Quantum groups and cylinder braiding

Tammo tom Dieck and Reinhard Haring-Oldenburg

Abstract. The purpose of this paper is to introduce a new structure into the rep-
resentation theory of quantum groups. The structure is motivated by braid and
knot theory. Representations of quantum groups associated to classical Lie alge-
bras have an additional symmetry which cannot be seen in the classical limit. We
first explain the general formalism of these symmetries (called cylinder forms) in
the context of comodules. Basic ingredients are tensor representations of braid
groups of type B derived from standard R-matrices associated to so-called four
braid pairs. These are applied to the Faddeev-Reshetikhin-Takhtadjian construc-
tion of bialgebras from R-matrices. As a consequence one obtains four braid pairs
on all representations of the quantum group. In the second part of the paper we
study in detail the dual situation of modules over the quantum enveloping alge-
bra U,(sly). The main result here is the computation of the universal cylinder
twist.

1. Cylinder forms

Let A= (A, m,e,p,e) be a bialgebra! (over the commutative ring &) with mul-
tiplication m, unit e, comultiplication u, and counit €. Let r: A® A — K be a
linear form. We associate to left A-comodules M, N a f-linear map?

N M@N - N M, z0y— > ry' @)y ®a?

where we have used the formal notation® x — Y 2! ® 22 for a left A-comodule
structure pp: M — A® M on M. (See [7, p. 186] formula (5.9) for our map zp
and also formula (5.8) for a categorical definition.) We call r a braid form on A,
if the z); v yield a braiding on the tensor category A-COM of left A-comodules.

'We prefer Latin-Greek duality; thus the comultiplication is not A.

2A notation like f: A — B, a — f(a) is used in two different ways. Either the symbols
a — f(a) define f: A — B, or they specify a notation for an already defined morphism. For
typographical reasons it often seems better not to obscure and interrupt formulas by inserting
phrases like ‘defined by’.

3In the literature, notations of this type are attributed to Heyneman and Sweedler. Also the
name sigma notation is used. We refer to this notation as the u-convention. In this paper, we use
superscripts for comodule actions and supscripts for comultiplications. The reader may notice
that by proper use of the p-convention summation indices are redundant. Strings of super- or
supscripts have to be lexicographic sequences without gaps, and associativity amounts to the
rule that any such string can be replaced by another one of the same length.
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We refer to [7, Def. VIIL.5.1 on p. 184] for the properties of r which make it into
a braid form and (A, r) into a cobraided bialgebra. (What we call braid form is
called universal R-form in [7].)

Let (C, u,€) be a coalgebra. Examples of our p-convention for coalgebras are
pla) =X a1 ®az and (p @ L)p(a) = X an @ arz ® ag; if we set pa(a) = (p®@ 1)p,
then we write po(a) = > a1 ® as ® az. The counit axiom reads in this notation
> e(ar)as = a =Y e(az)a;. The multiplication in the dual algebra C* is denoted
by * and called convolution: If f,g € C* are K-linear forms on C', then the
convolution product f * g is the element of C* defined by a — Y f(a1)g(as). The
unit element of the algebra C* is . Therefore g is a (convolution) inverse of f,
if f+xg=gx*f=¢e. We apply this formalism to the coalgebras A and A ® A. If
f and g are linear forms on A, we denote their exterior tensor product by f®g;
it is the linear form on A ® A defined by a ® b — f(a)g(b). The twist on A ® A
is7(a®b) =b® a.

Here is the main definition of this paper. Let (A,r) be a cobraided bialgebra
with braid form r. A linear form f: A — R is called a cylinder form for (A,r), if
it is convolution invertible and satisfies

(1.1) fom=(fRe)*rT* (eRf)*r =17 * (eRf) * 1 * (f®e).

In terms of elements and the p-convention, (1.1) assumes the following form:

(1.2) Proposition. For any two elements a,b € A the identities

flab) = Z fla)r(bs @ ag) f(by)r(as ® bs) = ZT(ZH ® ay) f(b2)r(az @ b3) f(as)
hold.

ProOOF. Note that a four-fold convolution product is computed by the formula

(fix fax fyx fa)(x) = Z fi(@1) f2(x2) f3(3) fa(a).
We apply this to the second term in (1.1). The value on a ® b is then

(f(ar) - &(br)) - r(ba @ ag) - (e(as) - f(b3)) - (a4 @ ba).

By the counit axiom, we can replace Y e(b) - by ® by ® by by > b1 @ by ® bs
(an exercise in the p-convention), and Y a1 ® as @ €(as) - ay can be replaced by
> a1 ® ag ® az. This replacement yields the second expression in (1.2). The third
expression is verified in a similar manner. The first value is obtained from the
definition of f o m. O

A cylinder form f (in fact any linear form) yields for each left A-comodule M
a K-linear endomorphism

ti: M — M, z—> f(z")a®

If p: M — N is a morphism of comodules, then ¢ o t); = ty o ¢. Since ty; is
in general not a morphism of comodules we express this fact by saying: The t,,
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constitute a weak endomorphism of the identity functor of A-COM. We call t),
the cylinder twist on M. The axiom (1.1) for a cylinder form has the following
consequence.

