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Exercise 1. Assume that F': C — D is left adjoint to G: D — C with counit ¢: FFG = idp and unit
n: ide = GF. Show that

D(dy,ds) <5 D(FGdy, dy) 2I0UN 0(Gdy, Gds)

[a23

is the functor G. Conclude that
1. G is faithful if and only if each arrow ¢4: FFGd — d is an epimorphism;
2. @G is full if and only if each arrow €4: FGd — d is a split monomorphism;
3. G is full and faithful if and only if € is an isomorphism.

Exercise 2. Let C be a category and let 1 be the one-object one-arrow category. When does the
constant functor C — 1 have a left adjoint, and what is this left adjoint functor? When does it have a
right adjoint, and what is the right adjoint functor?

Exercise 3. Let C be a locally small category and let 7 be a small category. Assume that C has all
J-shaped limits and colimits. Describe the unit and counit for the adjunctions between the constant
diagram functor A: C — CY and the limit and colimit functors ¥ = C.

Exercise 4. Show that the functor from sets to topological spaces that equips a set with the discrete
topology commutes with arbitrary colimits and with finite limits, but not with infinite products.
Conclude that this functor does not have a left adjoint.



