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Introduction

Just as groups may be used to describe symmetries of objects in a category,
crossed modules can describe symmetries of objects in 2-categories. A crossed
module may act on X by a homomorphism to Aut(X), and equivalent crossed
modules give equivalent actions [@], [2]. Therefore it is useful to understand
crossed modules up to equivalence.

A crossed module is just a particular way to view a strict 2-group [7]. In this
thesis, bigroups are classified up to equivalence of bicategories. This is the same
classification as Section 8 of John Baez’s article [I] written in the language of
bicategories. This classification result is then applied to crossed modules.

In Chapter 1, we review all the preliminary notions needed from bicate-
gory theory. In particular, we describe in detail all of the data needed for an
equivalence of bicategories.

Chapter 2 begins the classification process using skeletal bigroups. We work
with skeleta, because it is in this setting that the classification result is clearest.
This result will later be generalised to arbitrary 2-groups. A skeletal bigroup
appears to have four pieces of data:

1. the l-arrows;
2. the 2-arrows;
3. the unitors;

4. the associator.

When we consider skeletal bigroups up to equivalence, this reduces to the
following three pieces of data:

1. a group G, describing the 1-arrows;
2. a G-module M, describing the 2-arrows;

3. an element of the third cohomology class H?(G, M), describing the associ-
ator.

In Chapter 3 we show how the results in Chapter 2 for skeletal bigroups
can be used in general bigroups. To do this, we show that all bicategories are
equivalent to skeletal ones. We prove this using the Whitehead Theorem for
Bicategories (Theorem , which gives criteria for a pseudofunctor to be an
equivalence. Generalising a well known result about 1-categories, it states that a
pseudofunctor F' is an equivalence if and only if it satisfies all of the following
three properties:

1. F is essentially surjective;
2. F is essentially full,
3. Fis 2-fully-faithful.



These three properties are called the Whitehead criteria and defined in full in
Definition The Whitehead Theorem is a powerful result, as it simplifies the
task of showing that two bicategories are equivalent. Instead of constructing
an equivalence as described in Chapter 1, it is only necessary to check if a
pseudofunctor satisfies the above three criteria. We give an elementary proof of
this theorem, and then apply it to prove the existence of skeleta. It follows that
the classification theorem from Chapter 2 holds for general bigroups.

Chapter 4 discusses our classification result for strict bigroups. The classi-
fication of crossed modules up to equivalence of bicategories has already been
demonstrated in Chapter 3. However, when discussing crossed modules, we
often use a simpler notion of equivalence than “equivalence of bicategories”.
Equivalences of crossed modules corresponds to a simpler notion, which we call
a strict equivalence of strict bicategories. In fact, there is no difference between
these two notions of equivalence: two strict bicategories are strictly equivalent
iff they are equivalent in the sense described in Chapter 1. Theorem [{7] is the
key result here, as it states that any equivalence can be made strict. Therefore,
the classification Theorem in Chapter 2 can be applied to crossed modules. This
completes the classification of crossed modules.



1 Preliminaries

1.1 Bicategories
Definition 1. A bicategory C' = (C°,C,0,1,7,a) consists of:
e A set of objects CY.

e For all objects x,y, a category C(x,y), whose objects are 1-arrows x — y
and morphisms are 2-arrows. Composition of 2-arrows in this category is

denoted by - and is called vertical composition.

e For all objects z, a unit l-arrow 1, : x — x.

e For all objects x,y, z, a bifunctor o : C(y, z) x C(z,y) — C(z,z). This
bifunctor provides a product o on arrows and a horizontal product e on

2-arrows.

e For all arrows f : x — y, invertible natural transformations iy : 1,0 f = f

and 7y : fol, = f called left and right unitors, respectively.

e An invertible natural transformation a with components as g5, : (fog)oh =
fo(goh) for each composable triple of arrows f, g, h, called an associator.

such that the following diagrams commute for all composable arrows f, g, h, i:

e The middle triangle identity

(fol)og fo(log)
foyg
e The pentagon identity
(fog)o(hoi)
a% wﬂ
((fog)oh)oi fo(go(hoi))
‘H'afwg,hr'li 1f.ag,h,iﬂ
(fo(goh))oi follgoh)oi

Remark 2. The bifunctoriality of the horizontal product is also known as the
interchange law. In full, it states that for any composable 2-arrows a, 3,7, 6:

(@ef)-(yed)=(a-7)e(B-9)

The diagrams in the following lemma were originally included as coherence
axioms of a monoidal category, but Max Kelly showed in [] that they follow

from the others.



Lemma 3. Let f, g be composable arrows in a bicategory. Then the following
two diagrams of 2-arrows commute:

e The left triangle identity

(1of)og lo(fog)
3
zf\\ % ®)
fog

e The right triangle identity

(fog)ol =L folgol) (4)
fog

Proof. Consider the diagram

ai,rely

((101)of)og (10(1of))og
(llom 4%-%)%
(Lof)oyg
Qiol,f,g ﬂal,f,g ai,1of,g
lo(fog)

11-1%‘/ <X(lf.1g)
(Iol)o(foyg) Lielsog lo((Lof)og)
am %ﬁg
lo(lo(fog))

The outer pentagon commutes by the pentagon identity. The upper triangle
and lower left triangle commute by the middle triangle identity. The two
quadrilaterals commute because a is natural. Therefore, the lower right triangle



commutes. We now use the naturality of I:

lo(lof)og lo(lo(fog))

&f).lg llo(%

(1of)og === 10(fog)

lf.l
lfog

lfog‘w

lo(fog)

1ie(lsel,

The squares of this diagram are naturality squares of [. Therefore the inner
triangle, which is the left triangle identity, commutes. The proof that the right
triangle identity commutes is similar. U

1.2 Lax Functors, Transformations and Modifications

We now introduce arrows between bicategories, 2-arrows between 1l-arrows, and
3-arrows between 2-arrows. Similar to how the category of categories is really
a bicategory, bicategories form a certain kind of tricategory. The most general
form of an equivalence of bicategories is described using three levels of arrows,
and we give the concrete definition of these arrows in this section. We also
describe their vertical compositions and units, which are also needed to define
equivalences.

Definition 4. Let C, D be two bicategories. A lax functor F = (F°, F,u, \) :
C — D consists of:

e A function F?: C° — D between the objects.
e For all objects z,y, a functor F : C(x,y) — D(F%(z), FO(y)).

e For all composable arrows f, g, a natural transformation pys 4 @ F(f) o
F(g) = F(fog).

e For all objects x, an arrow A, : 1po(y) = F(1,).
We require that the following diagram commutes for all composable arrows

f,9,h

(FfoFg)oFh =22 o B(fog)o Flh —2222" s F((fog)oh)

aFf,Fg,Fhﬂ HF(af,g,h) (5)

Ffo(FgoFh) —=2eh o pro F(goh) =222 F(fo(goh))



and the following diagrams commute for all f :z — y:

1Ff o)\,

Lpoy o Ff 225 p(1,) o Ff Ffolpo, =25 FfoF(1,)
lFfﬂ ﬂ#lyvf TF‘fﬂ Hf“f«lz (6)
Ff?]?(lyof) Ffﬁ}?(folx)

If the arrows A and p are invertible, then we call F' a pseudofunctor.