(1.3) Proposition. The linear map ty; is invertible. For any two comodules
M, N the identities

tvwen = 2N m(EN © L) zmun (v @ 1) = (tr @ In) v vty © 1ar)zm N
hold.

PROOF. Let g be a convolution inverse of f. Define the endomorphism s,,: M —
M via x — 3 g(z*)z? Then

suta(x) = 0 Flat)g(a®)a? = Y e(a)a? = .

by the definition of a convolution inverse and the counit axiom. Hence s,/ is
inverse to t,;.

In order to verify the second equality, we insert the definitions and see that
the second map is

TR Y — Zf(xl)T,(yl ® le)f<y21)r(y221 ® $221)y222 ® 1222

while the third map is

z® y Zr<y1 ® xl)f(ym)r(yﬂ ® :17221)f(:1:221)y222 ® 1‘222.

The coassociativity of the comodule structure yields a rewriting of the form

Zyl ® y21 ® y221 ® y222 — Z(yl)l ® (y1>2 ® (y1)3 ® y2

and one has a similar formula for z. We now apply (1.2) in the case where
(a,0) = («!,y").

By definition of the comodule structure of M ® N, the map ty;on has the form
Ty Y f(z'y')r? ® y*. Again we use (1.2) in the case where (a,b) = (z!,y")
and obtain the first equality of (1.3). O

We also mention dual notions. Let A be a bialgebra with a universal R-matrix
Re A® A. An element v € A is called a (universal) cylinder twist for (A, R), if
it is invertible and satisfies

(1.4) p)=w®l)-7TR-1®v)-R=7R-(1®v)-R-(v®1).
The R-matrix R =) a, ® b, induces the braiding
zun:M@N — N M, x®y»—>2bry®ara:.

Let tp;: M — M be the induced cylinder twist defined by x — wvx. Again the ¢,
form a weak endomorphism of the identity functor. If v is not central in A, then
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the ¢, are not in general A-module morphisms. The relations (1.3) also holds in
this context.

In practice one has to consider variants of this definition. The universal R-
matrix for the classical quantum groups A is not contained in the algebra A® A,
but rather is an operator on suitable modules. The same phenomenon will occur
for the cylinder twist. Will see an example of this situation in Section 8.

If a ribbon algebra is defined as in [7, p. 361], then the element 6=, loc. cit.,
is a cylinder twist in the sense above.

2. Tensor representations of braid groups

The braid group Z B, associated to the Coxeter graph B,

4 - ®- Py
......... Bn
t g o In—1

with n vertices has generators t, g1, ..., g,—1 and relations (2.1).

toitgr = gitgat

tg; git for @>1

2.1 . .
(2.1) 9i9; = 99 for |i—j|>2
9:9i9 = 999 for |i—jl=1

We recall: The group ZB,, is the group of braids with n strings in the cylinder
(C\0)x[0,1] from {1,...,n}x0to{1,...,n}x1. This topological interpretation
is the reason for using the cylinder terminology. For the relation between the root
system B,, and ZB,, see [2].

Let V be a &-module. Suppose X: VRV — V®V and F: V — V are K-linear
automorphisms with the following properties:

(1) X is a Yang-Baxter operator, i. e., X satisfies the equation

(X))l X)(Xel)=1X)(Xe1)(1®X)

onVeVeV.
(2) With Y = F ® 1y, the four braid relation Y XY X = XY XY is satisfied.

If (1) and (2) hold, we call (X, F) a four braid pair. For the construction
of four braid pairs associated to standard R-matrices see [4]. For a geometric
interpretation of (2) in terms of symmetric braids with 4 strings see [3].

Given a four braid pair (X, F'), we obtain a tensor representation of Z B, on
the n-fold tensor power V" of V by the following assignment:

t— FR1®---®1

(2.2) G = X,=19 - 9X® -0

The X in X; acts on factors ¢ and 7 + 1.
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These representations give raise to further operators if we apply them to spe-
cial elements in the braid groups. We set

t(1)=t, t(J)=gj—19j—2- - qitg1g2- - gj—1, tn =1t(1)t(2)---t(n),

9(7) = 9igj+1 - Gjtn—1,  Tmm = g(m)g(m —1)---g(1).
The elements ¢(j) pairwise commute. We denote by T,: V" — V& and by
X VET @ VE — VO @ VO™ respectively, the operators induced by ¢, and
by T .

(2.3) Proposition. The following identities hold
Tin = Xonm (T @ 1) Xonn(Trn ® 1) = (T, @ 1) Xy (T, @ 1) X -

Proof. We use some facts about Coxeter groups [1, CH. IV, §1]. If we adjoin the
relations > = 1 and g7 = 1 to (2.1) we obtain the Coxeter group CB,. The
element ¢, is given as a product of n* generators ¢, g;. The uniquely determined
element of C'B,, has length n? and is equal to t,. The element T mbnTmntm Of
CBynin has length (m + n)? and therefore equals t,,4, in CB,.,. By a fun-
damental fact about braid groups [1, CH. IV, §1.5, Prop. 5|, the corresponding
elements in the braid group are equal. We now apply the tensor representation
and obtain the first equality of (2.3). O

For later use we record:

