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Exercise 1. Let C and D be bicategories and let F : C → D be a morphism. Show that F maps
invertible 2-arrows to invertible 2-arrows. Thus F preserves the isomorphism relation on arrows.

Exercise 2. Let C and D be bicategories and let F : C → D be a homomorphism. Show that F descends
to a functor between the 1-categories associated to C and D (see Exercise 2, Sheet 3). Deduce that F
maps an equivalence f : x→ y in C to an equivalence in D. Thus F 0(x) and F 0(y) are equivalent in D
if x and y are equivalent in C.

Exercise 3. Let X and Y be topological spaces. Consider the fundamental bigroupoids Π2(X) and
Π2(Y ). We are going to define a homomorphism Π2(f) : Π2(X) → Π2(Y ) for a continuous map
f : X → Y . On objects, it acts by Π2(f)(x) := f(x) ∈ Π2(Y )0 for any x ∈ Π2(X)0 = X. For an arrow
ϕ : [0, 1]→ X and a 2-arrow γ : [0, 1]2 → X we define Π2(f)(ϕ) = f ◦ ϕ and Π2(f)(γ) = f ◦ γ. Extend
this data to a morphism of bicategories and check the axioms. Show that it is even a homomorphism.

Exercise 4. Let R be a ring. We will construct a graded ring from the action of a discrete group on R.
Let f : R→ Q be a ring homomorphism from R to some other ring Q. Define a Q,R-bimodule Qf

such that it is the same as Q as an abelian group, the action of Q is given by the left multiplication,
and the action of r ∈ R is given by the right multiplication by f(r).

(i) Suppose that g : Q→ S is another ring homomorphism. Prove that the map µg,f : Sg⊗QQf → Sg◦f
defined by µg,f (s⊗ q) = s · g(q) for s ∈ Sg, q ∈ Qf is an isomorphism of S,R-bimodules.

(ii) Let G be a discrete group acting by automorphisms on R. That is, we have a map g 7→ γg ∈ Aut(R)
such that γg ◦ γh = γgh. Let e ∈ G be the unit element. Define GnR =

⊕
g∈GRγg as a graded

R-bimodule with multiplication of homogeneous elements given by

r · s = µγg ,γh
(r ⊗ s) ∈ Rγgh

⊂ GnR

for r ∈ Rg and s ∈ Rh. Check that this defines a G-graded ring with (GnR)e isomorphic to R.


