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Introduction

Motivation

Fix a field k and let X be an affine k-variety with coordinate ring O[X]. Assume that a finite group T
acts on X by biregular maps or, equivalently, acts on O[X] by k-algebra automorphisms. Understanding
the relation between the group action of I' on X and the geometry of X naturally leads to the study of
the quotient X /T. This is an affine k-variety with coordinate ring O[X]T, the subalgebra of I'-invariant
regular functions. However, there is a certain loss of control involved in the construction of this quotient.
For instance, the quotient of a smooth k-variety is not necessarily smooth. Furthermore, in more general

situations, these quotient constructions are not well-behaved.

We generalise our setting as follows. Suppose that A is a commutative k-algebra and that a finite
group I acts on A by k-algebra automorphisms. This now corresponds, geometrically, to the case of
a finite group T’ acting on an affine k-scheme X = Spec(A) by k-automorphisms. Instead of studying
the affine k-scheme X /T = Spec (A") directly, we consider the crossed product algebra A x T. This ring
encodes the algebra of the quotient construction more compactly. However, this will generally be a
noncommutative ring. As such, the ideas and results of algebraic geometry do not apply. They are
instead replaced by formal analogues, capturing the essence of geometric constructions.

For instance, schemes admit a well-defined geometric notion of smoothness, together with a deeply
intertwined theory of tangent and cotangent spaces. Using the algebra-geometry dictionary at the
heart of algebraic geometry, these concepts can be reinterpreted purely algebraically. This leads to
formal notions of smoothness and differential forms, applicable not only to commutative rings but also
to noncommutative rings. This constitutes the formalism of Hochschild homology, and of the derived
theories of cyclic and periodic cyclic homology.

We are interested in crossed product algebras arising from affine k-varieties in positive characteristic.
Specifically, suppose that k is the residue field of a complete discrete valuation ring V with uniformizer
7t. This is particularly useful if the field of fractions of V is of characteristic 0. For simplicity, we only
consider finite group actions of commutative V-algebras, which naturally induce to finite group actions
on commutative k-algebras. In the setting of a complete discrete valuation ring, there is a non-trivial
topological component involved. Exploiting this perspective directly in the context of homological
computations is, however, difficult, since topological constructions do not interact well with homological
ones. Instead, we follow the example of [CCMT18] and use the formalism of bornologies. This allows us
to make use of the underlying topological notions, while simultaneously preserving a well-behaved
homological theory.

Overview of the Main Results

More concretely, we start with purely algebro-geometric considerations. Suppose that X is a smooth
k-variety, with k a field of characteristic 0. As a consequence of the Hochschild—Konstant—Rosenberg
theorem, the cyclic homology of O[X] is given in terms of the modules of the algebraic de Rham
cohomology of X. This generalises to the case of a finite group action as follows. If a finite group I
acts on X, it can be shown that the cyclic homology of the crossed product algebra O[X] x I is given in
terms of the algebraic orbifold cohomology of X /T (see [Pon17, Remark 11.7]). An explicit and solely
algebro-geometric approach is given in [BDN17]. They show how to compute the Hochschild, cyclic
and periodic cyclic homology of O[X] x T for k = C.
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We explicitly work out that the Lefschetz principle (see [EkI73]]) holds for the results of [BDN17]
on Hochschild, cyclic and periodic cyclic homology, which is to say that their arguments apply to any
algebraically closed field of characteristic 0. We then prove that the assumption of algebraic closure is
not necessary. This is done by reducing the general case of characteristic 0 to the algebraically closed

case via base change. In summary, we prove the following.

Theorem (2.3.4). Let A = O[X] be the coordinate ring of a smooth k-variety with k of characteristic 0. Suppose
that a finite group T acts on X and let 71, ...,7s be a set of representatives for the conjugacy classes of I'. If
X; = X", A; = O[X;] and C; = C,,, then

HH,, (A xT) @Q”

S
HC,(AxT) =P (Qn(xi)cf/dm—l(xi)cw S HI2(A) e HIR (AN & - > ,
i=1

and

HP, (A xT) @ ( H HiR ™" (A )
i=1

Now suppose that k is of positive characteristic and the residue field of a complete valuation ring
V with field of fractions K of characteristic 0. [CCMT18] show that in the context of bornologies,
the weak completions of Monsky—Washnitzer (see [MW68]) can be described as bornological completions.
Monsky-Washnitzer used these weak completions to define a Weil cohomology theory of smooth affine
varieties in positive characteristic. It is shown in [CCMT18] how this theory may be re-expressed entirely
in terms of bornologies using the aforementioned identification. This required the definition of a suitable
analogue of Hochschild homology for complete bornological V-algebras.

We extend these considerations and define bornological Hochschild homology with coefficients. By
allowing the presence of coefficients in suitable bimodules, we can show that bornological Hochschild
homology admits an axiomatic description.

Theorem (3.3.3]3.3.4). Let A be a complete bornological V-algebra.
(a) Let f: M — N be a bounded A-bimodule map of complete bornological A-bimodules. Then there is an
induced map f.: HHS (A, M) — HHEY" (A, N). This defines a functor from the category of complete
A-bimodules to the category of V-modules.

(b) Let M be a complete A-bimodule. Then A @y M ®y A carries a canonical A-bimodule structure. If
F=A®y M®y A, then there is a semi-split extension

q

0 —— ker(q) F M 0

of complete bornological A-bimodules, with HHE™ (A, F) = 0 for n > 0.

(c) Let
0 M M M 0

be a semi-split extension of complete bornological A-bimodules. Then there is a long exact sequence
- — HHYY, (A, M") — HH5" (A, M) — HHY"(A, M) — HHY"(A,M") —

and the connecting morphisms HHES’:1 (A, M") — HHE (A, M') are natural for morphism of extensions
of complete bornological A-bimodules.
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This description mirrors the corresponding characterisation of ordinary Hochschild homology as a
derived functor. However, for bornological Hochschild homology, this axiomatic perspective does not
follow immediately from general principles, since the categories in consideration are not abelian.

The computations of [BDN17] for the Hochschild homology of A x I' are based on certain decom-
position results. It is established in [Lor92] that these results hold in much greater generality. More
precisely, one can decompose the Hochschild homology of A x I' into summands corresponding to
the conjugacy classes of I' and consider the particular action of representatives on A. This reduces the
computation of the Hochschild homology of A T to the computation of the Hochschild homology
of A with coefficients encoding the action of I' on A. This approach exploits the axiomatic point
of view, identifying Hochschild homology with another homology theory constructed from group
hyperhomology of I'.

This yields an application of our axiomatic description. We consider the weak completion A' of a
commutative V-algebra of finite type A. If a finite group I acts on A, then there is an induced action
of T on At. Write 9t: AT — A' for the automorphism induced by 7: A — A. With respect to this
action, we denote by A;Jr the complete bornological Af-bimodules with a 7 -twisted right AT-module
structure. The bornological Hochschild homology of A with coefficients in A:;Jr is denoted for brevity

by HHBOr (A+, ’y+). We show the following.

Theorem (4.1.2[4.2.6}[4.2.7). Let A be a V-algebra and let T be a finite group acting on A by V-linear automor-
phisms. For each n > 0, there is an isomorphism

HH™ (A" % T) = @ HH" (A" xT) .
[v]€lT]

Furthermore, for each v € T and n > 0, there are isomorphisms
HHR" (A' %), 2 Hy (€, €8 (A%,91) ) 2= HHE (a%9) . .

For a torsion-free commutative V-algebra of finite type A, [CCMT18]| prove that the bornological
Hochschild homology of its weak completion AT is given by the base change of the ordinary Hochschild
homology of A along A — A'. Thus, computations involving A' can be reduced to computations
involving only A.

Write A, for the A-bimodule, whose right A-module structure is twisted by -y. Denote the Hochschild
homology of A with coefficients in A, by HH,, (A, y). We prove the following.

Proposition (4.3.3). Let A be a torsion-free commutative V-algebra of finite type. The natural homomorphism
HH, (A,7) — HHY (AT, 9)
induces an isomorphism
At @4 HH, (A7) = HHZ (AT, )
foralln > 0.

Recall that K is the field of fractions of V. Denote by A = K ®y A the base change of a commutative
V-algebra A along V — K. Since this is a flat base change, there is an isomorphism A ® 4 HH,, (4, v) =
HH,, (A,7) for all n > 0. If we now assume that A is smooth, we can apply the earlier theorems in their
full strength.
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Structure of the Thesis

In Section |1} we introduce Hochschild homology, cyclic and periodic cyclic homology for arbitrary k-algebras.
First, we define Hochschild homology abstractly as a derived functor, then relate it to noncommutative
differential forms in Section The latter allows, in particular, an efficient definition of both cyclic
and periodic cyclic homology, which we spell out in Section In Section we formulate the
Hochschild—Kostant—Rosenberg theorem, which identifies the Hochschild homology of a formally smooth
commutative k-algebra with its modules of Kahler differentials, assuming that k is of characteristic 0. As
a consequence, cyclic and periodic cyclic homology of formally smooth k-algebras can then be described
in terms of algebraic de Rham cohomology.

In Section [2} we consider a finite group I' acting on a smooth affine k-variety X of finite type.
Equivalently, we may assume that I acts on its coordinate ring A = O[X] by k-algebra automorphisms.
We then consider the crossed product algebra A x T. We will see in Section that computing the
Hochschild homology of A x I' can be reduced to considering the twisted Hochschild homology of A. The
twist arises from the group action of I'. Working in characteristic 0, we obtain a generalisation of the
Hochschild—Kostant—Rosenberg theorem, assuming that I is a finite group. For this, we first consider the
case of algebraically closed fields in Section from which we deduce the case of non-algebraically
closed fields in Section [2.3| via base change.