(2.4) Proposition. The element t,, is contained in the center of ZB,,. O

3. Cylinder forms from four braid pairs

Let V be a free Rmodule with basis {vy,...,v,}. Associated to a Yang-Baxter
operator X: V@V — V ® V is a bialgebra A = A(V, X) with braid form r,
obtained via the FRT-construction (see [7, VIIL.6 for the construction of A and
r). We show that a four braid pair (X, F) induces a canonical cylinder form on
(A, r). )

Recall that A is a quotient of a free algebra A. We use the model

A= @ Hom(V®", Ven).

n=0

The multiplication of A is given by the canonical identification Ej, ® E, =
Ejq, furnishedbyf @ g — [ ® g where E, = Hom(V®* V) The canonical
basis of E, given by T7: v +— 0, ,v; of Ey, induces the basis

T/=TI'® - oT}*

of Ej, where, in multi-index notation, i = (i, ...,i) and j = (j1,..., ). The
comultiplication of A is given by u(77) = ¥, TF ® T} while the counit of A is
given by (T7) = 47.
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In Section 2 we defined an operator T, € FEj from a given four braid pair
(X, F'). We express T, in terms of our basis

Ti(vi) = > Flv;
7

again using the multi-index notation v; = v;, ® -+ ® v;, when ¢ = (i, ..., ).
We use these data in order to define a linear form
fiA—g T/~ F..

(3.1) Theorem. The linear form f factors through the quotient map A — A
and induces a cylinder form f for (A,r).

PROOF. Suppose the operator X = X, ,,: V™ @ VE" — V& @ VE™ has the
form X (v; ® v;) = Y4 ijbva ® v,. We define a form 7: A ® A — K by defining

FEQE— R TrQT!— X

The form 7 factors through the quotient A ® A and induces r.

Claim: The forms 7 and f satisfy (1.1) and (1.2). Proof of the Claim: In the
proof we use the following summation convention: Summation occurs over an
upper-lower index. We can then write po(T5) = T} @ T @ T¢ and po(TY) =
T} ® TP ® Ty The equality (1.2) amounts to

ced k vla b vyed lk b v ad 17e
Fj = Fy XigFy Xpq = Xy Fy X Fy

These equations are also a translation of (2.3) into matrix form. This completes
the proof of the claim.

We have to show that f maps the kernel I of the projection A — A to zero.
But this is a consequence of (1.2), applied in the case b = 1, since one of the
terms aq, as, az is contained in I and 7 is the zero map on I ® A and A ® I.

It remains to show that f is convolution invertible. The pair (X~ F~') is a

four braid pair. Let 7 and f_be the induced operators on A. Then f*f = = fx f
on A, and (1.2) holds for (f,7) in place of (f,r). The Yang-Baxter operator X !
defines the same quotient A of A as X. Hence the kernel ideal obtained from

X1 equals I; therefore f(I) = 0. O

We have the comodule structure map V' — A®V defined via v; — 3=, T/ ®v;.
One has a similar formula for V®* using multi-index notation. By construction
we have:

(3.2) Proposition. The cylinder form f induces on VEF the cylinder twist
tv@k = Tk D
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4. Tensor categories with cylinder braiding

We may summarize the results of the previous section from the following cate-
gorical perspective:

(1) B is a category;

(2) Ais a subcategory with the same objects;

(3) The category A carries the structure of a tensor category with a braiding
ZM,N;

(4) B is a right tensor module category over A;

(5) For each object V' an automorphism ty: V' — V in B is given. The ty
constitute a weak endomorphism of the identity functor of A.

(6) For each pair M, N of objects the identities (1.3) hold.

The meaning of (4) is the following: There is given a functor ®: B x A — B and
a natural associativity isomorphism a: A ® (B® C) — (A® B) ® C of functors
B x Ax A — B. The pentagon axiom of tensor category theory (which still
makes sense in this context) is also assumed. The tensor product functor and the
associativity a restrict to the given tensor product and associativity in the tensor
category A. The unit object of A is a left and right unit for ®: B x A — B and
the triangle axiom holds. An example of this type of module category arises from
a tensor category B and a tensor subcategory A. (See [7, XI.2] for such notions.)

We considered the case where B was the category of A-comodules and K-linear
maps and A the category of A-comodules and A-linear maps. (5) is induced by
a cylinder form.

The prototype is given by the braid categories themselves. The objects are
the natural numbers n > 0. The morphisms in B from n to n are the elements in
Z B, with composition the group multiplication. There are no morphisms from
m to n for m # n. The morphisms in A from n to n are the elements of the
Artin braid group ZA,_1, the subgroup of ZB,, generated by ¢1,...,¢,-1. The
tensor product is given on objects as m ® n = m + n and on morphisms as the
following homomorphism ZB,, X ZB,, — ZB,1n

t?.gl?"'agm—l € ZBm = tagla"'agm—l S ZBm+n

taglv ce39n—1 € ZBn = ImGm-1 - - -91759192 <o 9ms Gm+15 - - -5 Gm4n—1 € ZBm+n

The braiding is given by the morphisms z,,,, of section 2 and the morphisms ¢,
are also specified in that section. By (2.4), the t,, constitute an endomorphism
of the identity of B.

There is a natural quotient category of this braid category (when K-linearized),
namely the Temperley-Lieb category of type B via the Kauffman functor (see
3])-

For an elaboration of the categorical viewpoint and applications to knot theory
along the lines of [9] see [5] and [6].
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5. The example SL,(2)

We illustrate the theory with the quantum group associated to SLs. For simplic-
ity we work over the function field Q(¢'/?) = &.