Lemma 5 (Composition of lax functors). Let C, D, E be bicategories and
let F: C — D, G: D — E be lax functors (resp. pseudofunctors). Let
F=(F Fu" A\F') and G = (G°, G, u%, \¥). Then we define the composition
FoG by Bl:

FoG= (FO © Gan © Ga /“L%‘{,F‘ © G(MF)a )‘g © G()\F))
This is a lax functor (resp. pseudofunctor).

Proof. We follow the proof of Lemma 4.1.29 of [3]. First we show that u?,F. o
G(p') is natural. Let f, g be a pair of composable arrows, f’, ¢’ be another pair
of composable arrows and «: f = f',3: g = ¢’ 2-arrows in C. The following
naturality diagram commutes:

HEf ry G(uf,y)

GFfoGFyg G(FfoFg) ———= GF(foyg)
G'FaoGFBﬂ HG(FQOFB) HGF(QOB)
GFf oGFqg' :>G(Ff/OFg):F>GF(f’og/)
“Ff’ Fg’ G(”f’,g’)

To see that diagram commutes for GF, let f, g, h be composable arrows
in C and consider the diagram:

(GFf o GFg) o GFh felierentl GFfo(GFgoGFh)
#gf,pg'lthﬂ ﬂlch'#gg,m
G(FfoFg)oGFh GFfoG(FgoFh)
G(u?,gmcmﬂ w o HEs :% ﬂlmocwﬁ,h)
GF(fog)oGFh  G((FfoFg)oFh) G(Ffo(FgoFh))  GFfoGF(goh)
B5(fog), Fhﬂ 4/;%-1“) %ﬂ/wv 1Ff%h\5 ﬂ”FfoF(qoh)
G(F(fog)oFh) G(FfoF(goh))
G| et

GFE((fog)oh) GF(fo(goh))

GF(af,g,n)

The upper and lower hexagons commute by diagram . The “triangles” on the
left and right are naturality squares for u&. The outside 12-gon is diagram
for F oG.



Finally we show that diagram @ commutes for F o G. Let f:x — y be an
arrow in C. Consider the diagram:

lgpy o GFf Ayelors Glp, o GFf :GF>fGF1 o GFf

/tle,Ffﬂ ﬂ/‘Fly,Ff

lory G(lp, o Ff) — G(F1,0 Ff)
G(A, olry)
ﬂcmly‘f)
G(lry)
GFf T GF(1,0 f)

The top-right square is a naturality square for p. The trapezoids commute by
diagram @ The outside hexagon is the left half of Diagram @ for F o G. The
commutativity of the right half is shown in a similar way. O

Definition 6 (Identity Pseudofunctor). Let C be a category. Then 1¢ =
(1,1,1,1) : C — C is the identity pseudofunctor.

The identity pseudofunctor clearly acts as a (strict) unit with respect to
vertical composition.

Definition 7. Let C, D be bicategories. Let (FO, F, u™', A\f') and (G°, G, u%, \F)
be lax functors C — D. A lax transformation o : F' = G consists of:

e for all objects x € C°, an arrow o, : F'2 — G%z;
o for all arrows f € C, natural 2-arrows oy : Gf o0, = 0,0 Ff;
such that the following diagram commutes for all composable arrows f : z — vy,

g:y— z

(Gf o Gyg) oo, =2= Gf o (Ggoos) LX Gf o (0,0 Fg) == (Gf 00,) 0 Fy

M?,gﬂaxﬂ ﬂ"f‘ll“y

G(fog)ooy, = o.0F(fog) <Tcrz (FfoFg) <= (0,0Ff)oFg
oz f.9
(7)

and the following diagram commutes for all € C°:

l"z TGI
lgog 00, =—= 0, =——= 0,0 1o,

Afu%ﬂ ﬂl“’” o\ (8)

G(1,) 00, —— 0,0 F(1,)

If the arrows A and p are invertible, then we call o a strong transformation. If
the arrows A and p are identities, then we call o a strict transformation.



Definition 8 (Vertical composition of pseudonatural transformations). Let
F,G, H be parallel pseudofunctors and let ¢ : F = G, ¢/ : G = H be two
transformations. The (vertical) composition ¢’o consists of the following data:

e The component on each object z is given by o7, o ;.

e The component on each arrow f is given by the composition

This composition is itself a transformation, as shown in Lemma 4.2.19 of [3].

Definition 9 (Identity transformation). Let C, D be bicategories and let F :
C — D be a lax functor. The identity transformation 1p : F = F consists of:

e for all objects z in C, the unit arrow 1,;

e for all 1-arrows f: z — y in C, the composite 2-arrow
FfolL Ffis10Ff

A proof that this is a transformation can be found in Proposition 4.2.12 of
3.
Definition 10. Let C, D be bicategories, let F,G : C — D be lax functors
and let 0,0’ : F' = G be transformations. A modification T : 0 = o’ consists
of a 2-arrow T'; : 0, = o/, for every object z, such that the following diagram
commutes for all arrows f € C(z,y):

Gfoo, —Ls Gfodl

Ufﬂ ﬂa} (9)

!
oy o F'f T, o1 oy Ff

A modification is invertible iff all of its components are invertible. Then I'!,
defined by taking the inverse of all components of I, is a transformation inverse
to I'.

Remark 11. To give meaning to invertible modifications, we can define a
(vertical) composition of modifications and an identity modification. Then we
find that a modification has an inverse if and only if it is invertible. An invertible
modification composed with its inverse gives the identity. This is explained in
detail in Section 4.4 of 3.



1.3 Equivalence of Bicategories

We now describe the most general form of an equivalence of bicategories. The
idea of this definition becomes clear when one views bicategories as objects
belonging to a tricategory. Then this definition is simply the weakest notion of

“sameness” of objects in a tricategory.

Definition 12. Let C, D be bicategories. An equivalence of bicategories C, D
consists of the following data:

e Two pseudofunctors F : C — D, G:D—=C.
e Four pseudonatural transformations

c:GF=1¢, o¢":1¢=GF, 7:FG=1p, 7" :1p=FG

e Four invertible modifications

oo = lgp, 00" =11, TT=1pg, =11,

We also call a pseudofunctor F' : C' — D an equivalence if it is part of an
equivalence of bicategories.

10



2 The Classification of Skeletal Bigroups

Definition 13. A bigroup is a bicategory with one object ¢ in which all arrows
and 2-arrows are invertible.

Definition 14. A skeletal bigroup is a bigroup in which all isomorphic arrows
are equal.

A skeletal bigroup is defined with four pieces of data:
1. the l-arrows;

2. the 2-arrows;

3. the unitors;

4. the associator.

