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Towards periodic cyclic homology

> We are going to generalise de Rham cohomology to
noncommutative algebras.

» We have seen that HHi(A) = Hi(Q°(A), b) generalises the
space of de Rham k-forms Q*(M) on a smooth manifold M.

> We are going to define an operator B: Qk(A) — Qk+1(A).
» It is built out of d and b, and it anti-commutes with b.

» Then it induces maps B,: HHy(A) — HHx11(A)
that generalise the de Rham boundary map.

» B, is a coboundary map because B? = 0.

» The computations with b and B depend on the study of the
operator k := 1 — bd — db and its minimal polynomial.

» We compute the cohomology of (HH..(A), B,)
for polynomials in two variables and the Weyl algebra.



The Karoubi operator

» b2 =0 and d’> =0, but b and d do not anticommute.
k:=1—][d,b] =1— (db+ bd) is called Karoubi operator.
if we Q" L(A), x € A, then
r(wdx) = wdx — (=1)"d([x, w]) — (—=1)"" [, dw]

= wdx — (—1)"[dx, w]

= (-1)"tdx - w
> B:=3", x/ od on Q"(A)
B(xpdxi ...dx,) = 0 (—1)Y"dx; ... dxpdxo . .. dxj_1.
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The (b, B)-bicomplex

Lemma

b?> =0, B2=0, [b,B] := bB+ Bb=0.
» B maps the subspaces ker b and im b of Q(A) into themselves.
» It induces a map B,: HH,(A) — HH,;1(A) with B2 = 0.

Question
Is the cohomology of (HH4(A), B,) a good generalisation of de
Rham cohomology?



Properties of k

v

K is a chain map for b and d:
kd = dk, kb = bk

k commutes with all operators built from b and d.

B2=0

dx"! = k"1ld = d on Q"(A).

kB =Bk = B.

1+ bk"d = k" on Q"(A)

k"b = bk" = b on Q"(A)

db=1— k"1 and bd = k"' — K on Q"(A).

(k" — 1)(k"1 — 1) = 0 on Q"(A).

Bb+bB=1—k"— k"1 4 g2 = (1 - x")(1 - k") =0
on Q"(A).
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Computation for polynomials
» HH,(C*M) = Q"(M) (if tensor products are completed)

Clx, y], if n=0,
> HH (Clx, y]) = Clx,y]ldx & C[x, y]dy, ifn=1,
Clx, y]dx A dy, if n=2,
0, if n>2.

» The action of B, corresponds to the de Rham boundary map
on differential forms.

Lemma
The cohomology of the cochain complex

0 — Clx, y] LN C[x, y]dx & C[x, y] dy LN Clx,y]dx Ady — 0

vanishes except in degree 0, where it is C.

C ifn=0,
Hn(HH*(C[X7y])’ B*) - {O otherwise



Computation for the Weyl algebra

» We have already described a small free bimodule resolution for
the Weyl algebra A := C(p, q | [p, q] = ih).

» We use it to compute HH..(A):
it is the homology of the chain complex

0 A LI 4oy q (deade) 4.
C ifn=2,

> Ha(HH.(A), B.) = HH,(4) = {0 otherwise

» Compare:

Ha(HH,(C[x, y]), B.) = {C ifn=0,

0 otherwise.