Let V' be a two-dimensional f-module with basis {vy, v2}. In terms of the basis
{v1 ® v1,v1 ® Vg, V9 ® vy, V9 ® vy} the matrix

1
(5.1) X =q 2 ¢g-q¢ 1
q

defines a Yang-Baxter operator. The FRT-construction associates to X the alge-
bra A generated by a,b, ¢, and d (corresponding, respectively, to T}, T¢, T, , and
T? in the general setting) with relations

ab = gba bd = qdb
ac = qca cd = qdc
bc = «c¢b
ad —da = (q—q )b

The matrix

(5.2) F:<2 g)

yields a four braid pair (X, F) for arbitrary parameters with invertible «af.
(See [4], also for an n-dimensional generalization.) The quantum plane P =
R{z,y}/(zy — qyz) is a left A-comodule via the map up: P — A ® P given by

MP($Zy]) = Z Z q_S(Z+J_T_5)_T(1—T) [r] {i] AV TEN T ® xr-i—syz—&-]—r—s
r=0s=0

where Lﬁ} is a g-binomial coefficient

{z} _ L’ i)' =[1][2]---[i], [i]= G —q

r [r]!i — ]! q—q L

(Compare with [7, IV], where different conventions are used.) The operator T, =
(F®1)X(F®1)X on V®V has the matrix (with § = ¢ — ¢ ')

o0 0 RLRL B R
0 aBd af  qp0 _ | B EPE
0 af 0 B30 | FAOFS FyOF
a? gaf af afs+ qb? F# F% F# FE
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with respect to the basis {v; ® v1,v1 ® Vg, V2 @ V1, V2 @ vs }. This is also the matrix
of values of the cylinder form f

aa ac ca cc

f ab ad c¢b cd
ba bc da dc
bb bd db dd

(The notation means: If we apply f to entries of the matrix we obtain the matrix
for T, diplayed above.) Let det, = ad — gbc be the quantum determinant. It is
a group-like central element of A. The quotient of A by the ideal generated by
det, is the Hopf algebra SL,(2).

(5.3) Proposition. The form f has the value —q~ a8 on det,. If —¢'af =1,
then f factors over SL,(2).
PROOF. The stated value of f(det,) is computed from the data above. We use

the fact that
r(z @ dety) = r(det, ® x) = ().

(See [7, p. 195].) From (1.2) we obtain, for a € A and b = det,, that

flab) = > fla)r(bs ® az)f(b2)r(as @ bs)

= Y flar)e(az) f(det,)e(az)
= f(a),

by using the assumption that f(det,) = 1 together with the counit axiom. O

We consider the subspace W = 1}, of the quantum plane generated by 2?2, zy,
and y2. We have

pp(z®) = oy’ +(1+q¢?ab@ry + a® @ 2”
pp(zy) = bd®y*+ (ad + ¢ 'bc) @ 2y + ac ® 2°
wp(?) = Y+ 1+ ¢ Hd@ay+ @ 2>

This yields the following matrix for ¢y with respect to the basis {22, zy, y*}:

0 0 32

0 gafB (q¢+q")p0
a? qol  aBé + qb?

In the Clebsch-Gordan decomposition V @ V' = V5, @ 1} the subspace V; (the
trivial irreducible module) is spanned by u = vo ® v1 — ¢ vy ® vy. This is the
eigenvector of X with eigenvalue —¢ /2. It is mapped by Ts to —¢~'afu. If we
require this to be the identity we must have o = —q. We already obtained this
condition by considering the quantum determinant.

The matrix of ty with respect to the basis {w; = 22, wy = /1 + ¢ 22y, w3 =
y’}is
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0 0 32
(5.4) Frob=1| 0 qa8 V1+q*30

a? 14 ¢2ah  afB6 + qb*

In case a = 3 this matrix is symmetric.
The R-matrix X on W & W with respect to the lezicographic basis consisting
of elements w; ® w; with wy; = 2wy = /1 + ¢ 22y, and w3 = y* has the form

q2

o* 1

(5.5) X, = A 1

It makes use of the identities 0* = ¢*> — ¢72, u = 0*(1 — ¢ 2), and A = ¢~ '6*. By
construction, (X, F») is a four braid pair.

One has the the problem of computing ¢ty on irreducible comodules W. We
treat instead the more familiar dual situation of modules over the quantized
universal enveloping algebra.

6. The cylinder braiding for U-modules

The construction of the cylinder form is the simplest method to produce a uni-
versal operator for the cylinder twist. In order to compute the cylinder twist
explicitly we pass to the dual situation of the quantized universal enveloping
algebra U. One can formally dualize comodules to modules and thus obtain a
cylinder braiding for suitable classes of U-modules from the results of the previ-
ous sections. But we rather start from scratch.