Throughout this chapter, we will consider each of these up to equivalence
of bicategories. First, we will see that the l-arrows correspond to a group G
and the 2-arrows correspond to a G-module M. Then, we will show that the
unitors add no additional data. Finally, we will see that the associator gives us
an element of the third cohomology H3(M, ). The results are summarised in
the following proposition:

Proposition 15. Skeletal bigroups can be classified up to equivalence by the
following data:

e a group G;
e a G-module M;
e a 3-cocycle w: M3 — G.

Let & and $ be two skeletal bigroups described in this way by (G®, M®,w®)
and (G, M®, w"), respectively. Then & and §) are equivalent as bicategories iff
all of the following hold:

e There exists a group isomorphism ¢ : G® — G9.
e There exists a group isomorphism v : M® — M9,
o F(w®) and w" differ by a coboundary, where F(w®) := 1o w® o (¢p71)3.

We begin with the 1-arrows of a skeletal bigroup. An immediate consequence
of being skeletal is:

Remark 16. All 2-arrows in a skeletal bigroup have the same source and target.

11



By the above remark, 1.0 f = f and (fog)oh = fo(goh) hold for all
arrows f, g, h, so the set of 1-arrows together with the operator o form a group
G = (G,0).

Next we will describe the structure of the 2-arrows. Any 2-arrow « : f = f
is of the form 1; @ 3, where 3 := 1;-1 @ a is an arrow from 1. to 1.. So we can
describe any 2-arrow by an element of G and a 2-arrow 1. = 1.. We make use
of the Eckmann-Hilton argument to describe the set of 2-arrows 1, = 1..

Lemma 17 (Eckmann-Hilton). Let M be a set equipped with 2 unital binary
operators e and - such that for all a,b,c,d € M:

(aebd)-(ced)=(a-c)e(b-d)
Then:

i The units of the operators are equal.
ii The operators coincide.
iii The operators are commutative.

iv The operators are associative.

Proof.

ilg=1l¢0lg=(1.-14)0(le-1.)=(l.01,)-(l401l.)=1.-1.=1.
iiaeb=(a-1)e(l-b)=(ael)-(leb)=a-b
iiia-b=(lea)-(bel)=(1-b)e(a-1)=bea=b-a
iv (a-b)-c=(aeb)-(lec)=(a-1)e(b-c)=a-(b-c)

O

This argument can be applied to the horizontal and vertical products on
the set of 2-arrows over an identity arrow in any 2-category. In the setting of
bigroups, it means that the set of 2-arrows 1. = 1. forms an abelian group M.

Lemma 18 (Classification: l-arrows and 2-arrows). Let &, be skeletal bi-
groups, and let F': & — $ be an equivalence. Then the corresponding groups of
I-arrows G®, G® are isomorphic, and the corresponding abelian groups M®, M®
are isomorphic.

Proof. A lax functor F' acts as a strict monoid homomorphism on the 1-arrows
and the 2-arrows of a skeletal bigroup. The existence of a (weak) inverse
pseudofunctor of F', together with &, $) being skeletal, implies that F' induces a
bijection on 1-arrows and 2-arrows. Therefore G® and G are isomorphic, and
M® and M?® are isomorphic. O

In a skeletal bigroup the 2-arrows f = f over any arrow f form an abelian
group. This is because we can translate a 2-arrow f = f horizontally to a
2-arrow 1. = 1.. This observation gives a new interpretation of the naturality
of [,r and a:

12



Remark 19. Consider the naturality square for [:

]-cof%f

[

l
lcog:g>g

In a skeletal bigroup, we have f = g and Iy = [, and by the Eckmann-Hilton
argument, the composition of 2-arrows is commutative. Therefore, this diagram
simply states that 1;, @ & = . If we do the same for the naturality squares of
r and a, we find that c ¢ 13, = a and (e §) ey = ave (5 e ) for all 2-arrows

a, f3,7.

Next we discuss the unitors. Every choice of unitor yields an equivalent
bicategory:

Lemma 20 (Classification: Unitors). Let &, £ be two skeletal bigroups with the
same arrows, 2-arrows, horizontal products and associators, but not necessarily
the same unitors. Then & and $) are equivalent.

Proof. For any skeletal bigroup, we can rewrite the unitors [y and 7y for any
arrow f in terms of the arrow [y, and associators. Substituting f =1, and g = f
into diagram (3) gives us [y = aii’f - (11, 15). Substituting f = f and g = 1.
into diagram (4] gives us ry =ay11 - (15 ®71,), and in particular a; 11 = 14,.
Substituting f = g = 1. into diagram gives us l;, = rq,. To summarise:

lp=ayy ;- (l,elp) (10)
rr=agi1-(lpely,) (11)

Now we construct an equivalence between & and ). Let o be the 2-arrow /5, in
& and 3 the 2-arrow /1, in $. We define a homomorphism F = (FO, F, uf", \F)
® — $ which acts as the identity on objects, arrows and 2-arrows, and u! is
trivial. We have to find a A¥' such that the diagrams in (6)) commute. After
making the substitutions of equation , the left diagram becomes:

ajyp-(Belp)=Acolyp)-15-aj;; (aely)
Using the fact that the 2-arrows f = f form an abelian group, this simplifies to
(Bely)=(Acely)- (aely)

Applying the interchange law gives us

(Bolp)=(Ac-a)e(ly-1y)

Choosing A, := 3 - a~! satisfies this equation. A similar calculation shows that
this choice of \. also makes the right diagram of @ commute.
We construct G = (G°, G, u%, \%) : § — & in a similar way, letting \S :=
o - 1. This is a strict inverse of F, so we have an equivalence.
O

13



The associator of a bigroup can be described in terms of group cohomology.
Let G be the group of arrows and M the abelian group of 2-arrows 1. = 1,
belonging to a skeletal bigroup. We can make M into a G-module: for g € G
and h € M we define the action of g on h by gh =1,ehe1,-1.

The associator of a bigroup takes three 1-arrows f,g,h : ¢ — ¢ and produces
a 2-arrow asgp i fogoh = fogoh,subject to the pentagon identity. We
can describe the 2-arrow ay 4 using a 2-arrow M > wy g5 @ 1o = 1. defined
by afgn = wsg.n ®lfogon. Then the associator corresponds to a certain map
G? — M. The pentagon identity states that for all f,g,h,i € G :

(Wf,g,h L4 ]-fogoh L4 ]-z) : (Wf,goh,i L4 ]-fogohoi) : (]-f ® Wy h,i® 1gohoi)

= (Wfog,h,i ® Logohoi) - (Wf,g,h0i ® 1fogonoi)
This simplifies to

Wr,g,h " w;olg,h,i *Wf,goh,i w;_zl],hoi : (1f ® Wg,h,i ® 1;1) = 07
i.e., wis a 3-cocycle G — M.
This is the final piece of data from Proposition [I5] We now investigate how
this behaves under an equivalence of bicategories.

Lemma 21 (Classification: Associators). Let &, $ be two skeletal bigroups
with the same arrows and 2-arrows. Let F' : & — $) be an equivalence. Let
w® and w? be the cocycles corresponding to the associators of & and §. Then
F(w®) and w? differ by a coboundary.

