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Exercise 1. For a category D, let π0(D) be the quotient of the object set D0 by the equivalence
relation generated by the relation x ∼ y if there is an arrow x → y. Prove that the colimit of any
small functor F : C → Set is isomorphic to the set π0(

∫
F ) of connected components of the category of

elements of F . What is the colimit cone?

Exercise 2. Let I be a category with an initial object i and let F : I → C be a diagram. Show
that F (i) is a limit of F .

Exercise 3. Let
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be a pullback square, that is, P is the pullback of the diagram C → A ← B. Show that k is a
monomorphism if f is a monomorphism, and that k is an isomorphism if f is an isomorphism. Can it
happen that k is an isomorphism but f is not?

Exercise 4. Consider a commuting rectangle

• • •
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where the right square is a pullback square. Show that the left square is a pullback square if and only
if the large rectangle is a pullback.


