ON AN ELLIPTIC-PARABOLIC MEMS MODEL WITH TWO
FREE BOUNDARIES

MARTIN KOHLMANN

ABSTRACT. We discuss an evolution free boundary problem of mixed type with
two free boundaries modeling an idealized electrostatically actuated MEMS
device. While the electric potential is the solution of an elliptic equation,
the dynamics of the membranes’ displacement is modeled by two parabolic
equations. It is shown that the model is locally well-posed in time and that
solutions exist globally for small source voltages whereas non-existence holds
for large voltage values. Moreover, our model possesses a steady state solution
that is asymptotically stable. Finally, we show that in the vanishing aspect
ratio limit, solutions of the model converge towards solutions of the associated
small aspect ratio problem.

1. INTRODUCTION AND MAIN RESULTS

Mathematical models for Micro-Electro-Mechanical Systems (MEMS) have been
studied with regularity in the last few years, cf. [11,136] for an overview and pertinent
questions to be answered. Frequently, a two-dimensional setup for an idealized
MEMS device is discussed and it is assumed that there is an elastic membrane
which is suspended above a fixed groundplate and deflected if a potential difference
is applied to the device, see [33-36] for some background information. However,
in engineering a novel structure for capacitive micromachined switches in which
both contact plates are designed as displaceable membranes has been proposed
recently, cf. [1]. In [12], a similar type of a MEMS has been presented and called a
double-freestanding-membranes (DFM) device. Mathematical models for this novel
type of a MEMS have scarcely been studied. The present paper will introduce and
investigate a free boundary problem suitable for the modeling of DFM devices. We
begin with an explanation of the governing equations of our model and refer to the
Appendix for some more details.

Let I = (—1,1) and consider sufficiently smooth functions u(t, z), v(t, z) of time
t>0and x € I with —1 < v <u <0 on I. The idealized MEMS device will be
modeled by the two-dimensional domain

Qu(t),v(t) = {(:L‘,Z) erlx (07 _1); U(t,l‘) <z< u(tax)}'
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We denote by Ty = {z = u(t,z)} and T'y4) = {2z = v(t, )} the horizontal bound-
ary components of €, (). The functions v and v model the one-dimensional
displacements of two deformable elastic membranes from I'g and I'_; when a non-
zero source voltage is applied to the device Qg _1; see Fig.[Il Since both membranes
should be held fixed along the boundary of the device, we impose the conditions
u(t,£1) = 0 and v(t,+£1) = —1. The evolution of the membranes starts from
u(0,2) = uo(z) and v(0,2) = wvo(x). The electrostatic potential ¢ in the region
between both membranes satisfies the Laplace equation, is equal to zero on the
lower and one on the upper membrane and is assumed to be a linear function of
z on the lateral boundary components. Moreover, the functions u and v solve a
heat equation with a right-hand side proportional to the square of the trace of
the gradient of the electrostatic potential on the respective membrane. From the
modeling point of view, we also need two parameters A, u > 0 in the equations on
the free boundaries proportional to the square of the source voltage and inversely
proportional to the surface tension of the respective membrane. The coefficients
A and p interrelate the strengths of the electrostatic and mechanical forces in the
device. Finally, by nondimensionalization, there is a parameter € > 0 called the
aspect ratio of the device, comparing gap size to device length.

Let 0; = St’ 0y = Bda:7 0, E?Z, Ve = (€0,,0.) and A, = €202+ 2. Our problem
reads

(1) —Acp =0, in Qyq, t>0,
(2) 30:2:2, on 0y, 4, t > 0,
(3) O — 0%u = —\|Vep|?, onT,, t>0,
(4) O — %v = M|V€g0|2, onl'y, t >0,
(5) ult, £1) = t>0,
(6) v(t,£1) = t >0,
(7) u(0,x) = uo, zel,
(8) ( ) = o, xr e l.

The setup and the issues considered here may be regarded as a generalization of
what has been done by Taylor in [37], also see [2], for bubble coalescence: Exper-
iments show that two neighboring drops at different electric potentials coalesce if
the potential difference reaches a critical value. The modeling assumptions in [37]
correspond to the choice A = p in ([{)-(8) enforcing the surface tensions of the
membranes to be the same. One can show that, in this case, the problem can be
reformulated in terms of one function meaning that the membranes deflect in the
same fashion. This becomes particularly obvious in the limit ¢ — 0 of the system
[@)—(@) with undeflected initial conditions ug = 0, vg = —1 which we will discuss
later on, see ([@)—(I3]), and from which one concludes that the function U = u+v+1
is a solution to the problem Uy — Uy, = 0, U(t,£1) = 0, U(0,2) = 0 so that U =0
and hence v = —u — 1. The benefit of the paper at hand thus is a discussion of the
case \ # u which applies particularly to a novel type of a MEMS.
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z=—1

Figure 1: An idealized model for an electrostatic MEMS device with two free bound-
aries.

For time-independent functions (u, v, ¢), the system ({I)—(8) reduces to the prob-
lem studied in [23] where the existence of solutions in suitable Sobolev and Hélder
spaces for small source voltages (i.e., small values of the parameters A, 1) has been
proved. The results of the paper at hand refer to two of the open problems stated in
[23], namely the discussion of parabolic evolution equations on the free boundaries
and the question of the existence and non-existence of solutions for (A, ) varying
through the parameter space. The present work can thus be seen as a companion
paper of |23]. Also note that a modified version of ([I])—(8]) with additional curvature
terms on the boundaries I',, and I', has been studied in [24] and that the problem
at hand refers to the limit of small deformations of the membranes in the model
with curvature.

Experience has shown that studying the small aspect ratio limit (¢ — 0) of an
idealized MEMS model is useful for getting results on the existence and uniqueness
of solutions 11,1319, 121, 130,136]. Sending £ — 0, one obtains the following narrow

gap model from (I)—(8):

(9) ‘/’:Z:Z’ in Quy, t >0,
A
(10) 8tu—8ﬁu:—m, xecl t>0,
W
(11) atv—agv:m, rxel t>0,
(12) u(t, +1) =0, t>0,
(13) o(t, £1) = —1, t>0,
(14) u(0,x) = uo, rzel,
(15) v(0,z) = vy, zel

The right-hand sides of (I0) and (1) have a singularity for u(z) = v(x). This
singularity corresponds to the physical observation that both membranes come
closer and closer and finally touch when the source voltage is increased. This
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phenomenon called pull-in instability is a major factor limiting the effectiveness of
many real-life MEMS devices. Thus for practical reasons it is important to know
the precise value of the pull-in voltage such that there is a stable configuration of
the device below the threshold and collision of the membranes and malfunction for
voltages larger than or equal to the threshold. Since the parameters A and p are
proportional to the source voltage of the idealized MEMS device ) (1), it is
reasonable to expect that our model possesses solutions for small values of A and u
which cease to exist as (A, p) vary though the parameter space.

There are a wide range of papers studying idealized MEMS devices that consist
of only one free membrane that is suspended above a rigid, fixed ground plate
corresponding to the case v = —1 and g = 0 in [I)-@). In [8, 25] and [9] the
authors study the stationary and the dynamic free boundary problem associated
with the model with a fixed ground plate. In [6,[7,[10] an elliptic-parabolic problem
with an additional curvature term is discussed. Recently, some fourth-order models
including the mechanical effects damping and bending have been studied. In this
case, terms of the form ad?u and BdZu occur in the equation on the free boundary,
cf. [26-29]. Hyperbolic (o > 0) MEMS models associated with a device with
only one free membrane have been subject of [13, [20, 22] and further references
concerning second-order parabolic (o« = = 0) models are, e.g., [14, [16, [18, (19, [21].

