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Exercise 1. (This exercise continues the discussion of irrational rotation algebras, now in the irrational
case.) Now let A\ = €™ with irrational . Fix z € C with |z| = 1. Define @, 7 € B(¢%(Z)) by

af(n)=fn=1),  of(n)=z-A"-f(n).

1. Show that these are unitaries that satisfy the defining relations of the rotation algebra Ay. So
they generate a representation 7, of Aj.

2. Show that the representation 7, is irreducible.

3. Show that the representations 7, and m,, for another w € C with |w| = 1 are unitarily equivalent
if and only if there is n € Z with z/w = A". Hint: If z/w = A" for some n € Z, then a power of @
intertwines 7, and m,,. Otherwise, the unitaries 7,(0) and 7, (0) have different sets of eigenvalues,
so that they are not unitarily equivalent.

For irrational @, the subgroup A\’ is dense in the unit circle T. So the quotient topology on the
space T /A is the chaotic one. Noncommutative geometry considers Ay as a C*-algebraic model for this
badly behaved quotient space. We have found one justification from this, namely, a rather canonical
injective map from T/A\? into A,.

Exercise 2. (This exercise describes the space of irreducible representations in an example that is almost
commutative in the sense that its centre is quite large.) Let

A={f e C(]0,1],Mz(C)): f(0) is diagonal}.

Show that every [r] € A vanishes on the ideal Iymy =1{f € Z(A):q(m)(f) =0} - A C A and hence
gives a representation of Ay = A/Iy(r). Show that A={[0,1] x {a,b}: (t,a) ~ (t,b), for t # 0}.

Exercise 3. (This exercise discusses the interaction between Hilbert modules and ideals and quotients.)
Let £ be a Hilbert B-module and let 7: B — A be a surjective *-homomorphism. Let & = {z €
E:(x|x)p € kerm} and & = £/&. Show that & is a Hilbert module over ker 7 and that & is a
Hilbert A-module in a canonical way.

Exercise 4. (This exercise is the starting point to investigate when the fixed point algebra and the crossed
product for an action of a compact group are Morita equivalent.) Let A be a C*-algebra and let G be a
finite group with |G| elements. Let a be an action of G on A by automorphisms. Let

A% = {a € A:ay(a) = a for all g € G}.
This is a C*-subalgebra of A.

1. Show that A with the right A%-module structure by multiplication and with the A%-valued scalar
product
(a|b) Z ag(a®b)
is a pre-Hilbert A-module.

2. Show that the norm defined by this inner product is equivalent to the C*-norm on A and deduce
that A is even a Hilbert A%-module.