Proof. Suppose that F' : & — §) is an equivalence of skeletal bigroups. We write
the 2-arrows jif 4 as 1y 4 ® 1404 for 15, € M. Then we can translate diagram
to the following statement about 2-arrows 1. = 1.:

WP pgrh = Vg Viogh - Upgon - (1r @ gnels) ™ - F(wfy ) (12)
This means that F(w®) and w? differ by a coboundary. O

We now compete the proof of Proposition [15| by constructing an equivalence
between two skeletal bigroups with matching cohomology classes.

Proof of Proposition[I5 Let & and § be skeletal bigroups with corresponding
data (G®, M®,w®) and (G, M9, w?).

If & and $ are equivalent, then Lemma gives isomorphisms ¢ : G® — G9
and ¢ : M® — M¥, Lemma [21| show that w? and 1 o w® o (¢~1)? differ by a
coboundary.

For the other direction, assume that there exist group isomorphisms ¢ :
G® — G and ¢ : M® — M?, and assume that ¢ ow® o (1p71)3 =2 w9, We
need to construct an equivalence F' = (F°, F,u,)\) : & — $. By Lemma
we can assume without loss of generality that I = 1;_ and [P = 1;_. Let F°
map the object of & to the object of . Let F be the functor which acts as

14



an isomorphism G® = G on 1-arrows, and as an isomorphism H® = H® on
2-arrows ¢ = c.

The associators of & and $) differ by a coboundary in the way given by .
Let pg,g := 14 ®1f04. This choice is natural, and satisfies Coherence Condition
by construction. It remains to find a A that makes the diagrams in @
commute. We start with the left half of diagram @, and horizontally translate
it to the following equation about 2-arrows 1, = 1.:

A wl,f : (F(wffl,f))’l = (¢1,1 '¢1,f ¢f,10 : (11c 'wl,f b 11c)71 : F(W?Lf))il

which simplifies to
-1 -1
A= z/’1,1 (= ﬂ1,1)

To show that this choice of A also makes the right diagram in @ commute, we
follow the same steps but horizontally translate on the left side instead of the
right side, i.e., we use 1/)},g defined by s g = 1pog ® ¢},g etc. In this way, we
verify that (F°, F, u, \) is coherent, and is really a pseudofunctor.

The pseudofunctor (F°, F, i, \) is strictly invertible, since we can invert all
of its data to construct an inverse. Therefore, & and ) are equivalent. O

15



3 The Whitehead Theorem and Skeleta of Bicat-
egories

A well known result in 1-category theory is that, assuming the Axiom of Choice,
every category is equivalent to a skeletal category. A skeletal category is a
category in which all isomorphic arrows are equal. This can be proven using
another well known result, named the Whitehead Theorem for categories. We
follow the language of Chapter 7 in [3]. It states that, assuming the Axiom of
Choice, a functor F': C' — D between 1-categories is an equivalence iff it satisfies
the following two properties:

1. Fis essentially surjective: For all objects ” € D, there exists an object
¢ € C such that FzC is isomorphic to zP.

2. Fis fully faithful: For any two objects z¢,y¢ € C, the map C(z¢,y%) —
D(Fz©, Fy®) is bijective.

In this section, we aim to generalise both of these results to the setting of
2-categories. A skeletal bicategory is a bicategory in which all equivalent objects
are equal, and all isomorphic 1-arrows are equal. The bicategorical Whitehead
criteria are the following:

Definition 22 (Whitehead criteria). Let C, D be two bicategories. The White-
head criteria for a pseudofunctor F': C'— D are the following:

1. F is essentially surjective if it is surjective on objects up to equivalence.

2. F is essentially full if for any two objects z¢,y¢ € C°, the functor
F(xc7 yc) is surjective on arrows up to isomorphism.

3. Fis 2-fully-faithful if for any two objects ¢,y € C° and arrows f,g :
¢ = y©, the functor F(z¢,y®) gives a bijection of 2-arrows f = g and
Ff= Fg.

The main result here is the Whitehead Theorem for bicategories (Theorem
, which states that a pseudofunctor is an equivalence if and only if it satisfies
the Whitehead criteria.

Most of the work for this theorem will be done in the proof of Lemma [24]
in which we assume that the target bicategory is skeletal. We then prove the
existence of skeletal bicategories in Theorem The full Whitehead Theorem
follows from these results.

Throughout this chapter we will assume the Axiom of Choice. We also
assume that every category is small, so that we can apply it. We do not, however,
rely on any deep results in category theory, such as the Yoneda embedding or the
coherence theorem for bicategories. The reason for this is that we might want to
use the Whitehead Theorem to prove these results. In particular, the coherence
theorem can be proven by showing that every bicategory is equivalent to a
strict one. It is easier to show this equivalence when we can use the Whitehead
Theorem.

16



We now begin the proof of the Whitehead Theorem with the special case
that the target bicategory is skeletal.

Remark 23. Let C, D be bicategories and let F': C' — D be a pseudofunctor
that is fully faithful on 2-arrows. Then a diagram of 2-arrows in C' commutes
iff its image in D commutes. This is true because a commutative diagram of
2-arrows describes an equality of 2-arrows.

Lemma 24. Let C be a bicategory and let D be a skeletal bicategory. A
pseudofunctor F = (F° F,uf A\F) : C — D is an equivalence if all of the
following hold:

1. F is essentially surjective on objects;
2. F is essentially full on 1-arrows;
3. F is 2-fully-faithful.

Proof. In the following we use superscript D (like z”, fP) to indicate that
something belongs to D and superscript C' to indicate that something belongs
to a chosen pre-image.

The idea of this proof is to choose 2-arrows in C' that are pre-images of
well-behaved arrows in D. Then, by Remark we can prove that diagrams of
2-arrows in C' commute by showing that the images of those diagrams commute
in D.

A consequence of D being skeletal is that F' must be strictly surjective and
strictly full on 1-arrows. This allows us to make the following choices:

e For all objects #” € D, choose an object ¢ € CY such that F0z¢ = 7.

e For all objects z € CY, let 2P := F°z and let ¢ € C° be the chosen
object corresponding to zP. Let f, :  — z€ be a l-arrow in the preimage
of 1,0 : FO92 — F%2¢. Let f, : 2 — x be a l-arrow in the preimage of
1,0 : FO2¢ — FOz. Let €, : fy 0 fz = 1,c be the 2-arrow in the preimage
of lle and let 1, : fi o f» = 1, be the 2-arrow in the preimage of rﬂ. This
defines an equivalence (fy, fz, €5, 7,) between x and €.

e For all 1-arrows P € D(2P,yP), choose a 1-arrow f¢ € C(z¢,y“) such
that Ff¢ = fP.

e For all 1-arrows f € C(x,y), let fP := Ff and let € ¢ C({C,yc) be the
chosen 1-arrow corresponding to fP. Let ar: (fyof)o fo= f€ be a
2-arrow in the preimage of Fl?c : Frﬁfc (1o F(f))ol= F(f°).

e For all 2-arrows o”: fP = ¢, choose a 2-arrow a®: f¢ = ¢© such that
Fao® =aP.