In Section [3| we turn towards positive characteristic. More precisely, we consider a discrete valuation
ring V with residue field of positive characteristic. We study V-modules and V-algebras equipped with
the additional structure of a bornology, which we introduce in Section Bornological completions
provide a new perspective on weak completions, or dagger completions, which were used by Monsky-
Washnitzer to define a Weil cohomology theory for smooth affine varieties in positive characteristic. For
this, we consider linear growth bornologies in Section a notion that applies equally well to noncom-
mutative V-algebras. This section culminates in the definition and characterisation of a bornological
variant of Hochschild homology. This characterisation is proved in Section

Section [d] combines the ideas and results presented throughout Sections[I]to[} The aim is to compute
the bornological Hochschild homology of the dagger completion of a crossed product algebra. The
crossed product of interest arises from a finite group I' acting on a commutative V-algebra A of finite
type. We make some initial observations about such algebras in Section In Section we study
the intricate relation between the bornological Hochschild homology of the crossed product algebra
AT % T and the group action of I on the bornological Hochschild homology of At. Using the axiomatic
characterisation of Section we relate bornological Hochschild homology to group hyperhomology.
We then observe in Section [4.3| that twisted bornological Hochschild homology can be related to ordinary
twisted Hochschild homology in a straightforward way. In combination, we then argue in Section
how Sections to reduce computing the bornological Hochschild homology of AT x T to the
ordinary Hochschild homology of A x I'. Assuming that the field of fractions of V' is of characteristic 0
provides a natural base change, after which we can then apply the results of Section
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1 Hochschild, Cyclic and Periodic Cyclic Homology

In Section we introduce Hochschild homology, starting with the derived functor perspective.
Following mainly [Mey21] we then explain how Hochschild homology can be defined using noncommu-
tative differentials forms (see Definition and Corollary [1.1.9). This approach highlights the role of
Hochschild homology as a noncommutative analogue for algebraic differential forms of commutative
algebras. We make this analogy precise by considering the Hochschild—Kostant—Rosenberg theorem (see
Theorem [I.3.1), which we discuss in Section This is complemented by introducing the closely
related cyclic and periodic cyclic homology theories in Section with cyclic homology serving as a
noncommutative analogue of algebraic de Rham cohomology.

Fix a field k. Throughout, all undecorated tensor products are taken over k.

1.1 Hochschild Homology and Noncommutative Differential Forms
We assume familiarity with the formalism of homological algebra, in particular, the notion of derived
functors. For notation and relevant results, we refer to [Wei94].

Let A be a unital k-algebra. We consider the category of (unital) A-bimodules 4Mod 4. Following
[Lod98| §1.1.0], we always understand an A-bimodule to be a symmetric k-bimodule endowed with a
left and a right A-module structure such that (am)a’ = a(ma’) for alla,a’ € A and m € M. Furthermore,
we assume that these actions are compatible with the underlying symmetric k-bimodule structure.

Let A°P be the opposite algebra of A. The k-algebra A® = A ® A is the enveloping algebra
of A. Observe that 4Mod, is equivalent to the category Mod ge of left A®-modules. Since (A®)°P = A¢,
AMod, is also equivalent to the category 4eMod of right A®-modules. In particular, 4Mod4 admits left
(respectively, right) derived functors for any right (respectively, left) exact functor defined on 4Mod 4.

Definition 1.1.1. Let M be an A-bimodule. For all #n > 0, the group
HH, (A, M) = Tor2" (M, A)
is called the n-th Hochschild homology of A with coefficients in M. For M = A,
HH, (A) =HH, (A, A)

is the n-th Hochschild homology of A. J
Definition 1.1.2. Let M be an A-bimodule. For all n > 0, the group

HH" (A, M) = Ext".c (A, M)

is called the n-th Hochschild cohomology of A with coefficients in M. 4

Remark. The n-th Hochschild cohomology of A is HH"(A) = HH"(A, AY), for AY = Homy (A, k) the
k-dual space of A. This is the correct definition for Hochschild cohomology, so that it may be naturally
related to cyclic cohomology, whereas the groups HH" (A, A) are related to the deformation theory of A
(see [Khal0, §3.1]). Neither theory nor cyclic cohomology will make an appearance outside this remark.

We will primarily consider the Hochschild homology of various k-algebras. However, having
Hochschild cohomology defined paints a more complete theoretical picture. To see one such instance,
we introduce so-called Hochschild extensions.

Definition 1.1.3. Let E be a k-algebra and M an A-bimodule. We say that E is a Hochschild extension



of A by M if there is a short exact sequence

0 M E A 0

so that M? = 0 relative to the product structure on E. Two Hochschild extensions E, E’ of A by M are

equivalent if there is an A-bimodule isomorphism ¢: E — E’ making the diagram

0 M

0 M

M —-s—
m:
o

commute. ¥

Proposition 1.1.4. The set of equivalence classes of Hochschild extensions of A by M is in one-to-one correspon-
dence with HH?(A, M).

Proor. This is [Wei94] Theorem 9.3.1]. O

In the remainder of Section we explain how we can construct the Hochschild homology of A
using a geometrically flavoured construction, called noncommutative differential forms. To this end, we
follow a combination of [Mey21]] and [Muk22].

To define noncommutative differential forms, we first consider (noncommutative) derivations.

Definition 1.1.5. Let M be an A-bimodule. We say that a k-linear map D: A — M is a k-derivation on
A with values in M, or simply (k-)derivation, if the Leibniz rule

D(ab) = aD(b) + D(a)b

is satisfied for all a,b € A. Denote the k-vector space of k-derivations by Der (A, M). 3

Remark. Let m € M. Then Dy,: A — M, a — am — ma, is a derivation, called the principal derivation
associated to m. If we let PDery(A, M) < Dery(A, M) be the submodule of principal derivations, then

Dery (A, M)
1 ~ k\41,
HH (4, M) = PDery (A, M)

This is [Wei%4, Lemma 9.2.1].

Noncommutative differential 1-forms now arise as a universal object classifying derivations on A.

Definition 1.1.6. Let y: A® A — A, a®b — ab. The A-bimodule QO}(A) = ker(y) is called the

bimodule of noncommutative differential 1-forms on A and the map
d:A—=QlA), a—1Ri—a®]1,

is the universal derivation on A. g

Using the structure homomorphism k — A of the k-algebra A, we let A = A/ (k- 1) for the remainder
of Section

Theorem 1.1.7. The universal derivation d: A — Q (A) defines a representation of the functor

Dery(A, —): 4Mod, — Vecty .



The elements da = d(a), a € A, generate O} (A) as a left A-module. Moreover, there is an isomorphism
Ol(A) =5 AR A, adb—a®b,

of left A-modules.
Proo¥r. See [Mey21] Proposition 15.2] and the preceding discussion. g

Definition 1.1.8. For n > 1, the n-fold tensor product
ONA) = QL (A) @4 @4 QU (A)

is called the bimodule of noncommutative differential n-forms. For n = 0, we let QO9(A) = A. 4
To ease notation, we will write apda; ... da, for ap(da; ® - - - ® day,). By A-bilinearity and Theo-
rem the latter is one of the elementary tensors spanning ()} (A).

Corollary 1.1.9. There is an isomorphism
O} (A) = A A" apda ... day = ay®@a ® - - Ray,
of left A-modules. The right A-module structure on A ® A" s then explicitly given by

(AR - Qa, 1Q4a,) b=agR@M Q- Ray 1 (aph) —agRa1 @ -+ @ (4, _1an) Qb+ - - -
+(=1)"(apm) @ @ - Ra, @b.

Proor. This is [Mey21 Lemma 22.2]. O

To obtain homological insight from noncommutative differential forms, we are in need of appropriate
boundary operators to define either a chain or cochain complex. Drawing from the commutative case,
the canonical map

d: Qf(A) —» QfH(A), agday...day, — dagday ...day,

is a natural candidate. However, in the noncommutative case, this yields an uninteresting cochain
complex (d satisfies d> = 0 since it is a derivation, hence d(1) = 0).

Proposition 1.1.10. The cohomology of the cochain complex (Qf (A), d) vanishes in all non-zero degrees and is
isomorphic to k in degree 0.

Proo¥. The noncommutative Poincaré Lemma [Tsy20, Lemma 2.1] proves that (Qf (k),d) = (Q2(A),d)
as differential graded algebras. By construction Qg (k) = Qg(k) = k and the assertion follows. g

Although the natural cochain complex structure on the noncommutative differential forms is not
particularly insightful, there is a way for obtaining an interesting chain complex. For this, we define the
Hochschild boundary

b: QIH(A) — QF(A), agday ...dayda,1 — (—1)"[agday ... day, ay41] -
Here [-,-] denotes the commutator. For the convenience of the reader, we include the straightforward
computation from [Mey?2T} §22.1], which shows that b? = 0.

Proposition 1.1.11. The pair (Qf (A),b) is a chain complex.

Proor. We have to check that b? = 0. Note that the only essential alterations in the formula defining
the Hochschild boundary are concerned with the last occurring differential. Hence, we may abbreviate



apday ...dayda, 1 as wda,da, 1 for our purpose. Now we compute

b(wdayda, 1) = (—1)"[wday, a,41]

(=D)"(wday - ay 11 — app1wday)

(=1)"(wd(anayy1) — (w - ay)dayq — a,1wday)
and then observe that

b (wdayday1) = (=1)" 1 (=1)"([w, anty+1] = [@ - an, aus1] = (24100, an])
(@ (@ns1) = (@01 1)0) + (@ a0 A1) = B (@0 1))
+ ((anp1w) - an — an(an41w))
=0
by bilinearity. 0
We have now introduced the necessary terminology involving noncommutative differential forms to

relate this construction to Hochschild homology.

Recall that by the general theory of derived functors, any resolution of A by projective A®-modules
may be used to compute HH,,(A) = Tor/" (A, A). Hence, to see that HH,,(A) may be computed using
the complex (Qf(A),b), it suffices to find such a resolution which upon tensoring by A over A®, results
in a chain complex that is quasi-isomorphic to (Qf(A),b). In fact, we can even find a chain complex
arising in this way which is isomorphic to (Qf(A),b).

The resolution in question is the normalised bar resolution.

Definition 1.1.12. For n > 0,let B,(A) = A® A" " ® A and
b Bu(A) — By_1(A),

n .
R Q- Qg g Y (1) ag@a1 @ @ajaj 1 @ Qay Qayy .
j=0

The complex (Bs(A),b’) is the normalised bar resolution. 2

Lemma 1.1.13. The bar resolution is a well-defined projective resolution of A as an AS-module.

Proor. This is established during the proof of [Mey21, Theorem 17.4]. O
Instead of considering the normalised bar resolution (B4(A),b’), one could also work with the

unnormalised bar resolution (B.(A),b’) instead. The n-th chain group of the unnormalised bar

resolution is simply B, (A) = A ® A®" ® A. Homologically speaking, this does not make a difference,

since the normalised and unnormalised bar resolutions are quasi-isomorphic (see [Lod98, Proposition

1.1.15]). However, the normalised variant is more easily related to noncommutative differential forms.
Theorem 1.1.14. For all n > 0, the n-th homology of (Qf (A),b) is isomorphic to HH,, (A).

ProOF. We claim that the chain complex obtained by tensoring (Bs(A),b’) with A as A®-modules is
isomorphic to (Qf(A),b). By our earlier remarks on derived functors, this implies the statement of the
theorem.

We first observe that A ® 4e M is isomorphic to the commutator quotient M/[A, M] of M. An explicit
pair of isomorphisms is given by

AQpe M — M/[A,M], a@m+— [am],



and
M/[AM] -5 AQpe M, [ml—1xm.

Using this identification, we can compute A ® 4e B,,(A). We claim that

A®pe Bu(A) 2 B,(A)/[ABu(A)) 2 A0 A"
along

Bu(A)/[A,Bu(A)] = A A,
[0 Ra1 @ @ay ®@ayi1] — (Ay1100) @ A1 R - R ay.

