Ab ).
This isomorphism can also be constructed as an isomorphismin D Commcemp (ab )
(for the de nition of D Commcomp (ab ) S€€9.5). This isomorphism is not enough
to get an equivalence of the derived categories of modules over these algebras.
But fortunately there is also a chain of weak isomorphismsin D 2CommCOmp (Ab)
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connectingi Rj Z and Rp Z, which is sucient to get a canonical equivalence
D(i Rj Z{Mod) D(Rp Z{Mod). (for the de nition of the module categoriessee
9.11). The motivic version of these statemerts is Proposition 15.19.

The secondobsenation is that D (Rp Z{Mod) is equivalert to the full subcate-
gory UDM (T, ) of DM (T, ). This is motivated by the fact that the Ext groups
in both categoriesbetween the tensor unit and itself are the same. An abstract
version of this statemert is Theorem 13.4 of the next section. The motivic versions
are Corollaries 15.12and 15.14.

Now we can start with any F 2 DM (S ) and form i Rj F as a module over
i Rj Z. Sendingi Rj F further alongthe two equivalences

D(i Rj Z{Mod) D(Rp Z{Mod) UDM (Tgy,)
de nes indeed a natural functor
DM(S)! DM (Tgy,)
which now has a motivic analogueas we shall see.

The existence of this motivic local monodromy functor will in particular give
tangential basemint functors in the motivic setting, for exampleit will be possible
to de ne the motivic fundamental group of P(lg nf0;1;1g with basepoint 01 aswas
donein [Del] for the realization categories. Then it is not hard to construct motivic
polylogarithm sheasressuch that all conditions of [BD] are satis ed for the motivic
proof of the weak Zagier Conjecture. We will come badk to this application in a
future paper.

13. Unipotent  objects as a module categor y

The equivalenceD(Rp Z{Mod) UDM (T, ) mernoned in the introduction
also has a relative version. In the applications we will needsuch a relative version
in the following situation: Let f : X ! S be a morphism of schemes. In the next
sectionswe will consider triangulated categoriesof motivic sheares DM (S) and
DM (X). Thereisafunctor f : DM (S)! DM (X) which is the functor induced
on the homotopy categoriesof a symmetric monoidal left Quillen functor between
symmetric monoidal model categories. The statement we are going to formulate is
that under someconditions it is possibleto describe the full subcategory of DM (X))
consisting of objects which are unipotent relative to S (which meansthat they are
successie (possibly in nitely many) extensionsof objects coming from DM (S) via
f , seebelow) by the category of modules over the relative cohomology algebra
Rf 1.

In the following we will replace the notation Rf etc. by f for the derived
functors. If f is taken for the model categoriesor the homotopy categorieswill
depend on whether the object f is applied to is an elemen of the model or the
homotopy category:.

We examine the question above in the following general situation: Let f
C! D be a symmetric monoidal Quillen functor between co brantly generated
symmetric monoidal model categories satisfying Assumption 9.6. Let f be the
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right adjoint of f . Let 1p ! R1p bea brant replacemen of the initial object in
Commp and setA := Qf (R1p) 2 Commc. We then get an adjunction

D (A{Mod) =m—"HoD .
-

where f~ rst mapsto D(f A{Mod) and then to D via pushforward along the
natural mapf A! 1p.

Our aim is to formulate conditions under which f~ is an equivalenceonto its
image. If this is the casethe objectsin the imageof f~ canbe viewed asgeneralized
unipotent objects with respect to C, i.e. they are constructed by some iterated
homotopy colimits of objects coming from C, seebelow.

13.1. Sub categories generated by homotop y colimits. By a homotopycolimit

in Ho Cwe meanthe imagein Ho Cof a homotopy colimit overadiagramD : | | C
(see[Hir, De nition 20.1.2]for homotopy colimits). By the homotopy colimit of a
diagram D : 1 ! C we mean the homotopy colimit of the diagram QD. For an
ordinal a homotopy -sequences a homotopy colimit of adiagramD : ! C

such that for any limit ordinal < the map from the homotopy colimit of Dj
to D( ) is a weak equivalence. We call a full subcategory C° of C saturated if C°is
equalto its essetial image.

Denition 13.1. Let C be a classof objects in HoC. By the full sulrategory of
Ho C C-genemated by homotopy colimits we mean the smallest saturated full sulrat-
egory hCi ,,  of Ho C which contains C and is closal under homotopy colimits, i.e.
contains all homotopy colimits whoseterms map to hCi , .

13.2. The result. Recallthat a model category Cis called stableif the suspension
functor on HoC is an equivalence(see[Hov1, De nition 7.1.1]). In this caseHoC
is a (classical) triangulated category.

Lemma 13.2. Let C be a stable model category and
g 4
Bo Lo
f
A— ¢

~

be a homotopy pushoutsquae in HoC. Then there is an exact triangle in Ho C of
the form

A M’B C g_r/D —Iaq1] .

There is a dual statement for homotopy pullback squaes.

Proof. We have to ched that the diagram
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is a homotopy pushout squarein HoC. Therefore it is su cien t to ched that for
any T 2 HoC the induced square on mapping complexes

pt&— map(D;T)

map(A; T) &—map(B;T) map(C;T)

is a homotopy pullback squarein Ho SSet. SinceCis stableweknow that map(A; T)
hasthe homotopy type of aloop space. Sowe are reducedto the following situation:
Let X, Y and Y °be topological spacesand supposethat X is pointed. Letf : Y !
X andf%: YOI X bemaps. The homotopy b erproductofY! X  YOCis
given by the spaceE consisting of triples (y;y%' ), wherey 2 Y, y%2 Y%and"' is
a homotopy from f (y) to f (y9. Let f * bethe map which is the composition of f

and the automorphism of X which sendsa path to its invers. Then the homotopy
1.0
b er product of pt ! x Oy yo is given by the spaceF consisting of

triples (y;y%'), wherey 2 Y, y°2 Y%and ' is a path from f(y) ! f%to the
identit y. Clearly there is a natural homotopy equivalenceE  F giving the square
above in Ho SSet after the identi cations X = map(A;T), Y = map(B;T) and
Y%= map(C; T). This provesour claim.

Remark 13.3. If we allow for one of the summandsg or f~in the map g
appearing in the Lemmato be arbitrary then there is an easy proof of the statement
involving only argumentsin the triangulated category HoC.

The main theorem of this sectionis

Theorem 13.4. LetC, D, etc. be asin the rst paragraph of this section. Assume
that the following conditions are ful | led:

(1) For M 2 HoC the image of a domain or codomain of a geneating co br a-
tion of Cthe projection morphismM  Al'l f (f M) is an isomorphism.

(2) The functor f : HoD ! HoC commuteswith homotopy -sequenes for
all ordinals

(3) C(and hene also D) is a stable model category.

Then the symmetric monoidal functor f~ is an equivalen@ onto its image and its
essentialimage is the full sulzategory of D f (D)-geneiated by homotopy colimits,
where D is the set of all domains and codomains of the geneiating co br ations of
C. This sulrategory is a -sulxategory.

Proof. For the equivalenceit is su cien t to show that the unit Idy,c! = f of
the adjunction is an isomorphism. Let | be the generating co brations of C. Let
X : I CheanA C (S I)-cell complexin A{Mod (so Xy is the inital object),
such that X;+; isapushoutof X; byamapAC(S fi): AC(S A)! AC
(S Bj)withf;21.Let :f A! R1p bethe natural mapin Commp. We show
by induction oni 2 that the map X; ! f (R( f X;)) is a weak equivalence.
For i alimit ordinal this follows from our secondcondition. Let us proveit fori+ 1:
SinceC s stable Lemma 13.2 givesan exact triangle

41:AC(S Ai)! AC(S Bi) Xit X ! (AC(S Ai))[l]
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in the triangulated category D (A{Mod) which f mapsto the exact triangle
4,:f (A)! f (Bi) 7 (Xi)! F(Xisa)! f (A)]

in HoD. Now again by stability the unit givesa map of exact triangles 4 ; !
f~ (4 ), which is by the projection ismorphism (the condition 1) and by induction
hypothesis an isomorphism on the rst two terms, henceit is an isomorphism on
the third.