Following the line of arguments of 9], the results of the present paper and its
organization are as follows: In Section 2] we show that the problem (I)—(&]) is locally
well-posed for any pair of values A, > 0. To this end, the free boundary problem
[@)—(®) is mapped to a reference problem of mixed type on a fixed domain. Solving
the elliptic equation for the potential first, our analysis results in a semilinear
evolution equation for the free surfaces with a right-hand side depending on the
trace of the gradient of the potential. We then apply the Contraction Mapping
Theorem to obtain a solution (ue,ve,p:) of regularity W2(I)? x W3 (), for
q > 2 and any € > 0. Furthermore, it is shown that this solution exists globally
in time if A\, u < mq, for some my(g) > 0. Section [ deals with the non-existence
of global solutions. Using a suitable Lyapunov functional, we compute a number
ma(e) > 0 such that, for max{\, u} > mo, the maximal existence time of the
solution to ([I)—(8) is finite. A smooth branch of steady state solutions of (I)—(8))
emanating from (A, u) = (0,0) is obtained in Section [ from the Implicit Function
Theorem. Applying the Principle of Linearized Stability, we also show that this
steady state is asymptotically stable. Finally, in Section [l a rigorous justification
of the small aspect ratio model [@)-(IH) is given by showing that there is e, > 0
so that any family of solutions {(ue,ve, pc); € < €4} to (I)—(8) contains a sequence
that converges to a solution of (@)—(E) in suitable spaces. A discussion of our
results can be found in Section [6l and the Appendix contains the derivation of our
model from the physical viewpoint.

2. LOCAL AND GLOBAL WELL-POSEDNESS

As major difference to the stationary version of ([I)—(8) studied in [23], we will
use a Vqu—setting7 q € (2,00), to be able to work with the heat semigroup in L, ().
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We introduce, for ¢ € (2,00) and & € (0,1/2), the sets

80) = { 00) € WD) X WD) (10)(50) = 010 Tl ) < -

1
[lv+ 1HW§)D(I) <o v(x) + Kk <u(r)—kK, Vo e I}

where
W2 (I) == { {we Wq2a(I); w(£l) =0}, 2a€(1/q,2],
D T o
a w2e(I), 0<2a<1/qg.
Then S,(x) +{(0,1)} is open in the topology of W(IQ’D(I) X W(IQ’D(I) and its closure
S, (k) is obtained by replacing < by < in the definition of S, ().

In a first step, we transform the problem ([I)—(8) on the a priori unknown domain
Qu@),w(t) to the fixed reference domain €2 := I x (0, 1) by applying a time-dependent
transformation of coordinates T = T’ () () ﬁu(t),v(t) — Q given by

—v(t,x)
16 T = (2. 2 = & .
(16) (0. = (0, = (o)

It is easily checked that, with the definition of ﬁu(t),v(t) in Section [ Ty s),0(¢) is a
diffeomorphism ﬁu(t)’v(t) — Q with the inverse

T 2, 7)) = (2,2 (u(t,2') —v(t,z)) +v(t,2)).
Let 6*(u,v) and 0. (u,v) be the pull-back and push-forward operators for the pair
(Qu,v, Q) defined by 6*(u,v) = @ 0 Ty and 0. (u, v)w = w o T, ) where w and
are functions of the coordinates (z,z) and (2', z’) respectively, i.e.,

(0% (u, v)W](x, 2) = W(Tun(z,2)) and [0k (u, v)w](z', 2") = w(T,; L2, 2")).

u,v
We let ﬁu,v;g =0, (u,v)A.0"(u,v) denote the time-dependent transformed Laplace

operator on . As explained in [23],

~ ’ . oy _ 9
Au U-E'II) = EQ’J}:C’;C’ — 252@:8’2/ z (Ux/ ’Ux/) T Vo + "I}z’z/ l+e [Z (ul’/ Ua:/) + Ua:/]
o u—v (u— )2

2 (Ut ot — Vot ot + Vpr oy
(u_v)g[zl(ux/—vx/)'f'vx/]_ (II u_x;) II);

Ugr — Uyt

(17) +62u~12/ <2

here the notation u,s stands for 9,/ u et cetera. We first concentrate on the elliptic
boundary value problem (I)-(2) which is reformulated as

(18) - (Ku(t),v(t);ssb) (ta (E,, Z,) = Oa (1_/7 Z/) € Qv t> Oa
(19) Blta', ) =2, (al,2) €09, t >0,
with @ = 0.(u(t),v(t))e. With (t,2',2") = ¢(t,2',2') — 2’ and
!
) z (umlml — ’UI/I/) —+ V! gt
we can rewrite the problem (I8)—-(19) as

(21) - (&u(t),v(t);6w> (tvxl7 Zl) = fu(t),v(t);67 (xlv ZI) € Q7 t>0,
(22) U(t,2',2") =0, (2',2") € 09, t > 0.

Ugr — Vgt
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In the following, c1,co,cs, ... stand for positive constants depending on what is
postpositioned in brackets. For (u,v) € S,(k) and = € I, we have

w(z) —v(r) > 26, |ulloroy s lvllereray) < els q).

Then it easy to see that —&u(t)’v(t);g is strictly elliptic, with an ellipticity constant
independent of (u,v) € Sq(k), and writing (I7) in divergence form,

X ~ 2 -~ 92 (Ugr — Vyr) + Vs
_Au,v;sw = —Og | €Wy — € Wy
u—v

—_9., _622/(1‘61’/ _vm’)""vx/ﬁ} , 1+€2[Z,(Uml —’UI/)—F’UI/P,J) )
: U—v ! (u—v)? N

2 (Ugr — Vs ) + Vg o Ugr — Vgr

Wy — € ———————Wy/,

(u—w)? u—v

= =0y (a11(u, v; €)Wy + ar2(u, v; €)Wy ) + b1 (u, v; €)Wy

+ EQ(UI/ — ’UE/)

— 0z (a21(u, v; €)Wy + aga(u, v;E) W, ) + ba(u, v; €)Wy,

it is clear that

Zw%uvwwm+ZMuvmu ) S ewe), W) € 5y(n),
4,j=1
and that a;;, 1 <4,5 < 2, belongs to C(Q). Since fu e € L2(), we can apply the
arguments in the proofs of Proposition 2.1 and Lemma 2.2 of [9] to obtain that the
problem (ZI)-(22) possesses, for ¢ € (2,00), k € (0,1/2), € > 0 and (u,v) € Sy(k),
a unique solution t, ... € W3 () satisfying

(23) ”wu,v;EHWiD(Q) < c3(k,¢€) ||fu,v;€||L2(Q) ‘

Hence @y vie = WPy vie + 2 is the unique solution to (I8)-(T3) with HSZJ%U%EHW&Q) <
ca(k,€). Moreover, with the notation w(z') := w(—2a'), 2’ € I, we have that
Capie(t, 2, 2') = Quvie(t,—a',2') for (z/,2") € Q, as Sy(k) is invariant under the
operation x — —z and by (I7) and uniqueness. In particular, for even functions
(u,v), the potential ¢ is even in .