We work with the Hopf algebra U = U,(slz) as in [8]. As an algebra, it is
the the associative algebra over the function field Q(¢'/?) = R generated* by
K,K~ ' E, and F subject to the relations KK ! = K'K =1, KE = ¢°EK,
KF =¢q*FK,and EF — FE = (K — K ')/(q—q™"). Its coalgebra structure is
defined by setting u(K) = K@K, u(E) = EQ1+KQFE, u(F) = FR K '+1®F,
e(K) =1,and e(E) = &(F) = 0. A left U-module M is called integrable if the
following condition holds:

(1) M = @ M" is the direct sum of weight spaces M"™ on which K acts as

multiplication by ¢" for n € Z.

(2) E and F are locally nilpotent on M.

Let U-INT denote the category of integrable U-modules and U-linear maps.
(It would be sufficient to consider only finite dimensional such modules.) An

4There is another use of the letter F. It has nothing to do with the 2 x 2-matrix F' in (5.2).
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integrable U-module M is semi-simple: It has a unique isotypic decomposi-
tion M = @,50M(n) with M(n) isomorphic to a direct sum of copies of
the irreducible module V,,. The module V,, has a R-basis xg,x1,...,2, with
F(z;) = [i + lzi, E(x;) = [n— i+ 1a;—y, vy = 0, ,41 = 0; moreover,
x; € V% The category of integrable U-modules is braided. The braiding is
induced by the universal R-matrix R = ko ¥ with

_ ,—1\n
(6.1) W=y im0l ) g o
n>0 [n]!
and x = ¢"®H/2 Note that ¥ is a well-defined operator on integrable U-modules.

(This operator is called © in [8, section 4.1] and L in [8, p. 46].) The operator
k acts on M™ ® N™ as multiplication by ¢™/2. If we view H as the operator
H: M™ — M™ given by z — ma, then ¢#®/2 is a suggestive notation for .
The braiding zpy nv: M @ N — N ® M is 7o R, i. e., the action of R followed by
the interchange operator 7: x ® y — y ® x.

A four braid pair (X, F') on the vector space V' yields a tensor representation
of ZB,, on V®" We start with the standard four braid pair determined by (5.1)
and (5.2) on the two-dimensional U-module V' = V;. Let T,,: V¥ — V& be
the associated cylinder twist as defined in Section 2. By the Clebsch-Gordan
decomposition, V,, is contained in V®" with multiplicity 1. Similarly, V.4, C
Vin ® V,, with multiplicity one [7, VILT7].

(6.2) Lemma. There exists a projection operator e,: V" — V™ whose image,
V.., commutes with T,,.

Proor. Let H, be the Hecke algebra over K generated by xi,...,z,_ 1 with
braid relations z;x;x; = z;x;x; for i — j| = 1 and z;x; = x;z; for |[i — j| > 1 and
quadratic relations (x;+1)(z; —¢?) = 0. Since X satisfies (X —¢/?)(X +¢%/2) =
0, we obtain an action of H,, from the action of ZA,,_; C ZB,, on V&" if we let x;
act as ¢*/%g;. Since T}, comes from a central element of ZB, as noted in (2.4), the
H,-action commutes with 7). It is well known that there exists an idempotent
e, € H, for which e,V®" = V. (This is quantized Schur-Weyl duality.) This
fact implies the assertion of the Lemma. O

(6.3) Corollary. The subspace V,, C V& is T, -stable. O

A similar proof shows that all summands in the isotypic decomposition of V®"
are T,,-stable.

We denote by 7, the restriction of 7, to V,,; and we denote by 7o, = 2nm (7, ®
1)zm.n (7 ® 1) the induced operator on V,,, ® V;, where z,,,, denotes the braiding
on V,, ®V,.

(6.4) Lemma. The subspace Vyyin, C Vi @ Vi, is T -stable. The induced mor-
phism equals T4y, .

ProoF. Consider V,, @ V,, C V& @ V& = V/@(m+n) The projection operator
enm ® e, is again obtained from the action of a certain element of the Hecke

11
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algebra H,,.,. Hence V,, ® V,, is T),.,-stable and the action on the subspace
Vinan 18 Tan. We now use the equality (2.3)

Tonin = X (T @ 1) X n (15, @ 1).

The essential fact is that X,,,, is the braiding on V®™ @ V" It induces, by
naturality of the braiding, the braiding z,,, on V,, ® V. O

Let A(n) = (al(n)) be the matrix of 7, with respect to zq, . . ., &,. In the next
theorem we derive a recursive description of A(n). We need more notation to

state it. Define inductively polynomials vy, by v_1 = 0, 79 = 1 and, for k£ > 0,

(6.5) a1 = ¢ 0y + Bg" O[] vk

Here § = ¢ — ¢, and 7, = (0, ¢, @, 3) is a polynomial in € with coefficients in

Z[q,q ', o, 8. Let D(n) denote the codiagonal matrix with o 3" *¢*n=%) in
the k-th row and (n — k)-th column and zeros otherwise. (We enumerate rows
and columns from 0 to n.) Let B(n) be the upper triangular matrix

w [n Ble 0 ow

Y "7 o Y

(6.6) B(n) =
Yo TN

7o

Thus the (n — k)-th row of B(n) is

0 0 k k k k k
sy Uy 0707 1 71, 2727"'7 E—1 VE—-1, kf)/k

(6.7) Theorem. The matriz A(n) is equal to the product D(n)B(n).

PRrROOF. The proof is by induction on n. We first compute the matrix of 7,,; on
V., ® V1 and then restrict to V,,41. In order to display the matrix of 7,,; we use
the basis

To @ T, ..., Tn @To,Tog X T1,y...,Tn & T1.