The essetial image of f~ clearly is contained in the full subcategory of HoD
generatedby colimits in f (HoC). Let D : I ! (R1p{Mod) be a small diagram
which maps on the homotopy level to the essetial image of f~. Then f (D) is
a diagram in A{Mod, and the natural map f (Qf (D)) ! D is an objectwise
weak equivalence by the rst part of the Theorem. The claim now follows since

f preseneshomotopy colimits.

14. Examples

Our main exampleswill be for the Al-local homotopy categoriesof spacesor
of motives over some base scheme, which have all been introduced by Viadimir
Voewvodsky. The homotopy categoriesof spaceswill be modeled on the category
of sheares of simplicial sets on somesite of schemes,the homotopy categoriesof
motives on the category of complexesof sheaves of abelian groups with transfers
on sites as above. The meaning of the various expressionswill be explained later.
What is important is that there will be Quillen functors on the corresponding
model categoriesfrom spacesto motivesand for a change of basesthemes. In this
section we will give a generalschemewhich will set all these model structures and
functorialities on a common footing.

14.1. Basic example. We start with a closed symmetric monoidal bicomplete
category S and a symmetric monoidal complete Grothendiedk abelian category A
(which henceis also cocomplete) together with a symmetric monoidal left adjoint
I: S! A. For examplein the caseof the toy model of section12 S is the category
of sheavesof setson a manifold M, A the category of sheavesof abelian groups on
M and | the functor which sendsa sheafof setsF to the sheafof abelian groups
freely generatedby F. Let Ch(A) denote either Comp(A) or Comp 4(A). We
have an induced pseudosymmetric monoidal functor L : 4 °°S'! Ch(A) which
is the composition of 4 °P| and the assaiated normalized complex functor. Let R
denotethe right adjoint of L. Let W 4 °PS bea subcategorysud that W asweak
equivalencesand the monomorphismsasco brations are part of a left proper model
structure on 4 °PS. We call this model structure the injective model structure. On
Comp ,(A) and Comp(A) there is also an injective proper model structure as
explained in [Hov4], and the natural embedding Comp 4(A)! Comp(A) is a left
Quillen functor. We supposethat L (W) consistsof quasiisomorphisms,that a map
f in Comp ,(A) is a quasi isomorphism if and only if R(f) 2 W and that for a
trivial co bration f in SSet and a monomorphismgin S we havef g2 W.

Let | S (respectively | 2) bethe setof generatingco brations of SSet (respectively
of Ch(Ab)) and J® (respectively J2) the set of generating trivial co brations of
SSet (respectively of Ch(Ab)).
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Let M bea setof monomorphismsin S such that I(M ) alsoconsistsof monomor-
phisms. Setlg =15 M,J§ =J% M, 1§ =12 M andJj =J% M. Here
one should have in mind the situation of our toy model from section 12 where M
will be the setof maps[V]! [U] for openinclusionsV U X ([U] denotesthe
sheafrepreserted by U). We formulate the following conditions for M :

CO0 12 S appearsas a codomain of a map of M .

C1 For any domain or codomain X of amap of M the map; ! X is also
cortained in M .

C2 Let f 2 J§, -inj. Then f 2 W if and only if for any codomain X of a map
of M the map Hom(X;f) is a weak equivalencein SSet.

C3 Any codomain X of a map of M is nite, i.e. the functor Hom(X;.)
commutes with sequeial colimits.

C4 Forf;g2 M the pushout product f g is alsocontained in M .

Then we have

Prop osition 14.1. If M satises C1 C3thesetsly andJg (resgctively | §

and J§ ) form a set of generting co br ations and geneating trivial co br ations
for a left proper model structure on 4 °PS (respectively a proper model structure on
Ch(A)) suchthat L is a left Quillen functor. The domains and codomains of the
geneating (trivial) co br ations of thesemaodel structuresand, if CO is ful | led, the
units of the symmetric monoidal structuresare co br ant and nite. If moreover C4
is valid the model structures are symmetric monoidal and L is a pseudosymmetric
monoidal Quillen functor.

Proof. First we verify the conditions of [Hovl, Theorem 2.1.19]for the two cate-
goriesin question. Clearly the domains and codomains of the generating (trivial)
co brations are nite, henceproperties 2 and 3 are fullled. 1 and 4 are true by
our assumptionsand by the injective model structures. By Clamap f 2 Jg, -inj
liesin 1§ -inj if and only if it hasthe right lifting property with respectto all maps
@") ") X for every codomain X of a map of M . Hencecondition 5 and
the secondalternativ e of condition 6 follow from C2. These conditions for Ch(A)
follow then by adjunction applying in the caseof Comp(A) appropriate shifts of
complexes.If C4isful lled the model structures are symmetric monoidal by [Hov1,
Corollary 4.2.5]. Left propernessfollows from left propernessfor the injective model
structures. The remaining statemerts of the Proposition are clear.

Remark 14.2. If we enlargethe set of monomorphismsM by mapswhosedomain
and codomain appears already as a codomain of a mapin M the conditions CO C3
are still full led.

14.2. cd-structures.  We give examplesof the above situation. S will always be
the category of sheaves of setson a small site coming from a complete, bounded
and regular cd-structure P on a category C (see[Vol, Section2]). If we take asset
of monomorphismsM p all maps (A) ! (X)) for squaresin P asin [Vo1l, Def.
2.1] (here (X) is the sheafassaiated to the presheafrepreseried by X ) together
will all maps; ! (X)) for X 2 C the conditions for M areful lled exceptpossibly
C4. Proposition 14.1 yields the model structure of [Vol, Theorem 4.5]. But also
model structures with enlarged set of monomorphismsare interesting, for example
to ensureC4.
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Let S be a separatedNoetherian scheme, Sch=S the category of separatedNoe-
therian schemesof nite typeoverS, Sm=S the full subcategory of smooth schemes
over S and Prop=S the full subcategory of proper schemesover S. Let C be one of
these categoriesand P one of the complete cd-structures of [Vol, Lemma 2.2] on
C. P is alsobounded and regular by the results of [Vo1]. In the following S will
always be the category of sheareson C for the topology generatedby P. We call
this topology tp.

For the cd-structures P which are either contained in the upper (respectively the
lower) cd-structure M p alsoful lls C4, sincethe domain of a pushout product of
maps of M p is again an open (respectively a closed) substieme of the codomain
by the de nition of the topology tp. For the combined cd-structures we have to
enlargeM p in the following way: First we build the union over all maps in:lfi,
fi 2 M p to getthe setM, and then we adjoin all maps; ! X to M for all domains
X of mapsof M arriving at asetM p. . WesetM p. = M p if P is contained in
the upper or lower cd-structure.

Lemma 14.3. M p. satis es condition C2.

Proof. The \only if" part is clear. Letf : A! B beamapinJu, -inj\ W.
The generaldomain of a map in M (seeabove) is the domain D of a map (Z
X) (U YY) for z X closedand U Y open, X, Y of nite type over S.
We know that Hom(D;f) is a bration, soto show that it is a weak equivalence
we can choosea point y 2 Hom(D;B) and show that F := Hom(D;f) (y) is
cortractible. WehaveHom(D;A) = Hom(X sU;A) wom@z sua)HOM(Z sY;A)
(similar for Hom(D; B)). Let y1, y» and y be the imagesof y in Hom(X s U;B),
Hom(Z sY;B)andHom(Z sU;B) andF;, F, and F bethe corresponding b ers
with respect to the obvious maps. Then F = F; . F2, and the mapsF; | [,
i = 1,2, are brations by the following Lemma. HenceF is contractible aswell.

Lemma 14.4. Let M be a setof injectionsin C,let' : A! B beamapin M
andletf : X ! Y beamapin Jy -inj. Lety 2 Hom(B;Y) and y° be the image
in Hom(A; Y). Then the map of bers Hom(B;f) (y) ! Hom(A;f) (y9 is a
br ation.

Proof. It follows from the de nition of Jy that the map in question has the right
lifting property with respect to the maps | n,

SoM p. is a setof monomorphismsin 4 °°S satisfying C0-C4.

