MODULES AND REPRESENTATIONS UP TO HOMOTOPY OF LIE
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ABSTRACT. This paper studies differential graded modules and representations up to homotopy
of Lie n-algebroids, for general n € N. The adjoint and coadjoint modules are described, and
the corresponding split versions of the adjoint and coadjoint representations up to homotopy are
explained. In particular, the case of Lie 2-algebroids is analysed in detail. The compatibility of a
Poisson bracket with the homological vector field of a Lie n-algebroid is shown to be equivalent
to a morphism from the coadjoint module to the adjoint module, leading to an alternative
characterisation of non-degeneracy of higher Poisson structures. Moreover, the Weil algebra
of a Lie m-algebroid is computed explicitly in terms of splittings, and representations up to
homotopy of Lie n-algebroids are used to encode decomposed VB-Lie n-algebroid structures on
double vector bundles.
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1. INTRODUCTION

Lie n-algebroids, for n € N, are graded geometric structures which generalise the notion of Lie
algebroids. They have become a field of much interest in mathematical physics, since they form a
nice framework for higher analogues of Poisson and symplectic structures.

Courant algebroids [27] give an important example of such higher structures. The work of
Courant and Weinstein [11] and of Hitchin and Gualtieri [20, 17, 18] show that Courant algebroids
serve as a convenient framework for Hamiltonian systems with constraints, as well as for generalised
geometry. A significant result from Roytenberg [38] and Severa [40] shows that Courant algebroids
are in one-to-one correspondence with Lie 2-algebroids which are equipped with a compatible
symplectic structure.

The standard super-geometric description of a Lie n-algebroid generalises the differential al-
gebraic way of defining a usual Lie algebroid, as a vector bundle A over a smooth manifold M
together with a degree 1 differential operator on the space 2°(A) := I'(A®*A*). In the language
of graded geometry, this is equivalent to a graded manifold of degree 1 equipped with a homo-
logical vector field [43], i.e. a degree 1 derivation on its sheaf of functions which squares to zero
and satisfies the graded Leibniz rule. A Lie n-algebroid is then defined as a graded manifold M
of degree n, whose sheaf of functions C*°(M) is equipped with a homological vector field Q. In
more “classical” geometric terms, a (split) Lie n-algebroid can also be defined as a graded vector
bundle A = @), A; over a smooth manifold M together with some multi-brackets on its space
of sections I'(A) which satisfy some higher Leibniz and Jacobi identities [41]. A Lie n-algebroid
(M, Q) is called Poisson if its underlying manifold carries a degree —n Poisson structure {-,-} on
its sheaf of functions C*° (M), such that the homological vector field is a derivation of the Poisson
bracket.

A well-behaved representation theory of Lie n-algebroids for n > 2 has not been developed
yet. In the case n = 1, i.e. in the case of usual Lie algebroids, Gracia-Saz and Mehta [16], and
independently Abad and Crainic [2], showed that the notion of representation up to homotopy is
a good notion of representation, which includes the adjoint representation. Roughly, the idea is to
let the Lie algebroid act via a differential on Lie algebroid forms which take values on a cochain
complex of vector bundles instead of just a single vector bundle. This notion is essentially a Z-
graded analogue of Quillen’s super-representations [37]. After their discovery, representations up
to homotopy have been extensively studied in other works, see e.g. [32, 3, 4, 5, 13, 34, 42, 15, 9, 24,
8, 44]. In particular, in [32] it was shown that representations up to homotopy of Lie algebroids
are equivalent, up to isomorphism, to Lie algebroid modules in the sense of [43].

This paper extends the above notions of modules, and consequently of representations up to
homotopy, to the context of higher Lie algebroids. The definition is the natural generalisation of
the case of usual Lie algebroids explained above, i.e. differential graded modules over the space of
smooth functions of the underlying graded manifold. The obtained notion is analysed in detail,
including the two most important examples of representations, namely, the adjoint and the coad-
joint representations (up to homotopy). An equivalent geometric point of view of a special class
of representations is given by split VB-Lie n-algebroids, i.e. double vector bundles with a graded
side and a linear split Lie n-algebroid structure over a split Lie n-algebroid.

Our general motivation for studying representations up to homotopy of higher Lie n-algebroids
comes from the case n = 2, and in particular from Courant algebroids. More precisely, it is the
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search for a good notion not only of the adjoint representation of a Courant algebroid, but also of
its ideals, similar to the work done in [25]. The natural question that arises then is the following:

Question. Is a compatible Poisson or symplectic structure on a Lie n-algebroid encoded in its
adjoint representation?

The answer to this question is positive, since it turns out that a Poisson bracket on a Lie n-
algebroid gives rise to a natural map from the coadjoint to the adjoint representation which is an
anti-morphism of left representations and a morphism of right representations (see Theorem 4.3.2,
Corollary 4.3.3 and Section 7.2), i.e. it anti-commutes with the differentials of their structure as
left representations and commutes with the differentials of their structure as right representations.
Further, the Poisson structure is symplectic if and only if this map is in fact a left anti-isomorphism
and right isomorphism. This result is already known in some special cases, including Poisson Lie
0O-algebroids, i.e. ordinary Poisson manifolds (M,{-,-}), and Courant algebroids over a point,
i.e. quadratic Lie algebras (g, [, ], {(-,-)). In the former case the map reduces to the natural map
§: T*M — TM obtained from the Poisson bracket on M, and in the latter case it is the inverse of
the map defined by the nondegenerate pairing g — g*, x — (z,-).

Outline of the paper. This paper consists of seven sections and is organised as follows. Section
2 sets the notation and conventions, and recalls the definitions and constructions of graded vector
bundles and Lie algebroids.

Section 3 offers a quick introduction to graded manifolds, (split) Lie n-algebroids, and Poisson
and symplectic structures on Lie n-algebroids. In particular, it discusses the space of generalised
functions of a Lie n-algebroid, gives the geometric description of a split Lie 2-algebroid [24] which
is used in the rest of the paper, and defines the Weil algebra of a Lie n-algebroid — as it is done in
[31] in the case n = 1.

Sections 4 and 5 generalise the notions of Lie algebroid modules and representations up to
homotopy to the setting of Lie n-algebroids. They offer a detailed explanation of the theory
and give some useful examples, including the classes of the adjoint and coadjoint modules, whose
properties are discussed thoroughly, especially in the case of Lie 2-algebroids. Section 4 provides the
answer to the question expressed above about the connection between higher Poisson or symplectic
structures and the adjoint and coadjoint modules.

Section 6 recalls some basic definitions and examples from the theory of double vector bundles
and defines VB-Lie n-algebroids together with the prototype example of the tangent prolongation
of a Lie n-algebroid. It also shows that there is a 1-1 correspondence between split VB-Lie n-
algebroids and (left) representations up to homotopy of degree n + 1, which relates again the
adjoint representation of a Lie algebroid with its tangent prolongation.

Finally, Section 7 discusses in the split case the results of this paper. It analyses the Weil algebra
of a split Lie n-algebroid using vector bundles and connections, and it gives more details about the
map between the coadjoint and adjoint representations for split Poisson Lie algebroids of degree
n < 2.

Acknowledgements. The authors thank Miquel Cueca Ten, Luca Vitagliano and Chenchang
Zhu for interesting discussions and remarks.

Relation to other work. During the preparation of this work, the authors learnt that Caseiro and
Laurent-Gengoux also consider representations up to homotopy of Lie n-algebroids, in particular
the adjoint representation, in their work in preparation [10].

In [44], Vitagliano considers representations of strongly homotopy of Lie-Rinehart algebras.
Strongly homotopy Lie Rinehart algebras are the purely algebraic versions of graded vector bundles,
over graded manifolds, equipped with a homological vector field that is tangent to the zero section.
If the base manifold has grading concentrated in degree 0 and the vector bundle is negatively graded,
the notion recovers the one of split Lie n-algebroids. In that case, Vitagliano’s representations
correspond to the representations up to homotopy considered in this paper.
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In addition, since the DG M-modules considered in this paper are the sheaves of sections of
OQ-vector bundles, they are themselves also special cases of Vitagliano’s strongly homotopy Lie-
Rinehart algebras.

2. PRELIMINARIES

This section recalls basic definitions and conventions that are used later on. In what follows,
M is a smooth manifold and all the considered objects are supposed to be smooth even if not
explicitly mentioned. Moreover, all (graded) vector bundles are assumed to have finite rank.

2.1. (Graded) vector bundles and complexes. Given two ordinary vector bundles E — M and
F — N, there is a bijection between vector bundle morphisms ¢: E — F' covering ¢g: M — N and
morphisms of modules ¢*: T'(F*) — I'(E*) over the pull-back ¢§: C*>°(N) — C*°(M). Explicitly,
the map ¢* is defined by ¢*(f)(m) = &}, foo(m), for f € T(F),m € M.

Throughout the paper, underlined symbols denote graded objects. For instance, a graded vector
bundle is a vector bundle q: E — M together with a direct sum decomposition

E= @En[n]

nez

of vector bundles E,, over M. The finiteness assumption for the rank of E implies that E is both
upper and lower bounded, i.e. there exists a ny € Z such that E, = 0 for all |n| > ng. Here,
an element e € E,, is (degree-)homogeneous of degree |e| = —n. That is, for k € Z, the degree k
component of E (denoted with upper index E*) equals E_j.

All the usual algebraic constructions from the theory of ordinary vector bundles extend to the
graded setting. More precisely, for graded vector bundles E, F, the dual E*, the direct sum E® F,
the space of graded homomorphisms Hom(E, F'), the tensor product £ ® F, and the symmetric
and antisymmetric powers S(E) and A(E) are defined.

A (cochain) complex of vector bundles is a graded vector bundle E over M equipped with a
degree one endomorphism (called the differential)

0, 9, 9, 7]
...—)EZ'+1—)EZ‘—)EZ‘,1—>...

which squares to zero; 8% = 0.
Given two complexes (E, ) and (F, d), one may construct new complexes by considering all the
constructions that were discussed before. Namely, the bundles S(E), A(E), E*, Hom(E, F) and

E ® F inherit a degree one operator that squares to 0. The basic principle for all the constructions
is the graded derivation rule. For example, for ¢ € Hom(E, F) and e € E:

d(g(e)) = (9)(e) + (—=1)1Ip(a(e)).
This can also be expressed using the language of (graded) commutators as
0(¢) =[0.¢] =806~ (~1)/?lgod =009~ (-1)*"?lpo0.

The shift functor [k], for k € Z, yields a new complex (E[k],d[k]) whose i-th component is
E[k]! = E'"F = E_,_, with differential d[k] = . Formally, E[k] is obtained by tensoring with
(R[k],0) from the right’. A degree k& morphism between two complexes (E,d) and (F,0d) over
M, or simply k-morphism, is, by definition, a degree preserving morphism ¢: E — F[k] over the
identity on M; that is, a family of vector bundle maps ¢;: E* — F [k]? over the identity on M that
commutes with the differentials:? ¢ 09 = J o ¢.

1If one chose to tensor from the left, the resulting complex would still have i-th component E[k]* = EitE but
the Leibniz rule would give the differential 8[k] = (—1)%d.
2This becomes ¢ 0 @ = (—1)*d o ¢ for the other convention.
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2.2. Dull algebroids vs Lie algebroids. A dull algebroid [21] is a vector bundle @ — M
endowed with an anchor pg: @ — T'M and a bracket (i.e. an R-bilinear map) [-,-]: I'(Q) x'(Q) —
I'(Q) on its space of sections I'(Q), such that

(1) rqlars a2l = [pq(a1), pq(ge)]

and the Leibniz identity is satisfied in both entries:

[f191, f2q2] = fifalar, @2] + fipq (@) fo - a2 — f2pq(q2) f1 - ¢,

for all ¢1,¢2 € T(Q) and all f1, fo € C°(M).
A dull algebroid is a Lie algebroid if its bracket is also skew-symmetric and satisfies the Jacobi
identity

Jacp. (g1, 92, 43) := [q1,[q2, 43]] — [[a1, @2], @3] — [q2, [q1, q3]] = O,

for all q1,q2,¢3 € T'(Q).
Given a skew-symmetric dull algebroid @), there is an associated operator d¢g of degree 1 on the

space of Q-forms Q°(Q) = I'(A*Q*), defined by the formula

dQT(q17 e 7Qk+1) = Z(_1)1+]T([ql7 qj]7 qiy---, éia ey qua ey qk+1)
i<j

+ Z(_l)H—po(Qi)(T(Qh oy Gis 5 Q1))

for 7 € OF(Q) and qi, ..., qr+1 € T'(Q); the notation ¢ means that ¢ is omitted. The operator dg
satisfies as usual

dQ(Tl ATo) = (dQTl) N To + (—1)'7-1‘7'1 AdgTa,
for 71,7 € Q°(Q). In general, the operator dg squares to zero only on O-forms f € Q°(M) =
C>(M), since dg, f = 0 for all f € C°°(M) is equivalent to the compatibility of the anchor with
the bracket (1). The identity d2Q = 0 on all forms is equivalent to (Q, pg, [, -]) being a Lie algebroid.

