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Exercise 1. Apply matrix-stability of van Daele K-theory and exercise 3 of the previous sheet for
Ap = MM, (M, (B)"),  A:=MM,(K(¢*N)& B)*

for a Z/2-graded C*-algebra B and k € N>; to deduce that a corner embedding B — K(¢*N) @ B
induces an isomorphism K(B) = K(K(/?N) ® B). Here ® denotes any C*-completion of the algebraic
tensor product. Actually, this C*-completion is unique, but this is not relevant to the exercise. You
may assume that A, C A is a C*-subalgebra as needed for exercise 3 of last exercise sheet. Here My
denotes the algebra of 4 x 4-matrices with the grading described in exercise 1 of sheet 8.

On the rest of this sheet, let H be a functor from Z/2-graded Banach algebras to Abelian groups
that is exact and homotopy invariant, such as van Daele’s K-theory. Let Hy(A) := H(Co(RF, A)); these
are the groups that appear in the long exact sequence for H applied to an extension.

Exercise 2. Let [ E 5 @ be an extension of Z/2-graded Banach algebras that that splits by a
homomorphism s:  — E. Show that the boundary map H(Cy(R,Q)) — H(I) has to vanish and
deduce that the following map is invertible:

(H(i),H(s)): HI)® HQ) — H(E).
Briefly, exact homotopy invariant functors are split exact.

Exercise 3. Let T := {z € C, |z| = 1} with the trivial grading. Let K denote R or C and let
Co(X) = Co(X,K). Let d,j € N. Let T? be the d-fold Cartesian product, where T? is just a single
point.

1. Show that there is a split extension of Banach algebras Co(R x T%) »— C(T%+1) — C(T).
2. Deduce that H;(C(T%')) = H;,1(C(T?)) @ H;(C(T?)).

3. Use induction to express H;(T?) as a direct sum of Hj;(K).



