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Iterated modular symbols

1. Arithmetic functions and Dirichlet series

An arithmetic function is a sequence (an)n≥1: e.g., an =
∑

d|n dk =: σk(n) or

an =

{
1, if n = pk

0, otherwise

or

Φ(z) = e2πiz

∞∏
n=1

(
1− e2πinz

)24
=:
∑

ane
2πinz.

Many of these have the property (n, m) = 1 =⇒ anm = anam.

Question 1.1. What is
∑

n≤N an?

Question 1.2. Formulas for an?

The classical approach to these questions is to use generating functions: define the Dirichlet
series

L(s) :=
∑
n≥1

an

ns
,

which hopefully converges when Re s is sufficiently large. The property (n, m) = 1 =⇒
anm = anam is equivalent to L(s) =

∏
prime p Lp(s) where Lp(s) =

∑∞
k=0

a
pk

pks .

Question 1.1 translates into analytic properties of L(s). Let ζ(s) =
∑∞

n=1
1
ns =

∏
p ζp(s).

Then
ζ ′(s)

ζ(s)
=
∑

p

ζ ′p(s)

ζp(s)
;

this can be used to answer Question 1.1 for

an =

{
1, if n = pk

0, otherwise.

using contour integration, etc.
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2. Mellin transform

The Mellin transform relates f(z) =
∑∞

n=1 ane
2πinz and Lf (s) =

∑∞
n=1

an

ns .
The formal Mellin transform takes f(z) to∫ i∞

0

f(z)
(z

i

)s dz

z
.

where we use the branch of log(z/i) that is real on the positive imaginary axis. This equals

∞∑
n=1

∫ i∞

0

ane
2πinz

(z

i

)s dz

z
.

If we set z = iT/n, this becomes

∞∑
n=1

∫ i∞

0

ane
−t

(
T

2πn

)s
dT

T
=

∞∑
n=1

(2π)−sn−sΓ(s) = (2π)−sΓ(s)Lf (s).

The factor (2π)−sΓ(s) should be interpreted as Euler factor at ∞.
General remark: For many (an), the series

∑
ane

2πinz has an invariance property with
respect to z 7→ −1/z (or more generally z 7→ −1/Nz).

Example: ζ(2s) =
∑

1
n2s which corresponds to

1

2

(
∞∑

n=−∞

e2πin2z − 1

)
.

and ∑
e2πin2z ∼

∑
e−2πin2/z.

Then
∫ i∞

0
=
∫ i

0
+
∫ i∞

i
and we can change variables using z 7→ −1/z. This leads to the

functional equation relating ζ(s) and ζ(1− s) and also an analytic continuation. In this way
we get access to the mysterious critical strip for ζ where 0 ≤ Re s ≤ 1.

The question about distribution of primes translates into questions of poles of ζ ′(s)/ζ(s).

prime numbers (Euclid) ↔ zeros of ζ (Riemann) ↔ Frobenius conjugacy classes in Gal(Q/Q) (Galois)

These are three views of the same thing.

3. Modular group and modular forms

The function f(z) =
∑∞

n=1 ane
2πinz is obviously invariant under z 7→ z + 1. If it is

also (almost) invariant under z 7→ −1/z, then it is (almost) invariant under PSL(2, Z) ⊆

PSL(2, R) in which

(
a b
c d

)
acts as z 7→ az+b

cz+d
.

• Specify the behavior (“invariance”) of f(z) with respect to PSL(2, Z) or a finite index
subgroup G ⊂ PSL(2, Z).

• Study the Mellin transforms
∫ i∞

0
of such functions.
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The supply of arithmetic functions and their Dirichlet series obtained in this way contains a
great amount of arithmetically interesting L-functions.

If we replace PSL(2, R) by reductive groups, and consider discrete subgroups, we get the
Langlands program.

4. Classical modular symbols

Consider PSL2(Z) ⊃ G. Each g ∈ G acts on the upper half plane H := {z : Im z > 0}.
Let f(z) =

∑∞
n=1 e2πiz/q. Ask for f(z)(dz)k to be invariant under g ∈ G. In this case, f(z) is

called a modular form of weight 2k with respect to G. The Mellin transform studies integrals

of the form
∫ i∞

0
f(z)zs−1 dz.

An element g maps the path from 0 to i∞ to a path between the rational numbers g(0)
and g(i∞).

Systematically study
∫ β

α
f(z)zs−1 dz where f is a modular form.

The set of classical modular symbols is a simple thing:

f
{α,β}7→

∫ β

α

f(z)zs−1 dz,

where f ranges in a space of modular forms. We will replace the simple integral with an
iterated integral.