To see this, consider

AR A" = B,(A)/[A,BL(A)),
QR Rap— [A)Ra; Q- Ra, 1].

The above maps are mutually inverse, since
[(an1100) @01 ® - @2y @1 =20 ® 01 @ - @ an @ 1]

by the construction of the commutator quotient.

It remains to check that these isomorphisms are compatible with the given boundary maps. Hence,
we have to show that the diagram

ARA® b pgA®0Y

~| E

A R ge EH(A) P ——— A R ge Bn—l(A)
1,®b
commutes. For this, we first unpack the Hochschild boundary, using the explicit right action we
established in Corollary Thus, we find that

n—1 )
b(ag@a; @+ ®ay) = (=1)"(anag) ®a1 @ - Qay_1+ Y (-1)ag@a1® - @ajaj 1 @ ay.
j=0

Along the isomorphism to the commutator quotient complex, this expression is identified with

n—1 )
(=D)"[(anag) @1 ®@ -+ ®@a, 1 1] + 2(—1)][110@{11 @ Ra8j11 @ @ay@1].
j=0

On the other hand, tracing the isomorphism A ® 4e B,(A) = B, (C)/[A, B, (A)], we see that the explicit
boundary operator in the commutator quotient complex is simply the original formula applied to
equivalence classes. Therefore, we find that

n

b ([ag@a ® - ®a,@1]) = Z(—l)j[a()@al®---®ajaj+1®---®an®1].
j=0



The summands agree verbatim in the range 0 < j < n — 1, and for j = n the commutator relation yields
[(anao) @@ @+ @a, 1 @1 =[a0 @0 @ D ay1 @ ay

as needed. O

Remark. In fact, given any projective resolution P, — A of A as an A®-module, the proof of Theo-
rem [1.1.14{shows that we may compute HH,,(A) as the homology of the chain complex P, /[A, P,] of
commutator quotients.

In light of Theorem we let (Co(A),b) = (Qf(A),b) be the Hochschild complex of A. More
generally, given an A-bimodule M, the Hochschild complex of A with coefficients in M is the complex
obtained by tensoring the unnormalised bar resolution with M, considered as a right A®-module.
We denote this complex by (Ce(A, M),b). In analogy to Theorem this complex computes the
Hochschild homology of A with coefficients in M (cf. [Lod98, Proposition 1.1.13] and [Wei%4] Corollary
9.1.5]).

1.2 The Cyclic Double Complex

In Section we observed the existence of two separate boundary operators for noncommutative
differential forms: On the one hand, the canonically defined d: Q}(A) — QZ“ (A) and, on the other
hand, the Hochschild boundary b: Q}(A) — QZ*1 (A). We also observed that the associated cochain
complex (Qp(A),d) provides no homological insight, whereas the associated chain complex (Qf(A),b)
computes the Hochschild homology of A.

Nonetheless, we can exploit the presence of two opposing boundary operators by studying their
potential for the construction of a double complex. Define the Karoubi operator as

k=1-[d,b] =1 (db+bd),

which measures the anticommutativity of b and d. More explicitly, the Karoubi operator acts on a
noncommutative differential form wda, € O} (A) as

x(wda,) = wda, — (d((=1)""[w,a,]) + b(dwda,))
= wda, — (-1)"1d([w, a,]) — (=1)"[dw, a,]
= wda, — (—1)"([dw, a,] — d([w, a4)))

= wda, — (—1)"[day, w]
= (—1)”*1dan “w,

where all occurring commutators are graded commutators. Note that this does not interfere with our
earlier usage of a commutator when defining the Hochschild boundary, since elements of A have degree
0 by definition. In particular, we conclude that

x(dag...da,_1da,) = (-1)""'da,dag...da,_;.

If we now let the Connes operator be
n

B= ijd,

j=0



we observe that ;
B(apda; ...da,) = Z(—l)j"daj ...dapdag...da;j 1.
j=0

Among others, the following elementary identities are established in [Mey21| §23.1]. We repeat the ones
crucial for us.

Lemma 1.2.1. The Connes operator satisfies
B2=0 and [B,b]=0.

Proor. We start by showing that the Karoubi operator x commutes with both d and b. Indeed, we find
that
kd = (1 - (db+bd))d =d — dbd — bd?> = d — d?b — dbd = d(1 — (db — bd)) = dx,
since d2 = 0. The same holds true for b, since b% = 0 as well.
Hence, we deduce that
n

B =) B(dd) =) ) Wdrd =Y Y & Hid? = 0.

=0 i=0/=0 j=07=0

Moreover, note that, on the one hand,

n n
bB= ) br/d =} «/(bd),

j=0 j=0
while, on the other hand,
Bb=Y «/(db) =) W/(1—-x—dd) =) (¥ —«/")—bB=(1—«"t!) —bB = —bB
j=0 j=0 j=0
as k"1 = 1. Thus, [B,b] = Bb +bB = 0. O

Lemma implies that

==

b

Ql(A) A
b
A

is a double complex (Qf(A),b,B). Such double complexes are also called mixed complexes. This
naturally leads to cyclic homology.

Definition 1.2.2. The double complex (Qf(A),b,B) is called the cyclic bicomplex. Its total complex is
the cyclic complex of A, denoted by (CCq(A),b + B), with its n-th homology defining the n-th cyclic



homology of A, denoted by HC,,(A). g

Explicitly, the n-th chain group CC,(A) of the cyclic complex is
QUA) QI 2(A) @ - ®Qf ™9 2(A).

Its n-th differential is componentwise the sum of the maps b and B except in the first component, where

it is b, and for even 7 in the last component, where it is B.

Embed the Hochschild complex as the first column of the cyclic complex. This gives a morphism
of chain complexes I: Co(A) — CCq(A) from the Hochschild complex of A into the cyclic complex of
A. Shifting the cyclic bicomplex to the right induces a shift operator S: CCq(A) — CCq4(A)[—2] on the
cyclic complex of A. The maps I and S give rise to Connes’ SBI sequence, relating Hochschild and

cyclic homology.

Proposition 1.2.3. There is a long exact sequence in homology
. — HC,(A) —> HC,_»(A) —2 HH,_,(A) — HC,_1(4) —— ---

with B induced by the Connes operatot.
ProoF. The mapsI: Co(A) — CCq(A) and S: CCq(A) — CC4(A)[—2] evidently define a short exact
sequence

0 — Co(A) —1 CCu(A) —2 CCL(A)[-2] —— 0

of chain complexes. Thus, there is an induced long exact sequence in homology

- —— HC,(A) —>— HCy(A)[-2] —2= HH,_1(A) —— HC,_1(A) — -+,
where HC,,(A)[—2] = HC,,_2(A) by definition and ¢ is defined via a standard diagram chase. In more
detail, consider the partial diagram of complexes

0 — Cu(A) —1— CCu(A) —2— CCu(A)[-2] —— 0

J l |

0 —— Cyp1(A) —— CC,_1(A) —2 CC,_1(A)[-2] —— 0

and let x = (x,_2,%y-4,...) € CC,_2(A) = CC,(A)[-2], with x,,_; € Q?_"(A), be an n-cocycle of
the shifted complex. The connecting morphism is constructed by first choosing any preimage along
S: CC,(A) — CCy,(A)[—2], considering its image along the boundary map CC,(A) — CC,_1(A) and
then checking that the latter lies in the image of I: C,,_1(A) — CC,_1(A). This will then define an
(n —1)-cocycle.

Along the shift map S, we choose a preimage of the element (0,x,_p,x,_4,...). The boundary
operator of the cyclic complex maps this element to (B(x,_2),b(x,—2) + B(x;,—4),...). Since I embeds
the Hochschild complex in the first coordinate, we see that the connecting morphism associates B(x,_»)
to x. O

The subtleties in the definition of the boundary for the cyclic complex disappear if we instead

consider periodic cyclic homology. For this, let

CPy(A) = ﬁ O?"(A) and CPy(A) = ﬁ QI"t(A).
m=0 m=0



Then b + B can be considered as both a map CPy(A) — CP;(A) and as a map CP;(A) — CPy(A).
Moreover, (b + B)? = 0 by Lemma Thus, (CP4(A),b + B) is a 2-periodic chain complex.

Definition 1.2.4. The complex (CP,(A),b + B) is the periodic cyclic complex of A. Its n-th homology
is the n-th periodic cyclic homology of A, denoted by HP,,(A). 4

Remark. An analogue of cyclic and periodic cyclic homology can be defined for any mixed complex.

1.3 Computations for Smooth Commutative Algebras

We close this section by briefly discussing computations of Hochschild, cyclic and periodic cyclic
homology for A = O[X] the coordinate ring of a smooth k-variety. For this, we assume k to be of
characteristic 0.

This can be deduced from the more general case of smooth k-algebras. Following [Lod98| Proposition
3.2.4], a k-algebra A is smooth if, for every commutative A-algebra C and ideals I < C with I?> = 0, the
induced map Homy (A, C) — Homy (A, C/I) of sets of k-algebra homomorphisms is surjective. This
agrees with A being formally smooth as a k-algebra in the sense of [Sta23) Tag 00T1]. Furthermore, if
A = O[X], then [Sta23, Tag 00TN] shows that this notion agrees with the geometric notion of smoothness
for k-varieties X.

Denote by Q! K= 0O} (A)/Qf(A)? the module of Kahler differentials of A, or algebraic differential
1-forms of A, and by (0} , its n-th exterior power. Letd: QY , — Qfﬁﬁ/}{ be the exterior differential.
The n-th cohomology of the cochain complex (Q3, ,,d) is the n-th algebraic de Rham cohomology of
A, denoted by Hj (A).

Theorem 1.3.1 (Hochschild—Kostant-Rosenberg). Let A be a smooth commutative k-algebra. The projection
maps

e QP (A) — Qﬁ/k, agday ...da, — %aodal A« ANday,
assemble into a morphism of mixed complexes
me: (Of(A),b,B) = (QF ,0,d),
which induces an isomorphism of cochain complexes
me: (HHo(A),B) = (QF /1, d) .

Prookr. The first assertion is [Lod98, Proposition 2.3.4] and does not require smoothness. The second
assertion is part of [Lod98, Theorem 3.4.4], which also provides an explicit inverse. g

Corollary 1.3.2. Let A be a smooth commutative k-algebra. Then
HC,(A) = Q) ,/d0Y L @ Hi2(A) @ HigH(A) @ - -

and .
HP,(A) = [ HiR " (A).

m=0

Proo¥. By Theorem|1.3.1} the mixed complex (7 (A),b,B) defining cyclic and periodic cyclic homolo
y p k gy p y gy


https://stacks.math.columbia.edu/tag/00TI
https://stacks.math.columbia.edu/tag/00TN

is quasi-isomorphic to the mixed complex

TN

3 2 1
QA/k TQA/k <T QA/k <T A

!