14.3. Sheaves with transfers. We now have to explain what A will be. We
denote by Cor(C) (respectively Coreqi (C)) the category with the same objects
as C and with homomorphism groups Homee, (¢)([IX I [Y]) = ¢(X;Y) = ¢(X s
Y=X;0) (respectively Homcor . (c) (X ] [Y]) = Cequi (X;Y) 1= Cequi (X s Y=X;0))
(for notation see[SV1, after Lemma 3.3.9]).

There is a functor C ! Cor equi)(C), which sendsX to [X] and a morphism
f . X ! Y to the cycle assaiated to the closed subsheme X (g X sY,
the graph of f. A preshaf with (equidimensional) transferson Cor (equi)(C) is an
additiv e contravariant functor from Cor eqi)(C) to the category of abelian groups.
It is called a tp -sheafwith transfers if the composite with C ! Cor (¢qi)(C) is a
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tp -sheaf. The category of presheareswith transfers (respectively of tp -sheaveswith
transfers) is denoted by PreShyCor (¢qui)(C)) (respectively Shvp (Cor (equi)(C))).
Assumption 14.5. We have to make the following restrictions to ensure that
there is an exact asseiated shef functor: We use either the Nisnevich topology
with sheaveswith equidimensional transferson Sch=S or Sm=S or the cdh-topology
with shewveswith all transferson Sch=S.

Assuming this assumption PreShyCor (¢qui) (C)) and Shvp (Cor (equi)(C))) are
Grothendieck abelian categoriesand there is an exact assiated sheaffunctor
PreSh\,(Cor(equi ) (C)) | Sth (Cor(equi ) (C))

which commutes with the functor which forgets the transfers. Write Zy (X) for
the corresponding tp -sheafwith transfers assaiated to the presheafwith transfers
represerted by [X]. Note that the map Zy (Xreq) ! Zy (X) is an isomorphism.

In the following we sometimesabbreviate g by

14.4. The tensor structure for sheaves with transfers.

Prop osition 14.6. Cor eqi)(C) is a symmetric monoidal additive category where
the tensor product on objects is given by [X] [Y]=[X s Y]

Proof. In the following we write c(X;Y) for either ¢(X;Y) or Cequi (X;Y) (similarly
for ¢(X=S;0)). Let X;Y;X%Y0%2 C. We de ne a bilinear exterior product map
oo eXsY) e(XlY9r X sX%Y sY9

in the following way: Let W 2 ¢(X;Y) and W°2 ¢(X%Y9. Let z%:= cycl(X
X0 XYW 2 ¢(x X% Y=X XC%0)and Z := cycl(X XO YOI
X)W)2c¢X Y X% vy&X X% YC%0) (see[SV1, p. 29]for the de nition
of cycl). Then the corresppndencehomomorphism from [SV1, 3.7] yields a cycle
W WO%=Cor(z;2%2¢X Y X° Y%X X%0), which de nes the desired
map.

Claim 1: The diagram

o(X;Y) o(X%Y9) —e(X sX%Y sY9

(XYY c(X;Y)—Tc(XO sX;YO 5Y)

where the vertical maps are (induced from) natural commutativit y morphisms,
commutes.

P n P m
Proof. Let W = L, niw; and WO = 1. miw? where the W; and W? are
integral schemes.Let 1;:::; , bethe genericpoints of X X% TheWw; s W]-O
are naturally schemesover X s X © and we denoteby (W; SW]-O) . their pullbacks
to the . W(;(sh(w that

W wl= mmieycl oy oyo(Wi sW9 ,)2Cyc(X Y X° Y9,
ik
from which the claim follows becauseof the symmetry of the expressionon the right

hand side (here cycl (.) is de ned asin [SV1, 2.3]). First note that cycl(X X 01
XOW9 = . micyel , _vo((X sW9 ), becauseevery  lies over a generic
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point of X 9 and so the pullback to a blow-up of X ° appearing in the de nition of
cycl doesnot matter in this case. Let be a genericpoint of %:= (X sW9 ,
appearing in there with multiplicit y | and T be the closureof in X X°% YO
Then by de nition of Cor the product W  W?9is the sum over i; k and all such
ofthe mil cycl(T ! X 6% Y9(Z)=mil cycl(T ! X)(W). As above
we have cycl(T ! X)(W) = i N cycl (v ( p X W;). Moreover by comparing
dimensionsof vector spacesover ( ) we have I cycl, v ovol  x W)=
cycl , v gvol 9 x Wj), where the sum is over all generic points of © so
because © x W; = (W; sW9 , weare nished.

Claim 2: Let X;Y;Z;W 2 Cor (¢qui)(C) and f 2 ¢(X;Y) and g2 c(Y;Z). Then
(g ldw) (f ldw)=(g f) Idw .

Proof. First obsenethat f Idw =i (cycl(X W I X)(f)), wherei: X Y
W/l X Y W W isidentty times diagonal. Let gx := cycl(X Y ! Y)(g).
Then by [SV1, Proposition 3.6.2](g f) Idw isthe pushforward of h := cycl(X
W X)(Cor(gx;f)) with respectto the natural map' : X Y zZ W! X
Z W W. Letfy :=cycl(X W! X)(f)andgxw :=cycl(X Y W! Y)0).
By [SV1, Theorem 3.7.3]we have h = Cor(gx w ;fw), S0 one needsto show that
" (Cor(gxw;fw)) =(g Idw) (f Idw), which we leaveto the readersinceit
is straightforward.

Claim 3: Let X;Y;X%Y%2 Cor(equi)(C) and f 2 ¢(X;Y), g2 ¢(X%Y9. Then
we have

(f Idyo) (dx g=f g.
Proof. Straightforward.

Now the three claims immediately imply that the exterior product together
with the obvious assaiativit y and commutativit y morphisms de ne a symmetric
monoidal structure on SmCor(S).

From now on we assumethat the conditions of Assumption 14.5are ful lled.

De nition  14.7. Let F;G;H 2 Shvp (Cor (equi)(C)). A bilinear mapF G! H
is a bilinear map for F, G and H considered as preshaveson C such that the
induced bilinear mapsF(U) G(V)! FU V) GU V)! HU V) are
functorial in U and V for all maps from Cor (¢qi)(C). Denote by Bil(F  G;H)
the group of bilinear mapsfromF G to H.

Remark. This is the sameas giving a system of bilinear mapsasin [SV2, Lemma
2.1].

Lemma 14.8. For X;Y 2 C thereis a bilinear map
bx.y : Zu (X) Zue(Y)! Ze (X sY)
whichis universal for bilinear mapsZy (X) Zy (Y)! H, H 2 Shwis (SmCor(S)).
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Proof. For U 2 C the bilinear map c(U;X) c¢(U;Y) ! c(U;X YY) is given
as the composition c(U;X) cU;Y)! cU U)X Y)! ¢U;X YY), where
the rst arrow is the exterior product map and the secondone is composition
with the diagonalU ! U U. The corresponding bilinear maps Z (X)(U)
Zy (YXV) ! Zy (X Y)(U V) arethe exterior product maps, which are functorial
for morphisms from Cor (¢qui)(C) by Proposition 14.6. This de nes by ;v .

Now let ' : Zy (X) Zy(Y) ! H, H 2 Shvp (Cor(eqi)(C)), be a bilinear
map and px and py be the projections from X Y to X and Y. Let be
the map Zy (X Y) ! H correspondingto h := ' (px;py) 2 H(X Y). Let
(f;9) 2 c(U; X) c(U;Y). Clearly ( bxy)(f;9) = (U! X Y) (h), whichis
by the functoriality of * with respectto morphismsfrom Cor (¢q.i)(C) alsoequalto
"(f;g), so' = bx .y . Moreover is uniquely determined by this equality.

Lemma 14.9. Letl and J be small categoriesand F : 1 ! Shvp (Cor (equi)(C)),
G: J! Shvwp (Cor(eqi)(C)) ke diagrams. Then for H 2 Shvp (Cor (equi)(C)) we
have
Bil((colim F) (colimG);H) = " |)I£T|1 , Bil(Fi Gj;H).
1)

Proof. Straightforward.

Let the notation be asin the Lemma. It followsthat if we have universalbilinear
maps F;  Gj ! Hy;) then the natural bilinear map (colimF) (colimG) !
colimg; yH;j ) is also universal. Since every sheafis the colimit of sheaes of the
form Zy (X)) for X 2 C and becauseof Lemma 14.8 we can make the

De nition  14.10. For F;G 2 Shvp (Cor (qui)(C)) a tensor product for F and G
is a universal bilinear mapF G ! F G. This exists, is unique up to unique
isomorphism and commuteswith colimits.