We now construct a pseudofunctor G = (G°, G, u,\%) : D — C:

e The map G sends 2P to 2.
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e The functor G sends the l-arrows fP to f¢ and the 2-arrows o to aC.

e The natural isomorphism ¢ is defined as the pre-image of (uf')~! -1 in
C(GfPoGgP,G(fPogP)). We can write its components M?D oo explicitly
as the composition:

GFP o GgP 2222 ((f.0 f)o fy) o (fy09) 0 Fx)
=% ((fo0f)o fy) o (fyol(go )
e (fro o fy) o fy) o (g0 fi)
((fz o f)o(fyofy))o(gofe)
L0 (f.of)ol)o(go fr)

r-l (13)
L2 (foo f)o(go fa)
L (f-0f)0g)0 f

222 (foo(fog)ofe

= G(fPog")

Gulp p)7t
= G(fP 0 g")

Note that this definition does not depend on a particular choice of f¢,
because F' (,u?D ,p) is the same with any choice. The following diagram

demonstrates why ¢ is a pre-image of (uf)~1 - 1:

fPogP = Lo (fPogP) «—L——= (10(fPogP))o1l
%
Fitel 7 (1o fP)ogP)o1)
/ )H\Fa_1

(1o fP)og? ————— (10 fP)o(gP 0 1) ———— ((LofP)o1)o(gP o 1)
FT?IM TeFr ﬂ(l'F”'l
(1o fP)o1) 0 g” e (10 fP) 0 (101)) 09" 4= (10 7)o (10 1)) 0 (g7 0 1)
rorit (1o fP)o1))o (g7 01) —— (12 /7)o 1po D)o (gP 0 1)

1.(Flol)ﬂ Leri ﬂFa’l

(1o fP)o1)o(1ogP) = (Lo fP)o)o((LogP)o1) i, (Lo P)o1)o (Lo (P o 1)
e The natural isomorphism A is given by the pre-image of (\f)~!
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The naturality and coherence of u& and A\ follow from the naturality and
coherence of pf" and \F.

We constructed G such that F'G is equal to the identity 1p. It remains
to show that GF : C' = C is equivalent to 1¢. We construct transformations
0:1c = GF and o* : GF = 1¢ with the following data:

® 0, = fs

e 0, is the composite

ofw ((fyC’g)ofw)ofw (fyog) (fwof:v) (fyog)ol :>qu9
0-; = fw

e 0, is the composite

gofz :$ 10(gofz) (fyofy) (gofz) = fyo(fyo(gofz)) % fyogc

These transformations are natural because their images under F' are com-
positions of natural 2-arrows in D. We now check that o satisfies Coherence
Conditions (7)) and (the case for o* is similar).

The right triangle identity tells us that 7y = ay,11 -7, thus a1 =1
and the middle triangle identity tells us that [y = r1. Therefore, the image
of Coherence Condition in D commutes:

lol

Coherence Condition commutes by the following diagram:
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(o f)oif ——=—=——==10((fof)o7%) “fo,bef))

% ?s bt H.H%R vﬁ%

bo(fo?f) === 10(l0(f7))) (“fomf)o((fof)o?) === "o (" o((bof)o7))
H.% ?.:.: et ?% ?.2.3
bo(1o(fo?f)) === 10(b0(10(f07)) (“fof)o(bo(f o)) ===== "o (*fo(bo(fo?))
et [retreuen) & recren [recracaon
Go(("folf)o(fo?f)) <= T10b0(("fo"f)o(fo?))) (“fotf)o(bio(ro(fo?f)) == " o("fo(bo(1o(f7))
H.% ?.:.3 et ?.:.E.:v ?.:.:.E.:z

Q ) <= T10(Bo(*fo(Yo(forf)  (forf)obo((*folf)o(fo?f))) <= *fo(*fo(Bo(("forf)o(fo?f))

Lt ffrec [retrerm

re(18;_) (Ffof)o((Bof)o("fo(fo=f))) & ofo(fo((Bolf)o("folfo?f))

P ﬁﬁoﬂws ber ﬁﬂo:osv ﬁﬁoﬁoﬁosvv
) (fof Q (foif)) <=10((Bof)o(Yfo(fo?f)) (fof)o(lo("fo("fo(fo?f)) & *fo(Hfo(bo("fo(fo(fof))))
a.\. © D.\. B

H\

oo

©))

Te(Te(,_
Go@, of E=—=——=10((62")0 )

,:ﬁ:, \ :oﬂ: \:,TATTSV
(607

(1o (60 ))o ,f (% o®f)o((6of)o f) === *fo(*fo((60"f)o f)) === "o ((*fo(6o7))of)
A:oi:\: \ = ﬁﬁofldoi
Qagmoa%vogoﬁovob%ﬁAHKOASMOAQOQQVVOD%i?\ob@o@% o) N%OADQOQ.NV

O uorjeuLIOjSURI) 9} JO 90UaIdYO)) T @HSWTM

fo((#fo(Bof))o("folfo=)))
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_ The final step is to construct invertible modifications I' : 6% 0 0 = 1 and
I''cgoo*= 1gr. We choose I';, := 1, and I'; := ¢,. We must show that these

choices are coherent.
Consider the coherence condition for I':

01 u ¢ L 1o f€
f€o(feo fe) (fyofy)ofc
(fcofx)ofx fyo(fyofc)

(a’lcl)ol‘Hr ﬂlo(loa)
(((fyof)ofm)ofr)ofm fyo(fyo((fyof)ofz»
Wlo(loail) (15)
ael fyo(fyo(fyo(fofx)))
((fyof)o(fmofz))ofm fyo((fyofy)o(fofz))
(1on)01ﬂ Wlo(nflol)
((fyof)ol)of fyo(lo(fofx))
rolﬂ ﬂlol_l
(fyof)ofz a fyo(fofx)

We have split the above diagram into 2 subdiagrams. The key insight in this
step is that the so-called zig-zag identities hold for our n and e:

(‘fwoffr)ofw —_— fwo(fmofw)

| e

1ofw 7 fx 7 fzol

(fz Ofx)ofx —_— fzo (fx o fz)

o) [Jrer

lofx 7 fx T feol

When we map these diagrams to D, we get subdiagrams of Diagram .
Therefore they commute. We use this result to prove that both subdiagrams of

Diagram commute:
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(fon)o(fo'f) ——=—= "fo(to(fo")))

T—

Qorvoﬁé \HoA:oD\Q
(fo(forf))o(folf) == "o (("fof)o(fo"]))
@oﬂ:,
(1o%)0 (f ") = (o) 0 ) o (o)

b\g: ofp of)
o(folf) b Lo (o (f o) = (F o) o (o (fa ) — Fo(*o(o(fo)

d@ ﬁﬁod &A-d .cho:odv

of - Hoox%ﬁmow&oox%@o?&oob

(1) wrexSerq jo aprs g1 o) Jo AyanyenuImOy) (7 9NST]
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(1T

(% 0 ) o1) o 1f === ("f 0 }) o (107)
(T _l)e1]) i)
(Lo f)o("fo'f)) o = ("fof)o(("fo"f)o")
i)
(% o f)o ("f o ("f o)) == (*f 0 N0 (*f oT)

@@ @@ %
(Lo f)of)of)of —> ((fof)o"f)o("fo'f) > (fof)o N o1 == ("fof)o"f

E 1\

(\_veD)e1]} ver) Dot} o
(5 o (f 0 )0 ) o f = (5 o (f0 ) o (Y o) = (+f o (S0 ) o1 === o(fo7)
(ve1)e1]) ve1] et I
ADKO\WDO\M% — U\oﬁmm\oa\v%vb%o~Aﬁ\HND%

(c1) wresSer jo oprs JySix oy Jo AyranjeInTIIO)) ¢ SIS
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The coherence condition for I' commutes by a similar diagram. Thus we have
constructed an equivalence from C to D. O

In order to use this result, we must show that skeletal bicategories really
exist, and that every bicategory is equivalent to a skeletal one. The following
lemma will help us to construct the skeleton of a bicategory.