2 1
QA/k d QA/k d A

P

1

QL ——— A
lo
A

made from the Kdhler differentials of A. By our earlier observations following Definition the cyclic
homology of the above mixed complex is computed by the cyclic complex with chain groups

-2 d?2
Qg/k@ﬂg/k@---@am

and differentials defined componentwise, with the zero map in the first component and the exterior
differential in all the other components. Thus, the first component yields the summand ()}, / dQZ_/}(.
The remaining summands compute the appropriately indexed algebraic de Rham cohomologies
HEEZ(A), Hg;l(A), ..., which completes the proof of the statement about cyclic homology.

The result for periodic cyclic homology is almost immediate. The periodic cyclic complex of the

mixed complex of Kahler differentials has as boundary operators
11 Qi{’}k - 11 Qi{%l, (x0,%2,%4,...) — (dxg,dxp,dxy,...),
m=0 m=0

and

[e) o0
H Qi”}f — H QE&W}I« (x1,x3,%5,...) — (0,dx1,dx3,...).
m=0 m=0

As we are considering homogeneous maps, kernels and cokernels are computed coordinate-wise.
Moreover, the associated quotients are componentwise, hence the periodic cyclic homology is of the

form claimed. O
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2 Hochschild Homology of Crossed Product Algebras

Let A be a ring and I' a group acting on A by automorphisms. The associated crossed product algebra
A x T is additively generated by elements of the form a7y, a € A and ¢ € I, with the convolution
product

ay-bé = ay(b)yé.

Suppose that A is a C-algebra and I' acts on A by C-algebra endomorphism. For A = O[X] the
coordinate ring of a complex smooth affine variety and I' a finite group acting on X by biregular
morphisms, [BDN17] describe the Hochschild homology, cyclic homology, and periodic cyclic homology
of the crossed product algebra A x I'. We extend their results to not necessarily algebraically closed
fields of characteristic O.

In Section we start by reducing the computations to g-twisted Hochschild homology of A (see
Definition[2.1.Tand equation (T)). In Section 2.2 we treat the general case of algebraically closed fields of
characteristic 0, showing that the arguments of [BDN17] can be adapted to this case. This is an instance
of the Lefschetz principle (see [EkI73]), which we spell out in detail. In Section [2.3| we then explain how
to extend their main results to non-algebraically closed fields of characteristic 0 via base change.

As we are working over different base fields throughout Section 2} tensor products will be, in
contrast to Section appropriately decorated. In Section we will also repurpose the notation A from
Section [1l

2.1 Decompositions and Twisted Hochschild Homology

As in Section (1} let k be a field, A a unital k-algebra and A€ its enveloping algebra. The explicit left
A®-module structure on A is given by (41 ® ay) - a = ajaay. Given a k-linear endomorphism g: A — A
of A, we consider A as a twisted right A°-module A, by defining a - (a1 ® a2) = azag(ay).

Forap®a; @ --- ®a, € AS+1) et

n—1 )
be(ag®ay ® - ®ay) = apg(a1) ®az @ -+ @ ay + Z(—l)la()@~~~®aiai+1®~~~®an
i=1
+(=1)"anag @ a1 @ @a,_1.

This is well-defined, since g is k-linear. For n > 0, let C, (A, g) = A®; (A/k-1)%" Then b, descends
to define a differential bg: C,41 (A,g) — Cu (A, g), as g is a k-linear endomorphism of A.
Definition 2.1.1. [BDN17, Definition 1.1] The complex (C, (4,g),bg) is the g-twisted Hochschild

complex of A. Its n-th homology is the n-th g-twisted Hochschild homology of A, denoted by
HH, (A, g). a

If g is the identity on A, HH,, (A, §) = HH,(A) is the ordinary Hochschild homology of A, computed
from the standard complex (C, (A, g),bg) = (Ce(A),b). For general g, we find that

HH, (A,g) = HH, (A, Ag) = Torj (Ag, A)

for all n > 0. That is, the g-twisted Hochschild homology of A can be identified with the Hochschild
homology of A with coefficients in A, and consequently with certain Tor groups (cf. Section [1.1}and
[Lod98| Chapter 1] or [Wei94, Chapter 9]). The latter relies on A being a k-algebra for a field k.

Suppose that A is a commutative k-algebra of finite type. Then, by acting on the first factor in the
complex (C, (A,g),bg), each HH, (A,g) inherits the structure of an A-module. Moreover, we can

11



define an A® = A ®; A-module structure on both A and Ag by setting
(11 ®ap)-a=g(ay)aza

foray,ap € Aand a € A ora € Ag. This gives each Torfe (Ag, A) the structure of an A ®; A-module,
hence also each HH,, (4,g).

Consider now the case of a crossed product algebra A x I, arising from a finite group I acting on

the commutative k-algebra A by k-algebra automorphisms.

Now we define, for each conjugacy class of I', a subcomplex of the bar complex (C4(A % T'),b). For
this, fix v € T and consider the linear span of the tensors 4y ® - - ® a,7n € Cy(A xT) such that
Y0+ Yn € [7], with [7y] the conjugacy class of 7. Denote this subgroup by C,(A x T),. The boundary
map b: C,(AXT) — Cy_1(A xT) restricts tob: Cy(AxT)y — C,_1(AXT),, hence (Co(A xT),,b)
is a subcomplex. We write HH,,(A x T'),, for its n-th homology. This gives a decomposition

HH,(AxT)~ @ HH,(AxT),= @ HH, (4,7)" @
[v]€lT] [v]€[T]

for each n > 0 (cf. [BDN17, Proposition 1.7], with its preceding discussion, and [Lor92|], which also
covers the infinite case). Here [I'] is the set of conjugacy classes of T and C, is the centraliser of
v € I'. The above reduces the computation of the Hochschild homology of A x I' to understanding the
7-twisted Hochschild homology of A, viewing v € I' as a k-linear endomorphism : A — A.

2.2 The Case of Algebraically Closed Fields

Throughout Section [2.2| assume k to be algebraically closed of characteristic 0.

Let g: O[X] — O[X] be a k-algebra endomorphism. The g-twisted Connes-Hochschild-Kostant-
Rosenberg map is
X¢: HH, (O[X],g) — Q"(X3)

induced by
1
Xg: O[X}®k(n+1) — Qn (Xg), aO ® ctt ® al’l —> m aodﬂl .. .dan‘xg .

By abuse of notation, we write ¢: X — X for the regular morphism of varieties corresponding
to g: O[X] — O[X]. For X and the fixed point subvariety X¢, we denote by Q"(X) = Qpx]/k
and 0" (X8) = Ofxs)x the respective modules of algebraic n-forms. Moreover, aoda ... day|xs is
the restriction of the algebraic n-form agda; ...da, € Q"(X) to 0" (X$), induced by the k-algebra
homomorphism O[X] — O[X&] corresponding to the inclusion morphism X8 — X. This is to say that

apday . ..day,|xs is the pullback of apda; ... da, along the inclusion X8 — X.

For ease of notation, we will now assume that A is a commutative k-algebra of finite type, equipped
with a k-algebra endomorphism g: A — A. This suffices as we are only interested in the case that
A = O]X], for X a smooth affine variety over k, and g: O[X] — O[X] an endomorphism as above.

A Vanishing Condition

Let Spec,,,. (A) be the maximal spectrum of A. We first deduce a vanishing condition for HH,, (4, g), the
n-th g-twisted Hochschild homology A of Definition localised at a maximal ideal m € Spec_ (A).

max (A) is such that g~ (m) # m, then HH,, (A,g) =0 for all n > 0.
Remark. For k = C, this is [BDN17, Corollary 1.6].

max

Lemma 2.2.1. If m € Spec

12



In order to adapt Lemma to the general case of algebraically closed fields, we first identify the
scheme-theoretic product Spec,,, (A ®, A) with the set-theoretic product Spec,, (A) x Spec, .. (A).
This identification notably fails for non-algebraically closed fields.

max max
Let my, my € Spec, ., (A) be two maximal ideals. Denote by Xu,: A — Kn, and Xm,: A = Kn,
the canonical homomorphisms onto finite field extensions Kw, and Ku, of k with kernels m; and
my, respectively. Since k is algebraically closed, these induce isomorphisms X, : A/m; — k and
Xm, : A/my — k. Thus, we may associate to any (m;, my) € Spec, . (A) x Spec_  (A) the homomor-
(A Qk A).
max (A Rk A), i.e. a surjection X: A ®; A — k with kernel 91, a
maximal ideal of A ®; A. Write 11: A - A®; Aand 1: A — A ®; A for the two canonical inclusions.
Since A ® A is the coproduct of k-algebras, we find X1, X2: A — k such that X = X1 ® X». Moreover,
Xu1 = X1 and X1 = X». Since A is a finite type k-algebra, so is A ®j A, hence [Kem11}, Proposition 1.2]
shows that both m; = 1, (9) and my = 1; ! () are maximal. Observe that

max

phism X, ® Xm,: A @ A — k, which corresponds to a point of Spec

max

Conversely, consider a point of Spec

m; =7 (M) = 17 (ker(X)) = ker(X1)

fori =1,2. Thenm; ® A+ A ® my < M by construction. Since the residue field of m; ® A + A ® my is
k @y k = k, we conclude that m; ® A + A ®@my = M.

The proof of [BDN17, Corollary 1.6] now goes through verbatim.
Completions and Local Hochschild Homology

We will now consider completions of A-modules with respect to certain filtrations. A filtration of an
A-module M is a decreasing chain of submodules

M=FMDFMD>DFEMD>D---DFMD---.
To each filtration there is an associated completion, which is defined by
M = lim M/F,M.

We say that M is complete if the natural map M — M is an isomorphism.

We specialise to considering I-adic completions of A and A-modules. Recall that given an ideal
I < A and an A-module M, its I-adic completion is

M; = lim M/T"M.
Furthermore, for two A-modules M and N, their completed tensor product is
M®&4 N =lmM/I"M®4 N/I"N.

Suppose now that g: A — A preserves the chosen I < A in the sense that g~1(I) C I. Then g induces
a well-defined endomorphism g;: A; — A;. Completion of the complex (Ca (4,g),bg) produces a
complex (6.(1@1,@),1787) with C,, (ﬁl,g}) = A; & (ﬁl/k : 1)®an n > 0, and an induced differential
bg,: Cu (AL 1) = Coon (AL G1)-

Definition 2.2.2. The complex (é. (A\ 1,81),bg,) is the local g-twisted Hochschild complex of A. Its
n-th homology is the n-th local g-twisted homology of A, denoted by HH! (ﬁ 1,81)- 3

We introduce this variant of the Hochschild homology for the localised study of the g-twisted

13



homology. For its application, we have to restrict the algebras A in consideration.

