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1 Foliations
C*°—foliations:

1. “foliated atlas”: Let d := dim X.
(i Ui = Vi)ier

such that

5007 (2 x {to}) = ' x {tg}.

(2)

2. “integrable distributions”: Let F' <— T} subvector bundle, such that
for all C'™ local sections vy, vy of F' the commutator [vq,vs] is also a

section of F.

These two definitions are equivalent (sketch of proof):

1= 2:
FUi - TUi
> (via Déy) 3)
Vix (R @{g}) — Ty =V xR
2=1:
Choose C*°~local coordinates z1,...,xq near P, a frame vq,...,vy of F

d o .
near P, v; =) 5, Aijp 1 <0 < f.



We may assume

1 0 . 0
01 . 0
(aij): ) (4)
0 0 . 1« *
SO
0
L PR 8
(6)
0
A TR TR ")
Observations:

For all 4, 7, [v;,v,] is a section of F, so [v;,v;] = 0. Hence:

exp(tv;) o exp(tv;) = exp(tv;) o exp(tv;). (8)

Choose transversal ¢g : Ty — Vy — R4/,

This gives
¢ U —] —e e[/ xV

via
¢t (ty, .t U, ugg) — exp(tivg) o oexp(tpug)(Bo(ur, -y uaf))-
2 Algebraic foliations

Let K be a field (often of characteristik 0), X a smooth algebraic variety over

K, F a saturated coherent subsheaf of Ty closed under [, |. Let A — X be
closed of codimension > 2 such that F|x\a is a subvectorbundle of T'x\a.
N.B.:



o If rk(F) =1 then [, | is closed automatically.

e If U C X is open dense an algebraic foliation on U extends uniquely
to X.

Let now charK = 0. Let P € (X \ A)(K). Carrying over the proof of the
first section we get the “formal leaf” of F' through P:

Fp — XP,

it is a smooth formal subscheme of dimension f of the formal completion
Xp of X at P. It can be thought of as the infinitesimal “integral” of the
algebraic foliation.

Let 09,01 : K — C be two complex embeddings. Then we get two
foliations F,,(C) and F,, (C) of X, (C) respectively X, (C).

Three “examples”:

1) the “simplest” one: Let K = C. Let P,Q € C[X, Y] with no common
factor, X = A%, A = (P =Q =0). Let F:= O,(P5% 4+ Q5). This extends
to P2,

2) Let G be a (smooth) algebraic group over K. Then Lie(G) = T.G =
{left G-invariant vector fields} = I'(G, Tg)®.

Then a vector subspace V' C Lie(G) corresponds to a G-invariant sub-
vector bundle F' < T and a Lie subalgebra V' C Lie(G) to a G-invariant
foliation.

When K = C there is the exponential
expg : Lie(G) — G(C),

the image of V' under exp. generates the leaf F of F' through e.

If G = G,,, then expy; = exp. If G is an elliptic curve embedded in P2,
then expg is given by (P,P’), where P is the Weierstra’s P-function. If G
is an abelian variety, then exp. is given in terms of “abelian functions”.

3



3) “linear foliations”:

Let S be a smooth algebraic variety over a field K, E a vector bundle
over S, V a connection on E. For a local section s € ['(U, E) we have

Vs € T(U,Q% @ E) and the rule V(fs) = fVs+df ® s.

For v € I'(U, T ) we have the derivation of s in the direction of v: V,s =
(Vs,v) e (U, E).

On a suitable open U C X let’s write F = OF°. There
fi dfr fi
=1 [ tA]
fe dfe Je

\%

)

where A € M (T'(U,Q%)).

Let X be the total space of F and p : X — S the projection. Then the
connection V on E corresponds to an I’ — T'x such that Tx = F © T,

Locally X = S x A°, and Fi.) C T(5.,)(S x A®) = T,S @ K¢ is given by

Flswy) = {(0s,0v) | ds + (A(s) - ds) - dv = 0}. 777

F' is integrable (i.e. defines a foliation) if and only if V is “integrable”,
meaning that [V, V] = V[, 0.-

In this picture a formal section o of F satisfying Vo = 0 corresponds to
a formal leaf of F.



3 Algebraicity of leaves of foliations

We use the following general setting:

K a number field,

e X a smooth algebraic variety over K,

e F' C T, asaturated coherent subsheaf of T'x, closed under [, |, A C X
as in the previous section (i.e. F is an algebraic foliation),

P € (X\A)(K) a rational point,

Sp — Xp the “formal leaf” at P.

We pose the question if there are “local” /arithmetic conditions on F
which imply that Fp is algebraic.

We have the following results:

1.) “Schneider-Lang”:

Suppose F'is a rank 1 foliation, i. e. a foliation by curves, let

X — P¥ be an embedding and oy : K — C a complex embedding.
Theorem 3.1. Let f : C — X, (C)(— PY(C)) be a nonconstant analytic
mapping of finite order, s.t. there is a factorization fo: Cy — Fp.

If Fp is not algebraic, then f~1((X\A)(K)) is finite.