2.3. Basic connections and basic curvature. Let Q — M be a skew-symmetric dull algebroid
as in the last section and suppose that £ — M is another vector bundle. A QJ-connection on E is
defined similarly as usual, as a map V: I'(Q) x I'(E) — I'(E), (¢, e) — Ve that is C°°(M)-linear
in the first argument and satisfies

Vo(fe) = £pq)f e+ [Vqe,
for all ¢ € I'(Q),e € I'(E) and f € C*°(M). The dual connection V* is the @-connection on E*
defined by the formula
<V2€,6> = '£pQ(q)<5ve> - <5a Vq€>a
for all € € T'(E*),e € T'(E) and ¢q € T(Q), where (-,-) is the natural pairing between E and its
dual E*.

A Q-connection on a graded vector bundle (E = @, ., En[n],0) is a family of Q-connections
V™ n € N, on each of the bundles F,,. If E is a complex with differential 0, then the @-connection
is a connection on the complex (E,d) if it commutes with 9, i.e., d(Vie) = VI~ (de) for ¢ € T(Q)
and e € I'(E,).

The curvature of a Q-connection on a vector bundle F is defined by

RV(Qla q2)e = vth que - quvlhe - V[mﬂz]e’

for all g1,q2 € T'(Q) and e € T'(E), and generally, it is an element of I'(Q* ® Q* ® E* ® E).
If the dull bracket of @ is skew-symmetric, then the curvature is a 2-form with values in the
endomorphism bundle End(F) = E* ® E: Ry € Q?(Q,End(E)). A connection is called as usual
flat if its curvature Ry vanishes identically.
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Given a @Q-connection V on E, and assuming that [, ] is skew-symmetric, there is an induced
operator dy on the space of E-valued Q-forms Q*(Q, E) = Q*(Q) ®c () I'(£) given by the usual
Koszul formula

dVT(q17 .. 'an-‘rl) :Z(_l)i+jT([Qi7Qj]7QI7 cee 7di7 DRI 74_77 e 7qk+1)
1<J

+Z 1+1vql q17~-~7ina"'an+1))7

for all 7 € Q¥(Q, E) and q1, ..., qr+1 € T(Q). It satisfies
dv(’Tl A\ TQ) = dQTl N To + (—1)kT1 ANdyTo,

for all 7, € QF(Q) and 7 € Q*(Q, E), and squares to zero if and only if Q is a Lie algebroid and
V is flat.
Suppose that V: X(M)xT'(Q) — I'(Q) is a T'M-connection on the vector bundle Q). The induced
basic connections on () and T'M are defined similarly as the ones associated to Lie algebroids [16, 2]:
has = yhas@, Q) xT(Q) = I'(Q), Vg’fsfp = [q1,q2) + Vpo(a) @1

and
vhas = vPasTM L D(Q) x X(M) — X(M), Vo™X = [pg(q), X] + po(Vxa).
The basic curvature is the form R € Q2(Q, Hom(T M, Q)) defined by
R¥(q1,q2)X = —Vxlag1,¢2] + [0, Vx o] + [Vxaq1, g2 + Vobex @t = Vviex e

The basic connections and the basic curvature satisfy

(2) vbas,TM 0pg = pg o vbas,@7
(3) PQ ° R%as = vaas,TM,
(4) Rbab opg + Jac[, A= Rygbeas..

3. (SPLIT) LIE n-ALGEBROIDS AND NQ-MANIFOLDS

This section recalls basic results about N-manifolds and Lie n-algebroids (based on [22]), and
describes the Weil algebra of a Lie n-algebroid for general n (see [32] for n = 1). It focusses on
the category of split N-manifolds, which is isomorphic modulo some choices of splittings to the
category of N-manifolds ([7, 38]).

3.1. (Split) N-manifolds and homological vector fields. Graded manifolds of degree n € N
are defined as follows, in terms of sheaves over ordinary smooth manifolds.

Definition 3.1.1. An N-manifold M of degree n and dimension (m;ry,...,r,) is a sheaf
C>®(M) of N-graded, graded commutative, associative, unital C°°(M)-algebras over a smooth
m-dimensional manifold M, which is locally freely generated by r1 + ... + 7, elements
&l 88,88 € with & of degree i for i € {1,...,n} and j € {1,...,7;}.

A morphism of N-manifolds u: N' — M over a smooth map pg: N — M of the underly-
ing smooth manifolds is a morphism of sheaves of graded algebras p*: C*°(M) — C°°(N) over
pg: C(M) — C=(N).

For short, “[n]-manifold” means “N-manifold of degree n”. The degree of a (degree-)homogeneous
element £ € C*°(M) is written |£|. Note that the degree 0 elements of C*° (M) are just the smooth
functions of the manifold M. By definition, a [1]-manifold M is a locally free and finitely generated
sheaf C*°(M) of C°(M)-modules. That is, C*(M) = I'(AE*) for a vector bundle £ — M. In
that case, M =: E[1]. Recall that this means that the elements of E have degree —1, and so the
sections of E* have degree 1.

Consider now a (non-graded) vector bundle E of rank r over the smooth manifold M of dimension
m. Similarly as before, assigning the degree n to the fibre coordinates of E defines an [n]-manifold
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of dimension (m;r; =0,...,r,—1 = 0,7, = r) denoted by E[n], with C>*(E[n])" = I'(E*). More

generally, let E1, ..., FE, be vector bundles of ranks r1,...,r,, respectively, and assign the degree
i to the fibre coordinates of E;, for each i = 1,...,n. The direct sum E = E1[1] ® ... ® E,[n]
is a graded vector bundle with grading concentrated in degrees —1,...,—n. When seen as an

[n]-manifold, E1[1] @ ... @ E,[n] has the local basis of sections of E} as local generators of degree
i and thus its dimension is (m;ry,...,7r,).

Definition 3.1.2. An [n]-manifold of the form E1[1] & ... ® E,[n] as above is called a split [n]-
manifold.

The relation between [n]-manifolds and split [n]-manifolds is explained by the following theorem,
which is implicit in [38] and explicitly proved in [7].

Theorem 3.1.3. Any [n]-manifold is non-canonically diffeomorphic to a split [n]-manifold.

Note that under the above correspondence, the structure sheaf of an [n]-manifold M ~ E =

Ei[l]®...® E,[n] becomes
C>(M) ~T(S(EY)),
and a different choice of splitting leaves the bundles unchanged. In particular, for the case of a
split [2]-manifold M = E = F;[1] ® E»[2] the graded functions are
C*(M) =T(S(E")) =T(AEY ® SE3),
where the grading is defined such that
CeM)' = @ T (AEf @ S'E;).
k+20=i

Using the language of graded derivations, the usual notion of vector field can be generalized to
a notion of vector field on an [n]-manifold M.

Definition 3.1.4. A vector field of degree j on M is a degree j (graded) derivation of C*°(M),
i.e. amap X': C®(M) — C®(M) such that [X ()] = j + |¢] and X (£¢) = X ()¢ + (—1)7klex(¢),
for homogeneous elements &, ¢ € C*°(M).

As usual, | X| denotes the degree of a homogeneous vector field X'. The Lie bracket of two vector
fields X, Y on M is the graded commutator

(X, V] =xY - (-)*Wiyx,

The following relations hold:

(1) [Xay] = 7(71)‘)(“);'[))7‘)(}7

(i) [X,€Y] = X(©)Y + (~1)IMEle[x, Y,
(iii) (=112, [, 2]+ (-1)PI¥ [y, [2, 2] + (-1)FIVI[Z, [x, Y]] = 0,
for X, Y, Z homogeneous vector fields on M, and § a homogeneous element of C>®(M).

Local generators & of C*°(M) over an open set U C M given by the definition of M define the

(local) vector fields 854- of degree —j, which sends &/ to 1 and the other local generators to 0. The

sheaf Dery; (C>°(M)) of graded derivations of CfP (M) is freely generated as a CgP(M)-module by
0z, and 851, where z1,...,x,, are coordinates for M defined on U.

Note that in the case of a split [n]-manifold E1[1] & ... ® E,[n], each section e € I'(E;) defines
a derivation é of degree —j on M by the relations: é(f) = 0 for f € C*(M), é(e) = (e,e) for
e € I(E7) and é(e) = 0 for ¢ € T(E") with || # j. In particular, e} = 853_ for {e’} a local basis of
Ej and {€}} the dual basis of E7.

Given T M-connections V¢: X(M) — Der(E;) for all i, the space of vector fields over a split
[n]-manifold M is generated as a C>°(M)-module by

{(Vi@®.. oV | X eX(M)}u{é|eeI(E;) for some i}.
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The vector fields of the form Vi &...&V% are of degree 0 and are understood to send f € C*°(M)
to X(f) € C°(M), and € € T'(Ef) to Vi{'e € T'(E}). The negative degree vector fields are
generated by those of the form é.

Definition 3.1.5. A homological vector field Q on an [n]-manifold M is a degree 1 derivation of
C>(M) such that Q2 = 1[Q, Q] = 0.

A homological vector field on a [1]-manifold M = E[1] is a differential dg associated to a Lie
algebroid structure on the vector bundle E over M [43]. The following definition generalizes this
to arbitrary degrees.

Definition 3.1.6. A Lie n-algebroid is an [n]-manifold M endowed with a homological vector field
Q — the pair (M, Q) is also called NQ-manifold of degree n. A split Lie n-algebroid is a split [n]-
manifold M endowed with a homological vector field Q. A morphism of (split) Lie n-algebroids is
a morphism g of the underlying [n]-manifolds such that p* commutes with the homological vector
fields.

The homological vector field associated to a split Lie n-algebroid A = A1[1]®...® A,[n] = M
can be equivalently described by a family of brackets which satisfy some Leibniz and higher Jacobi
identities [41]. More precisely, a homological vector field on A is equivalent to an L..-algebra
structure! on I'(A) that is anchored by a vector bundle morphism p: A; — T'M. Such a structure

is given by multibrackets [-,...,];: T(A)* — T'(A) of degree 1 for 1 <i < n + 1 such that
(1) [, ]2 satisfies the Leibniz identity with respect to p,
(2) [-5.--,]i is C°°(M)-linear in each entry for all i # 2,
(3) (graded skew symmetry) each [-,...,-]; is graded alternating: for a permutation o € S;
and for all ai,...,a; € I'(4) degree-homogeneous sections
[[aa(l)a ao’(2)7 ey ao’(k)ﬂi = ngn(oa ALy vy ak?) . Hala ag, ..., ak:]]’h
and
(4) (strong homotopy Jacobi identity) for k € Nand aq, ..., a; € I'(A4) sections of homogeneous
degree:
Z (71)i(j71) Z ngn(a,al,...,ak)[[[[aa(l),...,aa(i)]]i,aa(i_,_l),...,aa(k)]]j =0.
itj=k+1 o€Sh; s

Here, Sh; _; is the set of all (i,k — i)-shuffles* and Ksgn(o,ay,...,ax) is the (ay,...,ax)-graded
signature of the permutation o € S, i.e.

arN...Nag = ngn(a,al,...,ak)aa(l) AN G (k) -

This gives the following alternative geometric description of a split Lie 2-algebroid (M = A;[1]&®
A3[2], Q), see [24]. For consistency with the notation in [24], set A; := @ and A; =: B.

Definition 3.1.7. A split Lie 2-algebroid Q[1] @ B*[2] is given by a pair of an anchored vector
bundle (Q — M, pg) and a vector bundle B — M, together with a vector bundle map ¢: B* — @,
a skew-symmetric dull bracket [-,-]: T'(Q) x T'(Q) — T'(Q), a linear Q-connection V on B, and a
vector valued 3-form w € Q3(Q, B*) such that

(1) E(B )62 + vz(ﬁ2),31 =0, for all g1, 82 € F(B*),

(ii) [g,4(B)] = £(V;B) for all ¢ € I'(Q) and 8 € I'(B*),

(iii) Jacp ) =low € Q3(Q,Q),

(iv) Rv*(fhafh)ﬂ = —w(q1,q2,¢(B)) for q1,q2 € T(Q) and 3 € T'(B*),
(V) dv*w =0.

1We note that the sign convention agrees with, e.g. [26, 45]. In [39], the term “Loo[1]-algebra” was used for
brackets with this sign convention.
2A (i, k — i)-shuffle is an element o € S, such that o(1) < ... < o(i) and o(i +1) < ... < o(k).
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To pass from the definition above to the homological vector field Q, set Q(f) = p*df € T(Q*),
9(1) = dot + 9T € Q*(Q) & I'(B), and Q(b) = dyb — (w,b) € QYQ,B) & Q*(Q) for [ €
C>®(M), 7 € QQ) and b € T'(B), where dp := (*.

