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Exercise 6.

Let —Ay denote the negative Laplacian in Ly(3) and —Ay.p the negative
Laplacian in Ly(X) with an additional Dirichlet boundary condition at = = 0.
Show that (—Agx +1)~! — (=Ag.p + 1) is a Hilbert-Schmidt operator.

Exercise 7.

A function A(-) from a measure space M to the (not necessarily bounded)
self-adjoint operators on a Hilbert space H' is called measurable if and only
if the function (A(-) +1)~! is measurable. Given such a function, we define
an operator A on H = fﬁ; H' dp with domain

D(A)={¢€H; o(m) € D(AG) ac, [ 1Am)plm) Ly dutm) < o0}

by
(A¢)(m) = A(m)y(m).
We write A = f o A(m) dp. Show that the operator A is self-adjoint and that

ANeo(A) = Ve>0:u({m;o(Am)NA—e,X+¢e)#0}) >0

Hint: Use that, for any bounded Borel function F' on R,

The solutions will be discussed in the tutorial on 29.05.2019.