Next, we discuss the parabolic equations ([B)—() on the free boundaries. We
first concentrate on the right-hand side terms of these equations. For simplicity, we
write x instead of 2’ henceforth. For (u,v) € Sq(k), let

2,2
@) gutus) = (R0 et D T 0 e 0
(u—v)? (u—wv)?
and denote the components of g. by g1 and geo2. Then clearly g.(u,?)(x) =
ge(u,v)(—z), x € I, and B)—@) can be rewritten as

(25) Up — Uzz = —Age,1(U, V), zel, t>D0,
(26) U — Vg = pGe,2(u,v), zel, t>0.

Again we simplify notation by now omitting the index . Given (u,v) € S4(k), we
introduce a bounded linear operator A(u,v) € E(WQQ,D(Q), L2(92)) by setting

Alu, v)w = —A, yw, Yw € W227D(Q).
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By (@3), A(u, v) is invertible and its inverse A(u, v) ™" € L(L2(Q), W3 ,(Q)) satisfies

(27) (| A(u, v < c3(k,€).

)71 H,C(LQ(Q)7W22,D(Q))

For nonzero w € W3 5 (Q) and (u1,v1), (u2,v2) € Sy(), we have, by (I7) and the
continuity of the mapping L,(Q) - W3 (Q) < La(£),

[A(u1, v1)w — A(uz, v2)w| 1, @)

”w”sz’D(Q)
< ge2 || e —vie) F Ve Z(Uura — v20) + 020

U — U1 U2 — V2 Lo (Q)

N H L+ (ure —vi0) Foial® 142 (uge —v20) + 020"
(u1 —v1)? (u2 — v2)? Loe(9)
e (U1,2 — V1,2)[2" (V1,2 — Vie) + Vi)
(u1 —v1)?
 (u2e —v2,0)[2" (u2,0 — V2,0) + V2,4
(u2 — v2)? Leo(S2)
b e? 2 (Urze — Viza) Ve 2 (U200 — V2,00) + V2,00
Uy — U1 Uz — V2 Lq(Q)

= 2¢? lall,_ o) + lozllp ) + 2¢? lesll, ) + &2 laallz, ) -

Some elementary computations show that

o =2 [ul,z — U2 T up (u2 —u1) — (v2 — 1)1):|
up — vy T (uy — 1) (ug — v2)
+(1-2" [701’;5 — %z V2.0 (w2 — ) — (va - Ul)] .
U] — U1 (u1 —’01)(U2—’U2)

We now make use of the continuity of the mappings W, (I) - W, (I) — W/} (I) <
Loo(I) to see that [lai][;_(q) can be bounded by a positive constant, depending
only on k, times ||(u1,v1) — (u2, ”2)||W3(I)><Wq2(1)' The terms involving g, ..., ay
can be treated similarly and we omit the tedious computations for the convenience
of the reader. Finally, we get

(28)

[A(u1,v1) — A(u27U2)||£(W22)D(Q),L2(Q)) < es(k, €) [(ur, v1) — (u2, U2)||Wq2(1)qu2(1)
and using the second resolvent identity, (27)) and (28], we also have

—1 —1
[[Aur, v1) ™" = A(ua, va) HL(LQ(Q),W;D(Q))

(29) < cal,) u,v1) = (2, v2) oy eowa -

As before, one deduces
| fur,o0 — fu2,v2||L2(Q) < 2¢? ||a3||L2(Q) +é° ||a4||L2(Q)

(30) < er(r, €) [[(ur, v1) = (u2, v2)llwz oy ewz 1) -
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From (B0) and the fact that (0, —1) € S,(x), we get
Wl g < 2670820/ ¥, 0) € Sy().

Now using (27), (29) and (30)), we observe that

”SZ’ul,m - ¢u27v2l|W22(Q) = ||¢u1,v1 - wug,wnwg(g)
= [ A1, 007 fuy oy — A2, 02) ™ fusn [z o

< cg(r,€) [[(ur, v1) = (u2, v2)llwz 1y ewz )

and hence Sy(k) — W2(Q): (u,v) = @y, is globally Lipschitz continuous. With
the aid of |32, Thm. II-5.5] and the continuity of the pointwise multiplication
Wa/2(I) - Wy/*(I) < W2°1(I), 201 < 1/2, cf. [4, Thm. 4.1], it follows that the
mappings

Sq(k) = W37H(I),  (u,0) = |0z Guw(t, D)7, (u,0) > [0 @uu(t, - 0)
are globally Lipschitz continuous. As VVq2 (I) = WL(I), the mappings

1+ e2u2 1+ e2v?

Sq(’%)_)qu(I)a (uvv)'_)ma (uvv)'_> 2

(u—v)
are globally Lipschitz continuous with a Lipschitz constant depending only on &
and e. Finally the continuity of the pointwise multiplication W, (I) - W3 (I) —
W2 (I) = Wi‘b(]), 20 < 207 < 1/2, cf. |4, Thm. 4.1], implies that g. is globally
Lipschitz continuous.

Note that the map (u,v) — Py Sy(k) — WE(Q) is analytic, since A: Sy (k) —
L(W3 p(Q), L2(Q)) and hence A™"': Sy(k) — L(L2(Q), W3 5(Q)) is analytic and
by the analyticity of the right-hand side (u,v) = fuu, Sq(k) = L2(Q), of @I)-
@2). This immediately achieves that also g. is analytic. We have just proven the
following proposition which is the analog of [9, Prop. 2.1].

Proposition 1. Let g € (2,00), k € (0,1/2) and € > 0. For each (u,v) € Sy(k)
there is a unique solution @ ... € W3(Q) to the problem ([IB)-(@). Moreover,
with the definition (4,0)(z) = (u,v)(—x), x € I, we have that ¢g.5..(t,2',2") =
Qu,vie(t, =, 2'), (2/,2") € Q, t >0, and for 20 € [0,1/2), the mapping g-: Sq(k) —
WQQ"D(I) X W22"D(I) defined in (24) is analytic, globally Lipschitz continuous and
bounded with g-(0,—1) = (1,1).

Recall from [23] that the Lipschitz continuity of the right-hand side of the equa-
tions on the free boundary was not needed for the stationary free boundary problem.

Now the boundary conditions (B)—(8]) enter the game. For p € (1,00), we define
a bounded linear operator A, € L(W (1), L,(I)) by setting Apw := —way, for all
w e WE’D(I). As A, C A,, r > p, we simply write A instead of A, in the following.
Note that —A is the generator of the heat semigroup {e~*4; ¢ > 0} on L,(I). In
particular, A is invertible.
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With the definitions ¢ = v+1 and §.(u, ?) = ge(u, 9—1) = g-(u,v), the equations
@5) and 26) with the boundary conditions (&) read

(31) <% +A> (Z) - (_0A 2) Ge(u, 9), zel, t>0,
(32) (Z = (8) , ze{l,—1}, t>0,

(33) (:) = (Zg) : zel, t=0.