Suppose that A is an R-algebra for R some commutative k-algebra. We say that A is a finite type
R-algebra if R is of finite type and A is finitely generated as an R-module. Assuming that A is a finite
type R-algebra guarantees a well-behaved completion functor (see [AM69, §10]). These assumptions are

satisfied, in particular, if R = A is already a commutative k-algebra of finite type.
We obtain the following.
Lemma 2.2.3. Forall n >0, HH,, (A, g) is finitely generated as an A-module. The natural map

HH, (A, g) — HH® (El, §1)

induces an isomorphism

A; @4 HH, (A,g) = HHI* (A L §[)
of A-modules for all n > 0.
Remark. For k = C, this is [BDN17, Theorem 1.10].

The proof requires establishing the existence of an admissible resolution of Aj, that is, a resolution
admitting bounded k-linear contractions. Here, bounded is a purely algebraic notion. More precisely,
amap ¢: V — W of filtered complexes V and W is bounded if there exists an integer k such that
¢(F,V) C F, W for all n. Such contractions are constructed in [KNS98| Lemma 3] and their existence

does not depend on the chosen base field.

The proof of [BDN17, Theorem 1.10] can now be repeated for general algebraically closed fields.
Computations with Koszul Complexes

As a final computational ingredient, we consider Koszul complexes.
Definition 2.2.4. Let R be a commutative k-algebra, M an R-module, E a finite-dimensional k-vector
space, and f: E — R a k-linear map. The associated Koszul complex (K,,9) = (K« (M, E, f),0) has as
n-th chain group

Ky = Ky (M,E, f) = M, \"E

and as differential

n
o(m® (v, A+ Nv;,)) 2 flfvz ym @ (v;, A '/\Z/’\ij/\"'/\vin),

where m € M and ¢4, ..., e, are a basis of V. g

We are especially interested in the case where M = O|E] is the ring of regular functions on E. Here
E will geometrically correspond to the (Zariski) tangent space of X at some point. We view E as an
affine space over k, hence O[E] is a ring of polynomials over k in dim E variables. This uses that k is
algebraically closed. Denote by i: EY — O|E] the canonical embedding of the dual space E" into O[E],

considering a linear functional on E as a regular function on E.

If ¢: E — E is a linear endomorphism of E we let f =io (¢ —1): EY — O|E]. Denote by g also the
endomorphism of O[E] induced by g. This gives rise to a Koszul complex (K, (O[E],EY, f),9). These
complexes compute the g-twisted Hochschild homology of O[E].

Lemma 2.2.5. Fix a basis ey, ... e, of E. The map xy: (K¢(O[E],EY, f),0) — (Cs (O[E], ), by) defined by

y(a® (e, Ao Nei,)) = ) sign(c)a®@ile;, ) @ - @ile,,)
oceS,
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is a quasi-isomorphism.
Remark. For k = C, this is [BDN17, Corollary 2.11].

To prove Lemma [2.2.5 one shows that the above Koszul complex may be obtained from tensoring
a projective resolution of O[E] as left O[E|®-module. This projective resolution is built by reducing to
the case of O[E] = k[x]. Here a direct computation can be carried out completing the argument. No

particular properties of C are used besides being algebraically closed to identify maximal ideals of O[E]
with points of E.

Finally, replacing the unhandy bar complexes by concrete Koszul complexes allows us to compute
the g-twisted Hochschild homology of E in terms of the Kéhler differentials of the subspace E$ of
g-fixed points.

Lemma 2.2.6. Let g: E — E be linear and assume that ¢ — 1: E/ ker(g — 1) — E/ ker(g — 1) is injective.
Then for ES = ker(g — 1), the restriction O[E] — O[E8] defines isomorphisms

resyr: HH, (O[E], g) — HH, (O[E$])
and hence the g-twisted Connes—Hochschild—Kostant—Rosenberg map X o defines isomorphisms
Xg: HH, (O[E], g) — Q" (ES)

foralln > 0.
Remark. For k = C, this is [BDN17, Lemma 2.12].

Using Lemma reduces the question to the computation of homologies arising from certain
Koszul complexes. Studying these complexes is a question of linear algebra and re-using earlier results
about Koszul complexes of polynomial rings. The technical assumption about g is necessary to unravel

how g interacts with the inclusion EV — O[E]. In particular, the proofs remain unchanged in the case
of a general algebraically closed base field.

One now combines the results obtained using Koszul complexes with the local g-twisted Hochschild
homology. The following is then immediate.

Lemma 2.2.7. Let g: E — E be linear and assume that ¢ — 1: E/ ker(g — 1) — E/ ker(g — 1) is injective.
Let E8 = ker(g — 1) and m < OIE] the maximal ideal corresponding to functions vanishing at 0. Then the
restriction O[E]w — O[ES |, defines an isomorphism

fesyy: HHIc (@[E]m, §m) =, HEloe (@ [Eg]m)
and Xg = 1 ® X gives an isomorphism
Xg: O[Elm ®o(g HH, (O[E],§) = O[E]m @0 Q" (E?)

foralln > 0.
Remark. For k = C, this is [BDN17, Corollary 2.15].
Deducing the Hochschild Homology

After due preparation, we return to the case of a smooth affine k-variety X, and g: O[X] — O[X] a

k-algebra endomorphism of its coordinate ring.

Suppose that g is induced by a finite group acting on X. In particular, ¢ has finite order. Then by
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[Edi92} Proposition 3.4], its fixed point subvariety X8 C X is again smooth, since we assume that k
is of characteristic 0. Furthermore, [Edi92, Proposition 3.2] computes the tangent space of x € X$ as
Te X8 = (TyX) Txle) _ ker(Ty(g) — 1) where Ty(g) denotes the induced tangent map of ¢: X — X.

Finally, observe that no non-zero element of Ty X can at the same time be fixed by Tx(g) and lie in
the image of Tx(g) — 1. Indeed, if Tx(g)(v) = v and v = (Tx(g) — 1)(w), then considering its algebraic
norm, we see that

n-1 . 1 . .
no = ;) Tx(8)'(v) = Z (Tx(g)’+1 —Te(8)") (w) =0

for n = |g| the order of g. Thus, Ty(g) induces an injective endomorphism of T, X /T, X8.

The above shows that the technical assumptions made in the following proposition are negligible
in our case of interest, hence may be safely ignored in the sequel. These assumptions are, however,
necessary in order to apply Lemma for E the tangent space at a fixed point of g.

We give the full proof of [BDN17, Proposition 2.16], while expanding on some details and simplifying
the final step.

Proposition 2.2.8. Let X be a smooth affine k-variety and g a k-algebra endomorphism of O[X].

Suppose that X8 is again a smooth affine variety and, for every fixed point x € X8, its tangent space T, X$ is
the kernel of Tx(g) — 1 and Tx(g) — 1 induces an injective endomorphism of Ty X / T X8.

Then the g-twisted Connes—Hochschild—Kostant—Rosenberg map X ¢ induces isomorphisms
Xg: HH, (O[X],g) — Q"(X?)

foralln > 0.
Remark. For k = C, this is [BDN17, Proposition 2.16].

Proor. For clarity, we write X? for the Connes-Hochschild—Kostant-Rosenberg map within the proof.
We will prove that X? is an isomorphism by showing that for every maximal m < O[X], its completion

—

(X?)m is an isomorphism. Since the completion factors as O[X] = O[X]m — O[X]m and the map
O[X]m — O[X]m is faithfully flat by [Sta23] Tag 00MC], this reduces the assertion to a well-known
criterion: An R-module homomorphism ¢: M — N is an isomorphism if and only if its localisation
@m ' My — Np at each maximal ideal m < R is an isomorphism.

Let us denote A = O[X] and fix a maximal ideal m < A. We consider

()

An ®4HH, (A,g) 2 HH,(A,g), — ™ Q"(X8), = An @4 Q" (X9)

in two cases, distinguished by whether the geometric morphism g: X — X fixes the point corresponding
to m or not. Since the points of X are identified with the maximal ideals of A, this leaves us to consider
if g71(m) = mor g~ !(m) # m.

First, assume that ¢~!(m) # m. By Lemma we then conclude that HH,, (4, g)m = 0, hence
ﬁI\—In(A,g)m = 0, since the localisation is dense in the completion. Additionally, we claim that
Q" (X8 )m = 0, which implies that Qn (X8 )m = 0 as before. For the first claim, note that X8 C X is a
closed immersion by [Edi92, Proposition 3.1], hence O[X] — O[X¢] is a quotient map by [Sta23| Tag
01QN]. If we let I < O[X] be the ideal defining O[X$], the conormal sequence reads

/PP —— OYX)®4 O[X8] — ON(X8) —— 0
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with O!(X) = Q) | = Q}O[X]/k and Q' (X$) = Qoxsy k- If g1 (m) # m, then m does not correspond
to a closed point of X¢, hence the induced ideal in O [Xg } has to be the zero ideal. Thus, localising the
conormal sequence at such m implies that O (X$) = 0 by exactness, since O[X8] = 0. Thus, for
¢ 1(m) # m we observe that @m is an isomorphism, as both sides vanish.

Now, assume that ¢~!(m) = m. Write m = m, with x € X¢. Denote by E = Ty X = (mx/m%)v the
tangent space of X at x. Since we assume X to be smooth, there are natural isomorphisms

tan: O[X]m, — O[E]m

0

and
tan: ﬁn(xg)mx = o (ETX(g)> ,

mg
which are discussed in [Liu06] §4, §6]. On the right, my corresponds to the origin of E as a k-vector
space. We consider the induced tangent map Tx(g): E — E, which is well-defined, as g is assumed to
fix my. The second identification uses our assumption T, X8 = ker (Tx(g) — 1) = ET=(8),

The canonical isomorphism from Lemma now gives rise to a commuting diagram

~ 10x¥ ~
An®aHH, (A,g) ———— Am @4 Q"(XE)

.| - =
HHloc (ﬁm, §m> L 0" (x8)

tanJ{ J{tan

—_— (@[E}m,@m> % on (ETx(g))m

m

where all vertical arrows are isomorphisms. Thus, it suffices to check that the completion of X% (g) At
the bottom is an isomorphism to complete the proof. Since Ty(g): E — E is a k-linear endomorphism
so that Ty(g): E/E™(®) — E/E™(8) is injective, Lemma applies. This shows that the completion of
X%( 2) is an isomorphism, which concludes the proof. O

Combining Proposition with the decomposition from equation (T), we complete our computation
of the Hochschild homology of A x T for a finite group I

Theorem 2.2.9. Let A = O[X] be the coordinate ring of a smooth k-variety. Assume that k is of characteristic 0
and algebraically closed. Suppose that a finite group I acts on X and let 7y, ..., ys be a set of representatives for
the conjugacy classes of I'. If X; = X"i and C; = C,,, then

S
HH, (A xT) = Pa"(X;)5.
i=1

Since I is finite, both the cyclic and the periodic cyclic homology of A < I' admit analogous
decompositions (see [BDN17, Proposition 1.7] and the preceding discussion). The cyclic and periodic
cyclic theories can now be deduced from Theorem as in Corollary

Corollary 2.2.10. Let A = O[X] be the coordinate ring of a smooth k-variety. Assume that k is of characteristic
0 and algebraically closed. Suppose that a finite group I acts on X and let 7y, ..., 7s be a set of representatives for
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the conjugacy classes of . If X; = X"i, A; = O[X;] and C; = C,,, then

HC, (A xT) = é (Q”(Xi)cf/dQ”_l(Xi)C’rf S HIR2(A) @ HIR*(A)" @ - )
i=1

and

HP, (A xT) = @(HHZ"”” i) )

i=1
Remark. For k = C, Theorem and Corollary [2.2.10|are [BDN17| Proposition 2.18].

