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Periodic cyclic homology
» We replace the cochain complex (HH.(A), B,) by a 2-periodic
bicomplex with boundary map b + B.

» Its homology is called the periodic cyclic homology HP.(A)
of A.

» The cyclic homology groups HC,(A) are non-periodic
approximations to HP.(A). They are related to Hochschild
homology by a long exact sequence

-+ =5 HHA(A) = HCo(A) 3 HCp_o(A)
— HH;—1(A) = HC,1(A) — - -

» We compute the cyclic and periodic cyclic homology for the
Weyl algebra and for algebras of smooth functions.

» We sketch the definition of a natural map from K-theory to
periodic cyclic homology.

» We sketch how to define functionals HP,(A) — C using
closed graded traces on differential algebras over A.



The definition of periodic cyclic homology

Q(A) 11720 2"(A)
Qeven(A) Q2n(A)
QOdd(A) Hoo Q2n+1(A)

Definition (periodic cyclic homology HP.(A))

the homology of the 2-periodic chain complex

_>Qeven(A) B+b QOdd(A) B+b Qeven(A) B+b QOdd(A) N



A filtration on the periodic cyclic complex

> F,:= b(Q"(A)) x [132, 2%(A) is a subcomplex of
(Q(A), b+ B).
> These subcomplexes form a decreasing filtration with

NFn=0.

Theorem
Assume that HHy(A) = 0 for all N > n.
Then the chain complex F,, is contractible.

So HP,(A) is isomorphic to the homology of the truncated chain
complex

’ ~ (T ok Q"(A)
(iLQ(M/fmmb+8>_<1£ﬂ(Mxtﬂpﬂoﬁyb+8)



Cyclic homology HC,(A)

The following diagram anti-commutes:

Q3(A) — Q2(A) —— Qll(A) = QO%A)
b b b

02(A) 2 Ql(A) «2— QO(A)
b b

Ql(A) «—— Q9(A)
b

Q%(A)

The homology of the resulting total complex is HC,.(A).
The degree n space in this total complex is

QAx Q" 2Ax Q"4 x ...

Y

the boundary is b+ B on most summands, and just b on the first.



From Hochschild to cyclic homology

Theorem
There is a long exact sequence of homology groups

-+ = HHp(A) = HCA(A) 2 HC,_o(A)
— HH,—1(A) = HCp—1(A) — -+ . (1)

Theorem
IFHH,(A) = 0 for all n > N,
then HPy(A) = HCy(A) and HPy.1(A) = HCp1(A).



Sample computations

Example (Weyl algebra A)

HC,(A) =0 for n <1 and HC,(A) = C for n > 2,

with an invertible map S: HC,2(A) — HC,(A) for n > 2.
HPo(A) = C, HP1(A) = 0.

Theorem
Let M be a smooth manifold. Let n € N. Then

HC,(C®M) = Q"M/d(Q" M) @ HiR2(M) @ HiR* (M) @ - --

HP(C®M) = €P Hiz**(M).
keZ



Link to K-theory

Definition

Let A be a unital Banach algebra.

The group Ko(A) consists of homotopy classes of
idempotent elements in M,A for n € N.

The group Kj(A) consists of homotopy classes of
invertible elements in M, A for all n € N.

Theorem
There is a natural group homomorphism K, (A) — HP.(A),
called the Chern—Connes character.



Construction of the Chern—Connes character

» An idempotent element in M,A is a non-unital
homomorphism C — M,A.

» An invertible element in M,A is a unital homomorphism
Clt, t71] — M,A.

> HPo(C) = C, HP1(C[t,t7 1) = C
> HP.(M,A) = HP,(A)

» HP, is functorial for non-unital homomorphisms.



Periodic cyclic cocycles from closed graded traces

vvvyyypy

Let (C, 0) be a differential graded unital algebra and let

@: A — Cp be a unital algebra homomorphism from A to the
degree-zero part of C.

Let 7: C,, — C be a linear map that is a closed graded trace.

s« Q(A) — Cis a differential graded algebra homomorphism.
7 i=7T0ps: Q"(A) — Cis a closed graded trace.
Tod=0,70b=07Tok=7,70B=0.

Thus 7" induces a map HP,(A) — C.