Pick ug,vg € W2(I), q € (2,00), such that (ug,v)(£1) = (0,—1) and —1 < vy <
up < 0 on I. Then there is x € (0,1/4) such that (ug,vo) € S,(2r). As explained
in [9, Lem. 2.3] there are M > 1 and w > 0 so that

_ —otltiEoLy W
(34) e tAH[J(Wq?YD(I))_‘_t 2270 le tAHz:(ng(I) W2 (1)) < Me ™,

for % — % <20 < %, 20 #1/q. Let kg = K/M < k. Using the Lipschitz continuity
of ges, for i =1,2, i,

19e,i (w1, W2) = ge,i(ws, 0a)llyy2a 1y

(35) < co(,€) [[(wr,2) = (w3, 00) Lz 1y, 1y

where (w1, ws), (w3, ws) € Sy(ko), and that (0, —1) € S, (ko) and g.(0, —1) = (1, 1),
we obtain the bound

(36) lges(wr, 02y ) < cr0(r.2), Vlawn,wz) € Sy o),
for i = 1,2. For 7 > 0 we define the spaces X, := C ([0, 7]; Sq(r0) + {(0,1)}) and
for t € [0,7] and (u, %) € X, the map F(u,d)(t) = (F1(u,)(t), Fa(u,d)(t))T given

by

Fi(u,0)(t) = e g — )\/0 e =94 1 (u(s), 0(s)) ds,

t
Fy(u, 9)(t) = e o9 4 p / e~ =945 (u(s), (s)) ds.
0
We aim to apply the Contraction Mapping Theorem to the map F'. Let
T SRS 5 WS B
I(r):= / e “%s 22 a’ (s.
0

ThenZ - 0as 7 — 0, Z — Z(o0) < o0 for 7 — oo and 7 — Z(7) is increasing on
[0,00). Writing m := max{\, 11} and using (34)—(B8), we find

B3 ) Ollwz oy < e +mMeno(s,2)Z(7)
and
[Fi(ur, 01)(t) = Filuz, 02)(O)llwz | or)

< mMeg(k,)Z(7) [|(u1,01) — (u2, ’52)||c([o;},wq2’D(1)xwg’D(I)) )
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for i = 1,2, (u1, 1), (uz,92) € X7 and t € [0,7]. As [lw|[, 5 <2 ||w||W2D(I), for
a,

all w € W;D(I), Je,15Ge,2 > 0 and the heat semigroup is positivity preserving, we

infer

Fy(u, 9)(t) — Fy(u, 0)(t) > 4k — 4mMeio(k, €)Z(T).

From this one concludes that there exists a 790 = 79(\, i, k,€,¢,0) > 0 such that
F: X,, —» X, is a contraction. It follows that there exists T. € (79,00] and a
unique maximal solution

W) _ —ta (Yo te—(t—s) —Age,1 uls). 5(s)) ds
(5) = () # [ (Gl o tons
to BI)-@3) on [0, T%) satisfying
u, v € C([0,T2), W, (1)) N C((0,T2), W3 127 (1)) N C([0,T%), Ly (1))
and
u(t,z) <0, o(t,z) >0, alt,x)—0(t,x)>2k (tx)€]0,T:) %I

If, for any 7 > 0, there is k(1) € (0,1/2) and a solution (u,?) € Sq(x(7)) + {(0,1)}
for t € [0,7.) N [0, 7], then T, = co. Choosing m suitably small, m < my, where
my = mq(k,&,q,0) > 0, we obtain

1
mM max{cg, c10}(00) <1< oy and 2mMci0l(c0) < Ko,
0

so that the map F': X, — X, is a contraction for any 7 > 0. In particular, there
exists a unique global solution (u,?) € S,(ko) + {(0,1)}. Finally, Proposition [
and uniqueness of the solution imply that, for ug, 09 even, the associated solution
(u,d) to BI)—-@3) is even on [0,7.) x I. Up to the transformation v = o — 1 and
up to pulling the solution (u, v, @) back to Q) (), this completes the proof of the
following theorem.

Theorem 2. Let g € (2,00), € > 0 and initial values ug, vy € W(IQ(I) with —1 <
vo < up <0 on I and (up,v)(£1) = (0,—1) be given. Then:
(1) For any A, > 0, there is a unique mazimal solution (ue,ve, pe) to [I)-@)
with reqularity

Ue, Ve € C([OvTE)a WqQ(I)) N Cl([OaTE)qu(I))a pe W22(Qua(t),v5(t))

so that =1 < wv. <wue <0 o0n [0,T;) x I and T, > 0 is mazimal.

(ii) If for each T > 0 there is k(1) € (0,1/2) such that (us(t),ve(t)) € Sq(k(T))
fort €10,T.)N[0, 7], then the solution exists globally in time, i.c., T, = co.

(iii) If wo and vy are even functions on I, then (uc,ve, ) is even in x on
[0,T:) x I.

(iv) Given k € (0,1/2) and (ug,vo) € Sq(k), there exist mi = my(k,e) > 0 and
ko = Ko(k,e) > 0 such that, for A, < my, T. = 0o and (uc(t),v:(t)) €
Sq(ko) for all t > 0.
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Before we proceed, we formulate the following lemma about some elementary prop-
erties of the solution (u, v, ) to (I)—(&). Theorem 2land Lemma Bl are the analogs
of Theorem 1.1, Theorem 1.2(i) and Proposition 2.4 of |9].

Lemma 3. Let ¢ € (2,00), e, A\, 10 > 0 and initial values ug,vy € WqQ(I) with
(ug,v0)(£1) = (0,—1) and —1 < vg < ug < 0 on I be given. Let (ue,v:,@:)
denote the associated mazimal solution of ([I)-() satisfying the properties stated
in Theorem[3. Then, for all (t,x,z) € [0,7-) X Qu v,

(37) —1<p(t,z,2) <1

and

(39) (Ouspe) (1, u(t, 2)) = —(Butse) () (D) (2, u(t, ),
(39) (835(,05)(1‘,, €, 'U(ta J))) = _(axve)(ta x)(azsos)(tv €T, U(t7 .13))

Proof. The bounds (37 are obtained from the maximum principle applied to the
constant functions £1 and the function ¢.. Finally, differentiating the equations
we(t,z,uc(t,z)) = 1 and (¢, z,v:(t,x)) = 0 with respect to x and applying the
chain rule, we immediately obtain (38) and (39). O

3. NON-EXISTENCE OF GLOBAL SOLUTIONS

In Section 2] we have proved the local existence of solutions to ([I)—(&). Let us
now discuss criteria for the non-existence of global solutions. Let (u,v, ) denote
the maximal solution of ([I))—(8) with initial values ug, vy satisfying the properties
stated in Theorem 2} to simplify notation, we omit the index ¢ in this section again.
Here, we show that there is a critical value mz(¢) > 0 such that for max{\, u} > meo,
the maximal existence time T, > 0 of the solution (u, v, ¢) is finite.

Theorem 4. Let q € (2,00), e, A\, > 0 and initial values ug,vy € Wq2(I) with
(uo,v0)(£1) = (0,—1) and —1 < vy < ug <0 on I be given. Let (u,v,¢) denote
the associated mazimal solution of ([@)-[l) with initial values ug,vo and mazimal
existence time T. > 0 according to Theorem[d. Then for

max{\, pu} > my := 7 (1 + £2)?
we have that T, < oco.

Proof. Let ¢1: 1 — [0,7/4], (1(z) := T cos(3x) and py = ”72 so that

03¢ =mG, zel, G(£1) =0, [GllL,u =1

i.e., 1 is the principal eigenvalue of —9? acting on Lo(I). For some a € (0,1) and
te0,T¢), let

Eat) = /Igl(x)(u + 22 (t, ) da.