On the other hand we may obtain the data of Definition 3.1.7 from a given homological vector
field Q as follows. Define the vector bundle map ¢ to be the 1-bracket and p to be the anchor.
The 2-bracket induces the skew-symmetric dull bracket on @ and the @-connection on B* via the
formula

la1 © B1,q2 ® Bal2 = [q1, g2l ® (Vg, B2 — V3, B1).

Finally, the 3-bracket induces the 3-form w via the formula
la1 © 0,429 0,43 ® 0]3 = 0® w(q1, g2, g3)-

Ezample 3.1.8 (Lie 2-algebras). If we consider a Lie 2-algebroid over a point, then we recover the
notion of Lie 2-algebra [6]. Specifically, a Lie 2-algebroid over a point consists of a pair of vector
spaces go, g1, a linear map £: go — g1, a skew-symmetric bilinear bracket [-,-]: g1 X g1 — ¢1, a
bilinear action bracket [-,-]: g1 Xgo — go, and an alternating trilinear bracket [-,-,-]: g1 X g1 xXg1 —
go such that

(1) [€(z),y] +[€(y),z] = 0 for ,y € go,

(2) [z, £(y)] = £([z,y]) for = € g1 and y € go,
(3) Jacy. y(w,y, 2) = £([z,y, 2]) for x,y,z € g1,
(4) ([, y]. =)+ [y: 2, 2] — [, [9,2]) = [,y £(2)] for 2,y € gy amd = € go,
(5) and the higher Jacobi 1dent1ty

0 :[l', [yaz7w]] - [ya [l',Z,IUH + [Zv [ZL’,y,’U}H - [’U}, [l‘,y,Z]]
- HLU,y],Z/LU} + [[xvz]ﬂva] - [[$7w]vy72] - [[y7z]7x7w] + [[va]ﬂ‘rvz] - [[z,w],x,y].
holds for z,y, z,w € g;.

Ezample 3.1.9 (Derivation Lie 2-algebr(oid)). For any Lie algebra (g,[-,-]g), the derivation Lie
2-algebra is defined as the complex
ad: g — Der(g)

with brackets given by [d1,d2] = 0102 — 6201, [0, 2] = dz, [01,d2,03] = 0 for all §,d; € Der(g),i =
1,2,3, and x € g.

A global analogue of this construction can be achieved only under strong assumptions on the Lie
algebroid A — M. Precisely, let A — M be a Lie algebra bundle. Then the space of all derivations
D of the vector bundle A which preserve the bracket

D[al, (IQ] = [Dal, ag] + [(Il, Dag]

is the module of sections of a vector bundle over M, denoted Der. j(A) — M. Together with the
usual commutator bracket and the anchor p/'(D) = X, where D is a derivation of I'(A) covering
X € X(M), the vector bundle Dery. (A) is a Lie algebroid over M [28]. Since the anchor of A is
trivial, the complex

A2 Dery y(4) & TM
becomes a Lie 2-algebroid with Dery. j(A)-connection on A given by Vpa = Da and w = 0.

Ezample 3.1.10 (Courant algebroids). Let E — M be a Courant algebroid with pairing (-, -): EX s
E — E, anchor p and Dorfman bracket [-,-], and choose a metric linear connection V: X(M) x
I'(E) — IT'(E). Then E[1]&T*M]2] becomes as follows a split Lie 2-algebroid. The skew-symmetric
dull bracket is given by [e,e’] = [e,e'] — p*(V.e,€') for all e,e’ € T'(E). The basic connection is
VP T(E) x X(M) — X(M) and the basic curvature is given by wy € Q*(E, Hom(T'M, E))

wy(e, )X = =Vx[e, €] + [Vxe, €] + [e, Vx€] + Vg xe — Vybasxe' — P~ (Vg ye, €),

where P: E — E* is the isomorphism defined by the pairing, for all e,e’ € T'(F) and X € X(M).
The map £ is p*: T*M — E, the E-connection on T*M is V*2* and the form w € Q3(E, T*M) is
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given by w(ey, e, e3) = (wv (e, e2)(+), e3). The kind of split Lie 2-algebroids that arise in this way
are the split symplectic Lie 2-algebroids [38]. They are splittings of the symplectic Lie 2-algebroid
which is equivalent to the tangent prolongation of F, which is an LA-Courant algebroid [24, 23].

3.2. Generalized functions of a Lie n-algebroid. In the following, (M, Q) is a Lie n-algebroid
with underlying manifold M. Consider the space C**(M) @ (ar) I'(E) for a graded vector bundle
E — M of finite rank. For simplicity, C*°(M) ®¢cee (ar) I'(£) is sometimes written C*°(M) @ I'(E).
That is, these tensor products in the rest of the paper are always of C'*°(M)-modules.

First suppose that (M, Q) = (A[1],da) is a Lie algebroid. The space of E-valued differential
forms Q(4; E) := Q(A) @ce(ar) ['(E) = C*(A[1]) ®ce(ar) [(E£) has a natural grading given by

UAE), = D (4 E)).
i—j=p
It is well-known (see [2]) that any degree preserving vector bundle map h: E® F — G induces a
wedge product operation
(- A ) QA E) x QA E) — Q(A;G)
which is defined on w € QP(A; E;) and n € Q4(A; F;) by

(wARn)(a,..., ap-i—q) = Z (_1)qi sgn(o)h (w(ao'(l)v e aac'(p))7 W(aa(p+1)a cees aa(p+q))) )
o€Shy, 4
for all ai,...,aptq € T'(A4).
In particular, the above rule reads

0 AR ¢ = (=1)" (wAn) @ h(e, f),

for all d = w® e and ( = n ® f where w is a p-form, n is a ¢g-form, and e and f are homogeneous
sections of E and F of degree i and j, respectively.

Some notable cases for special choices of the map h are given by the identity, the composition
of endomorphisms, the evaluation and the ‘twisted’ evaluation maps, the graded commutator of
endomorphisms and the natural pairing of a graded vector bundle with its dual. In particular,
the evaluation (®,e) — ®(e) and the twisted evaluation (e, ®) — (—1)I®/l¢l®(e) make Q(A; E) a
graded Q(A; End(E))-bimodule.

In the general case of a Lie n-algebroid (M, Q), the space Q(A) is replaced by the generalized
smooth functions C>°(M) of M. The space C*°(M) ®ce(ary ['(£) has a natural grading, where
the homogeneous elements of degree p are given by

P M) @I (E)).
i—j=p
Similarly as in the case of a Lie algebroid, given a degree preserving map
h: EQF — G,
one obtains the multiplication
(C*M)@T(E)) x (CZM) @T(E)) =C*(M)oT(G)
(w,n) —wApn.

In particular, for elements of the form ¢ ® e € C®(M)! @ T(E;),( ® f € C®(M)* @ T'(F,) the
above rule reads
(€@e) M (¢® f)= (D@ n(e, f),

where on the right hand side the multiplication £( is the one in C*°(M). The special cases above
are defined similarly for the n-algebroid case. Moreover, C*(M) ®ce () I'(£) is endowed with
the structure of a graded C*°(M) ®¢eo(ar) I'(End(£))-bimodule.

Finally, the following lemma will be useful later as it is a generalisation of [2, Lemma A.1], and
gives the connection between the space C*°(M) ® I'(Hom(E, F')) and the homomorphisms from
COM)RT(E) to C*(M) @ T'(E).
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Lemma 3.2.1. There is a 1-1 correspondence between the degree n elements of C*°(M) ®
I'(Hom(E, F')) and the operators ¥: C*°(M) @ ['(E) — C*(M) @ I'(F) of degree n which are
C>°(M)-linear in the graded sense:
V(EAD) = (=1)" A (n),
for all £ € C°(M)*, and all € C°(M) @ T(E).
Proof. The element ® € C>(M) ® I'(End(E)) induces the operator ® given by left multiplication
by ®
() =2 An.

This clearly satisfies ®(& A ) = (=1)"k¢ A ®(n), for all £ € C®(M)F, n € C®(M) @ T'(E).
Conversely, an operator ¥ of degree n must send a section e € I'(Fj) into the sum

D(Fy—n) ® (C®(M)' @ T(Fy—n+1)) @ (C®(M)? @ T(Fp_pt2)) @ ...,
defining the elements

U; € C®°(M)! @ I'(Hom™ “(E, F)).
Thus, this yields the (finite) sum ¥ = 3>, € (C‘X’(M) ® I'(Hom(E, E)))n Clearly,

&= and U = V. O
Schematically, for a Lie n-algebroid M, the above lemma gives the following diagram:

n Degree n operators ¥
(c(Mm) © T(Hom(E, F))) " & C(M) @ T(E) = €% (M) & T(E)
which are C*°(M)-linear in the graded sense

In particular, if £ = F, then

(Coo(,/\/l) ® F(LM(E)Dn BON { Degree n operators ¥ on C*°(M) @ I'(E) which }

are C>°(M)-linear in the graded sense

3.3. The Weil algebra associated to a Lie n- algebroid. Let M be an [n]-manifold over a
smooth manifold M and &],... &%, &8 ... &2 ... &L ... & Dbe its local generators over some
open U C M with degrees 1,2,...,n, respectively. By deﬁnition, the tangent bundle T M of M is
an [n]-manifold over TM [31, 32], whose local generators over TU C T'M are given by

C35 (TM)? = C®(TU) and C55,(TM)" =&}, ..., &0, dg} ..., dElw.

The shifted tangent prolongation! T[1]M is an [n + 1]-manifold over M, with local generators over
U given by

degree 0 c>=(U)

degree 1 &8 QN U)

degree 2 & ..., 2,d§1,...,d§I1

degree n L€ d{n 1o, dE
degree n + 1 det, ... dgnn

It carries a bigrading (p, q), where p comes from the grading of M and q is the grading of “dif-
ferential forms”. In other words, the structure sheaf of T'[1]M assigns to every coordinate domain
(U,zt,...,2™) of M that trivialises M, the space

EBCU <dx Vil (dEf)s 17---,<d§¢z>};11>-
S—_—— —— N——
(z,O) (0,1) (1,1) (n,1)

INote that here there is a sign difference in the notation with [31] and [32]. T[1]M here is the same as T[—1]M
in these papers.
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Suppose now that (M, Q) is a Lie n-algebroid over M. Then T[1]JM is an [n + 1]-manifold,
which inherits the two commuting differentials £¢ and d defined as follows:
o d: C®(TAIM)* — C>(T[1JM)**! is defined on generators by C*(M) > f — df, &
d¢l, df — 0 and d&] — 0, and is extended to the whole algebra as a derivation of bidegree
(0,1).
o Lo: C®(T[IM)® — C>=(T[1JM)**! is the Lie derivative with respect to the vector field
Q, i.e. the graded commutator £o = [ig,d] = ig od —d oig, and it is a derivation
of bidegree (1,0). Here, ig is the bidegree (1, —1)-derivation on T[1]M, which sends
£ € C®(M) to 0, d§ to Q(&) for £ € C°(M), and is extended to the whole algebra as a
derivation of bidegree (1,—1).
By checking their values on local generators, it is easy to see that £2Q =0,d? =0 and [£o,d] =
£ood+do £g =0. Hence, WP9(M) := {elements of C>°(T[1]M) of bidegree (p,q)} together
with £¢ and d forms a double complex.

Definition 3.3.1. The Weil algebra of a Lie n-algebroid (M, Q) is the differential graded algebra
given by the total complex of WP9(M):

W(M):= P P WIM), £o0+d

1€EZ i=p+q

In the case of a Lie 1-algebroid A — M, this is the Weil algebra from [31, 32]. For the 1-algebroid
case, see also [2] for an approach without the language of supergeometry.

4. DIFFERENTIAL GRADED MODULES

This section defines the notion of a differential graded module over a Lie n-algebroid (M, Q) and
gives the two fundamental examples of modules which come canonically with any Lie n-algebroid,
namely the adjoint and the coadjoint modules. Note that the case of differential graded modules
over a Lie 1-algebroid A — M is studied in detail in [33].

4.1. The category of differential graded modules. Let A — M be a Lie 1-algebroid. A Lie
algebroid module [43] over A is defined as a sheaf & of locally freely generated graded Q(A)-modules
over M together with a map D: & — & which squares to zero and satisfies the Leibniz rule

D(an) = (daa)n + (=1)*laD(n),

for v € 2(A) and n € &. For a Lie n-algebroid (M, Q) over M, this is generalised to the following
definitions.