5. Arithmetic applications of modular symbols (examples)

Recall

Φ(z) = e2πiz

∞∏
n=1

(
1− e2πinz

)24
=:
∑

τ(n)e2πinz.

The τ(n) are called Ramanujan numbers. Ramanujan proved that if (m, n) = 1 then
τ(m)τ(n) = τ(mn). Then

τ(n) =
∑
d|n

d11 +
′∑

n=∆∆′+δδ′

691

18

(
∆8δ2 −∆2δ8

)
+

691

6

(
∆6δ4 −∆4δ6

)
where the sum is over representations of n as ∆∆′ + δδ′ such that ∆ > δ > 0 and either
∆′ > δ′ > 0 or ∆/n, ∆′ = n/∆, δ′ = 0, 0 < δ/∆ ≤ 1/2.

Corollary 5.1 (Ramanujan). τ(n) ≡
∑

d|n d11 (mod 691).

The 691 has something to do with Galois representations.
The values of the Mellin transform of Φ at integers in the critical strip

rk(Φ) =

∫ i∞

0

Φ(z)zk dz

for 0 ≤ k ≤ 10 are such that (r0 : r2 : r4) =
(
1 : − 691

22345
: 691

23325·7

)
and (r1 : r3 : r5) =(

1 : − 52

243
: − 5

223

)
.
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6. Multiple zeta values

For a finite sequence of integers m1, . . . ,mk ∈ Z≥1 with mk > 1, define

ζ(m1, . . . ,mk) :=
∑

0<n1<···<nk

1

nm1
1 · · ·nmk

k

.

The condition mk > 1 guarantees convergence.
Problem: Understand the arithmetic of these values. For instance, Euler proved that

ζ(2m) = bmπ2m where bm is a rational number related to a Bernoulli number. But ζ(3),
ζ(5), ζ(7), . . . are mysterious, apparently unrelated to π and to each other.

More specific problem: Describe the polynomial relations over Q between values ζ(m1, . . . ,mk).
We can describe some relations. Where do all these numbers appear? In Euler, and in work
of V. Drinfeld in the 1980s and 1990s on quantum groups, in work of M. Kontsevich on
quantization, in work of Connes and Marcolli, and in work of D. Zagier.

Relations: Shuffles with repetitions.
Simplest case: For p, q ≥ 2,

ζ(p)ζ(q) =
∑
n1≥1

1

np
1

∑
n2≥1

1

nq
2

=
∑

n1<n2

+
∑

n2<n1

+
∑

n1=n2

= ζ(p, q) + ζ(q, p) + ζ(p + q).

Thus for instance, ζ(2, 2) = (ζ(2)2 − ζ(4))/2.
More sophisticated: combinatorics of shuffles.

ζ(p1, . . . , pk)ζ(q1, . . . , q`) =
∑ 1

np1

1 · · ·n
pk

k n′1
q1 · · ·n′`

q`

=
∑

s : [1,...,k]
‘

[1′,...,`′]→[1,...,k+ell]

ζ(· · · ),

where 1′, . . . , `′ denote a copy of the integers from 1 and ` marked so that we can take the
disjoint union above.

Result: We get relations of degree 2, homogeneous with respect to the grading deg ζ(m1, . . . ,mk) :=∑k
i=1 mi.
Question: Let Z(m1, . . . ,mk) be formal symbols (indeterminates). Form the graded ring

Q[Z(m1, . . . ,mk)]/(shuffle relations). What is the dimension of the D-th graded part? Is
the map from this ring to Q[ζ(m1, . . . ,mk)] injective? (It turns out that the answer is no:
the ζ(m1, . . . ,mk) satisfy additional relations.)

7. Integral representations of multiple zeta values

7.1. Shuffle relations. Simplest case:

ζ(m) =

∫ 1

0

dt1
t1

∫ t1

0

dt2
t2
· · ·
∫ tm−2

0

dtm−1

tm−1

∫ tm−1

0

dtm
1− tm

.

The inner integral is ∫ tm−1

0

∑
k≥0

tkmdtm =
∑
k≥0

tk+1
m−1

k + 1
.
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The second inner integral is ∑
k≥0

tk+1
m−2

(k + 1)2
,

and continuing, we find that the whole iterated integral gives∑
k≥0

1

(k + 1)m
= ζ(m).

In general,

ζ(m1, . . . ,mk) =

∫ 1

0

dt1
t1
· · ·
∫

dtmk−1

tmk−1

∫
dtmk

1− tmk︸ ︷︷ ︸
∫
· · ·
∫

︸ ︷︷ ︸ · · ·
∫
· · ·
∫

︸ ︷︷ ︸,
where each block of integrals involves mk variables, mk−1 variables, . . . , m1 variables, always
ending with dt

1−t
. This is the integral of ω[mk, . . . ,m1] over the region ∆m1+···+mk

where

ω[mk, . . . ,m1] :=
dt1
t1
∧ dt2

t2
∧ · · ·

and ∆m1+···+mk
is defined by 1 ≥ t1 ≥ t2 ≥ · · · ≥ tm1+···+mk

≥ 0. (There is a sign issue here
that I will not discuss.)