The matrix of 7,,; has the block form

0 BA(n)
aA(n) A(n) |-
The matrix A’(n) is obtained from A(n) in the following manner: Let «y,. .., a,
denote the columns of A(n) and fy, ..., 3, the columns of A’'(n). We claim that
B = aq® "0c; + Bg* 00 — i 4+ Nay_q + adfi + 1oy,

with a1 = a1 = 0.

12



Quantum groups and cylinder braiding

Recall that 7,1 = (7, ® 1)21 (71 ® 1)z,1. In our case the universal R-matrix
has the simple form

R=ko(l+(q—q¢ HFQE).

For the convenience of the reader we display the four steps in the calculation of
Tn1, Separately for x; ® o and x; ® ;.

¢ @ 1
aq" 2y @
azr; ® Ty

> aalt; @ .
J

T; ® X

1111

i@z ¢ " Pr @ r + [+ g a0 @ win
g2 (Ba + 021) © @ + adli + 1)q"H D 20, © 2y
= fr; @+ BT — i 1]z @0

+@* 02 @ 21 + adli + a0 @ 14
= Y alm@zo+ Y Bg o — i+ o]z @ m

j J
+ Z q2"*”8a{m]~ ® x1 + Z adli + 1]04g+133j ® x1.
j j

1

This proves the claim about the matrix for 7,, ;.

We now use the following fact about the Clebsch-Gordan decomposition (it is
easily verified in our case, but see e. g. [7, VIL.7] for more general results): In the
Clebsch-Gordan decomposition V,, ® V; = V,,,1 & V,,_1 a basis of V,,; is given by

yj—m

We apply 7,1 to the y;. Since there are no overlaps between the coordinates of
the y;, we can directly write 7,,1(y;) as a linear combination of the yy.

(o ® z9) = qijSCj Qo+ Tj—1 X T1.

We assume inductively that A(n) has bottom-right triangular form, i. e., zero
entries above the codiagonal, with codiagonal as specified by D(n). Then A’(n)
has a nonzero line one step above the codiagonal and is bottom-right triangular
otherwise. From the results so far we see that the columns of A(n + 1), enu-
merated from 0 to n + 1, are obtained inductively as follows: The 0-th row is
(0,...,0,8"" ). Below this 0-th row the j-th column, for 0 < j < n + 1, has the
form

(6.8) ag’a; + ¢ 200, 1 + Bg¥ 0 — j + 2)ay .

From this recursive formula one derives immediately that the codiagonal of A(n)
is given by D(n).

13



T. tom Dieck and R. Haring-Oldenburg

Finally, we prove by induction that A(n) is as claimed. The element in row k
and column n — k + j equals

n— n— k
akﬁ qu( k) L} s

For n = 1, we have defined 7, as A(1). For the inductive step we use (6.8) in
order to determine the element of A(n) in column n — k + j and row k + 1. The
assertion is then equivalent to the following identity:

v (K ok
akprghnk) <a [j]% + g 29[]._ 1]%‘1

, k
T (TR | R

n— n— k+]‘
a*+1g kq( Ic)(k—l—l)l ) ]W'

We cancel a-, (-, and g-factors, use the Pascal formula

(©9) la ) 11 =¢ m to lb : 11

and the identity

5[k—j+2][ju = L’fl][j_ﬂ

and see that the identity in question is equivalent to the recursion formula (6.5)
defining the y-polynomials. This completes the proof. a

We now formulate the main result of this section in a different way. First, we
note that it was not essential to work with the function field K. In fact, K could
have been any commutative ring and ¢, «, and 3 could have been any suitable
parameters in it. We think of # as being an indeterminate.

Let L(«, 3) be the operator on integrable U-modules which acts on V,, via

i i (e
T = a ]6qu( ])xn_j_

Let
9] Ek
(6.10) T (e, B) = kz:%)’}/kWQ

T(«, ) is well-defined as an operator on integrable U-modules. Then (6.7) can
be expressed as follows:

(6.11) Theorem. The operator t(c, 3) defined by setting t(«, 5) = L(a, f3) o
T(c, B) acts on V,, as 7,. O

14
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In Section 8 we give another derivation of this operator from the universal
point of view.

One can develop a parallel theory by starting with the four braid pair
(X1 F~1). This leads to matrices which are top-left triangular, i. e., zero entries
below the codiagonal. By computing the inverse of (5.1) and of (5.2) we see that,
in the case (a, 3) = (1,1), we have to replace (¢, ) by (¢~t, —0).

The following proposition may occasionally be useful. Introduce a new basis
Ug, - - . , Uy in V;, by

. ) n
T; = qu(nfz)/2 [ ] ;.
1
Then a little computation shows:

(6.12) Proposition. Suppose o = (3. With respect to the basis (u;) the R-
matrix and the matrix for T, are symmetric. O

7. The y-polynomials

For later use we derive some identities for the ~y-polynomials of the previous
section. A basic one, (7.1), comes from the compatibility of the cylinder twist
with tensor products. Again we use § = ¢ — ¢~'. We give two proofs of (7.1).