Definition 4.1.1. (1) A left differential graded module of (M, Q) is a sheaf & of locally freely
generated left graded C*°(M)-modules over M together with a map D: & — & of degree
1, such that D? = 0 and

D(¢n) = Q&) + (~1)eD(n)
for all £ € C*°(M) and n € &(M).
(2) A right differential graded module of (M, Q) is a sheaf & of right graded modules as above
together with a map D: & — & of degree 1, such that D? = 0 and

D(n) = D(n)¢ + (—1)"nQ(¢)

for all £ € C*°(M) and n € &(M).

(3) A differential graded bimodule of (M, Q) is a sheaf & as above together with left and right
differential graded module structures such that the gradings and the differentials coincide,
and the two module structures commute: (£11)82 = &1(né2) for all &,& € C*°(M) and
neESs.
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For short we write left DG (M, Q)-module and right DG (M, Q)-module, or simply left DG
M-module and right DG M-module. The cohomology of the induced complexes is denoted by
H} (M, Q;&) and H}(M, Q; &), respectively, or simply by H} (M, &) and H}(M,&). If there is
no danger of confusion, the prefixes “left” and “right”, as well as the subscripts “L” and “R”, will
be omitted.

Definition 4.1.2. Let (&1,D;) and (&, D2) be two left (right) differential graded modules over
the Lie n-algebroids (M, Q) and (N, Qar), respectively, and let k € Z. A degree 0 morphism,
or simply a morphism, between & and & consists of a morphism of Lie n-algebroids ¢: N' — M
and a degree preserving map p: & — & which is left (right) linear: p(&n) = ¢*(&)u(n), for all
£ €C>®(M) and n € &(M), and commutes with the differentials Dy and Ds.

Remark 4.1.3. The sheaves & and &5 in the definition above are equivalent to sheaves of linear
functions on Q-vector bundles over M [31]. From this point of view, it is natural that the definition
of a morphism of differential graded modules has a contravariant nature.

As in the case of Lie algebroids, new examples of DG M-modules of Lie n-algebroids are obtained
by considering the usual algebraic constructions. In the following, we describe these constructions
only for left DG modules but the case of right DG modules is treated similarly.

Definition 4.1.4 (Dual module). Given a DG M-module & with differential Dg, one defines a
DG M-module structure on the dual sheaf &* := Hom(&,C*) with differential Dg~ defined via
the property

(¥, m) = (De=(¥),m) + (=1)* 1, Ds (1)),
for all ¢ € &*(M) and n € &(M), where (-, -) is the pairing of &* and & [31].

Definition 4.1.5 (Tensor product). For DG M-modules & and .% with operators Dg and D,
the corresponding operator Dgg e on & ® % is uniquely characterised by the formula

Dsoz(n@n’) =Ds(n) @n' + (-1)"n @ D),
for all n € &(M) and ' € F(M).

Definition 4.1.6 (Hom module). For DG M-modules &,.# with operators Dg and Dg, the
differential Dyom(s,7) on Hom(&,.7) is defined via

Dz (¥(1)) = Prom(s,7)(¥) (1) + (1)1 (De (n)),
for all ¢ € Hom(&'(M), F(M)) and n € E(M).

Definition 4.1.7 ((Anti)symmetric powers). For a DG M-module & with operator Dg, the
corresponding operator Dg(s) on S*(&) is uniquely characterised by the formula

Ds(sy(mnz---mk) = De(ni)nz - -k
k
+m Z(—l)lmH“‘Hm*l‘ng D) - Mgy
1=2

for all n1,...,me € &(M). A similar formula gives also the characterisation for the operator D 4«
of the antisymmetric powers A?(&).

Definition 4.1.8 (Direct sum). For DG M-modules &,.% with operators Dg and D, the dif-
ferential operator Dgge on & @ F is defined as

Degpy =De ®Dg.

Definition 4.1.9 (Shifts). For k € Z, the DG M-module R[k] is defined as C*>°(M) @T'(M x R[k])
with differential given by Q; here, M x R[k] is the [k]-shift of the trivial line bundle over M, i.e.
M x R in degree —k and zero otherwise. Given now a module & with differential Dg, we define
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the shifted module &[k] := & ® R[k]. Due to the definition of the tensor module, its differential
D[k] acts via

Delkl(n®1) =Dg(n) @1

for all n € &(M). Abbreviating the element n ® 1 simply as 7, the shifted differential Dg[k]
coincides with Dg.

Definition 4.1.10. Let (M, Q) and (N, Qur) be Lie n-algebroids, and suppose that & and &
are left (right) DG-modules over M and N, respectively. A degree k-morphism, for k € Z, from &
to & is defined as a left (right) degree 0 morphism p : & — &3[k]; that is, a map sending elements
of degree ¢ in &1 to elements of degree i« + k in &5, such that it is linear over a Lie n-algebroid
morphism ¢ : N' — M and commutes with the differentials. A k-isomorphism is a k-morphism
with an inverse.

Remark 4.1.11. (1) The inverse of a k-isomorphism is necessarily a —k-morphism.
(2) For all k € Z and all DG M-modules &, there is an obvious k-isomorphism & — &[k] over
the identity on M.

Considering the special case of M = A in the definition above yields k-morphisms between DG
M-modules over the same Lie n-algebroid. The resulting graded categories of left and right DG M-
modules are denoted by Mod; (M, Q) and Mod (M, Q), or simply by Mod; (M) and Mod 5(M).
The isomorphism classes of these categories are denoted by Mod; (M, Q) and Mod (M, Q), or
simply by Mod; (M) and Mod(M). Again if there is no danger of confusion, the subscripts “L”
and “R” will be omitted.

4.2. Adjoint and coadjoint modules. Recall that every [n]-manifold M comes with the sheaf of
graded derivations Der(C>(M)) of C*°(M), which is called the sheaf of vector fields over M. Tt is a
natural sheaf of locally freely generated graded C°°(M)-modules over the smooth manifold M, with
left C°° (M )-module structure defined by the property (£1X)(&2) = £1X(&) for all &, &5 € C°(M)
and X € Der(C*(M)). In addition to the left modules structure, the space of vector fields are
also endowed with a right C*°(M)-module structure. The right multiplication with functions in
C>(M) is obtained by viewing the elements of Der(C*>°(M)) of degree i as functions of bidegree
(i,1) of the graded manifold T*[1] M, similarly to the shifted tangent bundle defined before. The
two module structures on Der(C>(M)) are related by X¢ = (—1)IE/IX I+ X for all homogeneous
£ € C®(M) and X € Der(C®(M)).

Suppose now that M is endowed with a homological vector field Q, i.e. (M, Q) is a Lie n-
algebroid. Then the Lie derivative on the space of vector fields £¢g := [Q, ] is a degree 1 operator
which squares to zero and has both the left and right Leibniz identities with respect to the left
and right module structures explained above. That is, the sheaf of vector fields over (M, Q) has a
canonical DG M-bimodule structure. It is called the adjoint module of M and denoted by

(X(M), £0).

The dual module P, C*°(T'[1]M) ;1) of 1-forms over M carries the grading obtained from the
horizontal grading of the Weil algebra — that is, the elements of C*°(T[1] M), 1) have degree p. Its
structure operator as a left DG module is given by the Lie derivative £g = [ig, d], and as a right
DG module is given by —£g. These left and right DG M-modules are called the coadjoint module
of (M, Q) and denoted by

(Q'(M),£o)  and (' (M),~Lg)

1Again one could choose to tensor with R[k] from the left. Then on elements of the form 1 ® 7, the resulting
differential would act as Dg[k] = (—1)*Dg.
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4.3. Poisson Lie n-algebroids: coadjoint vs adjoint modules. This section shows that a
compatible pair of a homological vector field and a Poisson bracket on an [n]-manifold gives rise
to a degree —n map from the coadjoint to the adjoint module which is an anti-morphism of left
DG M-modules and a morphism of right DG M-modules.

Let k € Z. A degree k Poisson bracket on an [n]-manifold M is a degree k R-bilinear
map {-,-}: C(M) x C=(M) = C®(M), ie. [{€1,&}] = [&1] + €] + k. such that {¢1,&} =
—(=1)U&lFR) TR e, €} and it satisfies the graded Leibniz and Jacobi identities

{61,868} = {&, &6 + (1)@ TRIEIg fe) 65}
{61, {6, &} = {{&. &}, &) + (D)8 RSN 6 L) 631

for homogeneous elements £1,&2,&3 € C*°(M). A morphism between two Poisson [n]-manifolds
(N, {-,-}n) and (M,{-,-}m) is a morphism of [n]-manifolds F: N' — M which respects the
Poisson brackets: F*{&1,82} pm = {F*&1, F*&a}a for all &1,&; € C°(M).

As is the case for ordinary Poisson manifolds, a degree k Poisson bracket on M induces a degree
k map

Ham: C*°(M) — Der(C*(M))

which sends £ to its Hamiltonian vector field X = {&,-}. An [n]-manifold is called symplectic
if it is equipped with a degree k Poisson bracket whose Hamiltonian vector fields generate all of
Der(C*(M)).

If an [n]-manifold M carries both a homological vector field Q and a degree k Poisson bracket
{+,-}, then the two structures are compatible if

&1, &} =1{Q(&), & + ()19 {4, 9(&)}

for homogeneous & € C*°(M) and all & € C*(M). Using the Hamiltonian map defined above,
the compatibility of Q and {-,-} can be rewritten as Xg(¢) = [Q, X¢] for all £ € C>°(M).

Definition 4.3.1. A Poisson Lie n-algebroid (M, Q,{-,-}) is an [n]-manifold M endowed with
a compatible pair of a homological vector field Q and a degree —n Poisson bracket {-,-}. If
in addition the Poisson bracket is symplectic, then it is called a symplectic Lie n-algebroid. A
morphism of Poisson Lie n-algebroids is a morphism of the underlying [n]-manifolds which is also
a morphism of Lie n-algebroids and a morphism of Poisson [n]-manifolds.

A Poisson (symplectic) Lie 0-algebroid is a usual Poisson (symplectic) manifold M. A Poisson
Lie 1-algebroid corresponds to a Lie bialgebroid (A4, A*) and a symplectic Lie 1-algebroid is again
a usual Poisson manifold — Section 7 explains this in detail. A result due to Severa [40] and
Roytenberg [38] shows that symplectic Lie 2-algebroids are in one-to-one correspondence with
Courant algebroids.

In [29], it was shown that a Lie algebroid A with a linear Poisson structure satisfies the Lie
bialgebroid compatibility condition if and only if the map T*A — TA induced by the Poisson
bivector is a Lie algebroid morphism from T*A = T*A* — A* to TA — TM. This is now
generalized to give a characterisation of Poisson Lie n-algebroids.

Let M be an [n]-manifold equipped with a homological vector field Q and a degree —n Poisson
bracket {-,-}. The Poisson bracket on M induces a map f£: Q' (M) — X(M)[—n] defined one the
generators via the property

(5) (#(dé1)) &2 = {&1, &2},
for all £;,& € C*°(M), and extended odd linearly by the rules
B€1dé) = (-1 eit(de)  and  §(d6i&) = (-1)l1(dé)g.

Theorem 4.3.2. Let M be an [n]-manifold equipped with a homological vector field Q and a
degree —n Poisson bracket {-,-}. Then (M, Q,{-,-}) is a Poisson Lie n-algebroid if and only if
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f: QY (M) — X(M) is a degree —n anti-morphism!® of left DG M-modules, or if and only if it is a
morphism of right DG M-modules, i.e. fo £ =—£got.

Proof. From (5),

(£0t(de)) +t(£0(d61)) )& = Q&1 &2} — (—1)€17{&1, Q(&)} — (&), &}
In other words, the compatibility of Q with {-,-} is equivalent to £g o = —fo £g. O

A detailed analysis of this map in the cases of Poisson Lie algebroids of degree n < 2 is given
in Section 7.2. The two following corollaries can be realised as obstructions for a Lie n-algebroid
with a Poisson bracket to be symplectic. In particular, for n = 2 one obtains the corresponding
results for Courant algebroids.

Corollary 4.3.3. Let M be an [n]-manifold equipped with a homological vector field Q and
a degree —n Poisson bracket {-,-}. Then (M, Q,{-,-}) is symplectic if and only if § is an anti-
isomorphism of left DG M-modules, or if and only if it is an isomorphism of right DG M-modules.

Corollary 4.3.4. For any Poisson Lie m-algebroid (M, Q,{-,-}) there are natural degree —n
maps in cohomologies f: Hf (M, Q') — H; (M, X) and §: Hp(M, Q') — Hp ™(M,X) which
are isomorphisms if the bracket is symplectic.

5. REPRESENTATIONS UP TO HOMOTOPY

This section generalises the notion of representation up to homotopy of Lie algebroids from
[2, 16] to representations of higher Lie algebroids. Some basic examples are given and 3-term
representations of a split Lie 2-algebroid are described in detail. The adjoint and coadjoint repre-
sentations of a split Lie 2-algebroid are special examples, which this section describes with explicit
formulas for their structure objects and their coordinate transformation. Lastly, it shows how to
define these two representations together with their objects for general Lie n-algebroids for all n.