One easily shaws that this tensor product de nes a symmetric monoidal struc-
ture on Shvp (Cor (equiy (C)). The embedding Cor (equi)(C) ! Shve (Cor (equi)(C)) .
[X]7" Zy (X), is symmetric monoidal.

14.5. Spaces and sheaves with transfers. We still work in the situation of
Assumption 14.5for the abelian side. Solet A be either Shvyis (Cor equi (SM=S)) or
Shvggn (Cor (Sch=S)) and S either Shvyis (Sm=S) or Shvgn (Sch=S). The functor
C! Cor(equi)(C) extendsto aleft adjoint | : S! A by requiring that it commutes
with colimits. One easily cheds that S, A and | satisfy the conditions of section
14.1. Let M p. beasin section 14.2.

Lemma 14.11. I(M p. ) consists of monomorphisms.

Proof. A map in [(M p. ) for which we have to prove something is of the form
Zy ((Z X) (U Y)) forz X closedand U Y open. We prove that the
sequence

0! Ze(Z U)! Zg(X U) Ze(Z Y)! Zg(X Y)

is exact as a sequenceof presheaes. Let V 2 C. Let = 2 2 ker(" (V)).
Then the ;,i = 1;2, consistof integral subshiemessupported onV Z U, and
by the next Lemma the corresponding cycleonV. Z U belongsto Cequi)(V

Z U=V;0).
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P
Lemma 14.12. Let X 2 ScheS and Y X locally closed. Let Z = mizi 2
Cycl(Y) (see [SV1, Section2.3]) be a cycle suchthat the closuresof the z; in Y are
proper over S. We denoteby Z also the image of Z in Cycl(X).

(1) If Z belongsto Cycl(X=S;r) (respectively to one of the other cycle sub-
groupsof Cycl(X ) de ned in [SV1, De nition 3.1.3)), then Z alsobelongsto
Cycl(Y=S;r) (respectively to the correspnding cycle sulmroup of Cycl(Y)).

(2) If Z belongsto ¢(X=S;r) (respctively to Cequi (X=S;r)), then Z alsokelongs
to c(Y=S;r) (respectively to Cequi (Y=S;r)).

Proof. The rst point follows from the fact that the pullback of Z along fat points
doesnot depend on whether we considerZ asa cycleon Y or on X becauseof the
propernessassumption. The other cycle subgroupsof [SV1, De nition 3.1.3] also
do not depend on whether we considerZ on Y or X . For the secondpoint we have
to ched that the equivalent conditions of [SV1, Lemma 3.3.9]are ful lled for Z on
Y if they are fullled for Z on X . This is the casesince the pullback of Z along
amap T ! S doesagain not depend on whether we considerZ onY or X and
becauseCycl(Y=S;r)q\ Cycl(X=S;r) = Cycl(Y=S;r).

Hencewe have all conditions satis ed for M p. , so by Proposition 14.1 we get
symmetric monoidal model structures on 4 °°S and Ch(A) together with a pseudo
symmetric monoidal Quillen functor 4 °°S | Ch(A).

14.6. A'-lo calizations. From now on we supposethat C is either Sch=S or Sm=S.
Lemma 14.13. The model structureson 4 °°S and Ch(A) are cellular.

Proof. Sincethe model structures are nitely generatedit su ces to ched condition
3 of [Hov3, De nition A.1], which is immediate.

Hence by [Hir, Theorem 4.1.1] we can take the left Bous eld localization of
4 °PS (respectively Ch(A)) with respectto maps " (ALY ! X), n2 N (respec-
tively S"Zy (AY ! X), n 2 Z), where X runs through a set of represeativ es
of isomorphism classesof C. We denote the corresponding model category by
Spc(S) (respectively M € (S)). These are symmetric monoidal model categories.
Let H(S) := HoSp(S) and DM ‘(3 0)(S) .= HOM € (S) (where( 0) refersto which
of Comp(A) or Comp 4(A) we have taken for Ch(A)). Note that for C = Sm=S
and P the upper cd-structure H(S) is the motivic homotopy category de ned in
[MV]. Let Spc (S) bethe pointed versionof Spe(S) provided by [Hovl, Proposition
1.1.8]and setH (S) := HoSp (S).

We have symmetric monoidal left adjoints

H(S)! H (S)! DM®,(S)! DM® (S).

14.7. T-stabilizations. Let T beacobrant object in Spc (S) weakly equivalent
to (P*; 1 ). Denoteby Sp; (S) (respectively M ¢)(S)) the symmetric monoidal cat-
egory of symmetric T -spectra in Spc (S) (respectively of symmetric L (T )-spectra
in M(e 0)(S)) provided by [Hov3, Theorem 7.11]. Note that the functor M ((S) !
M (S) is a Quillen equivalence. We denote the corresponding homotopy categories
by SH(S) and DM (S).
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Very often it is possibleto compare symmetric and non-symmetric spectra for
these categories(i.e. to construct equivalencesfor the homotopy categories), but
up to now not in full generality.

14.8. Functorialit y. The model categories Spc(S), Spc (S), M(e 0)(S), Spr (S)
and M ¢ (S) depend functorially on S, i.e. they de ne left Quillen presheaes
on the category of separated Noetherian schemes(see [Hi-Si, Section 17]). The
natural Quillen functors between these model categoriesextend to morphisms of
left Quillen presheaes.

Let C(S) be one of these model categoriesand let f : X ! S be an object
of the underlying site C = C(S). We have functors Mg : C(S) ! C(S) and
Mx : C(X)! CX). In this situation f is alsoa right Quillen functor with left
adjoint f, which sendsMx (Y) to Ms(Y) for Y 2 C(X).

Prop osition 14.14. Letf : X | S be an object in C(S) and let A; B 2 HoC(S)
and C 2 HoC(X ). Then we have:

(1) There is a canonical isomorphismf f A = Homy, ¢s)(Ms(X);A).
(2) The natural map

f(C f A)! f,.C A

in Ho C(S) is an isomorphism.
(3) The natural map

f Hom(A;B)! Hom(f A;f B)
in Ho C(X) is an isomorphism.

Proof. We provethe third point, the rst two are similar but easier. Sincef is also
aright Quillen functor it commuteswith homotopy limits and b er sequenceshence
we can assumethat A is of the form Mg(U), U 2 C(S). Let B 2 C(S) be brant
and co brant. The category C(S) consists of sheares (maybe with transfers) on
C(S) with valuesin somecategoryV, and there is a functor v: V! Set sud that
for F 2 C(S) and V 2 C(S) we have Hom(Ms(V);F) = v(F(V)). Let V 2 C(X).
We have
f Homes)(Ms(U);B)(V) = Homes) (Ms(U); B)(V)
=v(B(U vy V) =v(B(Ux x V))=Homgy,(Mx(Ux);f B)V),

which shows the claim.

15. Applica tions

In this section we will give applications of the generaltheory of E; -algebrasin
the model categoriesC(S) asin section 14.8. In particular we use Theorem 13.4to
construct what we call limit motives. A special casethereof is a motivic de nition
of tangential basemints.

We need somepreparations.

Let C be a co brantly generated model category with generating (trivial) co -
brations | (J) which we assumeto be almost nitely generated(see[Hov3, Section
4], where we use a slightly stronger condition for an object F 2 Cto be nitely
preserted, namely we require that Hom(F; ) commutes with -sequencedfor all
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ordinals , not only for = 1. Let J° be the secondset of trivial co brations
appearing in the de nition of almost nitely generated.

We formulate the following further assumptionson C.

D1 The co brations in C are monomorphisms. This has the consequencehat
any subcomplex of a relative | -cell complex (see[Hir, De nition 12.5.7])is
uniquely determined by its set of cells.

D2 There is a classF of nitely presered objectsin C containing the domains
and codomains of mapsof | and J and closedunder nite coproducts such
that the following assertionis valid: Forany F 2 F, triangle B A! C
inCandmap' : F! BtaCthereisanF°2 F andamap : F°! B
sud that for any co bration B°! B suchthat A! B factors through B°
' factors through B°t o C if and only if  factors through B°.

