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Exercise 1. (Another point of view on the SSH model.) We may understand the SSH model as follows.
Put Λ0 := 1

2Z and take the Hilbert space H := `2(Λ0). Let H be the Hamiltonian on H. We assume
that Hx,y := 〈δx |Hδy〉 vanishes unless |x − y| = 1/2 and that H commutes with the translations
(Syf)(x) := f(x− y) for all y ∈ Z.

1. Identify H ∼= `2(Z,C2) using Λ0 = Z t
(1

2 + Z
)
and show that, under this identification, H

corresponds to the operator on `2(Z,C2) given by the matrix

H =
(

0 a+ bS1
a+ bS∗

1

)

for some a, b ∈ C.

2. Now use the identification Λ0 = Z t (−1
2 + Z) to identify H ∼= `2(Z,C2). Show that H now has

the matrix
H =

(
0 aS∗

1 + b
aS1 + b

)
.

This is interesting because this matrix and the one above have different indices for |b| > |a|.

Exercise 2. Let Λ = Z2 ⊆ R2 and let H = `2(Λ). Let G be the group of all isometries of the plane R2

that map Λ to itself. Let g ∈ G act on H by (Sgf)(x) = f(g−1)(x) for all x ∈ Λ, f ∈ `2(Λ). Let H be a
selfadjoint operator on H that commutes with this representation of G.

1. Show that G is the semidirect product of the group of translations Sx for x ∈ Z2 and the 8-element
dihedral group of symmetries of the square.

2. Identify all the points x ∈ Λ with ‖x‖ ≤
√

2 and show that the action of the dihedral group
restricted to this subset of Λ has exactly three distinct orbits.

3. Describe the most general form for H if 〈δx |Hδy〉 vanishes for ‖x− y‖ >
√

2.

4. Assume now that 〈δx |Hδy〉 = 0 for ‖x−y‖ 6= 1. Compute the spectrum of H in this case. (Follow
the sketch I gave for the case of graphene.)

In the following exercise, you may use that the Fredholm index of an operator is invariant under
homotopies of Fredholm operators.

Exercise 3. Let Ŝ ∈ B(`2(N)) be the unilateral shift Ŝf(x) = f(x− 1). Let λ ∈ C.

1. Assume |λ| > 1. Show that Ŝ − λ is invertible.

2. Assume |λ| < 1. Compute the kernels of the operators Ŝ − λ and (Ŝ − λ)∗ for |λ| 6= 1 and prove
that the image of Ŝ − λ is the entire orthogonal complement of the kernel of (Ŝ − λ)∗. Deduce
that Ŝ − λ is Fredholm.

3. Show that Ŝ − λ for |λ| < 1 and |λ| > 1 have different indices. Deduce that Ŝ − λ cannot be
Fredholm for |λ| = 1.