2.3 Extension to Non-Algebraically Closed Fields

Now assume k not to be algebraically closed, but still of characteristic 0. Fix an algebraic closure k.

Assume that B is a unital k-algebra equipped with a k-linear endomorphism #: B — B. Denote its
base change by B = k ®k B. Then there is an induced k-linear endomorphism 13 ® h: k®rB — k@ B,
which we write as h: B — B.

Let X be a smooth affine variety over k and denote by X its base change along Spec (k) — Spec(k).
As X is affine, X = Spec(O[X]), hence X = Spec (k @, O[X]) = Spec (O[X] ). Moreover, X is smooth
by definition (see [Liu06, §4, §6]). If O[X] is in addition endowed with a k-linear endomorphism g of

finite order, then O[X] admits a corresponding k-linear endomorphism g of finite order.

Thus, Proposition identifies the g-twisted homology of O[X] = O [ X | with the Kéhler differen-
tials of its fixed point subvariety X°. More precisely, the twisted Connes—Hochschild-Kostant-Rosenberg
map Xz induces isomorphisms

Xg: HH, (0[X],g> a Q”(Yg)

forall n > 0.

We first show that Xz being an isomorphism implies that 1z ® X, is an isomorphism as well, by
appropriately identifying their domains and codomains. Let us start with these identifications.

Lemma 2.3.1. Let A = O[X] and g: A — A as above. Then

®?n

A4 (A o (A/k-1)®k”) —Ae; (Z/E- 1)

A®a)®@(ag®a; @ Ray) —~ (A® (aag)) ® (1®a)) @@ (1®ay)),

induces an isomorphism
A®aHH, (A,g) — HH, (A3).

Proo¥. Since k — k is a field extension, hence faithfully flat, the base change A — A is faithfully flat as
well by [Sta23, Tag 00HI]. Hence, tensoring with A over A commutes with taking homology. Thus, it
suffices to prove that the given map extends to an isomorphism of chain complexes. This is immediate,
as the canonical identifications

Qgn Qgn

AR, (A®k(A/k~1)®k”>%Z®E<Z®k(A/k-1)> ~A® E(Z/Eq)

together define the given map. Since g is k-linear and § = 1; ® g acts identically on the k-factor, the
above isomorphism commutes with both bg and bg. O
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Lemma 2.3.2. Let A = O[X] and g: A — A as above. Then

Ao, 00(x8) = 0" (XF),

(A®a)® (apday ...day) — (A® (aap))d(1®@a7)...d(1®ay),

is an isomorphism. Furthermore, there is an isomorphism X8 — X2 such that the diagram

XE—~ X8

\/

commutes.

Proor. For n =1, [Sta23, Tag 00RV] shows that
A®a Q(’)[X‘?]/k =k ®y QO[X?]/k = Qo[xg]/k/

since k @ O[X¢] = O[X8]. This isomorphism is explicitly defined by the formula corresponding to
the case n = 1 as given. The general case then follows by construction of Q" (X$) and " (Xg) as

exterior powers of O!(X8) and 0! (X§> , respectively.
We first show that O[X&] = O [Xg} or, equivalently, that X8 = X2. For the last assertion, we

observe that X8 C X as well as Yg C X can be described as fibre products

X$§ e X X — X
[ P [ e
XTX>X><X Y?Yx?

respectively (see [Edi92, Proposition 3.1]). As fibre products are preserved by base changeand § = 1; ® ¢
algebraically, we conclude that X8 22 X*. In particular, the naturally induced morphism X8 — X* is an

isomorphism so that the diagram

XE— X

\/

commutes. This concludes the proof. O

Lemma 2.3.3. Let A = O[X] and g: A — A as above. Then
1, ®Xe: A®4HH, (A, g) = A®a V(X3)

is an isomorphism.

Proor. At the level of chain complexes, the g-twisted Connes-Hochschild-Kostant-Rosenberg map X,

is the composition of

A® (A/k-1)%" — Q"(X), apday...day — %aodal ...day,
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with the restriction
Qn(X) — Qn(Xg), aodal...dan — aodal...dan|xg.

The latter is induced by the k-algebra homomorphisms O[X] — O[X¢] corresponding to the inclusion
X& — X. Analogously, we may describe Xz.

Consider now the diagram

A4 (A@k (A/k-1)®k”> —— AR Q1(X) —— A, Q" (XS)

| | |

Aeg (a/k1) " —— n(X) ——— ()

| | T

Agp (A/k-)H s 0"(X) —— O (XF)

obtained from these factorisations and using the second part of Lemma The top row defines
1z ® Xg, whereas the bottom row defines Xg. Finally, we know all vertical maps to be isomorphisms by
Lemma and Lemma Thus, if we show that the diagram commutes, the result follows, as we
know that Xz is an isomorphism by Proposition[2.2.8

The lower part of the diagram commutes by the second part of Lemma The top-left square

commutes, since
1 1
(A ®aay) ® <n'd(1 ®ay)...d(1 ®an)> = (A®a) (n'(l ®a0)> d1®a)...d(1®ay)
by bilinearity and the induced algebra structure on A = k ®; A. The top-right square commutes as
T(A® (aap))d(mT(1®ay))...d(T(1®a,)) = (A®an(ag))d(1 @ m(ar))...d(1® m(a,)),
where 7: O[X] — O[X8] corresponds to X8 — X and 7T = 1 ® 7. Here, T(A ® (aap)) = A ® m(aap) can

be identified with A ® art(ap), since the quotient map 7 is A-linear. O

As mentioned in the proof of Lemma the base change A — A is faithfully flat. In particular,
tensoring with A over A reflects isomorphisms: If ¢: M — N is a map of A-modules M, N so that
1@ ¢: A®4 M — A®4 N is an isomorphism, then ¢ is an isomorphism.

As Lemma shows that 1z ® X, is an isomorphism, we conclude that X was an isomorphism to

begin with. Thus,
X¢: HH, (A, 8) — Q(X3)

for non-algebraically closed fields as well, generalising Proposition The analogues of Theorem[2.2.9
and Corollary [2.2.10| follow immediately as well.
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Theorem 2.3.4. Let A = O[X] be the coordinate ring of a smooth k-variety. Assume that k is of characteristic 0.
Suppose that a finite group I acts on X and let 7y, ..., ys be a set of representatives for the conjugacy classes of I'.
If X; = X7, A; = O[X;] and C; = C,,, then

HH,(AxT) 2= @a"(X,)%,

HCn(AxF)%é<Q”(Xi)C"/dQ”1( X;) S @ HIR2(A)C @ HIZH(A)C @---),
i=1

and
S

HP,(AxT) N@(]’[HM*" )

i=1
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3 Bornologies and Dagger Algebras

We fix a complete discrete valuation ring V with uniformizer 7, residue field k = V/7V and field of
fractions K = V[r~1]. This is the notation of [CCMT18].

For a V-algebra A, its weak completion a la Monsky—Washnitzer [MW®68]] is a carefully chosen
subalgebra of the rr-adic completion of A. In algebraic geometry, they allow the definition of a Weil
cohomology theory for smooth affine varieties in positive characteristic. Following [CCMT18], we
reinterpret weak completions as bornological completions (see Definition [3.1.5).

To this end, we start by introducing the notion of bornological modules (see Definition in
Section 3.1} We then explain in Section 3.2 how these completions can be realised as certain bornological
completions (see Theorem [3.2.9). This allows the usage of bornological tools to study weak completions.
Additionally, we cover the basic constructions needed to develop an analogue of Hochschild homology,
bornological Hochschild homology (see Definition 3.3.T), which we define in Section[3.3] We close this section
by discussing an axiomatic characterisation of bornological Hochschild homology (see Theorem 3.3.3).

3.1 Background on Bornological Modules

We introduce the language of bornological modules as presented in [CCMT18), §2]. To keep the exposi-
tion brief, we focus on those constructions and results needed for doing homological algebra in the
bornological setting.

Definition 3.1.1. Let M be a V-module. A bornology on M is a collection of subsets B of M, called
bounded subsets, satisfying the following properties:

e If m e M, then {m} € B;
e If Be Band B’ C B, then B € B;
e If B;,B, € B,then Bi UB, € B.
A convex bornology on M additionally satisfies the following:
e If B € B, then (B) € B, for (B) the V-submodule generated by B.

A V-module together with a chosen convex bornology is a bornological V-module. If M and N are
two bornological V-modules, we say that a V-module homomorphism f: M — N is bounded, if for
every bounded subset B C M, f(B) C N is a bounded subset. _:

From here on, a bornology on a V-module M will always refer to a convex bornology on M. The
distinction in Definition was made to highlight the additional role the V-module structure plays in
the present setting: Convexity implies that the V-module operations are automatically bounded.

Let M be a V-module. Then we can always equip M with the fine bornology, having as bounded
sets all subsets of finitely generated V-submodules.

Lemma 3.1.2. Let M, N be V-modules. The fine bornology defines a bornology on M and N such that any
V-module map f: M — N is bounded.

If M is a finitely generated V-module, the fine bornology is the unique bornology on M.
ProokF. Let B be defined as the set

B = {B C M | there exists a finitely generated V-submodule M’ such that B C M'}.

For every m € M, the V-submodule (m) is finitely generated and contains m. If B C Band B C M’
with M’ a finitely generated V-submodule, then B C M'. Hence, B is bounded as well. For B; C Mj,
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B, C M with finitely generated V-submodules M}, M}, we have B; U B, € Mj U M) C M; + M. Since
M + M is finitely generated as a sum of finitely generated submodules, By U B, € B. Finally, if B C M’
for a finitely generated submodule M/, then (B) C M/, since (B) is the submodule generated by B. In
particular, (B) € B. This shows that the fine bornology is a bornology on M. If B C M is bounded in
the fine bornology on M, there is a finitely generated V-submodule M’ < M such that BC M'. As f is
a V-module map, f(M') < N is a finitely generated V-submodule. Since B C M/, f(B) C f(M'). This
shows that f(B) C N is bounded in the fine bornology on N. Thus, f is bounded.