D3 There is a functorial cylinder object F 7! F | suchthat F | is nitely
preseried if F 2 F and which presenesco brant objects.

Lemma 15.1. LetX : ! G beadiagram. Then colimX; also belongsto G .

Proof. Immediate from the de nition of almost nitely generated.

Lemma 15.2. Let A 2 Che nitely presentel and co brant with a cylinder object
A | whichis also nitely presente and co brant. Let X : ! C be a diagram.
Then the natural map

colimjHomyo c(A; X;) ! Homye c(A; hocolim; QX )

is an isomorphism.

Proof. We can always achieve that the diagram X isa -sequencdn C; and that
the transition mapsare co brations. Then colimX; is brant by the Lemma above
and computesthe homotopy colimit. Becauseof the assumptionson A the homo-
topy classesof mapsfrom A to colimX; coincideswith the colimit of the homotopy
classesf maps from A to the X, which is the statement we want to prove.

Lemma 15.3. Assumethat Cfullls D1 and D2. Let X : | C be a relative
| -cell complex,F 2 F andf : F ! colimX amap. Then there is a smallest nite
sutbomplex of X throughwhich f factors.

Proof. By trans nite induction on : If is alimit ordinal or the successonf a
limit ordinal then becauseF is nitely preserted f factors through someX;, so

the assertion follows by induction hypothesis. Let = + 2 and supposethat f
doesnot factor through X . Let X ;1 beapushoutof X by' : A! Binl.
Choosean F% asin D2 for the triangle X Al B. Then there is a smallest

nite subcomplex of X .1 through which the map At F°! X factors. Then
the pushout of this subcomplex by ' is the desired nite subcomplex.

Corollary 15.4. Let D1 and D2 be ful | led. The intersection of sulcomplexesof
a relative | -cell complex (which is de ned by the intersection of the set of cells) is
again a sulcomplex. The union of sultomplexesis a sutcomplex.
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Lemma 15.5. LetDl1and D2 befull led. LetL : ! Cheanl-cell complexand
X 2 C. Then the map

Hom(colimL; X ) ! KIimL Homgy, c(colimK; X)) ,

where K L runs over the lter ed systemof all nite sulomplexes,is an isomor-
phism.

Proof. Let X be brant and X a simplicial frame on X . For a subcomplex K of

L let Sk := Hom(colimK;X ) 2 SSet. For inclusions of subcomplexesK KO
the map Sko ! Sk is a bration in SSet. We have to prove bijectivit y of the
natural map ' : o(limg Sk) ! limk o(Sk), where K runs through all nite

subcomplexes. Therefore we choosea well-ordering on the setof nite subcomplexes
S. Then surjectivity of ' follows like this: Let (ck )k 2s be an elemer in the image
of ' . We can choosepreimagesof the ck in the order of the well-ordering in the way

that they are compatible amongthemselwe, which meansthat the preimagesshould
coincide on the intersection of the subcomplexeswhere they are already de ned.

Injectivit y follows in the sameway by lifting homotopies.

Prop osition 15.6. Let C be a left proper cellular symmetric monoidal and let
K 2 Cbe cobrant. Supmse given a full sultategory A HoC which contains
the imagesof all domains and codomains of the geneiting co br ations of C and is
stableunder = K. Suppsefurther that = K ja inducesisomorphismson homotopy
function complexesin Ho SSet. Then we have:

(1) The composition
A HoC! HoSp (CK)

is a full embkedding.
(2) Suppsefurther that Cis stableand ful | Is D1-D3. Then the functor

HoC! HoSp (CK)
is a full emtedding.

Proof. First obsere that by [Hovl, Theorem 5.6.5] the homotopy function com-
plexesmap(A K;B K) and map(A; Hom(K;B K)) are naturally isomorphic
in Ho SSet for A; B 2 HoC. From this, our hypothesison = K ja and A and from
[Hov4, Proposition 5.2] it follows that the natural map A! Hom(K;A K)isan
isomorphismfor A 2 A (*).

The next Lemma shows that the Proposition will follow from

Claim: The unit map for the adjunction betweenHoC and HoSp (C,K) eval-
uated on objects from A is an isomorphism.

Let A 2 Cbe aco brant object which mapsto the essetial image of A in HoC.
Let RFL A be a brant replacemen for FX A for the projective model structure
on Sp (G K). From (*) it follows that RO A is an -sp ectrum, i.e. is already
bran t for the stable model structure. Sothe right adjoint to LF X sendsRFK A
to EVoRF& A, and the unit morphism A ! EvoR%FK A is clearly an isomorphism,
which provesthe rst claim.

For the secondclaim let X and Y be | -cell complexesin C. For a nite sub-
complex K X clearly K and K | are nitely presered, so by Lemma 15.2
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we have Homyo c(K;Y) = colimjHomy, c(K; Yi). The samestatemert is valid in
Sp (C K). Now sinceCis stableit thereforefollows by trans nite induction and the
rst part of the Proposition that the map Homyo c(K;Y) ! Homy, g5 (ck ) (K;Y)
is an isomorphism (we omitted applying the appropriate functor). Finally Lemma
15.5implies that alsothe map Homyoe c(X;Y) ! Homy, sy (ck )(X;Y) is an iso-
morphism.

Lemma 15.7. LetL: C$ D :R bean adjunction and supmsethat the unit map
is an isomorphism on a full sulzategoryi: A! C. ThenL i is a full emtedding.

Proof. This followsimmediately from the fact that the counit is alsoan isomorphism
on the image of A under L becausethe composition

LA L (unit A) 'LR LA counit |a (LA

is the identity for all A 2 C.

15.1. Motiv es over smooth schemes. For a separated Noetherian scheme set
SmCor(S) = Corequi (SM=S). We considerthe categoriesof the last sectionfor this
case.Let k bea eld and set SmCor(k) = SmCor(Spec(k)).

We rst want to comparethe categoriesDM ¢ (k) and DM (k) and the categories
de ned in [Vo3] (seebelow).

Recall that a presheafwith transfers F on Sm=k is called homotopy invariant
if for all X 2 Sm=k the map F(X) ! F(X A?) is an isomorphism. An F 2
Shwis (SmCor(k)) is homotopy invariant if it is homotopy invariant as a presheaf
with transfers.

Prop osition 15.8. For a complexZ 2 D(Shwyis (SmCor(k))) the following condi-
tions are equivalent:

(1) Z is Al-local.
(2) The map on homomorphismgroupsin D(Shwis (SmCor(k)))

Hom(S"Zy (X);Z)! Hom(S"Zy (X Al);Z)

is an isomorphism for all X 2 Sm=k and n 2 Z.
(3) The map on homomorphismgroupsin D(Shwis (SmCor(k)))

Hom(F;Z)! Hom(F S°Z; (A');Z)

is an isomorphism for all F 2 D(Shvy;s (SmCor(k))).
(4) The map
Z ! Hom(S°z, (AY):Z)
is an isomorphism in D(Shwyis (SmCor(k))) .
The equivalent conditions imply:
(5) The cohomolagy sheavesof Z are homotopy invariant.

If in addition the eld k is perfect and Z is bounded from below then conditions 1-4
are equivalent to condition 5.
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Proof. The implications 1) 2and 3) 2 are obvious and the equivalencebetween
3 and 4 follows from the adjunction between and Hom and the YonedaLemma.

2) 1: clear.

4) 5: Choosea brant represenative Z° 2 Comp(Shvyis (SmCor(k))) of Z.
SinceS°Z, (AY) is co brant the internal hom complexZ# := Hom(S°Z, (A');Z9
in Comp(Shwyis (SmCor(k))) represerls Hom(S°Z (AY);Z) and is itself bran t.
Obsenethat ZA sendsX 2 Sm=k to the complex of abelian groupsZ9X A?).

If we now supposethat Z%! ZA is a quasi-isomorphismit follows that it is al-
ready a quasi-isomorphismfor presheaeswith transfers sinceevaluation on objects
is a right Quillen functor. Hencethe cohomology presheaes of Z° are homotopy
invariant, and by [Vo3, Theorem 3.1.12]the assciated shearesare as well.

The implication 5) 2 under the additional assumptionsfollows from statement
2 in the proof of [Vo3, Proposition 3.2.3].