Lemma 25. Let C = (C°,C,0¢,1¢,7%,a%) be a bicategory. Let
D = (DOaDa oDlearD7a/D)

be the data for a bicategory, except [,7,a are not known to be natural or
coherent. Let F = (F° F,u,\) : C = D be the data of a pseudofunctor,
satisfying Coherence Conditions and @; in particular, all the 2-arrows A,
and py , are invertible. Assume that 1po(,) belongs to the image of F' for all
objects x of C.

Then [P, 7P, aP restricted to the image of I’ are natural and satisfy Coherence

Conditions and .

Proof. We will avoid labelling o, [, 7, a when it is clear which category they are in.
In the diagrams that follow, we will label regions to explain why they commute.

e Regions labelled “nat” commute by naturality.

e Regions labelled “func” commute by functoriality. (The functoriality of e
is the interchange law.)

e Regions labelled “square” commute by Coherence Condition for pseud-
ofunctors.

e Regions labelled “hex” commute by Coherence Condition @ for pseudo-
functors.

First, we show that the unitors are natural:

square
“w

F(ly)oFf <22 1, 0 Ff =3 Fy
F(lea) nat 10F(a)ﬂ func 10F(a)ﬂ ﬂF(a)

F(lI)OFg% 1F$0Fg:l>Fg

/ square

(1)

F(l,0f) =0

The outside square is the naturality condition for [ and the rightmost square is
the naturality condition for . The naturality of r” is proven similarly.
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For Coherence Condition , consider the diagram:

F((foly)og)

F(a)

F(fo(lyog))

TR

_

F(rel)
F(fol,)oFyg

per]]

(FfoFl,)oFg square

wol

(Ffolpy)oFyg
hex a nat a

Ffo(lpyoFg)

%1)

Ffo(Fl,0Fg) square

1’“ﬂ

FfoF(l,0g) nat

leF (1)

(1)

The outermost triangle is Coherence Condition for C' and the innermost
triangle is Coherence Condition for D.
Now we show that the associator is natural and coherent:
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% \
(o b)do fo xoy Mdo(bo f)d
MeT Ter!
(YA o be)o fuI <= yao(bgo )
((Leg)em),1 (Leog)go0,1 Loge(gdgeo.) (bged.1)eouq Loge(geo).q
1eU 10U 10U 1eu
(Ygobg)o fd <= ydo(bgofd)
MeT Ter!
(Yob)gofqg xo Yygo(bof)g
— S
b
((yob)o [)d OF

IOJRIDOSS® O[] JO A[RIN)RN 7 9IN3Iq

(io(bo.f))d

(Lo(gon))u

(yo(bof))a
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((2o(yob))o

(ve1)g

(0)d

Hd
o

()o1o1

yob)g)ofq

Xoy

D

tfo((yob)of)q

(2f o (yob)g)o fug

%&.H

(2 0 (Y o b)) 0

Xoyq DeT

vl o ((yob)ofd)

1RU T?\%

fd =170 ((ygob4)o f1)

TeD

X9y

(0)d

J103RIO0SS® 9} JO 90U2IdYO)) G @HSMWM

Te(D) g (1eD) T

1°U
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The outermost pentagon is Coherence Condition for C' and the innermost
pentagon is Coherence Condition for D.
O

Theorem 26. Fvery bicategory is equivalent to a skeletal bicategory.

Proof. Let C = (C°,C,0¢,1¢,7¢,a%) be a bicategory. For every equivalence
class of objects [z] € C°, we choose a representative z and for all y € [z] we
choose an equivalence ( f, fy, €y, My) 1y = x. Let DO be the set of representative
objects. For every isomorphism class of 1-arrows [f] in C(z,y), where z,y € D°,
we choose a representative f and an invertible 2-arrow oy : g = f for all g € [f].
For simplicity, we choose the equivalence (1., 1,,1;,,l1,) for all z € D°, and we
choose the representative 1-arrow 1, for all z € DP°.

Having chosen all our representatives, we now construct a bicategory D =
(DY, D,op,I1”,rP aP) and a pseudofunctor P = (P°, P, u, \) : C — D with the
following data:

e The set D° consists of our representative objects.

e For all z,y in D°, the category D(xz,y) is the full subcategory of C(x,y)
containing exactly the chosen 1-arrows.

e The map P° maps objects y to its chosen representative = = y.

e The functor P sends 1-arrows g : @ — y to a(fy,ogo fz) : P°(x) — P°(y)
and 2-arrows 3 : g = h to a(fyogo fo)™' - (15, e Bels ) -a(fyoho f):
P(g) = P(h).

e The horizontal product is defined on 1-arrows by f op g := P(f oc g) and
on 2-arrows by S ep v := P(3 ec 7).

e The natural isomorphism p is given by ps 4 := ((ajjl o a;l) “Qfocg-

e The natural isomorphism A is given by A, :=1; W

e The natural isomorphisms [? 7P a” are defined by Coherence Conditions

and @

28



The following diagram shows that p is natural:

w

 ~

Pgo Ph === goh === P(goh)
o ey, g0

—1 -1 —1
ﬂag o, agohﬂ

goh goh
P(Bey) ﬂﬁw ﬁwﬂ P(B)eP(v)
g/ 1o h/ g/ 1o h/

ﬂagoah agloh/ﬂ
1 -

[ ] 1 « Toh!
P(q) OP(h’)a%g g oh! == P(g' o l)

S~

I

In Lemma we proved that [P, rP aP constructed in this way are natural and
coherent. Therefore D is a bicategory and P is a pseudofunctor. By construction,
D is skeletal. The pseudofunctor P satisfies the Whitehead criteria. Therefore,
P is an equivalence. O

We now complete the proof of the Whitehead Theorem for bicategories.

Lemma 27. Let C, D, E be bicategories and let F': C' — D, G : D — FE be
pseudofunctors satisfying the Whitehead criteria.
Then GF : C' — E satisfies the Whitehead criteria.