Comments:

1. “finite order ”: Let f : C — PN(C) be analytic. We say f is of
finite order :<= 3f = (fo,..., fn) : C — CVtI\{0} analytic s.t. f =
(fo.---, fn) and there exists p > 0 such that||f(n)|| = O(e"”). The
order of f is defined to be the infimum of the possible p’ s.



2. Nevanlinna theory:
Let w be the Fubini-Study 2-form on PY(C). On AY(C) we have

N
1 _
— _— 9dlog(1 12)!
w= o 0g(+;|nl)
at 0

1

Let r > 0.

Then the characteristic function (Nevanlinna, Ahlfors) is given by

Ty(r) == / log™® Lf*w.
D(0,7) 7]
Fact: f is of finite order p < Ve > 0 T¢(r) = O(r**e).

Proof of =

* L ooa _’
fro = o000

r

_ + L 3 7112
7y(r) = [ 1ow* (500108 17IF)

~ 2
(- r
/(2 00log M ogllfll) (Stokes, Green)

:/ log ||£]] — log || £11(0)

r

=O(r?).

Note that %85 log™ %

T

fol (re?™)dt.

do — pr, wWhere i, is defined by [. op, =

Example: Assume A < PV (C) is an abelian variety.



Choose v € Lie(A) and let
f:C— A—PNC)
t — expy(tv) = [tv].
Write A ~ Lie(A)/T.
Then

ffw = ((t — tv)* oexp’ 0i’)w,

where i*w is a positive 2—form on A, (exp’ oi*)w a translation invariant
positive 2—form on Lie(A). Hence

r

Ty (r) =< /(ClogJr de Ady = TQg

has order 2.

3.1 Application to algebraic groups

Theorem 3.2. (Lang): Assume given an algebraic group G over Q — C,
expa,

Lie(GQ) the Q-Lie-algebra (Lie(G))c ~ Lie(G)e —° G(C).

1. Let L C Lie(G) line over Q.

If 3v € Lc\{0} such that expg (v) € G(Q), then L is an algebraic Lie
- subalgebra ( i. e. 3H — G algebraic subgroup over Q, L = Lie(H)).

2. If for any v € Lie(G)\{0}, expg.(v) € G(Q), then v is “unipotent”, i.e.
the map ¢ — expg ¢ (tv) is an algebraic map G, c — Gc.

Proof:
*Q—K—Q—C,
oo : K — C,
X =G, F=transl. inv., F, =L, p=e,§, =expL,

f:C— G(C)
t — expg(c) (tv)

of finite order, since f~!(G(K)) D Z is infinite!
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e apply 1. tOé:GaXG,T:%@U,
= graph (t — exp(tv)) is algebraic.

Exercises:

e G, x G, yields Hermite-Lindemann, i. e. 3 € Q\{0} = ¢ ¢ Q,
e G,, x G, yields Gelfond—Schneider.

3.2 Conjecture of Grothendieck—Katz

Let X, F — Tx over K be as before. Choose models

- 1
X — Spec OK[N] 9)

F —T, (10)

and a point (0) # p € Spec Ok[+]. We get the reductions Xs, — Spec F,
and

Fy = Fr,, an algebraic foliation over [Fy,.

Let p = char IF,. We have:

Fp is pclosed < VU — &f,, Vv € I'(U, Fo), P i=wo--ov e (U F).

Fact: I is algebraically integrable = for almost every p, F, is p—closed
(Grothendieck—Katz (GK), ~ 1970).

< was a conjecture, in general proven 1999 by Ekedahl, Shepherd-Barron,
Taylor.

Partial results:

e Katz: linear systems, “Gau—Manin”.

e diophantine approximation, André, J. B. B.

Theorem 3.3. (J. B. B.) P € (X\A)(K), 0o : K — C. If F satisfies
(GK), then the analytic leaf of F,, through P is “Liouwville” (— X,,(C))(e.
g. parametrized by analytic variety; = F, is algebraic).
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Application:
G algebraic group over K,

1
G — Spec(’)K[ﬁ],

(Lie(G))x = Lie(G); (Lie(G))r, = Lie(Gr, ).

Let h C Lie(G) be a Lie-subalgebra over K, then

h algebraic < for almost all p, hg, is p—closed.

N.B.: G =G, xG,,, take for h = K-(xa%—k)\ya%); is algebraic & A\ € Q,
since ()1 =22 + )\py(% and

for almost all p, h, p—closed < for almost all p, [\]? = [\] < for almost
all p, [\] € F,.

4 About the proofs:

Show formal leaf §p (of dimension 1 for simplicity) is algebraic:

Level 1: “Auxiliary polynomials”:

V «— CV any subset!

D : (C[le---aXN]gD — Cv
p = plv.

Key observation: For D — oo, rk(np) ~ DAV

Proof:
C[X1,...,Xn]<p 2 T(PY,0(D)) B CV,

ClXy,. ... Xy]/I(V) OF<VZ”,(9(D)).

~
D>

—Zar

tk(np) =dim (V" , O(D)) (Hilbert).
Extends to V, the germ of the analytic or formal subvariety.

algebraicity < rk(np) ~ *DImV (< dim?).