5.1. The category of representations up to homotopy. Recall that a representation up to
homotopy of a Lie algebroid A is given by an A-module of the form Q(A, E) = Q(A) @ I'(E) for a
graded vector bundle E over M. In the same manner, a left representation up to homotopy of a
Lie n-algebroid (M, Q) is defined as a left DG M-module of the form C*(M)®T'(E) for a graded
vector bundle E — M. Right representations up to homotopy are defined similarly as right DG
M-modules of the form I'(E) ® C*>°(M). In what follows, we will focus only on left representations
and the prefix “left” will be omitted for simplicity.

Following the notation from [2], we denote the category of representations up to homotopy
by Rep™ (M, Q), or simply by Rep™(M). The isomorphism classes of representations up to
homotopy of this category are denoted by Rep®™ (M, Q), or by Rep®™(M). A representation of the
form E = Ey & ... & Ey_1 is called k-term representation, or simply k-representation.

Remark 5.1.1. Any (left) DG M-module is non-canonically isomorphic to a representation up to
homotopy of (M, Q) [33]. The proof goes as follows: an M-module is, by definition, the sheaf
of sections I'(B) of a vector bundle B over M. The pull-back 03,8, where Ox¢: M — M is the
zero embedding, is an ordinary graded vector bundle E over M and hence splits as E = @, E;|1].
According to [33, Theorem 2.1], the double pull-back 73},0%,B is non-canonically isomorphic to
B as vector bundles over M, where ma: M — M is the projection map. Then, as a sheaf over
M, T'(B) is identified with I'(7},0%,8) = I'(m},E), which in turn is canonically isomorphic to
CPM)RT(E).

1Using convention of tensoring from the left to obtain the shift, the anti-morphism condition reads fo £g =
—£gof=—(-1)"£o[n]of=—(~1)""M Lg[n] ot = —(=1)" ¥ £g[n] o .
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Example 5.1.2 (Q-closed functions). Let (M, Q) be a Lie n-algebroid and suppose & € C>®(M)F
such that Q(§) = 0. Then one can construct a representation up to homotopy C**(M) ® I'(E;) of
M on the graded vector bundle E = (R[0] ® R[1 — k]) x M — M (i.e. R in degrees 0 and k — 1,
and zero otherwise). Its differential D is given in components by the map

De :ZD@,

where _ _ _ _ '
Dé: Coo(M)z oy Coo(M)zle»l N Coo(M)z+1 @ Coo(M)sz+2
is defined by the formula
DGy G) = (Q&) + (1) GE, Q(G2)).

If there is an element ¢ € C>(M)* which is Q-cohomologous to &, ie. & — ¢ = Q(¢") for
some £” € C*°(M)*~1 then the representations E, and E,, are isomorphic via the isomorphism
p: B¢ — B¢ defined in components by

ui: Coo(M)z D Coo(M)ikarl N Coo(M)z D Coo(M)ifk+1
given by the formula _
1t (G, G2) = (G + GE", G).

Hence, one obtains a well-defined map H® (M) — Rep™(M). In particular, if M is a Lie algebroid,
the above construction recovers Example 3.5 in [2].

5.2. The case of (split) Lie 2-algebroids. Fix now a split Lie 2-algebroid M, and recall that
from the analysis of Section 3.1, M is given by the sum Q[1] & B*[2] which forms the complex

B 502 M.
Unravelling the data of the definition of representations up to homotopy for the special case where
E is concentrated only in degree 0 yields the following characterisation.

Proposition 5.2.1. A representation of the Lie 2-algebroid Q[1] @ B*[2] consists of a (non-graded)
vector bundle E over M, together with a (Q-connection V on E such that! :

(i) V is flat, i.e. Ry =0 on I'(E),

(11) 83 o dv =0on F(E)

Proof. Let (E, D) be a representation of the Lie 2-algebroid. Due to the Leibniz rule, D is com-
pletely characterised by what it does on T'(E). By definition, it sends T'(E) into Q'(Q, F). Using
the Leibniz rule once more together with the definition of the homological vector field Q on Q1(Q),
for all f € C*°(M) and all e € T'(E) yields

D(fe) = (podf) @ e+ fD(e),

which implies that D = dy for a @-connection V on I'(E). Moreover, by definition of D one must
have D?(e) = 0 for all e € I'(E). On the other hand, a straightforward computation yields

D?(e) = D(dye) = d¥e + dp(dve) € D*(Q,E) o T(B® E). O

Ezample 5.2.2 (Trivial line bundle). The trivial line bundle R[0] over M with Q-connection defined
by

dvf =dqf = podf
is a representation of the Lie 2-algebroid Q[1] @ B*[2]. The operator D is given by the homolog-
ical vector field @ and thus the cohomology induced by the representation is the Lie 2-algebroid
cohomology: H®*(M,R) = H*(M). The shifted version of this example was used before to define
general shifts of DG M-modules.

INote that all the objects that appear in the following equations act via the generalised wedge products that
were discussed before. For example, d(dye) and wa(w2(e)) mean O A dye and wa A wa(e), respectively. This is
explained in detail in the Appendix of [2].
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Example 5.2.3. More generally, for all & > 0, the trivial vector bundle R* of rank k over M
with Q-connection defined component-wise as in the example above becomes a representation with
cohomology H®*(M,R*) = H*(M) @ ... H*(M) (k-times).

Remark 5.2.4. Given a split Lie n-algebroid A1[1] & ... ® Ay[n] over a smooth manifold M, with
n > 2, the vector bundle A; — M carries a skew-symmetric dull algebroid structure induced by
the 2-bracket and the anchor p: A1 — TM given by Q(f) = p*df, for f € C°(M). Hence,
Proposition 5.2.1, Example 5.2.2 and Example 5.2.3 can be carried over verbatim to the general
case.

A more interesting case is for representations £ which are concentrated in 3 degrees. An explicit
description of those representations is given below. The reader should note the similarity of the
following proposition with the description of 2-term representations of Lie algebroids from [2].

Proposition 5.2.5. A 3-term representation up to homotopy (E = Ey® E1®Es, D) of Q[1]® B*[2]
is equivalent to the following data:

(i) A degree 1 map 9: E — E such that 9% = 0,

(ii) a Q-connection V on the complex 0: Fq — Fot1,

(iii) an element wy € Q*(Q,End™*(E)), .

(iv) an element w3 € Q3(Q,End %(E)), and an element ¢; € T'(B) ® Q/(Q,End 7 '(E)) for
7=0,1

such that!

2) dogg+0pody +¢god =0,

3) dows+dyows +wyody +ws0d = {(w,dy),

4) dg¢o + 00 ¢1 +dpowy + ¢ 00 =0,

5) dy ows +wy owy + w3z ody = (w, ¢1),

6) dgd1 + w2 0 P+ Op 0wz + ¢p 0wy =0,

7) ¢o o ¢o+dpo ¢ =0,

where V is the Q-connection on B ® mﬂ;l(ﬁ) induced by V on B and VE24 on End(E).
Remark 5.2.6. (1) If both of the bundles E; and Ej are zero, the equations agree with those

of a 1-term representation.
(2) The equations in the statement can be summarised as follows:

[0, ¢o] + Op o dy =0, poopo+0pop =0,
and for all i:

[0,w;] + [dv,wi—1] +wa ow;—g2 +wgow;—g + ... + wi—2 0ws = (W, hi—3),

Op owira + [0, ¢ig1] + dgdi + ¥ _[wj, di—jy1] = 0.

Jj=2

Proof. It is enough to check that D acts on I'(E). Since D is of degree 1, it maps each I'(E;) into
the direct sum

[(Eiy1) @ (CO(M)' @ T(E;)) @ (C®(M)? @ T(E;_1)) & (C°(M)? @ T(Ei—2)) .
Considering the components of D, this translates to the following three equations:
D(e) = d(e) + d(e) € T(E1) ® Q1(Q, Eo)
for e € I'(Ey),
D(e) = d(e) + d(e) + wa(e) + go(e) € [(Ea) @ (Q, E1) ® Q*(Q, Eg) @ (I'(B) ® I'(Ey))

n the following equations, the map dp: Q1(Q) — I'(B) extends to dp: Q*(Q) — QF~1(Q, B) by the rule
BT A . AT =2k (1) AL AT AL AT ABpT, for T € QHQ).



MODULES AND REPRESENTATIONS UP TO HOMOTOPY OF LIE n-ALGEBROIDS 19

for e e T'(E}), and

D(e) = d(e) + wale) + dole) + ws(e) + ¢1(e)
€ 0NQ, E2) @ Q*(Q, Er) @ (T(B) @ T'(Ey))
@ Q%(Q. Eo) @ (I'(B) ® 01(Q, Eo))

for e € T(E3). Due to Lemma 3.2.1 and the Leibniz rule for D, d € End'(E), d = dy where V
are Q-connections on the vector bundles E; for i =0, 1,2, w; € Q/(Q,End* ™ *(E)) for i = 2,3, and
¢; € T(B) @ Q/(Q,End " *(E)) for i =0, 1.

A straightforward computation and a degree count in the expansion of the equation D? =
shows that (E, ) is a complex, V commutes with 9, and the equations in the statement hold. O

5.3. Adjoint representation of a Lie 2-algebroid. This section shows that any split Lie 2-
algebroid Q[1] ® B*[2] admits a 3-term representation up to homotopy which is called the adjoint
representation. It is a generalisation of the adjoint representation of a (split) Lie 1-algebroid studied
in [2].

Proposition 5.3.1. Any split Lie 2-algebroid Q[1] & B*[2] admits a 3-term representation up to
homotopy as follows: Choose arbitrary T'M-connections on (Q and B* and denote both by V. Then
the structure objects are!
(i) the adjoint complex B*[2] — Q[1] — T'M[0] with maps —¢ and pg,
(ii) the two Q-connections VP® on @ and TM, and the Q-connection V* on B* given by the
split Lie 2-algebroid,
(iii) the element wy € Q?(Q, Hom(Q, B*) ® Hom(T M, Q)) defined by

w2(q1,42)q3 = —w(q1, g2, q3) € T(B*) and wa(qr, g2)X = —R¥*(q1,¢2)X € T(Q)

for g1, 42,93 € I'(Q) and X € X(M),
(iv) the element wz € Q3(Q, Hom(T M, B*)) defined by

w3(q1,q2,93)X = —(Vxw)(q1,q2,q3) € T(B”)

for q1,¢2,q3 € I'(Q) and X € X(M),
(v) the element ¢g € I'(B) ® (Hom(Q, B*) ® Hom(T'M, Q)) defined by

Po(B)X = U(VxPB) — Vx((B)) € I'(Q) and ¢o(B)q = V ()8 — V8 € ['(B*)

for € I'(B*),q € ['(Q), X € X(M),
(vi) the element ¢ € I'(B) ® Q' (Q, Hom(T' M, B*)) defined by

01(8,)X =Vx VB —=VVxB = Vg, B+ Vyeuxf € T(B7)
for € T'(B*),q € T(Q), X € X(M).

The proof can be done in two ways. First, one could check explicitly that all the conditions of a
3-representation of Q[1] @ B*[2] are satisfied. This is an easy but long computation and it can be
found in [35]. Instead, the following section shows that given a splitting and 7'M -connections on the
vector bundles @ and B*, there exists an isomorphism of sheaves of C*(M)-modules between the
adjoint module X(M) and C*°(M) @ '(TM[0] & Q[1] ® B*[2]), such that the objects defined above
correspond to the differential £4o. Another advantage of this approach is that it gives a precise
recipe for the definition and the explicit formulas for the components of the adjoint representation
of a Lie n-algebroid for general n.

1Some signs are chosen so that the map given in 5.4 is an isomorphism for the differential of the adjoint module
defined earlier.
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5.4. Adjoint module vs adjoint representation. Recall that for a split [n]-manifold M =
P E;[i], the space of vector fields over M is generated as a C*°(M)-module by two special kinds
of vector fields. Namely, the degree —i vector fields é for e € I'(E;), and the family of vector fields
Vi &...e V% for X € X(M) and a choice of TM-connections V* on the vector bundles E;.

Consider now a Lie 2-algebroid (M, Q) together with a splitting M ~ Q[1] ® B*[2] and a
choice of TM-connections VP~ and V@ on B* and Q, respectively. These choices give as follows
the adjoint representation ady, whose complex is given by TM[0] ® Q[1] & B*[2]. Define a map
py: CP (M) QT(TM[0] ® Q[1] @ B*[2]) — X(M) on the generators by

[(B*) 3 B, Q) >qw g, X(M)3 X —»VE ovs

and extend C°°(M)-linearly to the whole space to obtain a degree-preserving isomorphism of
sheaves of C*°(M)-modules. A straightforward computation shows that

£0(B) = u(—(B) +dv-H),
£0(q) = 1 (pq(q) + dyrag +wa(-5-)g + do()a)

Lo(VE @ V) = u(dyveX + ¢o()X +wal-, )X +ws(-,-, )X + ¢1(, ) X)

and therefore, the objects in the statement of Proposition 5.3.1 define the differential D,q, :=
po' o £0 0 py of a 3-representation of Q[1] @ B*[2], called the adjoint representation and denoted
as (adv, Dady )- The adjoint representation is hence, up to isomorphism, independent of the choice
of splitting and connections (see the following section for the precise transformations), and gives
so a well-defined class ad € Rep}”(M).