Proof. GF is essentially surjective because pseudofunctors preserve equivalences;
GF is essentially full because functors preserve isomorphisms; and GF is 2-fully
faithful because a composition of bijective maps is bijective. O

Lemma 28. Let C, D be bicategories, and let F = (FY F* pu,\): C — D be
an equivalence of bicategories. Then for any two objects z,y € C°, the functor
Fl:C(z,y) = D(F(x), F(y)) is an equivalence of categories.

Proof. Let G : D — C be a weak inverse of F'. The composition GF' is equivalent
to 1¢. For a pair of objects z,y € C°, this means that G'F1(C(z,y)) =
1(C(x,y)). In the other direction, we get F1G' = 1. Therefore, F' is an
equivalence of categories with weak inverse G*. O

The 2-out-of-3 property is also used to prove the Whitehead Theorem. It
holds for general n-categories, and is discussed in a more general setting in [§].

Theorem 29 (2-out-of-3 property for Bicategories). Equivalences of bicategories
satisfy the 2-out-of-3 property: If two of the pseudofunctors F', G and GF are
equivalences, then so is the third.
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Theorem 30 (The Whitehead Theorem for Bicategories). Let C, D be bicate-
gories and let F': C' — D be a pseudofunctor.

The pseudofunctor F is an equivalence if and only if it satisfies the Whitehead
criteria.

Proof. First we show the direction that the Whitehead criteria implies equiva-
lence. Assume that F' satisfies the Whitehead criteria. Consider the diagram

c—r 5D

\l

Skel(D

where S is the equivalence constructed in Theorem The pseudofunctor SF
is an equivalence by Theorem [24] and Lemma Therefore, by the 2-out-of-3
property, F' is an equivalence.

For the other direction, assume that F' is an equivalence. Let G : D — C
be a pseudoinverse to F', meaning G satisfies FG = 1p and GF = 1.. The
equivalence F'G = 1p implies that F'G is essentially surjective, and it follows
that F' is essentially surjective.

By Lemma the functors C(x,y) — D(F°z, F'y) are equivalences, and
therefore they are essentially surjective and fully faithful. This implies that F is
essentially full and 2-fully-faithful. U

We conclude this section by stating the classification of bigroups, which no
longer need to be skeletal.

Theorem 31 (Classification of Bigroups). Bigroups can be classified up to
equivalence by the following data:

e a group G;
e a G-module M;
e a 3-cocycle w: M> — G.

Proof. The skeleton of a bigroup is a skeletal bigroup. We can see this because
the construction of a skeleton as described in Theorem [26] does not introduce
any non-invertible arrows. Therefore we can apply the classification of skeletal
bigroups (Theorem to general bigroups. O
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4 Strictification of Equivalences

4.1 Strict Equivalences

When working with strict bicategories, we might want to avoid using non-
strict lax functors, and also avoid transformations and modifications. Using
the Whitehead criteria, it is still possible to define an equivalence with these
restrictions:

Definition 32. Let C, D be strict bicategories. An elementary equivalence
of strict bicategories is a strict pseudofunctor F' : C' — D that satisfies the
Whitehead criteria.

Definition 33. Two strict bicategories are called strictly equivalent if they are
connected by a zig-zag of strict equivalences.

The “zig-zags” are necessary to turn elementary equivalences, which have a
direction, into an equivalence relation. By zig-zag, we mean a path which does
not necessarily respect the direction of the elementary equivalence. For example,
two strict bicategories C, F' are equivalent if they are connected by elementary
equivalences in the following way:

c D E F

The aim of this chapter is to show that the above defined strict equivalence
is no different from an equivalence of bicategories. Two strict bicategories are
equivalent iff they are strictly equivalent. One direction (strictly equivalent =
equivalent) is trivial.

As motivation for our definition, we will first discuss equivalences of crossed
modules.

Definition 34. A crossed module (G, H, T, ), often written as H = @, consists
of:

e two groups G, H;
e a group homomorphism 7: H — G}
e a G-actionon H a: G — Aut(H);

such that the following diagrams commute:

HxH —"1 L, GxH GxH ‘25 H
\ / llxr lr
Adjoint
GxG o AdJomt

Definition 35. Let (G, Hy, 11, 1), (G2, Ha, T2, a2) be two crossed modules.
A crossed module homomorphism (vy,d) consists of two group homomorphisms
v:Gy — Ga, § : H — Hs such that the following diagrams commute:
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H, — H, Gy x Hy 2% Gy x Hy

[

G1*>G2 H1+>H2

Crossed modules are just another way to represent the data of a strict 2-group,
and crossed module homomorphisms correspond to strict pseudofunctors. This
is discussed in detail in [7]. What is especially interesting to us is the definition
of an equivalence of crossed modules.

Definition 36. An elementary equivalence of crossed modules (Gy, Hy, 11, a1),
(G2, Hy, T2, a2) is a crossed module homomorphism that induces isomorphisms
ker(m) = ker(72) and coker(71) = coker(72).

Two crossed modules are equivalent if and only if they are connected by a
zig-zag of elementary equivalences.

If we view crossed modules as bigroups, then ker(7) corresponds to the 2-
arrows 1 = 1 of the bigroup, and coker(7) corresponds to equivalence classes of
l-arrows. Then this definition corresponds to the definition of strictly equivalent
strict bicategories.

Lemma 37. Two crossed modules are equivalent if and only if their correspond-
ing strict 2-groups are strictly equivalent.

Proof. Let F be a pseudofunctor. We will show that the definitions of elementary
equivalence coincide.

First, assume that the pseudofunctor F' satisfies the Whitehead criteria. The
2-fully-faithfulness condition implies that F' is bijective on 2-arrows 1 = 1. The
essential fullness condition implies that F' is surjective on equivalence classes of
l-arrows. From 2-fully-faithfulness, it follows that F' preserves isomorphisms of
l-arrows. Therefore, for 1-arrows f and g, we have F(f) = F(g) implies f = g.
It follows that F' is injective on equivalence classes of 1-arrows.

Now assume conversely that F' is bijective on 2-arrows 1 = 1, and F is
bijective on equivalence classes of l-arrows. Then F' is 2-fully-faithful and
essentially full. The pseudofunctor F' is also essentially surjective because strict
bigroups contain only 1 object. O

4.2 The Bicategorical Yoneda Embedding

Definition 38. Let C,D be bicategories. Then [C, D] is the bicategory of
pseudofunctors, pseudonatural transformations, and modifications from C to D.

Remark 39. Let o!,02, 02 be three composable transformations in [C, D]. The
associator of [C, D] consists of 2-arrows (ol 0 02) 002 = ol o (02 002). This
is given by the associator in D. Similarly, the unitor of [C, D] has components
given by the unitor of D.

This means that if D is strict, then [C, D] is also strict.
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Definition 40. Let C be a bicategory. C has three opposite bicategories:
e the bicategory C°P, in which only the 1-arrows are reversed;
e the bicategory C°°, in which only the 2-arrows are reversed;
e the bicategory C'°° °P_ in which both the 1-arrows and 2-arrows are reversed.