In [9, Sec. 3], it is shown for the problem with one free boundary that

d 4081, 1 1
40 g <2221 SIS
(40) g St e2p [pmg +4ﬂp 1+ E. |’
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where o = €2/(1 +€?), f = VA/2 and p = 1 4 2u1€2, and it is proven that,
for A > mag, the right-hand side of the inequality ([@0) can be estimated by a
negative constant, so that finiteness of 7. follows immediately by integrating (0]
over [0,7%). Using Lemmal[3] it is straightforward to generalize these arguments for
E,(t) in the problem with two free boundaries, with the obvious changes, so that
Q) also holds true for the problem ([I)—(®). In the case u > A, we make use of the
following symmetry of the problem [@I)-@): If (u,v, ¢) is a solution to ([I)—(&]) with
the parameters (A, u), then (U, V, ¢) defined by

U=-v-1, V=—-u—-1, ¢t,z,2)=1—¢p(t,z,—2—1)

is a solution to ([II)~(®) with the parameters (u, A). In view of this symmetry and
the inequality (@Q]), the proof is completed. O

Theorem [ shows that, for A or p sufficiently large, the problem ([I)—(8) cannot
have a stationary solution. Applying a technique presented in [25, Thm. 3], we
obtain a more precise value of the threshold for the parameters A and p to guaran-
tee the non-existence of stationary solutions of ([I)—(8). Recall from [23] that the
stationary problem (I)-(8)) possesses even solutions in W2 (I)? x W3 (Qy0)-

Theorem 5. Let ¢ > 0. There exists {o(e) € (0, 52) such that for max{\, u} >
&o(e) the stationary problem () (@) possesses no even solution (u, v, ) of reqularity
u,v € W2(I) and p € WZ(Qy) such that =1 < v < u < 0 on I. In addition
&(e) = 2 fore — 0.

Proof. Tt follows from (B]) and (@) that, for all z € I,

(41) Uaw () = A1 + €% |ux (2)*) 02 (2, u(@))
(42) Vaw (#) = —pu(1 + €% vz (2)[*) 02 (2, v(@) .
For reasons of convexity, cf. [23], Si(z, 2) := 1+ z — u(z) is a supersolution and

Sa(x, z) := z — v(z) is a subsolution for the elliptic operator —A, satisfying

Si(xl,2)=1+2 = @(£1, 2),
S1(z,u(z)) =1 = p(x, u(z)),
Si(x,v(x)) =1+ v(x) —u(z) 20 = p(z,v(x)),
—AS1(x,2) = % upy > 0 = —Ap
and
Sa(£l,z)=1+z2 = p(£1,2),
Sa(w,u()) = u(z) —v(x) <1 = p(z,u(@)),
Sa(x,v(x)) =0 = p(z,v(z)),
—A.So(x,2) = 20,p <0 = —A.p

The weak maximum principle implies that, for all (z,z) € Qy..,

o(x,z) = S1(z,z) <max{p— S1} = max {p—51} <0

w,v
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and that

S2(2,2) — ¢z, 2) < max {9z — ¢} = max {3 — ¢} < 0.

m
Qu

Hence, for fixed z € I and z € (v(z), u(x)),

>1

- )

QD(SC, Z) — Lp(i[,’, u(m)) (,0(1[:, Z) — w(xa ’U(:L’))
z —u(x) 21 and z—v(x)

and sending z to u(x) and v(x) respectively, we conclude that ¢, (z,u(z)) > 1 and
©z(z,v(x)) > 1, for all z € I. Then {I) and (@2) imply

(43) Uao () > M1 + €% |ug () ),
(44) Ve () < —p(1 + vy (2)]?).
Let

1 s
Ae(€) =1+ g In(eos(=e)), € (0,57).
As explained in the proof of |25, Thm. 3], A. possesses a unique zero £y(g) such

that A.(§) <0 for & () < € < 5z and &o(e) — 2 for € — 0. Moreover, it has been

shown that integrating (@3] twice leads to

u(0) < z—:QL)\ In(cos(eAx)), =z € {O,min{l, 2:—>\}>

so that, for A > 5= and # — 57, u(0) = —oo, and, for x — 1, u(0) < A (A)—-1 < —1
on [£o(g), 5z), which are both contradictions.

Clearly, any C'-smooth even function on I has vanishing derivative at z = 0.
Then v, (0) = 0 and integrating (@) over [0, z] yield

arctan(evg(z)) < —epx, x €[0,1),

or equivalently

1
vg(z) < - tan (eux), w € [O,min{l,%}) .

Integrating once more and using that v(0) < 0, we arrive at

(x) < iln(cos(aum)), ze [O,min{l, é}) .

Assuming p > - and sending z — %, we see that v(%) = —oo which is clearly
contradicting v > —1. Assuming p < 5= and sending x — 1, we get v(1) < A.(u)—1
and for u > &(g), we conclude —1 = v(1) < —1, which is again a contradiction.
This completes the proof of our theorem. O

4. ASYMPTOTIC STABILITY

Fix ¢ € (2,00), k € (0,1/2),e > 0 and 20 € (% - %, %) Recall that g. defined in
(@4) is an analytic map Sy(rk) = W35 (I) x W35 (I) < Lg(I) x Ly(I). Moreover
the operator A = —92 with D(A) = W2 ,(I) is invertible and —A generates the

heat semigroup on Ly(I).
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Define F': R* x Sq(k) — W2, (I) x W2(I) by setting

. U, Ay 0 1
F(A,U)— <U2> + (O —AQ)A gE(Ul,UQ).
Then F(0,0) = (0,0) and, for all W € S,(x),
1

According to the Implicit Function Theorem, there is § > 0 and an analytic function
[0,8)% — S,(k), A — U, such that F(A,Uy) = 0. For A # (0,0), let ®, denote the
associated potential solving () and (@) with u,v replaced by U 1,Un 2. Writing
A= (A p), (U, ®n) is astationary solution of (I)—(6) as F'(A,Ux) =0and Uy, =0
imply the equations corresponding to ([B]) and {@l) and also (@) and (@) are satisfied.
With the notation U = (u,v) and U = (u, ©), equations (3) and @) read

. ~ (=M1 0
Ut+AU— ( 0 Ag) gE(U).

Setting V. =U — Uy = U — Ua, A € (0,6)2, and

Bp = — <—§1 /8) Dg.(Un) € LIWZ 5 (I) x W2 p(I), Lg(I) x Lg(I)),

we obtain the linearization

-A; O

(45) Vt+(A+BA)V—(O Ay

) (5207 4+ U0) = 0.(0) - D0V

and, denoting the right-hand side of (@8] by Ga(V), the initial value problem
+ (A4 By)V =GA(V), t>0,
V(0) = Vo,
where Gy € C%(On, Ly(I) x Ly(I)) is defined on an open zero neighborhood Oy C
W2 (1) x W2 5 (I) such that Uy+Op C Sg(k). Moreover G (0) = 0 and DG4 (0) =
0. It follows from a line of arguments similar to what is presented in Section 4 of
[9] that
M Bl cwz w2 (1), Lo(nyxLg(r) = O

implies that —(A + Bj) generates an analytic semigroup on L,(I) x Lq(I) with a
negative spectral bound. Now the following theorem is an immediate consequence
of |31, Thm. 9.1.2].

Theorem 6. Let ¢ € (2,00), k € (0,1/2) and € > 0 be fized.