Due to the result above, one can also define the coadjoint representation of a Lie 2-algebroid
(M, Q) as the isomorphism class ad” € Rep”(M). To find an explicit representative of ad™,
suppose that Q[1] ® B*[2] is a splitting of M, and consider its adjoint representation ady as above
for some choice of T'M-connections V on B* and ). Recall that given a representation up to
homotopy (E, D) of a M, its dual E* becomes a representation up to homotopy with operator D*
characterised by the formula

QENE) =D EAE + (-1)leAD(E),
for all £ € C*(M) @ T'(E”) and ¢ € C°(M) @ I'(E). Here, A = A(. .y, with (-,-) the pairing of

E with E*. Unravelling the definition of the dual for the left represe;ltation ady, one finds that
the structure differential of ady, = C°(M) @ T'(B[—2] ® Q*[—1] @ TM]0]) is given by the following

objects:
(1) the coadjoint complex T*M — Q* — B obtained by —pf, and —(*,
(2) the Q-connections V on B and VP** on Q* and T* M,
(3) the elements

* *

w3(q1,q2)7 = Towa(q1, q2), w3(q1,¢2)b = —bowa(q1, g2),
o(B)T =70 do(B), ?5(B)b = —bo go(B),
w;(Qh q2, Q3)b =—bo wS(Qla q2, Q3)7 QST(/@, Q)b =—-bo ¢1(67Q)a

for all ¢,q1, 2,43 € T(Q), 7 € T(Q"), b € I(B) and § € [(B").

Remark 5.4.1. The coadjoint representation can also be obtained from the coadjoint module Q*(M)
by the right C>°(M)-module isomorphism p&: Q'(M) — T'(B[-2] & Q*[-1] & T* M[0]) @ C*(M)
which is dual to py: C*(M) @ T(TM[0] ® Q[1] ® B*[2]) — X(M) above. Explicitly, it is defined
as the pull-back map p& (w) = wo uy for all w € Q' (M), whose inverse is given on the generators
by T'(B[-2] ® Q*[-1] © T*M[0]) ® C>*(M) — QY(M),

T(B)>bs db—dy-b, D(Q*)>7—dr—dg-7, and Q'(M)36 6.
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5.5. Coordinate transformation of the adjoint representation. The adjoint representation
up to homotopy of a Lie 2-algebroid was constructed after a choice of splitting and 7'M -connections.
This section explains how the adjoint representation transforms under different choices.

First, a morphism of 3-representations of a split Lie 2-algebroid can be described as follows.

Proposition 5.5.1. Let (E,Dg) and (F,Dr) be 3-term representations up to homotopy of the
split Lie 2-algebroid Q[1] @ B*[2]. A morphism p: E — F is equivalent to the following data:
(i) For each i = 0,1,2, an element u; € Q4(Q,Hom *(E, F)).
(ii) An element p® € T'(B ® Hom *(E, F)).
The above objects are subject to the relations
(1) [0, ) + v, pica] + D wjo ] = (w, b _y),
Jk=i,i>2
(2) [aa Mb} + [d)Oa ,U'O] =+ aB our = 03
(3) dgu® + [0, p1] + [é1, po] + 05 © g = 0.

Proof. As before it suffices to check how p acts on I'(E), by the same arguments. Then it must be
of the type
= pio + p1 + piz +

where p; € Q/(Q,Hom *(E, F)) and p® € T(B) @ I'(Hom ?(E, F)). It is easy to see that the three
equations in the statement come from the expansion of 1o Dg = D oy when p is written in terms
of the components defined before. O

The transformation of ad € Rep™ (M) for a fixed splitting Q[1] ® B*[2] of M and different
choices of T'M-connections is given by their difference. More precisely, let V and V' be the two
T M-connections. Then the map p = HE} opy: ady — ady- is defined by p = po + py + pb, where

po = id
p(9)X = Viyq— Vxq
1 (B)X = VB —Vxp,

for X € X(M), ¢ € I'(Q) and g € I'(B*). The equations in Proposition 5.5.1 are automatically
satisfied since by construction

Dadg, © = Daag, © figr © fby = fgs © £0 0 iy = fig) © (17 © Dady = 0 Dady -
This yields the following result.

Proposition 5.5.2. Given two pairs of T'M-connections on the bundles B* and @, the iso-
morphism p: ady — adys between the corresponding adjoint representations is given by p =

id@(v’—v).

The next step is to show how the adjoint representation transforms after a change of splitting
of the Lie 2-algebroid. Fix a Lie 2-algebroid (M, Q) over the smooth manifold M and choose a
splitting Q[1] & B*[2], with structure objects (¢, p,[-,-]1, V},w!) as before. Recall that a change
of splitting does not change the vector bundles B* and @, and it is equivalent to a section o €
0%(Q, B*). The induced isomorphism of [2]-manifolds over the identity on M is given by: Fx (1) =T
for all 7 € T(Q*) and F£(b) = b+ o*b € T'(B) @ Q*(Q) for all b € T'(B). If (¢,p,[, ]2, V* w?)
is the structure objects of the second splitting, then the compatibility of ¢ with the homological
vector fields reads the following:

e The skew-symmetric dull brackets are related by [g1, ¢2]2 = [q1, g2]1 — £(c(q1,q2))-
e The connections are related by ng = Véb + 0p{o(q,-),b), or equivalently on the dual by

VB =Vy"B—0o(q.8))
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e The curvature terms are related by w? = w! + dg,v1o, where the operator
dyvio: Q%(Q, B*) — Q*TH(Q, BY)
is defined by the usual Koszul formula using the dull bracket |-, -]o and the connection V1*.
The above equations give the following identities between the structure data for the adjoint repre-
sentations' ady, and ads,.
Lemma 5.5.3. Let ¢,q1,¢92 € I'(Q), 8 € T'(B*) and X € X(M). Then
(i) €2 =1 and py = p1.
(ii) VZPasgy = ViPasgy — (o (g, q2))
2,bas _ 1,bas
Vg X —1Vq X
VB =Vg*B —o(q.lB)).
(i) w Q17Q2) g3 = WQ(Q17Q2) g3 +davio(q1, 92, g3)

5(

5(917612) = wi(q1,32)X + Vx(Uo(q1,42))) — £(o(q1, Vxqz)) + £o(g2, Vxar))-
(é ; wg((QMQm(B) =wi(q1,92,93)X + (Vx(da,vi10))(q1, g2, q3)-

oA

bo(5

o

Bla = ¢5(B)a+o(q. £(B))
B)X = ¢5(B)X
(vi) ¢1(8,9)X = (251(5, )X —0(Vxq1, U(B)) — 0(q. {(VxB)) + Vx(o(q,£(8)))-
Consider now two Lie n-algebroids M; and My over M, and an isomorphism
F:( My, Q1) = (M2, Q2)

given by the maps Fg: Q1 — Q2, Fp: Bf — B3, and Fo: A?Q1 — Bj. Recall that a 0-morphism
between two representations up to homotopy (E,,D;) and (E,, D) of My and Mo, respectively,
is given by a degree 0 map

p: C(Mz) @ D(Ey) — C(My) @ D(E),
which is C*°(My)-linear: pu(§ ® e) = F*¢ @ u(e) for all € € C*°(Mz) and e € T'(E,), and makes

the following diagram commute

C®(My) @ T'(Ey) —2— € (M) @ T(E,)

D{ jol

C®(Ms2) ®T'(E,) — C®(My) @ I'(E,).

S

The usual analysis as before implies that g must be given by a morphism of complexes pg: (Eq, 92) —
(E4,01) and elements
125} S Ql(lel_Ioimil(EQaEI)%
H2 € Q2(Q17H:07m72(ﬂ2aﬂl))a
p’ € (B) © T(Hom*(E,, E,)),
which satisfy equations similar to the set of equations in Proposition 5.5.1.

A change of splitting of the Lie 2-algebroid transforms as follows the adjoint representation.
Since changes of choices of connections are now fully understood, choose the same connection for
both splittings M; ~ Q[1] ® B*[2] ~ M,. Suppose that o € Q%(Q, B*) is the change of splitting
and denote by F, the induced isomorphism of the split Lie 2-algebroids whose components are
given by F7 o = idg+, F; g = idp, F5 o = 0*. The composition map p : ady — X(M) — adg is
given in components by

pg = id
1y (q1)q2 = o(q1,q2)
15 (q1,q2)X = (Vx0)(q1,q2)-

Note that the two pairs of T’ M-connections are identical
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A similar argument as before implies that p“ is a morphism between the two adjoint representations
and therefore the following result follows.

Proposition 5.5.4. Given two splittings of a Lie 2-algebroid with induced change of splitting
o € Q%(Q, B*) and a pair of T'M-connections on the vector bundles B* and @, the isomorphism
between the corresponding adjoint representations is given by y=id® o ® V.o.

5.6. Adjoint representation of a Lie n-algebroid. The construction of the adjoint represen-
tation up to homotopy of a Lie n-algebroid (M, Q) for general n is similar to the n = 2 case.
Specifically, choose a splitting M ~ @}, E;[i] and TM-connections Vi on the bundles E;. Then
there is an induced isomorphism of C*(M)-modules

pv: COM)QT(TM[0] ® Er[1] D ... ® Eyln]) — X(M),
which at the level of generators is given by
[(E)3e—é and X(M)>Xm—Viao. ovi.

Then p is used to transfer £g from X(M) to obtain the differential Dagy = p~ !t o £g 0 p on
COM)@T(TM0]® EL[1]® ... ® Eyn)).

6. SPLIT VB-LIE n-ALGEBROIDS

This section gives a picture of representations up to homotopy in more “classical” geometric
terms. That is, in terms of linear Lie n-algebroid structures on double vector bundles. It introduces
the notion of split VB-Lie n-algebroids and explains how they correspond to (n+1)-representations
of Lie n-algebroids. In particular, the tangent of a Lie n-algebroid is a VB-Lie n-algebroid which
is linked to the adjoint representation. The main result in this section is a generalisation of the
correspondence between decomposed VB-algebroids and 2-representations in [16].

6.1. Double vector bundles. Recall that a double vector bundle (D, V, F, M) is a commutative
diagram
D" F
v qF
Vi—7— M

such that all the arrows are vector bundle projections and the structure maps of the bundle
D — V are bundle morphisms over the corresponding structure maps of F' — M (see [28]). This
is equivalent to the same condition holding for the structure maps of D — F over V — M.
The bundles V and F are called the side bundles of D. The intersection of the kernels C :=
7 (0V) N7t (0F) is the core of D and is naturally a vector bundle over M, with projection
denoted by gc: C — M. The inclusion C' < D is denoted by Gy, 3 ¢, € € 7' (0V ) Nt (0F).

A morphism (Gp,Gy,GF,g) of two double vector bundles (D, V, F, M) and (D', V', F',M') is
a commutative cube

S A

Vi—m— o M’
such that all the faces are vector bundle maps.
Given a double vector bundle (D,V, F, M), the space of sections of D over V, denoted by
'y (D), is generated as a C°°(V)-module by two special types of sections, called core and linear
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sections and denoted by I'¢,(D) and T, (D), respectively (see [28]). The core section ¢ € T'¢,(D)
corresponding to ¢ € I'(C') is defined as

(o) = Ofm +rc(m), for me€ M and v, € Vi,

A section § € T'y(D) is linear over f € I'(F), if §: V' — D is a vector bundle morphism V' — D
over f: M — F.

Finally, a section 1 € T'(V* ® C) defines a linear section ¢": V' — D over the zero section
0F: M — F by

") = 0, +F P (vm)

for all m € M and v, € V,,,. This type of linear section is called a core-linear section. In terms of
the generators § ® ¢ € T'(V* ® C), the correspondence above reads (6 @ ¢)" = g - ¢, where {y is
the linear function on V associated to 6§ € I'(V*).

Ezample 6.1.1 (Decomposed double vector bundle). Let V| F,C be vector bundles over the same
manifold M. Set D := V x F xpr C with vector bundle structures D = ¢},(F & C) — V
and D = ¢%(V @ C) — F. Then (D,V,F, M) is a double vector bundle, called the decomposed
double vector bundle with sides V' and F' and with core C. Its core sections have the form
et fon = OV fnyc(m)), for m € M, f, € Fy, and ¢ € T(C), and the space of linear sections
I'Y,(D) is naturally identified with T'(F) @ T(V* @ C) via (f,%): vm = (f(m),vm, ¥ (vm)) Where
Y € T(V*® C) and f € T(F). This yields the canonical linear horizontal lift h: T'(F) — T'\,(D).