7.2. Relations involving “shuffles without repetitions”.

ζ(p)ζ(q) = ±
∫

∆p

ω[p]

∫
∆q

ω[q].

We can write ∆p×∆q as a union of copies of ∆p+q indexed by shuffles s without repetitions.
Hence (exercise) we obtain

ζ(p)ζ(q) =
∑

s : [1,...,p]
‘

[1′,...,q′]
∼→[1,...,p+q]

ζ(· · · )

=
∑

s

ζ(a, b).

Funny thing: For ζ(2)ζ(2), we obtain a different relation than we obtained earlier. For
instance, ζ(1, 3) appears in this new relation: this corresponds to the reshuffling

dτ

τ

dτ

τ

dτ

1− τ

dτ

1− τ

of
dτ

τ

dτ

1− τ

dτ

τ

dτ

1− τ
.

7.3. Third way of getting relations.

• Choose a regularization of divergent series so that we can allow mk = 1.
• Initiate shuffling for convergent and regularized series.
• Eliminate the new values.

Conjecture 7.1. The relations obtained in these three ways are all the relations.
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8. Connection with modular symbols

The differential forms dt
t

and dt
1−t

have poles at 0, 1,∞ on the P1(C) with coordinate t. The

iterated integrals we have been considering have been along the path from 0 to 1 in P1(C).
The extended upper half plane H

∐
P1(Q) uniformizes P1(C) in various ways: namely one

can take the quotient of H
∐

P1(Q) by

Γ0(4) :=

{(
a b
c d

)
∈ PSL2(Z) : c ≡ 0 (mod 4)

}
or

Γ(2) :=

{(
a b
c d

)
∈ PSL2(Z) : b, c ≡ 0 (mod 2)

}
and 0, 1,∞ are the cusps φ(P(Q)), where φ : H

∐
P1(Q) → P1(C) is the uniformization. Now

φ∗
(

dt
t

)
is an Eisenstein series of weight 2 times dz, and so is φ∗

(
dt

1−t

)
.

9. Iterated modular symbols

9.1. Iterated integrals of holomorphic 1-forms on a Riemann surface. This is a
subset of Chen’s theory of iterated integrals on C∞-manifolds.

Let X be a connected Riemann surface; e.g., the upper half plane. Let V be a finite set (not
ordered), and let {ωv : v ∈ V } be a finite family of holomorphic 1-forms. Let {Av : v ∈ V }
be free associative non-commuting variables. Let C〈〈Av : v ∈ V 〉〉 be the noncommutative
power series ring in these variables. Let Ω :=

∑
v∈V Avωv. Let γ : [0, 1] → X be a path. The

total iterated integral of {ωv} along γ is

Jγ(Ω) = 1 +
∑
n≥1

∫ 1

0

γ∗(Ω)(t1)

∫ t1

0

γ∗(Ω)(t2) · · ·
∫ tm−1

0

γ∗(Ω)(tm).

If γ(0) = a and γ(1) = z, we may write this iterated integral also as

Jγ(Ω) = J z
a (Ω) = 1 +

∑
n≥1

∫ z

a

Ω(z1)

∫ z1

a

Ω(z2) · · ·
∫ zn−1

a

Ω(zn)

= 1 +
∑
n≥1

∑
(v1,...,vn)∈V n

Av1 · · ·Avn

∫ z

a

ωv1(z1)

∫ z

a

ωv2(z2) · · ·
∫ zn−1

a

ωvn(zn).

(Implicit in the notation is that we have fixed the homotopy class of the path.)

Proposition 9.1.

(1) dJ z
a (Ω) = Ω(z)J z

a (Ω), where d is differentiation with respect to z. Equivalently,
“J z

a (Ω) is a horizontal section of the flat connection on X given by ∇Ω := d − `Ω”,
where `Ω denotes left multiplication by Ω.

(2) If U is a simply connected neighborhood of a, then J z
a is the unique flat section such

that J a
a (Ω) = 1.

(3) Any other flat section is uniquely J z
a (Ω) · C for some C ∈ C〈〈Av : v ∈ V 〉〉.

(4) J z
b (Ω) = J z

a (Ω)J a
b (Ω). This is the noncommutative iterated analogue of

∫ z

b
=∫ z

a
+
∫ a

b
.
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The last part of the proposition follows from the earlier parts. Note that the order of the
factors in the last part cannot be reversed.