Definition 41 (Bicategorical Yoneda embedding). Let C be a bicategory. The
Yoneda embedding Y = (Y°, Y, u¥, \Y) is a pseudofunctor C' — [C°P, Cat] given
by the following data:

e Y? sends an object a € C° to the pseudofunctor Y°(a) : C — Cat,
consisting of the following data:

— Y%(a) sends an object = € C° to the category C(a, x).

— Y%a) sends a l-arrow f € C to the functor f, : C(a,z) — C(a,y),
which sends a 1-arrow ¢ € C(a,z) to (f o ¢) € C(a,y), and sends a
2-arrow a € C(a,z) to (15 e a) € C(a,y).

— Y%a) sends a 2-arrow o € C to the post-composition functor o :
C(a,z) = C(a,y).

- uf;a) : fao g« = (f og)s sends a composition f o (go @) to the
composition (f o g) o ¢. It is given by the inverse associator of C.

0
— Similarly, )\}{ (@) g given by the inverse left unitor of C.

e Y sends a l-arrow ¢ € C(a,b) to the pseudonatural transformations Y(¢) :
Y°(b) = Y°(a), consisting of the following data:

— For an object € C°, the transformation Y(¢) has a component
Y(¢), : C(b,x) — C(a,x) which sends a l-arrow f € C(b,z) to
fo¢ e Cla,x), and sends a 2-arrow a € C'(b,x) to (e 1y) € C(a, x).

— For a morphism f € C(z,y), the transformation Y(¢) has a component
@10 (fopa) = (610 f)oda given by the inverse of the associator of
C.

e Y sends a 2-arrow « € C(¢1, ¢2) to the modification Y(a) : Y(¢1) = Y(¢b2)
that sends f to 1y e a.

e Let ¢,9 be composable l-arrows in C'. Then ug’w is a modification
Y(¢) o Y(v) = Y(¢ 0 ¢). On an object z, this modification is given by
2-arrows Y(¢)(z) o Y(¢)(x) = Y(¢ o ¢)(x), which go from (h o) o ¢ to
ho (1o ¢). These are given by the associator of C.

e Let a be an object in C. Then )\ is a modification Lyoq) = Y(1,). Its
components at * € C° maps h € C(a,z) to (ho1,) € C(a,z). This is
given by the inverse of the right unitor of C.
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Remark 42 (Strictification of bicategories). The Yoneda embedding is 2-fully-
faithful ([@]). When restricted to its image, the Yoneda embedding is essentially
surjective, essentially full and 2-fully-faithful. This means that every bicategory
is equivalent to a subcategory of Cat. Therefore, every bicategory is equivalent
to a strict bicategory.

This can be used to prove the coherence theorem for bicategories, as explained
in .
Remark 43. It follows from the definition that if C is a strict bicategory, then
Y is a strict pseudofunctor.

4.3 Strictification of Equivalences of Bicategories

Definition 44. Let C be a bicategory and let D C C' be a sub-bicategory. The
repletion D of D is the smallest sub-bicategory of C such that:

e D contains D.

e For any equivalence (f,g,¢,m) : ¢ — d in C with ¢ € D, we have
C7d’f7g’€?77 G D'

e For any isomorphism « : f — g in C with f € D, we have f,g,a,a~! € D.

Let F': B — C be a lax functor. The essential image F(B) C C' is the
repletion of the image of F.

We will now use the Yoneda embedding to create a strictification procedure
for equivalences. Let C,D be strict bicategories and let F' : C — D be an
equivalence. Consider the diagram:

~
Fl F*|
!

D —— Y(D)

Our goal is to construct a strict equivalence F* : Y(D) — Y(C), the existence
of which will imply that C and D are strictly equivalent. Note that this diagram
will only commute up to equivalence.

Lemma 45. Let C, D be strict bicategories, and let F' : C' — D be a pseudofunc-
tor. Then F defines a strict pullback pseudofunctor F* : [D°P, Cat] — [C°P, Cat)
by pre-composition.

Proof. The pullback F'* is defined in the following way:
e On objects, a pseudofunctor G : D°? — Cat is sent to GF°P : C°P? — Cat.

e On l-arrows, a transformation o : G = H consists of a l-arrow and
2-arrows in Cat corresponding to objects and 1-arrows in D. Therefore
F*(0) : GF°P = HF°P inherits its data from ¢. This is automatically
strict.
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e On 2-arrows, similar to 1-arrows, a modification F*(T") inherits its data
from T'. O

Lemma 46. Let C, D be strict bicategories, and let F' : C — D be an equivalence.
Then the pullback pseudofunctor F* : [D°P, Cat] — [C°P, Cat] gives a strict

equivalence of bicategories Y(D) and Y(C).

Proof. First we show that Y(C) contains F*(Y(D)). We will show that for
any object a € CY, the pseudofunctor D(Fa, F—) is equivalent to C(a,—),
and therefore lies in Y(C). We construct a pseudonatural transformation o :
C(a,—) = D(Fa, F—) with the following data:

e On objects x, the component o, : C(a,z) = D(Fa, Fz) is given by F.

e On arrows f : x — y, the component oy : F'f, 00, = 0,0 f, is given by
(uf)~1, shown by the diagram:

(a&az) Ze (FaMFx)

lf* lFf*

(Fa Flfew) (Fa Y pe 2 Fy)

(a i> x i) Y) >,
or=n

Ty

e After making substitutions, Coherence Condition (7)) becomes Coherence
Condition for F', and Coherence Condition (8) becomes the middle
triangle identity. Therefore, this transformation is coherent.

From the essential fullness and 2-fully-faithfulness of F', it follows that o is
essentially surjective and fully faithful, and therefore an equivalence. Thus we
have shown that the objects of F*(Y(D)) lie in Y(C). It follows that the arrows
and 2-arrows of F'*(Y(D)) must also lie in Y(C).

Finally we show that F'* satisfies the Whitehead criteria. Every object in
Y(C) is equivalent to one in Y(C), and by the above paragraph, it is equivalent
to an object in F*(Y(D)). This is the essential surjectivity property. The
essential fullness property holds for similar reasons. O

These results allow us to prove that all equivalences between strict bicategories
can be strictified.

Theorem 47. Any two equivalent strict 2-categories are also strictly equivalent.
Proof. Let C, D be strict bicategories and F' : C' — D an equivalence. Then
consider the following zig-zag:

¢~ ¥(0) " ¥(D) +*— D

By Remarks and Y is a strict equivalence. By Lemma F>* is
a strict equivalence. Therefore C and D are connected by a zig-zag of strict
equivalences. O
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It follows that our classification of 2-groups also applies to crossed modules,
with crossed module equivalences:

Theorem 48 (Classification of crossed modules). Crossed modules are classified
up to equivalence by the following data:

e a group G;
e a G-module M ;

e a class in the third cohomology H3(G, M), given by a 3-cocycle w : G —
M.

The crossed modules associated to two such triples (G;, My, w;) for i=1,2 are
equivalent if and only if there are isomorphisms Gy = Gy and My = Ms such
that the induced isomorphism H(G3, My) = H3(G3, M3) maps wi to wa.
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