Now assume M to be finitely generated and denote the fine bornology on M by 5. Suppose that
B is any bornology on M. If my,...,m, € M, then {my,...,m,} € B and hence the finitely generated
submodule (my, ..., my) is also B-bounded. Since any subset of (my,...,m,) is B-bounded as well,
B r C B. Conversely, let B € B. Then B C (B) < M. As V is a discrete valuation ring, hence Noetherian,
(B) is finitely generated as submodule of the finitely generated V-module M. Thus, B is contained in a
finitely generated submodule and therefore B € . Thus, B = B as claimed. O

We now move towards bornological completions. Cauchy sequences and convergent sequences of

bornological V-modules are defined relative to the rr-adic topology of V.
Definition 3.1.3. Let M be a bornological V-module and (xp)n a sequence in M.

Fix a bounded subset B C M. We say that (x,), is B-Cauchy if there is a sequence (é,), in V such
that (J,), is a 7r-adic nullsequence and x,, — x, € dy - B for all n,m > ¢. We say that (x,), B-converges
to x € M if there is a sequence (J,), in V such that (6,), is a 7m-adic nullsequence and x,, — x € 6, - B
for all n > 0.

We say that (x,), is Cauchy if (x,), is B-Cauchy for some bounded subset B. Similarly, (xy)n

converges to x € M if (x,), B-converges to x for some bounded subset B. J

Definition 3.1.4. Let M be a bornological V-module. We say that M is separated if each convergent
sequence in M has a unique limit. If M is separated, we say that M is complete if, for every bounded
subset B C M, there is a bounded subset B C M such that B-Cauchy sequences are B’-convergent.

The completion of a bornological V-module is now naturally characterised by a universal property.

Definition 3.1.5. Let M be bornological V-module. The completion of M is a complete bornological
V-module M equipped with a bounded map b: M — M such that, for every bounded map f: M — N,
with N a complete bornological V-module, there is a unique bounded map f: M — N so that the

diagram

commutes. 3

Upon identifying the category of bornological V-modules with the category of inductive systems of
V-module with injective transition maps as in [CCMT18, Proposition 2.5], one sees that bornological
completions always exist and are explicitly described by [CCMT18, Proposition 2.14]. The construction
uses that the category of complete bornological V-modules is equivalent to the category of inductive
systems of 7r-adically complete V-modules and injective transition maps given by [CCMT18)} Proposition
2.10].

We close this section by introducing bornological constructions which we ultimately need to obtain
a suitable homology theory for bornological V-algebras (see Definition [3.2.1). As this theory will be a

variation of Hochschild homology, we consider bornological tensor products.
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For notational simplicity, undecorated tensor products of any kind will always refer to tensor
products taken over V.

Definition 3.1.6. Let M, N be V-modules. Their bornological tensor product is a bornological V-
module M ® N together with a bounded V-bilinear map ®: M x N = M ® N such that, for every
bounded V-bilinear map f: M x N — L into a bornological V-module L, there is a unique bounded
V-linear map f: M ® N — L such that the diagram

MxN—2  + M®N

f\,4 v f

L
commutes. a

Bornological tensor products exist by [CCMT18| Lemma 2.17] and are given by the algebraic tensor
product endowed with the tensor product bornology, which is generated by the images of A ® B for
A < M and B < N bounded V-submodules.

However, if we consider two complete V-modules M and N, their bornological tensor product is not
necessarily complete. This is a common phenomenon and the reason for our definition of completed
tensor products in Section An account of the type of problems arising from taking naive tensor
products of complete structures is given in [Mey08| Section 3]. Instead, we introduce the complete
bornological tensor product.

Definition 3.1.7. Let M, N be complete V-modules. Their complete bornological tensor product is a
complete bornological V-module M@ N together with a bounded V-bilinear map ®: M x N - M®N
such that for every bounded V-bilinear map f: M x N — L into a complete bornological V-module L,
there is a unique bounded V-linear map f: M® N — L such that the diagram

MxN —%  V M®N

commutes. 3

Complete bornological tensor products always exist and are given by the bornological completion of
the bornological tensor product. This is [CCMT18| Lemma 2.17].

There is a bornological variant of adjoint associativity for the bornological tensor product. For
this, let M, N be bornological V-modules and equip the V-module Hom (M, N) with the equibounded
bornology, where S C Hom(M, N) is bounded if, for every bounded B C M, the set f(b), f € S, b € B,
is bounded. If N is a complete bornological module, so is Hom(M, N) in the equibounded bornology.
See [Mey04, §2.1] or the discussion preceding [CCMT18)| Proposition 2.19].

Lemma 3.1.8. If M and N are bornological V-modules, then there is an isomorphism

—_— )\ ———

Proo¥. Fix a complete bornological V-module L. By definition, Hom (M ® N, L) classifies bounded
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V-linear maps M ® N — L, whereas Hom (M@ﬁ, L) classifies bounded V-linear maps MeN — L.
By adjoint associativity,

Hom(M @ N, L) = Hom(M, Hom(N, L)) = Hom (M Hom(N, L)) )
since Hom(N, L) is complete in the equibounded bornology, and furthermore,
Hom (M, Hom(N, L)) =~ Hom (N,Hom (M, L)) ~ Hom (ﬁ, Hom (ﬁ, L)) ,
since Hom (M, L) is complete as well. Thus,
Hom(M ® N, L) &2 Hom (M@W, L) ,

from which the first assertion follows.

For the second assertion, consider bornological V-modules M;, My, M3. Since the canonical isomor-
phism
M| ® (Mz & M3) = (Ml ® Mz) ® Mj

is bounded, there is an induced isomorphism of completions

M;® (M ® M3) & (M; ® Mp) @ M3 .

Using the first part of the lemma, we conclude that

M® (My @ M3) = M; @ (My @ M3) = (My @ Mp) @ M3 = My @ My @ M .

Since M @ My = 'M; ® M, and M, @ M3 = M, @ M, the result follows. O

By Lemma any choice for representing an iterated complete bornological tensor product is
equivalent. Hence, we will suppress this distinction in our notation.

A foundational notion of homological algebra is that of a short exact sequence or extension. To
properly define this notion as a bornological one, we require compatibility of the algebraic constructions
with the bornological ones.

Definition 3.1.9. Let g: M — N be a bounded map of bornological V-modules. Then g is a bornological
quotient map if every bounded subset of N is of the form g(B) for a bounded subset B C M. J

Definition 3.1.10. We say that

0 [NV SN VT 0

is an extension of bornological V-modules if it is a short exact sequence of V-modules such that M’ < M
carries the subspace bornology and g is a bornological quotient map. It is a split extension if ¢ admits a
bounded V-linear section. J

Lemma 3.1.11. Let N be a complete bornological V-module and

0 M LM M 0

an extension of complete bornological V-modules.

Then § ® 1y is a bornological quotient map such that g © 1y = coker (f @ 1y). Moreover, ker (§ @ 1y) is
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the bornological closure of im (f @ 1n). If g admits a bounded V-linear section, then so does ¢ & 1.
Proor. This is [CCMT18, Lemma 2.21]. O

Lemma 3.1.12. If g: M — N is a bornological quotient map of bornological modules, then G: M — N is a
bornological quotient map of complete bornological modules.

Proor. This is [CCMT18, Lemma 2.22]. O

3.2 Weak Completions as Bornological Completions

As for the case of algebraic Hochschild homology, we are not interested in merely bornological V-
modules, but rather bornological V-algebras, as covered in [CCMT18] §3].

Definition 3.2.1. Let A be a unital associative V-algebra. Then A is a bornological V' -algebra if A is a

bornological V-module and, whenever By, B, C A are bounded, so is B; - B C A. J

The notion of bornological V-algebras allows an elegant redefinition of weak completions in the sense
of Monsky-Washnitzer [MW&68]. To see this, we first recall the original definition of Monsky—Washnitzer.
Their weak completions are defined only for commutative V-algebras A of finite type. More precisely,
the weak completion AT, or dagger completion, of A is the subset of its 77-adic completion

A=1lmA/n"A

consisting of formal power series in 7t of the form

b == 2 bnnn
n=0

with b, € M", where M is a finitely generated V-submodule of A containing 1 and such that
kn < c(n+1) for a constant ¢ > 0 depending on b.

This growth restriction gives rise to a canonical bornology on A*.

Lemma 3.2.2. Let A be the weak completion of a commutative V-algebra of finite type. Define a bornology on
AT with bounded subsets those B C A", for which there are a finitely generated V-submodule M < AY containing
1 and a positive constant ¢ > 0 such that, for a € B of the form

[ee]
a=)Y a,",
n=0

we have that a, € M* with k, < c(n+ 1), define a bornology on At

Proor. Let a € AT, Then, by definition, there is a finitely generated V-submodule M and a fixed
positive constant ¢ > 0 such that a, € M* for x, < c(n+1). Thus, {a} is bounded. If B C A' is
bounded, then so is any subset B’ C B, since the condition for boundedness is still satisfied elementwise
for each subcollection of elements of B.

Now, let B;,B, C A' be bounded. By definition, there are finitely generated V-submodules
M;, M, and fixed positive constants ¢, c; > 0 realising growth restrictions for elements of M; and Mj,
respectively. Let M = (M, Mp) and ¢ = max{cy, cp }. Since My, My < M with M finitely generated and
c1,¢2 < ¢, By UB; is bounded.

Finally, let B C A" be bounded with the boundedness given by a finitely generated V-submodule M
and a positive constant ¢ > 0. We show that for b1,b,,b € B and A € V, both by + by and Ab satisty the
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same growth restriction. First, note that

[e0]

b+ by, = Z bllnn” + Z bz,nT[n = Z(bl + bz)nﬂ'n,
n=0 n=0 n=0

where (by + by), and by, + by, differ at most by a multiple of 7r. Since 1 € M and by, by, € M*,
(b1 +by)y € M for k, < c(n+1). Second, write A = unt™ with m > 0 and u a unit of V. Then

(uby—p) 7" .

hgk

n

m

Ab = (un™) Y by =
n=0

Then ub, _,, € M with x,, _,, < c(n —m +1), since M is a V-submodule of A*. As m > 0, we also

have that c(n —m+1) < ¢(n + 1). Thus, Ab satisfies the appropriate growth restriction. O

Let A be a commutative V-algebra of finite type. We define a bornology on A such that its
corresponding bornological completion (in the sense of Definition [3.1.5) is isomorphic to the dagger
completion AT of A. For this, we define a spectral radius for bornological V-algebras. Since we only
consider bornological V-algebras, we use the modifications for the definitions and results of [CCMT18]|
as explicitly considered in [MM19].