(7.1) Theorem. The y-polynomials satisfy the product formula

mintmn) k ok E(k+1)/2 ok myn
Vin = 3. a FEgmmREEL2g [k]![k:} [k] e
k=0

First proof of (7.1). The first proof is via representation theory. We have a
unique U-submodule of V,,, ® V,, which is isomorphic to V4, (Clebsch-Gordan
decomposition). We use the symbol V,,,,,, also for this module. The vector z,, ®x,,
is contained in this module and satisfies F(m,, ® z,,) = 0. The latter property
characterizes z,,®@x, inside V,, ., up to a scalar (lowest weight vector, F-primitive
vector).
We consider
T = (T @ 1) 2pm (T @ 1) Zmn

on Vyin C V,,®V, where it equals 7,,,,,. We first express this equality formally in
terms of matrices and then evaluate the formal equation by a small computation.
We already have intruced the matrices for 7,, in Section 6

xj) :Zaf(m Tp

We write
Zn,m $] X xm Z r]ma:u X x,.

15
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From the form of the action of £ and F' on the modules V; and from the form of
the universal R-matrix we see that the sum is over (u, v) with u+v = j4+m. Since
Fz,, =0 for x,, € V,,,, we also observe directly 2z, ,(z, ® z,) = ¢ 22, @ T
The two expressions for 7,,.,, applied to z,, ® x, € Vyin C Vi ® V,,, now yield
the formal identity

apinn+n) = Y ¢ Pan H ), ().

m+n n—k,m“=""m—n
k>0
By (6.7) we have
Oéfnliﬁ (m + n) = O‘m+n7m+n7
agfkol) _ anfkﬁkq(nfk)k,ynik’ and

m _ m m
an (m) = «a lk]%n—k-

This already yields a relation of type (7.1). It remains to compute the coefficient

r:?:k’f;z . For this purpose we use the definition z,,, = 7 o ko ¥ of the braiding,

the action of £ and F' on vectors z;, and the explicit form (6.1) of the operator
U. Put together, this yields

Znm (T @ Tpy) = Z U'(k)5k[j + 1] [J + k]Tm—r @ T4
k>0

with
o(k)=Fk(k—1)/2+ (n—2j —2k)(2k —m)/2.

We now have enough data to rewrite the formal identity above and give it the
form (7.1). O

The dependence of 7, on the parameters a and 3 is not essential. Define,
inductively, polynomials v, in 6 over Z[q,q '] by setting v ; = 0,7) = 1 and,
for k > 0,

Vo1 = 4°07, + ¢ O lk]

i. e., by setting v;.(6, ¢) = 7&(0, ¢, 1, 1). A simple rewriting of the recursion formula
then yields the identity

(7.2) (0,9, ., B) =, (\/i—ﬁq> (g)k/z-

Note that 7} contains only powers 6! with [ = kmod 2.
Normalize the 4/ to obtain monic polynomials (;(8) = ¢ *k=1)/24 (). The
new polynomials are determined by the recursion relation

(7.3) B_1=0, Bo=1, and Bpy1 =608+ (1 —q¢ *)Bp_y for k>0.

In order to find an explicit expression for the (i, we introduce a new variable p

16
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via the quadratic relation § = p — p~!. We then consider the recursion formally
over the ring Z[q,q !, p, p~!]. Let us set

Bulp) = Y-y 0 1 o,

(7.4) Proposition. The polynomials B satisfy the identity

Be(p—p~') = Be(p).

PROOF. We verify the recursion (7.3) with 6 replaced by p—p~! and (3, replaced
by By. We use the definition of the By in the right hand side of (7.3). Then the
coefficient of p**1=2% for 1 < j < k, turns out to be

(—1)iq 30— ( ﬂ I [j f 1] — ¢ 78]k [I; - ﬂ) :

We use the identity
=1

)

The Pascal formula (6.9) now shows that this is the coefficient of p**1=2/ in By;.
It is easy to check that the coefficients of p™**1) on both sides coincide. a

and arrive at

We can write p*+(—1)¥p~* as an integral polynomial P in § where § = p—p~L.
That polynomial satisfies the recursion relation

0P, = Pyy1 — Py

It is possible to write P, in terms of Tschebischev- or Jacobi-polynomials. The
last proposition says that

e
l0) = 3= (-1pg e [ j] Posy(0).

The product formula (7.1) was a consequence of representation theory. In view
of the applications to be made in Section 8 it is desirable to have a proof which
uses only the recursive definition of the y-polynomials. We now give such a proof.
By (7.2), it suffices to consider the case o = 3 = 1.

Second proof of (7.1). We write

C;n,n _ qmnfk(k+1)/25k [k]' |jfT[| [n‘| :

17
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and want to show that

min

m,n)

Ym+4n = C]Zmn’}/mfkﬁ)/nfk-

(
k=0
Denote the right hand side by v(m,n). Then vy(m,n) = vy(n,m). We will use
the recursion (6.5) and the Pascal formula (6.9), with ¢ replaced by ¢!, to
show y(m + 1,n) = y(m,n + 1). Since y(m + n,0) = Y4y the proof will then
be complete. Set 7, = 0 for £ < 0. We can then sum just over k& > 0. The
C-coefficients satisfy the following Pascal type relation

(7.5) O th" = ¢ ROT 4 SR R [ — ke + 1)CT.