For the implication 1) 4 on uses[Hov4, Proposition 5.2] and adjointness.

Recall from [Vo3] that DM © (k) is the full subcategory of D(Shwyis (SmCor(k)))
consisting of complexesbounded from below (note that our indexing of complexes
is opposite to that in [Vo3]) and having homotopy invariant cohomology sheaves.
If k is perfect this is a triangulated subcategory Statemert 5 of Lemma 15.8
immediately implies
Prop osition 15.9. If k is perfect the composition

DM*® (k)! D(Shwis (SmCor(k))) ! DM€ (k)
is a full emkedding.

Recallalsothat DM Sm DM ¢ (k) isthe full subcategorygeneratedby bounded
complexesin Comp(Shwys (SmCor(k))) of represeriable sheaves. The category
DM gm (K) is gotten from DM Sm (k) by Spanier Whitehead stabilization of T .

Theorem 15.10. If k is perfect and admits resolution of singularities all mapsin
DMgn(k)! DM® (k)! DM (k) DM gn (k)
are full emkeddings.

Proof. The claim will follow from Proposition 15.6 with A = DM Sm (k), [Vo3,
Theorem 4.3.1]if M€ (k) fullls D1-D3. Only D2 needssome explanation. We
chooseF to be the classof all S"Z; (X) and D"Zy (X) for X 2 Sm=k, n 2 Z.
LetB A! Cbeatrianglein M¢ (k), F = S"Zy(X)orF = D"Z, (X) and
" F! (B C)=A amap. Then after a Nisnevich coverU ! X ' lifts to a map
~: F0=D"Z,(U)! B C. Let bethe rst componernt of '~and B® B
a subobject such that A factors through BC Supposethat factors through B°,
hencewe have a map F°! (B° C)=A, and sinceF°! F is an epimorphism'

factors through (B® C)=A. Supposethat ' factors through (B° C)=A. Because

Bo— /B

(B C)=A —/(B C)=A

is a pullback square factors through B°.
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Let k be a eld of characteristic 0 and X 2 Sm=k. Let : X ! Spe(k)
be the structure morphism. We are going to apply Theorem 13.4in the situation
C= M(k) and D = M (X). We have to chedk conditions 1-3 of Theorem 13.4.
For B 2 DM (k) we have B = Hompy () (Zv (X);B). Hencethe rst of the
conditions follows from the rigidit y of the tensor category DM gm (k), which means
that for A;B 2 DM gm (k) the natural map A- B ! Hompy o (K) (A;B) is an
isomorphism (here we set A- = Hom(A; Z)) (see[Vo3, Theorem 4.3.7]).

For the secondcondition we have the
Lemma 15.11. Letf : X ! S be a morphism between separated Noetherian
schemes.Thenthemapf : HoC(X)! HoC(S) preserveshomotopy -sequenes,
whete the categories C(X ) and C(S) are asin section 14.8.

Proof. We provethe caseC(X) = M (X), C(S) = M (S), the other casesare similar
or easier. Supposegivena -sequenceY : ! M (X)q with co brations astran-
sition maps. Since Itered colimits in Shwys (SmCor(S)) are created in presheafs
with transfersf commutes with -sequencedy de nition of f . Hencewe have
to ched that colim;f Y; 2 M (S) = Sp; Comp(Shws (SmCor(S))) computesthe
homotopy colimit. We can nd a -sequence¥ : | M(S)s where all transi-
tion mapsare co brations together with an objectwise weak equivalence® ! f Y.
Sincethese maps are weak equivalencesbetween bran t objects it follows that ev-
erymap ¥ ! f Y, is a level quasiisomorphism. Hence using the injective model
structure on M ¢ (S) it follows that the map colim; % ! colimf Y, is a weak
equivalence,what we wanted to show.

The third condition is clear.

Let f be asin the Lemma above. We denote the full subcategory of Ho C(X)
f (Ho C(S))-generated by homotopy colimits by UHo C(X=S) (seeDe nition 13.1).

Now let again : X ! Spec(k) beasmooth scheme. Let asaboveA(X) = 12
D 2Commy ) be the motivic cohomologyof X relative to k as a commutativ e
algebrain M (k). Then Theorem 13.4implies

Corollary 15.12. There is a natural equivalen@ of tensor triangulated categories
~ : D(A(X){Mod) ! UDM (X=k)

suchthat its composition with DM (k) ! D (A(X){Mod) is naturally isomorphic to
: DM (k) ! DM (X) and suchthat the composition of the right adjoint ~ of ~

with D(A(X){Mod) ! DM (k) is naturally isomorphicto  jupm (x =«)-

Remark 15.13. If we assumeSpanier Whitehead duality in SH (k) (which holds)

then a similar statementis valid for the category USH (X=k).

More generally we can state the

Corollary 15.14. Letf : X ! S be a morphism between seprated Noetherian
schemesand let C(S) be either M (S) or Sp; (S) (same for X). Assume that for
any M 2 HoC(S) themapM f 1! f f (M) is an isomorphism. Then there is
a natural equivalene of tensor triangulated categories

- : D(f 1{Mod)! UHoC(X=S)

with similar compatibilities asin Corollary 15.12. A similar statementis valid if we
consider categories A{Mod and f A{Mod for a co brant algeba A 2 Commcs,.
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There is the following application of the symmetric monoidal functor constructed
after Lemma 9.14 and of duality:

Prop osition 15.15. Let X;Y 2 Sm=k. Then the natural map
AX)t AY)! AX «Y)

is a (weak) isomorphismin D( 2 Commy ().

15.2. Limit Motiv es. In this sectionwe changeour notation. We x a separated
Noetherian baseschemeS and a co brant algebraA 2 Commg;, (s, (here we work

with the site Sm=S and the Nisnevich topology for the de nition of Sp; (S)). Then
for every X 2 Sch=S with structure map f we denote by M (X) the symmetric
monoidal model category with weak unit f A{Mod. We set DM (X) := HoM (X).
We set Commy (x) := Comm(f A) (seeDe nition 9.5 for the notation). For ex-
ample if S = Spec(Q) we can take A to be a co brant resolution of the motivic
Eilenberg-MacLane spectrum HZ on S. The reasonthat we changed notation is
that morally we would like to work with our previously de ned DM (X)), but we
will needthe following exact triangle, which we do not know to hold in the previous
DM (X):

Prop osition 15.16. Let X 2 Sch=S. Leti: Z X be a closal emkedding and
j U X the complementary open emtedding and let F 2 DM (X ). Then there is
an exact triangle

i FUFL PiFU g F[]

in DM (X)) (as de ned atlove).

Proof. We rst construct a functorial map ' ¢ from the (functorial) co b er of the
mapjij F! FtoiiF. Let F 2 M(X) becobrant. Then factor the map
jii F! F functorially asj;j F! B! F into acobration followed by a weak
equivalence.Leti F ! Ri F bethe functorial brant replacemen in M (Z). Then
we have a canonicalmap F=j,j F! F=j,j F! ii F! i Ri F, which givesthe
desired map in the homotopy category.

For the rest of the proof we can forget the A-module structure on F. First we
supposethat F is a domain or codomain of a generating co bration of Sp; (S).
Then F comesup to a shift with the Tate object from Spc(S) where we have the
homotopy pushout squareof [MV, Theorem 3.2.21]. By the next Lemmathe image
of this homotopy pushout squarein SH(S) givesthe sequencewe are looking at
(the Lemma ensuresthat the right lower corner of the homotopy pushout squareis
correct).

In general write F as a cell complexin Sp; (S). Now clearly f\f presenes
homotopy -sequencesand by Lemma 15.11i preseneshomotopy -sequences.
Then one shows by induction on that ' ¢ is an isomorphism applying Lemma
13.2to the successie pushouts of the given -sequence.
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Lemma 15.17. Leti : Z X be a closal emtedding of semrated Noetherian
schemes.Then the squae

H (2) —%/SH(Z)

H (X)—%/SH(X)

commutes (up to a canonical natural isomorphism).