Ezample 6.1.2 (Tangent bundle of a vector bundle). Given a vector bundle ¢: E — M, its tangent
bundle T'FE is naturally a vector bundle over the manifold E. In addition, applying the tangent
functor to all the structure maps of E — M yields a vector bundle structure on T'q: TE — T M
which is called the tangent prolongation of E. Hence, (TE,TM, E, M) has a natural double vector
bundle structure with sides TM and E. Its core is naturally identified with £ — M and the
inclusion £ < TF is given by E,, > e, — %’t:o tem € TgﬁE. For e € T'(F), the section

Te € Tk, (TE) is linear over e. The core vector field el € T'rp (TE) is defined by ef(vy,) =
T:n0F (var) +5 <% |i=ote(m) for m € M and v, € ThyM and the vertical lift ' € T'g(TE) = X(E)
is the (core) vector field defined by the flow R x E — E,(t,el,) — e, + te(m). Elements of
' (TE) =: X!(E) are called linear vector fields and are equivalent to derivations §: I'(E) — I'(E)
over some element in X(M) [28]. The linear vector field which corresponds to the derivation 0 is
written Xg.

6.2. Linear splittings, horizontal lifts and duals. A linear splitting of a double vector bundle
(D,V, F, M) with core C is a double vector bundle embedding ¥ of the decomposed double vector
bundle V' x s F into D over the identities on V' and F'. It is well-known that every double vector
bundle admits a linear splitting, see [14, 12, 36] or [19] for the general case. Moreover, a linear
splitting is equivalent to a decomposition of D, i.e. to an isomorphism of double vector bundles
S :V xpy F xpr C — D over the identity on V, F' and C. Given X, the decomposition is obtained
by setting S(vm, fm;Cm) = E(Um, fm) +F (05, +v Cn), and conversely, given S, the splitting is
defined by X(vy, fm) = S(vm, f,,05,).

A linear splitting of D, and consequently a decomposition, is also equivalent to a horizontal lift,
i.e. a right splitting of the short exact sequence

0-IT(V*®C)—>TL(D) = T(F)—0

of C°°(M)-modules. The correspondence is given by op(f)(vm) = E(f(m),by) for f € T'(F),
m € M and b,, € B(m). Note that all the previous constructions can be done similarly if one
interchanges the roles of V and F.

Ezxample 6.2.1. For the tangent bundle TE of a vector bundle £ — M, a linear splitting is
equivalent to a choice of a T'M-connection on E. Specifically, given a horizontal lift o: X(M) —
X!(E), the corresponding connection V is defined by o(Y) = Xy, for all Y € X(M).
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Double vector bundles can be dualized in two ways, namely, as the dual of D either over V'
or over F' [28]. Precisely, from a double vector bundle (D, V, F, M) with core C, one obtains the
double vector bundles

Dy ¢ o DL s F
Wvl JQC* wc*l lQF
V—— M C* —— M

with cores F'* and V*, respectively.
Given a linear splitting X: V' x»; F' = D, the dual splitting ¥*: V x3; C* — Dy, is defined by
<Z*(Um77m)7 E(Umy fm)> =0 and <E*(Um7'7m)7 CT(’Um)> = <'7m7 c(m)),
for all m € M and vy, € Vi, fimn € Finy, Ym € CF, c € T(C).

m?

6.3. VB-Lie n-algebroids and (n + 1)-representations. Suppose now that (D,V, A, M) is a
double vector bundle together with graded vector bundle decompositions D = D1[1] @ ... & Dy[n]
and A = A[1]®...® A,[n], over V and M, respectively, which are compatible with the projection
D — A. This means that each of the individual squares (D;, V, A;, M) also forms a double vector
bundle. Schematically, this yields the following sequence of diagrams

Dy [2] A»[2]

/ (&) / )

1% : M :

NG NG
D

where all the “planes” are double vector bundles. This yields that the core of (D, V, A, M) is the
graded vector bundle C = C;[1]®. ..®C,,[n], where C; is the core of (D;, V, A;, M), fori=1,...,n.

Definition 6.3.1. The quadruple (D,V, A, M) is a (split) VB-Lie n-algebroid if
(1) the graded vector bundle D — V is endowed with a homological vector field Qp,
(2) the Lie n-algebroid structure of D — V' is linear, in the sense that
(a) the anchor pp: D1y — TV is a double vector bundle morphism,
(b) the map Jp, fits into a morphism of double vector bundles (9p,,idy, d4,,idss) between
(Dia‘/aAi7M) and (Di+17VY7Ai+1aM) for all i,
(¢) the multi-brackets of D satisfy the following relations:
(i) the i-bracket of ¢ linear sections is a linear section;
(ii) the i-bracket of ¢ — 1 linear sections with a core section is a core section;
(iii) the i-bracket of ¢ — k linear sections with k core sections, i > k > 2, is zero;
(iv) the i-bracket of i core sections is zero.

Remark 6.3.2. (1) A VB-Lie n-algebroid structure on the double vector bundle (D, V, A, M)
defines uniquely a Lie n-algebroid structure on A — M as follows: the anchor pp: Dy —
TV is linear over the anchor p: Ay — TM, and if all dy € T'Y,(D) cover aj, € I'(A) for
k =1,2,...,i, then [dy,...,d;]p € T% (D) covers [ai,...,a;]a € T'(A). Therefore, the
graded vector bundles D — V and A — M are endowed with homological vector fields Qp
and Q4 for which the bundle projection D — A is a morphism of Lie n-algebroids over
the projection V. — M.

(2) A VB-Lie 1-algebroid as in the definition above is just a VB-algebroid.
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Ezample 6.3.3 (Tangent prolongation of a (split) Lie n-algebroid). The basic example of a split
VB-Lie n-algebroid is obtained by applying the tangent functor to a split Lie n-algebroid A =
Ai[l]®...® A,[n] — M. The double vector bundle is given by the diagram

TA—— A
[
™™ —— M

where the Lie n-algebroid structure of TA =TA =TA1[1]® ... ® TA,[n] over the manifold T M
is defined by the relations

(1) pra =JuoT,,: TA; — TTM, where Jy: TTM — TTM is the canonical involution,

see e.g. [28],
(2) [[Takl, ces ,Taki]] = T[[akl, ey aki]],
(3) [Taky,.-.,Tak, 1,akv]] = [ag,,---,an,_,,ar],
4) [Tak,, .. Tak;wa,C +1,...7a£iﬂ =0forall1<j<i—2
(5) [[alla~~-7ak1]] =0,

for all sections ay, € T'(Ay,) with pairwise distinct k; and all 4.

Applying the above construction to a split Lie 2-algebroid Q[1] @ B*[2] — M with structure
(pq, ¥, V*,w) yields as follows the objects (prq, T, TV*,Tw) of the split Lie 2-algebroid structure
of TQ[l] ® TB*[2] - TM: The complex TB* — T(Q) — TTM consists of the anchor of T'Q given
by prq = Ju o Tpg, and the vector bundle map T¢: TB* — T'Q. The bracket of T'Q) is defined
by the relations

Tq1,Talro = Tlar. elo,  Ta.dllrg = laally,  ldf, ddlrq =0,
for q1,¢2 € T'(Q). The TQ-connection TV*: I'ppr(TQ) X Tppr (T B*) — Dppy (T'B*) is defined by

(TV*)rg(TB) =T(V;8),  (TV*)ry(87) = (V3B8)1 = (TV)yiB,  (TV")4r(87) =0,
for ¢ € T(Q) and B € T'(B*). Finally, the 3-form Tw € Q3(TQ, T B*) is defined by

(Tw)(Tq1,Tq2,Tq3) = T(w(q1, g2, 93)), (Tw)(Tq1, Tqa, q5) = w(qi, g2, g3)T,

(Tw)(q1, a3 48) = 0 = (Tw)(a}, a}, a});
for q1, 42,93 € T(Q).
As it is shown in [16], an interesting fact about the tangent prolongation of a Lie algebroid is that
it encodes its adjoint representation. The same holds for a split Lie n-algebroid A;[1]®...® A,[n],
since by definition the adjoint module is exactly the space of sections of the Q-vector bundle
T(Al] & ... 8 Axln]) — Ai1[l] @ ... & A,[n]. The next example shows this correspondence
explicitly in the case of split Lie 2-algebroids Q[1] ® B*[2].

Ezxample 6.3.4. Choose two T'M-connections on ) and B*, both denoted by V. These choices
induce the horizontal lifts T'(Q) — T'%.,,(TQ) and T'(B*) — '}, (T B*), both denoted by h. More
precisely, given a section q € T'(Q), its lift is defined as h(q) = Tq — (V.¢)". A similar formula
holds for h(8) as well. Then an easy computation yields the following;:

(1) prq(q') = p(g)" and (T0)(BY) = £(8)"

prQ(h(q)) = Xypas

(TO)(h(B)) = h(d(B)) + (V.(¢(B ))*K(V E
[h(q1), (QZ)]TQ—h[(h,CIz] R *(q1,q2)"

5) [h(q1), dflrq = (V5*q2)t

(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

(TV*)ng(B1) = (V38)1
7) (TV*)gt (h(B)) = (ViB = Vo)t
8) (TV*)(ey(h(B)) = h(ViB) + (V& B — Vv o)+ ViV.B = V.ViB — Vi, 18)"
9) (Tw)(h(q1),(q2),h(g3)) = h(w (Q17QZ q3)) + ((V.w)(q1, g2, 43))"
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(10) (Tw)(h(@), h(a2), a}) = (w(ar, a2, 42))".

In fact, this result is a special case of a correspondence between VB-Lie n-algebroid structures
on a decomposed graded double vector bundle (D, V, A, M) and (n + 1)-representations of M = A
on the complex E = V[0] @ C1[1] ® ... ® Cy[n]. In the general case, it is easier to give the
correspondence in terms of the homological vector field on D and the dual representation on
E*=C-n]®...®Cf[-1] & V*0].

Suppose that (D,V, A, M) is a VB-Lie n-algebroid with homological vector fields Qp and Q4,
and choose a decomposition for each double vector bundle (D;,V, A;, M )1, and consequently for
(D,V, A, M). Consider the dual Dj, and recall that the spaces 'y (D}) are generated as C*°(V)-
modules by core and linear sections. For the latter, use the identification T, (D}) = T(A @ V*) @
I'(CY) induced by the decomposition. Accordingly, the element o € T'(A}) is identified with the
core section 7% (o) € I'(, (D).

For all ¢ € I'(V*), the 1-form dly is a linear section of 7"V — V over % and the anchor
pp,: D1 = TV is a morphism of double vector bundles. This implies that the degree 1 function
Op(ly) = pp,dly is a linear section of I'y/(D*) and thus

Qp(fy) € Ty(D}) =T(A7 @ V) @ T(CY).
Moreover, due to the decomposition, D; = q!v (A?@Ci) as vector bundles over V for alli =1,...,n.
Given v € T'(C}), the function Qp (7) lies in T'(S" ™! (D3,)), where D}, = ¢}, (A;®CT)S. . .©g, (AL D
CF). A direct computation shows that the components of Qp(y) which lie in spaces with two or
more sections of the form I'(¢},C}) and I‘(q{/C; ) vanish due to the bracket conditions of a VB-Lie
n-algebroid. Therefore, define the representation D* of A on the dual complex E* by the equations
Qp(ty) =D*(¢) and Qp(y) =D*(v),
for all ¢p € T'(V*) and all v € T'(C}).
Conversely, given a representation D* of A on E*, the above equations together with
Qp(gyf) =m4(Qa(f)) and Qp(rj(a)) = 74(Qa(a))

for all f € C*°(M) and o € T'(A"), define a VB-Lie n-algebroid structure on the double vector
bundle (D, V, A, M). This yields the following theorem.

Theorem 6.3.5. Let (D,V, A, M) be a decomposed graded double vector bundle as above with
core C. There is a 1-1 correspondence between VB-Lie n-algebroid structures on (D, V, A, M) and
(n + 1)-representations up to homotopy of A on the complex V[0] & C41[1] & ... ® Cyn).

7. CONSTRUCTIONS IN TERMS OF SPLITTINGS

This section presents in terms of splittings two of the applications of the adjoint and coadjoint
representations that were defined before. First, there is an explicit description of the Weil algebra
of a split Lie n-algebroid together with its structure differentials, in terms of vector bundles and
connections similarly to [2]. Second, the map between the coadjoint and the adjoint representations
in the case of a Poisson Lie n-algebroid for degrees n < 2 is examined in detail.