(i) There are 6(k) > 0 and an analytic function [0,8)* — W2, (I) x W2(I),
A — Upr = (Un1,Upz2), such that, for each A = (X, ) € (0, )2, (Up, ®@n) is
the unique steady state of [@)—-(@) with Up € Sq(r) and ®x € WF(Qu, 1 U )-

Moreover, Upx1 and —Up2 are convex and even for all A € (0, ) and
Uo,0) = (0,0).
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(ii) Let A € (0,8)%. There are wo,r, R > 0 such that for each pair of initial
values ug, vy € WqQ(I) satisfying (uo,v9)(£1) = (0,-1), =1 < vy < up <0
and ||(uo, vo) — UA”WQQ,D(I)XWf,D(I) < r, the associated solution (u,v,p) to
@ -@) exists globally in time and

[[(u, v) = UA”W;D(I)xW(iD(J) + 1(ue, vl L, 1y g ()
< R ||(uo, v0) = Unllwz  (1ywwz 1y » 9= 0.
Remark 7. As a consequence of the above theorem and the Lipschitz continuity

of (u,v) — @y, we also have, under the assumptions of Theorem [ that @, ,
converges exponentially to oy, ;,u,, ast — oo, ie.,

HSZ’%U - @UA,LUA,Q HW22(Q) < Rl e ot H(an UO) - UAHqu,D(I)XW(?,D(I) ; VE=0,

with a positive constant R’.

5. THE SMALL ASPECT RATIO LIMIT

In this section, we examine the connection between the original problem (I)-
[®) and the vanishing aspect ratio model @)—-(3). Let A, > 0, ¢ € (2,00) and
k € (0,1/2) be fixed. With M in (34), define s := x/(2M) < k. For e > 0,
let (ue, e, pe)(t) denote the solution of [@)—(&) on [0,7), for (ug,vo) € Sy(k) with
ug < 0and vg > —1 given, cf. Theorem[2 and its proof. As the solution is continuous
in time,

7o :=sup {t € [0,T%); (uc(s),v=(s)) € Sq(k1); Vs € 0,1}
is positive. Moreover, T, > 7.. We then have
ue(t) —ve(t) > 261, —1<w:(t) <ue(t) <0 on[0,7]x[-1,1],
and, by the continuous embedding W2(I) — W (I),

[ @) llwzry + [lveOllwz ) + lueOllwy oy + lve@llwy () < G, VEE€ [0, 7],

Again, we denote by C1, Cy, Cs, . .. a sequence of positive constants. For (¢,2’,2') €
[0, 7] x Q, we recall the definition . (t,2,2') = @.(t,2',2") — 2’, where @.(t) =
0. (u(t), v(t))pe(t) = @e(t) o Tq;l(t)wg(t) with the transformation Ty,_«) .. () in (d6).

Also recall that, by Lemmaf3 —1 < @, < 1, so that —2 < v, < 1on [0,7.] x Q. The
function f.(t,2’,z') = &us(t)’vs(t)ﬁz' has been computed in Eq. 20). To simplify
notation, we will write (x, z) for points in Q henceforth, since we do not need to
distinguish between points in Q and €2, ,, here.
In what follows, we need control of the Ly (£2)-norm of f. and therefore we prepare
the estimates
2¢2
”fEHLq(Q) < 4_"5% [2(te,0 — ve,a) + UE,:CHLOO(Q) l[ue,z — UE,:CHLQ(I)
g2 9
too (Wtesee 1y + 2 0z ) ) < Coe

and, with the aid of Holder’s inequality,

”fE”Lp(Q) <2 ”fEHLq(Q) < Cse®, Vpe [1,q].
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Our next lemma provides some important bounds on the function . and its deriva-
tives. Compared to the analysis of the stationary case, it can be seen as a general-
ization of [23, Lem. 7] and [9, Lem. 5.1].

Lemma 8. There exist positive constants e, and K1 such that, for all e < e, and
te0,7],

1
(46) 1028l gy + = (18O Loy + 100Dl (@) < K,
1 1
(47) 2 1020:0- @)l 1,0 + 5 [020-®)| ) < K7,
1
(48) = (19858, O)lypr2 gy + 100t Dl ) < K

Proof. As —&61/)6 = fe and ¥c|aq = 0, we can use the divergence form of —AE and
integration by parts to obtain

2
/ fswe drdz = 52/ (Qﬂﬂg _ Z(Us,x - 'Ue,:c) + Ve x 8zwe> do dz
Q Q

Ue — Ve

2
o[ A2,
o

Ue — UE)

+ &2 / ('U'e,:c . Ue,x)z(ue,:c - 'Ue,:c) + Vex (0.0 ) 0. da dz
Q

(ue — UE)Q

_52/ M(ast)we de dz.
Q

Ue — Vg

Henceforth, we choose ¢ sufficiently small, i.e., ¢ smaller than some £; > 0, so that

2 1
(49) & (Jueal®)ll, ) +20ee®ll, ) <50 W) €07 x (0,21)

Using the inequality (r — s)? > é — 52 we get

2
€ 2
| fosedwdz = S 100001 0

) 2
+ (1 — & Hz(ue,x - 'Ue,:c) + Ue,x||2Loo(Q)> /Q % dx dz

’ D21be|? + [1e|?
- % HZ(UE,I - Us,z)2 + Us,z(ue,x - vE’I)HLoo(Q)/Q (M> dxr dz

(ue —ve)?

2
/ e |? da dz
Loo(I) /92

2
9
> Z ||8xw6||iz(g) + (1 — 0452) ||8Zw5||iz(ﬂ) _ 0562.

Ue,x - Us,z

Ue — Ve

2
——/ |020e |? dx dz — &2
4 Jo

Since
| £ ds < Ul el < o

we have, for sufficiently small ¢, i.e., € smaller than some g5 > 0,

(50) Cre® > €2 ||0ate |7,y + 1020l ) »
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and (B0) shows that [0svc|lz, ) and %||8Z1p5||L2(Q) are bounded by a positive
constant. Since [[Ve]l;,q) < [19:9e]l 1, ), it 15 clear that 2 [|ve|,q is bounded
by a positive constant. This implies (@6]). Setting (. := §%¢. and w, := 9,0,1x, it
follows from integrating the equation —ﬁgwg = fe, as explained in [23], that

/ fe(1 = 0:1pe) (e dr dz

_ 2 2
= 52/ (wg - e = Vo) F Ve Ca) dx dz + / C dr dz.
Q Ue — Ve Q (u - UE)

Using again the inequality (r — s)? > § — 52 and ([#J) it follows that

/ fe(1 = 0:1pe) (e dw dz

2
> / CEQ . + €_2wg o EQCEQ Z(ue,x - 'Us,gc) + Vex de dz
Q (UE - UE) 2 Ue — Vg

1 2 2
(51) > = (I16e a0 + % el ) -

Applying the techniques used in [9] to derive an estimate for the quantity corre-
sponding to the right-hand side of (&Il), we obtain from (B0) and (&I) that

2 2
160y + €% lwellz ) < Cae™.

This proves 7). From [@G) and T) one concludes that ||8zw5||W21(Q) < Cye
and {8) immediately follows from the embedding 7.56 in [3, p. 217]. We set
e, = min{e, 2} to complete our proof. O

Since we are interested in the limit € — 0 of (u., ve, <), we have to guarantee that
the maximal existence times T, > 0 do not converge to zero as € — 0. Therefore,
the following lemma generalizing |9, Lem. 5.2] will be crucial.