k
rewriting. Next we apply this relation in the sum v(m + 1,n) and obtain (with

an index shift & — k + 1 in the second summand) the identity

The verification that this is so uses the Pascal formula for {m“} and a little

Ym+1n) = 3 4" O Ymok1 Y

k
+3° (0l = Klg" ™ k1) 4O
k

In the second sum apply the recursion to the factor in parentheses to obtain the
identity

Ym+1,n) =Y C™M (@ Yme k1Yot + 4" Yok Yok — 0V
k

Since y(m, n) = y(n, m), we obtain v(m, n+1) upon interchanging m and n in the
foregoing identity: That interchanges the first two summands in the parentheses
and leaves the third fixed. O

8. The universal cylinder twist

In this section we work with operators on integrable U/-modules. These are 8-
linear weak endomorphisms of the category U-INT. Left multiplication by x € U
is such an operator; it will be denoted by x or by [,.. If ¢ is an operator, then ()
is the operator on U-INT x U-INT which is given by the action of ¢ on tensor
products of modules. If 7 denotes the twist operator, then we define 7(t) = Totor.
We have the compatibilities u(l,) = l,,z) and 7p(ly) = lru@)- The operators u(t)
and 7(t) are again weak endomorphisms of the categories involved.

Typical examples of such operators which are not themselves elements of U
are the universal R-matrix R and its factors x and ¥, (See (6.1).) as are the
operators L = T}, and L# = T}, of Lusatig [8, p. 42].

Since R acts by U-linear maps each operator ¢ satisfies the standard relation

(8.1) Rou(t)=1u(t)o R

18
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of a braiding.

An operator t is called a universal cylinder twist on U-INT if it is invertible
and satisfies the analogue of (1.4), namely,

(8.2) u(t) =TR(I1®t)R(t®1) and
(8.3) TRA®HR(t®1)=(t® 1)TR(1®1t)R.

We denote by ty the action of ¢ on the module V. Then (1.3) holds if we use R
to define the braiding. Recall the operator t(«a, 3) defined at the end of Section
6. Here is the main result, proved following (8.6).

(8.4) Theorem. Suppose af3 = —q. Then t(«, 3) is a universal cylinder twist.

We treat the case (o, ) = (—¢,1) in detail and reduce the general case for-
mally to this one. We skip the notation o, and work with ¢ = LT. Note that
L is Lusztig’s operator referred to above. We collect a few properties of L in the
next lemma.

(8.5) Lemma. The operator L satisfies the following identities:
(1) LEL™' = -KF, LFL™ ' = —EK VLKLY = KL
(2) wll)=(Le L)V =7R(L® L)k~
B) KLe1)=Lo1)r !, kK(1®L)=(1®L)k!
4) (LOL)U(LR®L) ' =kor¥or™h

PROOF. For (1), in the case L#, see [8, Proposition 5.2.4.]. A simple computa-
tion from the definitions yields (3) and (4). For the first equality in (2) see |8,
Proposition 5.3.4]; the second one follows by using (3) and (4). O

In the universal case one of the axioms for a cylinder twist is redundant,
namely:

(8.6) Proposition. If the operator t satisfies (8.2), then it also satisfies (8.3).
PROOF. Apply 7 to (8.2) and use (8.1). O

Proof of theorem (8.4). The operator L is invertible. The operator T is invertible
since its constant term is 1. Thus it remains to verify (8.2). We show that (8.2)
is equivalent to

(8.7) W) =k(1@T)k o (L'@DU(L®1)o(T®1),
given the relations of Lemma (8.5). Given (8.2), we have
w(T) = pu(LH7(R)Y1® LT)k¥ (LT ® 1).

We use (8.5.2) for u(L™1), cancel 7(R) and its inverse, and then use (8.5.3); (8.7)
drops out. In like manner, (8.2) follows from (8.1).
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In order to prove (8.7), one verifies the following identities from the definitions:

[e o]

1Tk =>" Tk (K* @ E¥) and
= [k]!
00 k
(L' )U(Lel)= Z(—l)kq_’“(’“_l)/Qé]'KkEk ® E.
k=0 )

Using this information, we compute the coefficient of K"E® ® E" on the right
hand side of (8.7) to be

min(r,s) (n1)/2 gn
—1)"¢ ™" s—n [r—mn-
D B v s

The coefficient of the same element in p(7') is, by the g-binomial formula, equal

to
—Ts 1

q [S]![T]!’W-ﬁ-s'

Equality of these coefficients is exactly the product formula (7.1) in the case
where (a,3) = (—q,1). This finishes the proof of the theorem in this special
case.

A similar proof works in the general case. Specifically, a formal reduction to
the special case uses the following observation. Write o = ¢¢. Then, formally,
L(a,3) = KL in case a8 = —q. This fact is used to deduce similar properties
for Ly = L(o, B) from lemma (8.5), in particular

L;FL# = o 'BgKE.
The final identity leads to (7.1) in the general case. O

We point out that the main identity in the construction of the universal twist
involves only the Borel subalgebra of U generated by E and K. Of course, there
is a similar theory based on F' and K and another braiding. The constructions
of section 6 show that the universal twist is determined by its action on the
2-dimensional module V;. Hence our main theorem gives all possible universal
cylinder twists associated to the given braided category U-Int.
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