What is the noncommutative iterated analogue of the formula∫ z

a

(∗1 + ∗2) =

∫ z

a

∗1 +

∫ z

b

∗2 ?

Proposition 9.2. Define

∆: C〈〈Av〉〉 → C〈〈Av〉〉⊗̂C〈〈Av〉〉

by ∆(Av) = Av ⊗ 1 + 1⊗ Av. Then

∆(J z
a (Ω)) = ∆(J z

a (Ω))⊗̂∆(J z
a (Ω)).

This can be motivated by thinking of ∆(Ω) as ΩA + ΩB where ΩA =
∑

Avωv and ΩB =∑
Bvωv.
Claim 1: ∆(J ) = J ⊗̂J encodes all integral shuffle [i.e., shuffles without repetitions]

relations.
Claim 2: logJ z

a (Ω) is a formal series in C[[commutators]] ↪→ C〈〈Av〉〉. This inclusion
is isomorphic to the inclusion of the completed free Lie algebra generated by the Av in the
enveloping algebra U .

Functoriality: If g : X
∼→ X is such that g∗(ωv) =

∑
u∈V gvuωu where gvu ∈ C, define

g∗(Au) =
∑

v∈V Avgvu. Then J gz
ga (Ω) = g∗(J z

a (Ω)).

Remark 9.3. Chen’s iterated integrals generalize the theory we have been discussing. One
can consider C∞ manifolds, any (ωv), De Rham(Loop space).

Let X = H or X = H ∪ P1(Q). Let (ωv) be forms of (cusp) modular type.
Reminder:

(1) The “action of weight k” of γ ∈ GL+(2, Q) on f : H → C is defined by

(f |[γ]k)(z) = (det γ)k/2f([γ]z)(cz + d)−k

(2) f is a modular form of weight k for Γ ⊂ SL(2, Z) if and only if f |[γ]k(z) = f(z) for
all γ ∈ Γ.

(3) f is a cusp form if the Fourier series at ∞ has the form
∑

n≥1 ane
2πinz/q and f |[γ]k

also has this property.

Definition 9.4. ωv = fv(z)zsv−1 dz such that fv(z) is a modular (cusp) form of weight kv

with respect to a Γ. Call sv the Mellin argument of ωv.

Definition 9.5. (1) Suppose that f1, . . . , fk is a sequence of cusp forms with respect to
Γ, and ωj(z) := fj(z)zsj−1 dz. Consider the iterated Mellin transform∫ 0

i∞
ω1(z1)

∫ z1

i∞
ω2(z2) · · ·

∫ zn−1

i∞
ωn(zn)

as a function of s1, . . . , sn.
(2) The total Mellin transform of (fv : v ∈ V ) and s = (sv : v ∈ V ) and ωv(z) =

fv(z)zsv−1 dz is TM = J 0
i∞(Ω) where Ω =

∑
ωvAv. Convergence follows from the fv

being cusp forms.
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Assume that Γ is normalized by gN :=

(
0 −1
N 0

)
, z 7→ −1/Nz, and that f |[N−1/2gN ]k

= εff

with εf = ±1.

Theorem 9.6 (Functional equation for TM). If fv consists of eigenvectors for gN in the
sense above, then

TM((fv), (sv)) = gN∗(TM((fv), (kv − sv)))
−1.

In the many-dimensional case, we would need more than one symmetry in order to get a
full analytic continuation.

10. Multiple Dirichlet series

Suppose that

ωv(z) =

(∑
n≥1

cv,ne
2πinz

)
zmv−1 dz

with mv ≥ 1 and cv,n = O(nC). Let

L(z; ωvk
, . . . , ωv1 ; jk, . . . , j1)

:= (2πiz)jk

∑
n1,...,nk≥1

cv1,n1cv2,n2 · · · cvk,nk
e2πi(n1+···+nk)z

n
mv1+j0−j1
1 (n1 + n2)mv2+j1−j2 · · · (n1 + n2 + · · ·+ nk)

mvk
+jk−1−jk

Note that the denominator looks like the denominator in the sum defining a multiple zeta
value, but the ni in the numerator are the differences of the increasing sequence of integers
in parentheses in the denominator.

Theorem 10.1.
(2πi)mv1+...+mvk Iz

i∞(ωvk
, . . . , ωv1)

is a linear combination with rational coefficients of L(z; ωvk
, . . . , ωv1 ; jk, . . . , j1) with j1 ∈

(0, mv1 − 1), j2 ∈ (0, mv2 − 1 + j1), and so on. Here I denotes one coefficient in the total
iterated integral.

We must generalize to allow the differential forms to have logarithmic poles at the end-
points of the path of integration.

Max Planck Institut
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