Lemma 9. There is T = 7(q, A, i, &) > 0 such that 7. > 7 for alle < e,.. Moreover,
there is A = A(k) > 0 such that 7. = T. = oo for all € < e, provided \, i € (0, A).

Proof. Recalling the methods used to prove Proposition [l we see that, for fixed
20 € (3 — 1, 1), there exists a positive constant Ks(g, k) such that

q’
I9e.i (1 @), Vo) lyze, ) < Kao VEE[0,7], i=1.2

With the aid of Duhamel’s formula, see Section 2, we conclude that

M
lue (Dl ) < — + AMEL(),
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Let m = max{\, u}. As Z(t) — 0 for t — 0, there is 7 = 7(q, A, 4, k) > 0 so that

. 2M — 1)k
() < 4 .
()mm{mKw’ ik, J 0 el
It is clear that
. 1
Hue(t)HW(iD(I) , ”'Us(t)HW(iD(I) < P

and
ue(t) —ve(t) > 261, —1<we(t) <ue(t) <O,

for all t € [0,7] N[0, 7<]. By the definition of 7., we conclude 7. > 7. Letting

Ak) = min{ 1 2M — 1)k }

kKoZ(00) AM2K5T(o0)

and A\, o € (0, A(k)), we find that T, = 7. = oo, as was to be shown. O

We are now ready to present a proof of the following main theorem about con-
vergence towards solutions of the small aspect ratio problem. Let 14 denote the
characteristic function of the set A C R2.

Theorem 10. Let A\, > 0, ¢ € (2,00) and € (0,1/2) and let (ug,vo) € Sq(k)
satisfying up < 0 and vg > —1 be given. For ¢ > 0, the unique solution to ()
@®) with initial values (ug,vo) obtained in Theorem [B is denoted by (ue,ve,pe).
The maximal interval of existence is [0,T.). Then there are 7 > 0, e, > 0 and
k1 € (0,1/2) depending only on q and k such that Te > 7 and (ue,v:)(t) € Sq(k1)
for all (t,e) € [0,7] x (0,e4). Moreover, the small aspect ratio model [@)-[{IH) has
a unique solution (U, Vs, .) so that

Us, Vs € C([O,T],WQQ(I)) N CY([0,7], Ly(1)),

—1 < w(t) < us(t) <0 and u.(t) — vi(t) > 251 fort € [0,7], and such that, for a
null sequence (en)nen C (0,€4),

(Ue, s Ve, ) = (Us, Vi) in C*0([0, 7], VV(IQO(I))7 6 €(0,1),
, b

Pe,, (t)lﬂuan P (t)lﬂu*m,v*(t) in La(I x (—1,0)), t € [0, 7],

as n — oo. Furthermore, there is A(k) > 0 such that, for A\, u < A(k), the state-
ments of the theorem hold true for any 7 > 0.

Proof. Let T and €, be as in Lemma[ Computing the Lq(I)-norm of (25) and (26])
and using the reverse triangle inequality and the embedding W21 /2 (I) < Log(I),
we have, for any ¢ € [0, 7],

10 (O, 1y = [02uc®)ll o
1+ e2|0,u.(t)[?

= KM G — )2

||8z’§5e(t, ) 1)”31/21/2(1)
Leo(I)
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and

10w ()l 1y = 1020-@)] ., 1y
1+ 2|0 (1)]*
(ue(t) —ve(t))?

where K3 > 0 is a constant. Since |0, @.(t,+,1)

< Kszp

5 2
||8z’306(t7 ) 0)||W21/2(I) 5
Leo(I)
||W1/2(I) is bounded by a positive
2
constant, cf. Lemma[8] we can proceed as in the proof of [9, Thm. 1.4] to conclude
from the boundedness of u. in C([0,7], W2(I)) N C*([0, 7], Ly(I)) that there exists

a sequence (ue, Jken C {ue; € < &4}, ex — 0, such that, for k — 0,

Ue, — e in CT0((0, 7], WE(I))

for some function u, € Cl’e([O,T],Wq%(I)) and 0 € (%}1,1). The bounded-
ness of ||0, e, (¢, -, O)||W21/z(1)7 see again Lemma [§ implies that v,, is bounded in
C([0, 7], W2(I)) N C*([0,7], Ly(I)) so that we may extract another null sequence
(Ekj)jEN C (Ek)keN such that

Ve, — Vs In 0179([0’T]7Wq29(_[))’

for some function v, € C*=9([0, 7], WqQG(I)) and 6 € (%, 1). As any subsequence

of a convergent sequence is convergent with the same limit, we get that
Ue,, — Uy In Cl_a([O,T],WqQ‘g(I)) and
Vey,, = Ux IN CI*G([O,T],WQQG(I))

as j — oo. According to the continuous embedding W2°(I) < WL (I), we also
have that

uskj — Usx in C([O,T],WOIO(I)) and
Uy, — Us In ([0, 7], WL (I)).

In view of the inequality (@8] and the continuous embedding W21 /2 (I) = Log(I) we
observe that

li =
im sup )

e=0¢ef0,7]

00t 0)” ~ 1]

= lim sup
Lq(I) EA)OtE[O,T]

1020 (t, -, 1)]* — 1‘

)

and conclude that
1

e o (LD i C(0, 7], Lo(D),

Jex, (ufkj (t), Ve, (t) — (

)
(us, v4)(t, £1) = (0, —1) and
(s, v4)(0, ) = (uo,v0)(z) for (t,z) € [0,7] x I.
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Moreover, for any t € [0, 7], the left-hand side of the equation

t
ey (£) = e up — A / e E=Ag, (g, (s),0s, (5))ds
J O J J J

converges to u,(t) while on the right-hand side the fact that A generates the heat
semigroup on L4(I) implies that
1

t t
—(t—s)A ds — —(=sA____ -
/0 e gEkjyl(UEkj (8)7U5kj (S)) S /0 e (U*(S) _ ’U*(S))Q

Arguing similarly for v., we conclude that w.(t),0.(t) € D(A) = W7 5 (I) and that
(s, v4)(t) is the unique solution to (IO)—(IH]) satisfying the properties stated in the
theorem, for all ¢ € [0, 7]. Letting

ds, j — oo.

Z — Ux

P =
Uy — Vs

and using Lemma [§], the proof is completed by similar arguments as in the proof of
[23, Thm. 2]. O

6. DI1sCcUSSION AND OUTLOOK

From the physical point of view, the effectiveness of a MEMS device is limited
by the pull-in stability which corresponds to smash-up of both membranes in our
idealized model. Intuitively, it is clear that this phenomenon occurs for large voltage
values and thus, as the parameters A and p are proportional to the square of the
source voltage, cf. the Appendix, for large values of A and p. For the small aspect
ratio model of a stationary MEMS device with a one-dimensional displacement of
a single membrane suspended above a fixed ground plate, i.e.,

A
(14 w)?’
it is well-known that there is a threshold A. such that for 0 < A < A, there exist
two solutions wy (z; A) and wa(x; ) coalescing as A — A, and there is no solution

(52) Wap = z e (=1/2,1/2), w(£1/2) =0,

if A > A.. Moreover, only one of the solutions in the small voltage regime is
stable under perturbations; the other one is unstable, cf. |5, 133]. Thus for this type
of model, A, corresponds indeed to the pull-in voltage. In [5], the authors have
computed the numerical value A, = 1.40001647737100.