Level 2: Algebraic varieties over function fields

Let C be a curve over k, K = k(C), X projective variety over K, P €
X (K) a rational point, V' C Xp smooth formal curve.

We choose again models X, Y and P.

Proposition 4.1. ]fV extends to a smooth formal subscheme V< Xp and
if N := N,V (line bundle) has positive degree, then V' /V is algebraic.

Proof:
Choose O(1) over X, consider

~

N : F(%,T‘?(D)) — F(V,?(D))
ADc  Ap T(V,, O(D))

where A% = {s € Ap| s|y,_, = 0} and

Vo=PCViCV,C....

Want rk(np) ~ *D? for D — cc.

Observe
np(AD) /mp(ATY) — T(P,N® & O(D))
dim;, —7 — < dim —7 —- < ¢(i+ D)
= 0if 5> A
rk(np) < Zizo e
Comments:
[ ]
np : mO(D) — m.O(D)y,
|
Ep v. b. over C, Ap =T(C, Ep)
U
EY, filtration
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o Ep/Ejt = PN ©O(D))
e we assume wlog V Zariski-dense in X , want d := dim X = 1.

= 7)p injective.

Hence

0 < degEp = ZdegEiD/Ej;l

D>0

i>0

<> rtk(Ep/E ) (—ideg N + D deg P*O(1))*
i>0

~ xD?.

This implies d = 1.
Arakelov geometry:

X — SpecZ finite type, Xgp smooth.

Definition 4.2. A hermitian vector bundle over X is E = (E,||.||) (||.|| C>=~
hermitian metric on Ec, invariant under complex conjugation). Pullback
tensor operation are defined as expected.

For K a number field, X = Spec Ok, X(C) = {0 : K — C}, then a hermi-

tian vector bundle is given by E = (E;||.||o hermitian metric on E, for every o

K — C).

Definition 4.3. Arakelov degree: dégE = log #(E/Ok-8) =3, ce.clog 5]
if rh(E) =1, s € E\{0}, in general degFE = deg A™F) .

o [, L,ofrk 1, degly ® Ly = degLy + degLo,

e 0—-S—-FE—-Q—0
= dégE_’ = dégg -+ dég@,

o Ly, Lotk1, ¢: Ly g — Log, ¢ # 0= degly = degLy + h(e),
M) =D p2(0) in 0 108 |[0lP + 3, e log [|9]]o-
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Level 3: Over a number field
K number field, X over K, P € X(K), V C Xp formal curve.
Choose O(1)/X.
Consider
DK - F(X7 O(D)) - F(V7 O(D))u

V Zariski-dense in X , V = limV,.

Let NK = TPV
Choose
X
Tl TP .
Spec Ok
Let Ep = (m.O(D),||.||z2) and
Eb Cc Ep
5 5
sly,_, =0 s

7737,1( : E}:)K/EZJ}{ - Ngi ® O(D)|p.

As above
degEp = Y deg(Ep/Ey™)
1>0
= tk(Ep/E ") (—idegN + DdegP*O(1) + h(np)).
i>0

Basic principle: If 5(...) is < 0 when & >> 0, this equality leads to a
contradiction when D — oo if dim X > 2.

Observations:

V formal leaf = APilni, are defined over O.
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1

[K : Q] > “log|Inp || < ilogi + 4D,
' P

V, analytic = ||n%||, < r~'CP “Cauchy”,
log [|np|| < aD + Bi.

1. Schneider-Lang:

PY(C)«— X, F, 00: K —C, f:C— X,,(C),

(Ea)i<a<k, [(&a) = Po € X(K), Vi, = §p.,

i : D(X, 0(D)) — &4, T(Va, O(D)).

Additional fact:

. k )
Ty(r) = O(") = log| | < ~—ilog 15 +¢(i + D)

L L
HHb) < (K Q] = 2)plog 5+ e(5 + 1),

gets very negative for k£ > 0.

2. Grothendieck—Katz:
X, F, 04 as before, f (GK)
Additional fact:

(GK) formal leaf extends “almost smoothly” Y . log||np|| < c(i + D)
(weak smooth)

YA >03e(A) 1 VA > 03e(Mog [|éh]| < —Ai + c(\)D

—idegN + h(nh) < (i + D) + ¢(A\)D — Xi

<
< —ei+d"D, N>C.



Theorem 4.4. (C. Gasbarri + J. B. B.):
X, Frank1, Pc X(K), 0p: K — C,Q CC,

f:C — X, (C)

analytic along a leaf of Fy,, of finite order, C' parabolic Riemann surface
(affine algebraic curve).

f(C) ist not algebraic

= T <00,
eccroenaye KU ) Kl

Example: M affine curve over K, (F1,Vy), (Fa, Va).
Assume: J¢¢ : (Eic, Vie)*™ = (Eac, Vo)™ (i.e. same monodromy).

If ¢¢c is not algebraic

M 2 [K(P,o(P)) : K]

PeC(Q),
$(P) defined over Q
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