Proof. We can supposethat wework with non-symmetric spectra. Let F 2 S (2)
be brant andcobrant. Letr: 1 F! RP 1F bea brant replacemen for the
projective model structure on spectra, i.e. r is alevel weakequivalenceand RP 1 F
islevel bran t. Clearly the functor R! of [Hov3, Proposition 4.4] commuteswith i ,
hencethis Proposition implies that i (RP i F) computesthe derived direct image
of 1 FinSH(X). LetQi F! i F beacobrant replacemen. Then the second
part of the next Lemma shows that the canonicalmap 3 Qi F! i (RP 1 F)is
a level weak equivalence,which nishes the proof.

Let i be asin the Lemmaandletj : U ! X be the complemenary open
embedding. We denoteby H (X )z the symmetric monoidal subcategoryof H (X)
consisting of objects F 2 H(X) such that j F = . We remark that we have in

H (X) a homotopy pushout squarelikein [MV, Theorem 3.2.21].

Lemma 15.18. Leti beasalove. Theni jy (x), is a symmetric monoidal equiva-
lence. In particular for F 2 H (Z) andG2 H (X) wehavei FAG=1i (F"i G).

Proof. Let F 2 H (X)z. By [MV, Theorem 3.2.21]the map F ! i i F is an
isomorphism. Hencei is an equivalenceonto its image and we have to show that

the essetial image is everything. First note that for any Y 2 Sm=Z we can nd

a Zariski cover V I X sud that there is a % 2 Sm=X with ¥ = V. Since
Y is gotten from the covering piecesby successie pushouts it follows that Y, is
in the image of i . Then given a homotopy -cell complexC in H (Z) one shows
inductivelyon 2 that themapi i C! C isanisomorphismonthe subcomplex
givenby cells< . The secondclaim follows like this (we proveit with F replaced
by somei F): Let F;G 2 H (X) with Fjy = . Then (F ~ G)jy = , hence
i(iFr"iGg=ii(Fr"G)=F"G.

We are now going to construct limit motives. We begin with somepreparations.
Prop osition 15.19. Leti : Z X be a closal emtedding in Sm=S and let
j - U X bethe complementary open emtedding. Letp: N ! Z be the normal
bundeof Z in X andp : N ! Z the complementof the zem section. Then there
is a natural isomorphismi j 1= p 1in DCommy (z).

Proof. This combinesthe next two Lemmas.

Lemma 15.20. LetZ be a separated Noetherian scheme,p: N | Z a (geometric)
vector bunde andi : Z N the zemo section. Letj : N ni(2) N be the
open inclusion and p : N ni(Z) ! Z the projection. Then there is a natural
isomorphismi j 1= p 1in DCommy (z).
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Proof. The basechange morphism for the diagram
z —IN

Id p

7z 4 /7

applied to the algebraj 1 givesamapp 1=p (j I)! i j 1. We show that this
map is an isomorphism. From now on we canforget that we dealwith algebrassince
all functors involved commute with forgetting the algebra structure. Proposition
15.16applied to j 1 yields an exact triangle

jg gt jpat i ar jyj a1y,
and there is an isomorphismj,j j 1= j,1. Sothe basechange morphism applied
to this triangle yields a map of triangles

o /ijol Id/ij014/%’

pjil /p 1 fij 1—pjia)

hencewe are ready if we show that p j;1= 0. We apply p to the triangle
paroaroiar o jaa].

The secondmap is mapped to an isomorphism since p is an Al-weak equivalence,
hencep j:1= 0.

Lemma 15.21. Let the situation be as in Proposition 15.19andleti°: Z N
andj%: N N be the zero section and its complement. Then there is a natural
isomorphismi j 1= i°j°1 in DCommy z).

Proof. We usea similar construction asin the proof of [MV, Theorem 3.2.23]. Let

B! X A!bethe blow-upof X Al'inz fo0g,f: zZ A'! B the
canonical closed embedding which splits i(Z) A'andg: X ! B the closed
embedding which splits X  f1g. WehaveP := 1(Z f0g)= P(N 0O) P(N).
Set® := B nP(N), sowe have a closedembeddingh: N ! B. The mapsf and
g factor through &, and we denote the factor mapsalsoby f and g.

Let® =Bnf(Z Al)andj%: B B the openinclusion. We have pullback
squares

U—/§ and N h_/g

j j i

X —g N—" g

i 00 ‘

Claim 1: The two base change morphisms for these diagrams applied to 1 are
isomorphisms, i.e. we have isomorphismsi j 1= i;f j%% andi®j%1 = i f j°9,
whereiy : Z fkg! Z Al k= 0;1, are the two inclusions.
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Letq: Z A!! Z bethe projection. The basechangemorphisms applied to
the diagrams

Z fkg i;/Z Al
Z‘ L/Z‘
yields mapshy : i f jO4! qgf j°%, k= 0;1.
Claim 2: The mapshy, k = 0;1, are isomorphisms.

Claim 1 and 2 obviously give the desiredisomorphismi j 1= i°%1, sowe are
left with proving the claims.

After Zariski localization on X we canassumethat there isan etalemape: X !
Al such that Z = e (AX). Soby Proposition 14.14(1) and (3) we are reducedto
the caseX = AL, Z = A¥. By changing S to AX we can also assumethat k = 0.

W B be dened by the equationsx; = 0,i = 1;:::;n+ 1landy; = 0. Then
B = BnW. We consider® and A%*! as schemesover A} via the rst projection

A% 1 AL The assignmem x; 7! xq, X; 7! ;’—'1 i = 2:::5;n+ 1, yields an
isomorphism* : B! AZL*' over Al sudthat (" f)(A}) is the closedsubsheme
de ned by x, = = Xp+1 = 0. Henceby Lemma 15.20 and Proposition 14.14

(1) wehavef j%%= M ((A" nfOg)a1)- =1 1I( n)[ 2n+ 1]. We have analogous
descriptionsof i j 1andi j 1, soclaim 1 follows. Now also claim 2 follows since
f j%% is a pullback from S and A} ! S is an Al-weak equivalence.

Let nowi : D X be a closed embedding in Sm=S suc that D is a di-
visor, let J : X | X be the complemenary open embedding and let p
N ! D be the pointed normal bundle of D in X. The morphism p obvi-
ously satis es the conditions of Corollary 15.14, hence we have an equivalence
UDM (N =D) D(p I{Mod). The functor i j : DM(X )! DM (D) factors
through D(i j 3{ Mod). Proposition 15.19 suggeststhat we have a natural equiv-
alenceD(i ] I{Mod) D(p I{Mod), but we get such an equivalenceonly if we
have a morphism from i j 1to p 1 in the 2-categoryD 2Commy, (). Reexam-
ining the proofs of Lemmas15.20and 15.21we nd that we have a chain of weak
isomorphismsi j 1! B B®! p1in D 2Commy ), where all maps are
unique up to unique 2-isomorphism. Sincethere is no way in a 2-categoryto nd
an inverseunigue up to unique 2-isomorphismof a weak isomorphismthis chain of
weak isomorphismsis the only thing we get. Neverthelessit follows that there is
a natural equivalenceD (i j {Mod) D(p I{Mod) unique up to unique natural
isomorphism by composing the functors induced by the mapsin this chain or their
adjoints. Now we can de ne the functor

Lxp : DM(X )! DM(N )
to be the composition
DM(X )! D(i j {Mod) D(p {Mod) UDM(N =D)! DM(N ).

Intuitiv ely the functor doesthe following: We rst restrict a given motivic sheaf
on X to a tubular neighborhood of D (which of coursedoesnot exist). Then we
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identify this tubular neighborhood with a tubular neighborhood of the zero section
in N (the normal bundle of D in X) and carry over the restricted sheaf. This
we nally extend to the whole of N . As long as we believe that some sort of
monodromy action around D is unipotent our above de nition makesperfect sense
to simulate this intuitiv e description.

We now would like to generalizethis construction to the following situation:

LegX 2 Sm=S and D X adivisor with normal crossingsrelative to S, i.e.
D = ,,, Di with D; 2 Sm=S and locally in the etale topology the intersections
of the D; look like intersections of coordinate hyperplangsin someAgd. Let X =
XnD. ForJ |letDy:= ;,;DjandDy :=Dyn ;, ., Di. Let N; bethe
normal bundle of D; in X and N; the complemert of the zero section. Let N; be
the b er product of the N; over Dy fori 2 J and N; the corresponding product of
the N, . Finally let N; be the restriction of N; to D;. Our goalis to construct a
functor

Lx,y: DM(X )! DM(N; )

for any J I Of coursethe situation for a gemeral J | is the same as the
situation in which we considerall divisors for X n ,,; D;.