In Section 2lwe have first shown that, for any pair of sufficiently small parameters,
there exists a solution (uc,ve, pe) to )-8, at least locally in time. Moreover, we
have proven that there exists mi(e) > 0 such that (ue,ve, @) is in fact a global
solution, i.e., T, = oo, for A\,u < my(g). In Section [3] we have shown that there
is ma(g) > 0 such that there is no global solution, i.e., Tx < oo, for A > ma(e) or
> ma(e). Note that our results do not provide information about the precise value
of the pull-in voltage for this type of model. For instance, it is an open problem
to find out whether the values m; and ms coincide or not. While Theorem [2] and
Theorem [] show that the sets

S. = {(\ ) € (0,00)%; @ (®) has a global solution}
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contain a neighborhood of zero in the relative topology of (0, 00)? and are bounded
by an e-dependent constant, we do not have further information on the structure
of the S;; e.g., is not clear that S; is the product of two intervals.

Moreover, it is not clear that T. < oo implies that the membranes collide. One
could also imagine that one component of the solution blows up in the corresponding
WqQ—norm; note that in the WqQ—setting, q € (2,00), second order derivatives may
become unbounded.

Concerning stability, we have already shown that there exists a steady state of
@@ for sufficiently small parameters in [23]. The present paper extends this
result by proving uniqueness of the steady state (with first components in a set
Sq(k)) as well as its local asymptotic stability. It is an open problem whether there
are other smooth branches of steady states emanating from (A, 1) = (0,0) and what
one can say about their stability or instability, cf. the discussion of the model (52))
above.

Finally, the small aspect ratio limit has been discussed: We have first proven
that the maximal existence times T, are bounded from below by a positive constant
when sending € — 0. Then refining the arguments of [9, Thm. 1.4] and [23, Thm. 2]
we have given a rigorous justification of the model ([@)—(E) by proving convergence
of the solutions (u.,ve, p.) towards a solution of ([@)—(IH) in the vanishing aspect
ratio limit. Again, a cornerstone of our proof was to show that the arguments
for the small aspect ratio limit of the stationary problem can be adopted for the
evolution model and the W(f—setting.

7. APPENDIX

The mathematical model for an idealized electrostatic MEMS, considered in this
paper, can be obtained as follows: There are two elastic membranes of length ¢ > 0
and width w > 0 which are assumed to be perfect conductors and they should be
fixed along their boundary so that their initial distance is d > 0. We assume that a
voltage V; is applied to the device so that an electric field with the potential v sets
up in the region bounded by the two membranes. Finally, let @(Z) and 0(Z) denote
the displacements of the membranes so that (@, 0) = (0, —d) for V; = 0; see Fig.
We introduce coordinates (&, 7, ) € R3 so that the upper membrane is modeled by
the set

My ={(%,7,2) e R —£/2<E<1/2, —w/2 < §<w/2, 2 =0(E)}
and the second membrane corresponds to
My ={(2,7,%) e R® —0/2< & <(/2, —w/2 <§<w/2, % =0(Z)}.
The region bounded by M; and My is
R={(%9,2) €R® —£/2< % <0/2, —w/2<§<w/2, 0(Z) <2< u(Z)}

The electrostatic potential satisfies the Laplace equation in R and we may choose
M to be the set where ¢ = 0. Next, the potential on M is proportional to V;
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and there is a dimensionless function f such that

Oy 0%

(53) @+a—g2+ﬁ=0 in R,
(54) 7/1(56, Zja 2) = ‘/;f(ﬁ/d) on Mla
(55) (Z,9,2) =0 on Ma.

The function f embodies the fact that the voltage drop across our device when
embedded in a circuit may depend upon 4, see also [34]. The ratio of the energy
density of the electric field in R to the curvature of M7 and Ms is modeled by the
surface tension coefficients T1,T5 > 0. With g the permittivity of free space and
€, the permittivity of the medium that fills R we thus have

a1 A4 AN AN
(56) Tl@ = 56067« ((%) + (a—g> + <£> on Mi,

0 1 o\ (o | [(ow)’
Trpzs = —eoer | ( 7e i =L .
(57) 2572 2606 <(8J)) + <8y> + <8z> on Ms
The sign in (B7) is a consequence of the fact that both membranes should attract

each other, and since M and M are fixed along the boundary, we have to impose
the boundary conditions

(58) a(t/2)
(59) 0(¢/2)

(~£/2) =0,
(—£/2) = —d.

Il
=31

Il
[s$}

The model (B3)—-(R9) is a free boundary problem, since the domain R and its bound-
ary components M; and M5 depend on the unknown functions @ and v that also
appear in the model equations. For To — oo, Eq. (&) takes the form ¢”(z) = 0
and together with the boundary conditions (G9]) one immediately concludes that
¥ = —d. We thus recover the MEMS model with a fixed ground plate for To — oo
from the enhanced model presented here.

o
\_//

R
Mo

Figure 2: Geometry of a three-dimensional MEMS device with two free boundaries
M and My and a one-dimensional displacement.
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To obtain dimensionless equations, we apply the transformation
o=v/Vs, uw=a/d, v=0/d, x=2%/¢, y=2g/w, z=2Z/d

and introduce the dimensionless parameters

goer VL2 goer VL2
€ d/t, a=~L/w, X ST 1 STol
to rewrite the problem ([B3)-((E3) as
5 0% , 0% 0%
(60) 0=¢? W + (6@) 82/2 + 922

(61) oz, y,u(z)) = f(u),
(62) o(z,y,v(r)) =0,

o () e () ()
w B <<a—w> o (5) ()]

(65) (u, 0)(£1) = (0, —

The parameter ¢ is the small aspect ratio comparing gap size to device length, a
is the aspect ratio of the device itself and A and p interrelate the strengths of the
electrostatic and mechanical forces in the device. We did not discuss the case where
the MEMS is embedded into a circuit so that we can set f = 1 in the following.
Moreover, the fact that we have assumed a one-dimensional displacement of the
membranes motivates to assume that ¢ is a function of x and z only.

Assuming that u and v are functions of time ¢ and applying Newton’s second
law on both membranes, we obtain that the sum of all forces equals plél% and
pgég%, where p1,p2 and 61,d2 denote the mass density per unit volume of the

membranes and the membrane thicknesses. With a damping force term of the form
—o‘?dltf and —g ¢ 13 respectively, Eq. (63)) and Eq. ([©4) take the form

Pu  Ou 0% 5 [ Op Dy
(66) Poiom toos=a5 A <5 <%) + <5) » ),
v Ov 0% oo\ > oo\ >
(67) P252W +08t D22 +u < <%) + <5) o
Setting ¢t = f/a, 71 = v/p101/0 and 2 = v/p2d2/0, one finally has
Ou  Ou  H*u oo\>  [0p\?
2 ou _ o%u 2 [0 op
(68) Ngp T T o ) (5 <8x) * (82) .
v v 0% op\?  [0p\?
2 ov _ 9 2 (0¥ g¢
(69) 2oE T g axz’ﬂ‘(g <8x) +<8z) o
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In this paper, we have assumed that 1,72 < 1 to obtain the problem (II)—(&]) with
parabolic equations on the free boundaries. To study the hyperbolic-elliptic free
boundary problem with 1,2 > 0 is a task for further research.
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