7.1. The Weil algebra of a split Lie n-algebroid. Suppose first that M = Q[1] & B*[2] is

a split Lie 2-algebroid and consider two T M-connections on the vector bundles Q and B*, both

denoted by V. Recall from Section 5.4 the (non-canonical) isomorphism of DG M-modules
(M) =2C®(M)T(TM0] ® Q1] ® B*[2]).

This implies that
QL(M) = C®(M) @ T(B[-2] & Q*[-1] & T* M|0])

1n the case of the tangent Lie n-algebroid, this corresponds to choosing the T'M-connections on the vector
bundles of the adjoint complex.
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as (left) DG M-modules, and thus the generators of the Weil algebra can be identified with

C®(M)L, T(A“T*M), T(S'Q*),T(AYB).

—_——— — —— — — — —

(¢,0) (0,u) (v,v) (2w, w)
Using also that C*°(M)" = @,_, ,,, T'(A"Q*) ® I'(S*B), the space of (p,q)-forms is decomposed
as
WPIM, V)= P M) @T (\"T*M @ 5°Q* ® A" B)
p=t+v+2w
g=u-+w-+v
= EB L (AYT*M @ A"Q* ® SYQ* @ AYB ® S°B).
p=r+2s+v+2w
g=u+w-+v
Therefore, after a choice of splitting and T'M-connections V on @) and B*, the total space of the
Weil algebra of M can be written as
WM, V)= @ TATMeANQ ©S5'Q" @ N"Be S*B).

The next step is to express the differentials £o and d on W(M, V) in terms of the two T M-
connections V. For the horizontal differential, recall that by definition the g-th row of the double
complex W(M, V) equals the space of ¢-forms Q9(M) on M with differential given by the Lie
derivative £g. Due to the identification of DG M-modules

QM) = Q' M)A ... AQE M) =C®(M)@T(adS A ... Aady)

(g-times) and the Leibniz identity for £g, it follows that the ¢-th row of W(M, V) becomes the
g-symmetric power of the coadjoint representation S?(ady) and £g = Dsa(ads,)-

The vertical differential d is built from two 2-representations of the tangent Lie algebroid T'M,
namely the dualization of the 7'M-representations on the graded vector bundles E, = Q[0]®Q[—1]
and E . = B*[0]@B*[—1] whose differentials are given by the chosen T'M-connections (idg, V, Ry)
and (idp«, V, Ry ), respectively. Indeed, suppose first that 7 € T'(Q*) and b € T'(B) are functions
on M, i.e. O-forms. Then from Remark 5.4.1, it follows that d acts via

dr =7+ dvy-7 and db =b+ dy-b.
If now 7 € I'(Q*),b € I'(B) are 1-forms on M, then
dr =d(7 + dy+7 — dy+7) = d*7 — d(dy+7) = dy-7 — dg.7,
db =d(b + dy-b — dy-b) = d%b — d(dy~b) = dy-b — dZ.b.

Remark 7.1.1. Note that if B* = 0, i.e. M is an ordinary Lie algebroid A — M, the above
construction recovers (up to isomorphism) the connection version of the Weil algebra W (A, V)
from [1, 2, 32].

In the general case of a split Lie n-algebroid M = A1[1] @ ... ® A, [n] with a choice of TM-
connections on all the bundles A;, one may apply the same procedure as above to obtain the
(non-canonical) DG M-module isomorphisms

E(M)ZCPM)QT(TM0] @ A1[l] @ ... ® A,n))
QM) =ZCO(M)RT(AL[-n] @ ... ® Aj[-1] © T*M]0]),
and hence the identification of the generators of the Weil algebra with
C® (M), T(A“T* M), T(S AY), T(AV2 A3), ..., T(AV A%).
—_———— — —— — —— — — ——

(t,0) (0,u) (v1,v1) (2v2,v2) (nvn, vn)
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This then yields

WPIM, V)= P M) T (ATTM @ S" AT @ A?AS® .. )

p=t+v1+2va+...
q=utvitva+...

— D L (A"T*M @ N A @ S A} @ SPAS @ A2AS®...).
p=ri1+vi+2ra2+2va+...
q=u+vi+vo+...
Similar considerations as before imply that the ¢-th row of W(M, V) is given by S%(ady) with
£og = Dga(adz,), and that d is built again by the dualization of the 2-representations of T'M on
the graded vector bundles E ,, = A;[0] © A;[—1], for i = 1,...,n, whose differentials are given by
(ida,, V, Ry).

7.2. Poisson Lie algebroids of low degree. This section describes in detail the degree —n (anti-
Jmorphism #: ady — ady of (left) right n-representations in the case of Poisson Lie n-algebroids
for n = 0,1,2. Recall that the map f sends an exact 1-form d¢ of the graded manifold M to the
vector field {¢,-}.

First, consider a Poisson Lie 0-algebroid, i.e. a usual Poisson manifold (M, {-,-}). Then the Lie
0-algebroid is just M, with a trivial homological vector field — it can be thought of as a trivial Lie
algebroid A = 0 x M — M with trivial differential d4 = 0, and consequently trivial homological
vector field. The coadjoint and adjoint representations are just the vector bundles T*MJ[0] and
T M]0], respectively, with zero module differentials, and the map # simply becomes the usual vector
bundle map induced by the Poisson bivector field that corresponds to the Poisson bracket

42 T* M[0] — TM[0)].

Consider a Lie algebroid A — M with anchor p: A — T M and a linear Poisson structure {-,-},
i.e. a Lie algebroid structure on the dual A* — M. It is easy to see that this means that the [1]-
manifold A[1] has a Poisson structure of degree —1. This Poisson structure is the Schouten bracket
defined on Q°(A) by the Lie algebroid bracket on A*. Then it is immediate that (A[1],da,{-, })
is a Poisson Lie 1-algebroid if and only if (A, A*) is a Lie bialgebroid. The latter is equivalent to
(A,{-,-}) being a Poisson Lie algebroid [30].

Let p': A* = TM, a {a, -} o) and [, ]« := {-, - }|a1(a)x01(a) be the anchor and bracket
of A* respectively. After a choice of a T'M-connection V on the vector bundle A, the map
t: ady — ady acts via

8(df) = to(df) ={f,-} = —p"(df) € T(4)

8(8) = #0(B) + £1(-)8 € X(M) @ (T(A") ® ['(A))

for all f € C°(M), B € Q(A), where we identify 8 with d8 —dy- 8, i.e. #(8) = #(dB) —f(dv~3) =
{B,-} —#(dy~B). Computing how these act on o € Q! (M) and g € C°>°(M), viewed as functions of
the graded manifold A[1], gives the components of #(3): From the right-hand-side of the equation
we obtain

(H0(8) +#1()B) g = £o(B)g € C* (M)
while from the left-hand-side we obtain
8(8)g = #(dB — dv-B)g = {8, g} — #(dv-B)g = p'(B)g-
From this, it follows that #,(8) = p’(8). Using now this, the right-hand-side gives
(H0(B) + 11(1)B) a =V, (gya + (1(-)B) e € T(AY) @ T'(AY)
while the left-hand-side gives

4(B)a = §(dB — dv-Ba = {8,a} — §(dv-B)a = [, al. + VB = (V).
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This implies that (£1(-)8)a = (V*)gasa — V7 (o) and thus § consists of the (—1)-chain map f
given by the anti-commutative diagram

TM[0] —2 A*[-1]

L o lp,

A[l] —2— TM]0]

together with #;(a)8 = <(v*)ga5(-)—v;,(5)(-), a) e T(A*) ~T(A), forall 3 € ['(A*) and a € T'(A).

By Theorem 4.3.2, £ is an (anti-)morphism of 2-representations if and only (A[1],d4, {-,-}) is a
Poisson Lie 1-algebroid. Hence, f is an (anti-)morphism of 2-representations if and only if (A, A*)
is a Lie bialgebroid. Similarly, [15] shows that ady and ady form a matched pair if and only if
(A, A*) is a Lie bialgebroid.

Note that (4, {-,-}) is a Poisson Lie algebroid if the induced vector bundle morphism §: T*A —
TA over A is a VB-algebroid morphism over p’: A* — TM [30]. Then the fact that §: ady —
ady is an (anti-)morphism of 2-representations follows immediately [13], since ady and ady are
equivalent to decompositions of the VB-algebroids (T*A — A*, A — M) and (TA —- TM,A —
M), respectively.

Now consider the case of 2-algebroids. First recall that a symplectic Lie 2-algebroid over a
point, that is, a Courant algebroid over a point, is a usual Lie algebra (g, [ ,]) together with a
non-degenerate pairing (-,+): g X g — g, such that

([, 9], 2) + (y, [r,2]) = 0 for all z,y, 2 € g.

Using the adjoint and coadjoint representations ad: g — End(g), = — [z, -], and ad*: g — End(g*),
x — —ad(x)*, and denoting the canonical linear isomorphism induced by the pairing by P: g — g*,
the equation above reads

P(ad(x)y) = ad*(x)P(y) for all z,y € g.

In other words, this condition is precisely what is needed to turn the vector space isomorphism
P into an isomorphism of Lie algebra representations between ad and ad®. In fact, the map
f: ad® — ad for Poisson Lie 2-algebroids is a direct generalisation of this construction.

Let B — M be a usual Lie algebroid with a 2-term representation (V?, V¥ R) on a complex
Jq: Q" — Q. The representation is called self dual [22] if it equals its dual, i.e. 09 = 0f), the
connections V@ and V@ are dual to each other, and R* = —R € Q%(B,Hom(Q, Q*)), i.e. R €
O%(B,A%Q*). [22] further shows that Poisson brackets {-,-} on a split Lie 2-algebroid Q[1] &
B*[2] correspond to self dual 2-representations of B on Q*[1] ® Q[0] as follows: the bundle map
0q: Q" — Qis 7 — {7, -}q1(q), the anchor pp: B — TM is b +— {b, }|ce(ar), the B-connection
on Q* is given by VbQ*T = {b,7}, and the 2-form R and the Lie bracket of B are defined by
{bl, bg} = [bl, bg] — R(bl, b2) S F(B) (S5) QQ(Q)

Fix now a Poisson Lie 2-algebroid (M, Q, {-,-}) together with a choice of a splitting Q[1]® B*[2]
for M, a pair of T'M-connections on B* and @, and consider the representations ady and adg.
Similarly as before, we have that

8(df) = to(df) = {f,-} = —pp(df) € T(B")
8(r) = to(r) + ()7 € T(Q) & (U (Q) ® T(B™))

8(b) = fo(b) + £1(-)b+ (-, )b+ £°(-)b € X(M) © '(Q, Q) ® ©*(Q, B*) @ (I(B) @ I'(B"))

for f € C*(M), 7 € T(Q*),b € T'(B), where we identify 7 with d7 — dy«7 and b with db — dy+b.
Then the map §: ady — ady consists of the (—2)-chain map given by the anti-commutative
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diagram
T*M[0] —2% Q*[-1] —225 B[-2]

[

B*2] — % QU] —22 TMI0]

and the elements
t1(q)7 = (1,V9q—V,,1q) € T(B")
4 ()b = VO~ V,, 0y € T(Q)
for g e T(Q), 7 € T(Q*),b € T'(B),
#2(q1,92)b = —(R(b, -)q1, q2) € I'(B")

for 1,41 € T(Q),b € T'(B), where R is the component that comes from the self-dual 2-representation
of B from the Poisson structure,

1°(B)b = (B, Vy™(-) = V; ) () € T(B7)
for 8 € T(B*),b € T'(B).
Suppose now that the split Lie 2-algebroid is symplectic, i.e. that it is of the form E[1]@®T*M|2]
for a Courant algebroid £ — M. The only thing that is left from the construction in the Example

3.1.10 is a choice of a T'M-connection on T'M, and hence on the dual 7*M. The (anti-)isomorphism
f: ady — ady consists of the (-2)-chain map of the anti-commutative diagram

T*M[0] —2 E*[-1] —2 TM][-2]

ba b

T*M[2] —— E[1] —2— TM]0]

where P: E = E* is the pairing, and the elements (f2(e1,e2)X,Y) = —(Ry(X,Y)e1, e2) and
() X,Y) = —(a, Ty(X,Y)). Its inverse consists of the 2-chain map given by the anti-commutative
diagram

T*M[2] — E[1] —°— TM]0]

|- I Jia

*

T*M[0] —2— E*[-1] — TM[-2]

and the elements (5 (e1,e2)X,Y) = —(Ry(X,Y)er, e2) and ((#~1)%()X,Y) = —(a, Ty (X,Y)).
In other words, #2 = id. If the connection on T'M is torsion-free, then the terms #* and (§7!)°
vanish, as well. In particular, if the base manifold M is just a point, then the bundles TM and
T*M, and the elements fis and ;' are zero. Therefore, the map ad% — ady reduces to the linear
isomorphism of the pairing and agrees with the one explained above.
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