We would like that various L ; are compatible in the following sense:Consider
disjoint subsetsJ;J° |. On the one hand side we can consider the functor
Lx.pgo. Fori 2 I nJ denote by B; the restriction of D; to D; and by D? the
preimageof B; in N; with respect to the natural projection. The D% i 2 1 nJ, are
again divisors with normal crossingsin N; relative to D; with complemert N; .
Now we apply the de nitions above to this situation to get corresponding objects
D36, D%,, N%o and N%,. Clearly we have canonicalisomorphismsD %, = D;; ;o
and NOJo = NJ[ Jo-

Soon the other hand we have a composition of functors

M Ly g0
DM (X ) —2JDM (N, ) —/DM (N%2) DM (N, ;o) -

Wewant to havea natural isomorphism' jo.; betweenthis composition andLx 3| jo.
Moreover if we have three disjoint subsetsJ;J%% | we want to have

IJOO[‘]O;‘] ('JOO;‘]OOIdLJ) = I‘]OO;JO[J (|dLJ000'J0;J).
This compatibility implies all other possiblecompatibilities.

Below we will only sketch the construction of the ' ;.50 and only indicate the
proof of the compatibilit y.

We introduce somefurther notation: Letj : X ! X, X7J:= X nSi2J D; and

j? : X3 1 X bethe openinclusion. Letiy : Dy ! X andiy: D; ! X bethe
closedrespectively locally closedembedding. Let furthermore p; : N; ! D and
p; : N; ! D, bethe projections.
Prop osition 15.22. Let A 2 DCommy (x) such that Zariski-locally on X Al
is a pullback of an object from DM (S). Then there is a canonical isomorphism
i;j7j7 A=p; pyi;Ain DCommy p,,. Furthermoreif A is givenasan object in
D 2Commy (x) there is a natural chain of weak isomorphismsin D 2Commy (x)
connecting i;j7j7 A andp; p; i;A.
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Proof. We have to give analoguesof Lemmas 15.20 and 15.21. The analogue of
Lemma 15.20 has the same proof and states in our casethat there is a natural
isomorphismi®j® p; i;A = p; py i;A, wherej%: N, ! Nj is the openinclusion
andi%: Dj ! Nj the zerosection. We prove the analogueof Lemma 15.21: For
everyi 2 J let i, Bj, fi, g, B and B, be asin the proof of Lemma 15.21 for
Z=D.Let ;:B;! X Albethe berproductofthe B overX Alfori2J
and B, the corresponding b er product of the B, . We have a closedembedding
hy: Nj! B;. Letj%: B, &, bethe openinclusionandf; :D; Al! B,
the intersection of the divisors which build the complemert of j % Letg; : X | B;
be the product of the g,. Then we have again pullback squares

XJ —/gj and N‘:| h—Jlgj

i’ is°

-
X L/g N _I§J

Similarly to the proof of Lemma 15.210ne shows that the basechange morphisms
of these diagrams yield isomorphismsi;j?jJ A =i,f;j% ;A andi®j%p; i;A =
iof ;% ;A ik: Dy fkg! Dy Al k= 0;1, the inclusions. Also one shows
that the corresponding mapshy : i, f;j% ;A qf;j% ;A q: D; Al! D,
the projection, are isomorphisms.

Hencewe can de ne the functor
Lx.y : DM(X )! DM(N; )
asthe composition

DM(X )! D(i,j ¥Mod) D(p, {Mod) UDM(N, =D,)! DM(N, ).

We are going to sketch the construction of the natural isomorphism' jo.;. We
canassumethat J [ J°= |. First considerthe cartesian squares

0 0
DSJO'_/NJ QJ—NJ - (NJ)JO )

Py ‘

I D,

D, L) /DJO

Let p : Njop, ! Dy andp® @ N%, ! DY, be the projections. We apply
Proposition 15.22 to the algebra A := p; 1 to get an isomorphismpp TA =
T A (*) and alsoa connecting chain of weakisomorphismsin D 2Commy (p, ).
The samerelation for the algebral on N; yielded the functor Ly ;50. We now get
a diagram of functors with natural isomorphismsin the squares

DM ((%] ) 0) &D(io i 08 Mod) 4/D(p0 18\/Iod) ,

D A{Mod) ——/D(F F | A{Mod) —/D(p p T A{Mod)
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where we used appropriate naturalit y of the equivalencein Corollary 15.14and of
the constructions in the proof of Proposition 15.22. We alsohave a cartesiansquare

P’ .
NOo= N, DS)O: N;ip,

q° q

N,ojp, ———/D,
Hence basechange morphisms induce isomorphismsp, 1=p ¢’1=pp ql=
pp TA(*), sowegetan equivalence
D(pp T A{Mod) UDM (N, =D;).
Collecting together we get a naturally commutativ e square

Ly, g0
DM ((%])J") ——JUDM (N§e=D3)

D (- A{Mod) —/UDM (N, =Dy)

Now we use the fact that A = i;j?1. Another application of the base change
morphism to the cartesian squarein the diagram

D, —/xa"0—x

D, /DJ Ix

yields an isomorphismt j"j~ A = i,j' 1. Combining this with (*) and (**) we see
that we obtain in D 2Commy (p,) a natural (quite long) chain of weak isomor-
phisms connectingp, 1 and i,j'1. But also Proposition 15.22 provides us with

sudh a chain. Our construction of ' o3 will be nished if we construct a natural

isomorphism betweenthe two functors induced by thesetwo chains.

Let the notation be asin the proof of Proposition 15.22. Let B9, etc. be the
analogousobjects de ned for the situation onD; Al with divisors (D;\ Dj) A1,
i 2 J% The divisors B3, i 2 |, on B; look asfollows: Fori 2 J we have B;; =
fi(Di AY) x aiBjuigandotherwiseB;; = ;1(D; Al). LetB:= B; x Bjo
and B = B, x B,, We have morphisms : B! X AZand : B ! B.
Furthermore we have pullback squares

g% ———/B and B —/B

0 I
30

Id 4
(D, A) Al—Jg, Al X Al—Ix A2

On B we have the divisors D; :== D3 x Bjofori 2 J and D; :== B; x Djo4
fori 2 J% The D, ; are the pullbacks of the D; with respectto . Let g: (D;
Al A1 D; A! bethe projection. Let A := f;j%1, £ := %, A and
B = f0,j29% 9%°&, soB is an algebraon D; A2,
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We have canonical isomorphismsi(o;o)B =pp Tp ] i(o;l)B =T7ip 3
ip.gB = pp Tizj’landi, B = ][ i;j71 (™), whereiwy) : D
f(k;Dg! D; A? k;l = 0;1, are the inclusions. We have isomorphisms be-
tweenthe i(k;,)B by comparingthem to (D, A?! D;) B via basechange mor-
phisms, and the isomorphisms between the right hand sidesof (***) used above
are compatible with these isomorphisms. Again via a base change morphism we
have a canonicalisomorphismB = (D, A? B) (B B) 1, and the left square
above shaws then that we also have canonical isomorphismsi . B = p; 1 and

i(1;1)B = i,j'1. Compatibilit y of basechange morphisms shows now that the two

possibleidenti cations of p, 1 and i,j'1 we constructed above actually coincide.
Our argumerts have beenin homotopy categoriesand not in homotopy 2-categories,
and we leave it to the reader to really extract from the above argumerts the re-
quired 2-morphisms (actually a huge diagram where 2-morphisms connect many
di erent ways connectingp, 1 andi,j'1).

For the compatibility of the ' ;.;0 one should consider®; x B30 x Bj0 and
in there compare the constructed 2-morphisms. This we also leave to the reader.
We have to admit that we did not honestly have cheded this, but certainly it is
correct.

Remark 15.23. Instead of divisors D; X we also can take closal D; X,
D; 2 Sm=S, such that the intersections of the D; look etale locally like intersec-
tions of orthogonal standard a ne subspmoes of someAg. For thesesituations all
constructions alove work in exactly the same way, in particular we also get the
functors Lx -3 .
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