Definition 3.2.3. [MMI19] Definition 3.1] Let A be a bornological V-algebra and let M C A be a bounded
V-submodule. For r > 1 and € = |7|, set

rxM = o8I pf,

The (truncated) spectral radius p(M) is the infimum of all » > 1 such that }_,,~1 7" x M is bounded. If
there is no such r, then p(M) = . 3

Remark. As mentioned above, we exclude 0 < r < 1 from our definition. In these cases, the x-operation is
only well-defined for bornological V-algebras, with K the field of fractions of V, for which multiplication
by 7t admits a bounded inverse. As we do not need this case for our present purposes, we exclude it
altogether.

Proposition 3.2.4. Let A be a bornological V-algebra. The following are equivalent:
(a) p(M) =1 for all bounded V-submodules M;
(b) Yo 0" M4 is bounded for all bounded V-submodules M and ¢,d € IN;
(c) Y00 o T"M"+ is bounded for all bounded V-submodules M;
(d) any bounded subset of A is contained in a bounded V-submodule M with TM?* C M.
Proor. Compare [CCMT18) Proposition 3.1.3] and [MM19, Proposition 3.4]. O
As made evident by Proposition [3.2.4(b), the spectral radius estimate given corresponds to a linear

growth condition. Moreover, Proposition ¢) is reminiscent of the growth condition used to define
the canonical bornology on A. This motivates the definition of the linear growth bornology.

Definition 3.2.5. [CCMT18)| Definition 3.1.6] Let A be a bornological V-algebra with bornology B. The
linear growth bornology Bj; on A is the smallest bornology containing B such that p(M) = 1 for all
V-submodules M. A subset of A has linear growth with respect to B if it is contained in Bj;. The
bornological V-algebra A equipped with By, is denoted by A, and its completion by Aj,. J

Corollary 3.2.6. The fine bornology on V is the linear growth bornology. In particular, VTg =V.

Proor. By Lemma the fine bornology is the unique bornology on V. It also makes V into a
bornological V-algebra. By Proposition d), it now suffices to show that for every V-submodule M,
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M2 C M. As the V-submodules of V are precisely the ideals of V, M2CVMC M and 7M C M are
immediate. Thus, the fine bornology on V is the linear growth bornology as claimed.

The second assertion holds in general for bornological completions of V-modules equipped with the
fine bornology. 0
Proposition yields a characterisation of subsets of linear growth.
Lemma 3.2.7. Let A be a bornological V-algebra and B C A. The following are equivalent:
(a) B has linear growth;
(b) B is contained in Y00 0" S"+1 for some bounded subset S C A;
(c) B is contained in Y30 70" S+ for some bounded subset S C A and c,d € N.
Proor. Compare [CCMT18| Lemma 3.1.10] and [MM19, Lemma 3.6]. |
Since the linear growth bornology is constructed as the smallest bornology subject to a spectral
radius constraint, the corresponding completion satisfies an appropriate universal property.

Proposition 3.2.8. Let A and B be bornological V-algebras. Assume that B is complete and that p(M) = 1 for
all bounded V-submodules M < B. For every bounded map ¢: A — B, there is a unique bounded homomorphism
P 'A_lg‘ — B such that the diagram

Alg

commutes. If p(M) = 1 for all bounded V-submodules A, then A = Ay,

Proor. This is [CCMT18)| Proposition 3.1.15]. O
We can now reinterpret weak completions as bornological completions, using the linear growth

bornology associated to the fine bornology.

Theorem 3.2.9. Let A be a commutative V-algebra of finite type, equipped with the fine bornology. The canonical
map A — AT extends uniquely to an isomorphism of bornological algebras T@ = AT

Proor. This is [CCMT18| Theorem 3.2.1]. O
With Theorem in mind, we can apply results about linear growth completions to dagger

completions and vice versa. We collect the most important instances of this in the following two
lemmata.

Lemma 3.2.10. Let A be a commutative V-algebra of finite type and let | < A be an ideal. Denote by JAT < AY
the ideal | generates in AT. The natural map AT /JAY — (A/])t is an isomorphism.

Proor. This is [CCMT18| Lemma 3.2.4]. O
Lemma 3.2.11. Let A and B be bornological V-algebras.

(a) The multiplication on A is bounded in the linear growth bornology and extends to a bornological V-algebra
structure on A~1g.

(b) If p: A — B is a bounded unital algebra homomorphism, then there is an induced bounded unital
homomorphism ‘g : TIg — BTg If ¢ is a bornological quotient map, so is ‘.

(c) (A® B)jg = A}z ® Byg and therefore (A ® B)g = Tg@?@.

Proor. Part (a) is [CCMT18, Lemma 3.1.12], part (b) is [CCMT18)| Proposition 3.1.17] and part (c) is
[CCMT18| Proposition 3.1.25]. O
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For a general V-algebra A carrying the fine bornology, we will always denote the completion Tlg by
A'. This includes cases for which the conclusion of Theorem does not hold, but will simplify our

notation considerably.

3.3 Axiomatic Characterisation of Hochschild Homology of Bornological Algebras

Let us now consider a homology theory for bornological algebras. In order to take full advantage of
the bornological structure, we define bornological Hochschild homology. Let A be a complete bornolog-
ical V-algebra and M a complete bornological A-bimodule. Define CE*(A, M) = M A®" and let
b: Cbor(A, M) — CPor (A, M) be the completion of the bounded V-linear map

n—1
b(m@am®@- - Qay) =(mMa) Qar @+ @ap+ Yy MR @+ @211 @ -+ @ ay
i=1

+(-D"am) @ Q- Qay_1.

Definition 3.3.1. The complex (leor(A, M),E) is the bornological Hochschild complex of A with
coefficients in M. Its n-th homology is the n-th bornological Hochschild homology of A with
coefficients in M, denoted by HHY" (A, M). 3

If A = M, we denote by HH.®"(A) the homology groups HH " (A, A). This notion coincides with
the Hochschild homology for complete bornological V-algebras defined in [CCMT18, Definition 4.1.1].
As noted there, the bornological Hochschild complex for a V-algebra carrying the fine bornology agrees
with the ordinary Hochschild complex, since any bornological module is complete in the fine bornology.
We write Co (A, M) and HH,, (A, M) in this case, following our notation from Section

Section [1.1| shows that over a field, algebraic Hochschild homology may be defined as a derived
functor. This implies, in particular, that Hochschild homology can be characterised axiomatically, since
derived functors are universal J-functors (in the sense of [Wei94], Definition 2.1.4]; see [Wei94, Theorem
2.4.7] for a proof of this assertion). For Hochschild homology, a more explicit formulation of such a
characterisation is given by [Mac75, Theorem X.4.1].

Choosing the appropriate notion of short exact sequences yields a generalisation to bornological
Hochschild homology. For this we consider a variation of the split extensions introduced in Defini-
tion [3.1.10} called semi-split extensions.

Definition 3.3.2. Let

0 [V AN Y SNy VU 0

be an extension of bornological A-bimodules. We say that this extension is semi-split if ¢ admits a

bounded V-linear section. J
Theorem 3.3.3. Let A be a complete bornological V-algebra.

(a) Let f: M — N be a bounded A-bimodule map of complete bornological A-bimodules. Then there is a
bounded chain map f @ 1: Co(A, M) — Co(A,N), a chain map f @ 1: C8(A, M) — C5°"(A, N) and
an induced map f,: HHY" (A, M) — HHY' (A, N) for each n > 0. This defines a functor from the
category of complete A-bimodules to the category of V-modules.

(b) Let X be a V-module. Then A ® X ® A carries a canonical A-bimodule structure such that
HHEer (A,A@X@A) =0

forn > 0.
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(c) Let

0 M M M 0

be a semi-split extension of complete bornological A-bimodules. Then there is a long exact sequence
- — HH)Y, (A, M) — HHY™ (A, M') — HH;*"(A,M) — HH}" (A, M") — - -

and the connecting morphisms HHEST, (A, M) — HHE®" (A, M') are natural for morphism of extensions
of complete bornological A-bimodules.

Proor. For (a), observe that f ® 1: C4(A, M) — Co(A, N) defines a chain map. As f is bounded, so is
f®1. Thus, its completion f ®1: C2°"(A, M) — CL"(A, N) defines a chain map of the bornological
Hochschild complexes. This gives an induced map of Hochschild homology groups. Functoriality
follows from functoriality of completions for bounded maps.

Given a V-module X, as in (b), define an A-bimodule structure on A ® X ® A by
(@ ®ay) - (a®x®d) = (a10) ®x @ (d'ay) .

Its bornological completion A ® X ® A is then a complete bornological A-bimodule. To see that
HHbor (A,A®X®A) = 0 for n > 0, we show that Cbor (A,A® X ® A) admits a bounded chain

contraction.

First, observe that the bounded homorphism

(ARX®A) @AY 5 X® (A A¥" @ A),
(a2x2d)0(@® - ®ay) »xR@ R - -Ra,Ra)

admits a bounded inverse

X@(ARA"QA) » (AR X®A)® A®",
x@@ e @a,®a)— (A0x04d)® (0@ Ray).

The induced boundary map on the right is

(-1)x®ag® - @11 @+ @ Ay

M-

1) (x®ay® -+ Q@ay) =
0

for b’ the boundary map of the (unnormalised) bar resolution, whose n-th chain group is B,(A) =
A® A®" @ A. The latter admits a well-known contraction

SAQA QA AQAYTIQA, 4@ @y~ 1Qa0Q - @ ayy1,

which is bounded. This yields a bounded contraction for the chain complex X ® Bq(A). By Lemma[3.1.8]
we conclude that

X@Bu(A) 2 (ADXRA) @A 2 ARX® ADAD" = Cbor (A,A®X®A).

Completing 1 ® s’ then shows that X @ B+ (A), and consequently C2°" (A,A® X ® A ), admit a bounded
contraction as well.
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For (c), let
0 M M M 0

be a semi-split extension of complete bornological A-bimodules. From an application of Lemma [3.1.11
in combination with Lemma [3.1.8} we deduce that

0 —— MTAT" — MTAP" — M"TAT" —— 0

remains a semi-split extension. By (a), we know that any bounded A-bimodule map gives rise to a chain
map of the bornological Hochschild complexes. Hence, the above yields a short exact sequence

0 —— C3 (A, M) —— CL(A,M) —— C3” (A,M") —— 0

of bornological Hochschild complexes. This then gives the desired long exact sequence. Moreover, a
morphism of extensions defines a morphism of the associated short exact sequences of bornological
Hochschild complexes, which proves naturality of the long exact sequence. 0

Theorem is supplemented by the following.

Lemma 3.3.4. Let M be a complete bornological A-bimodule. Then there is a semi-split extension

0 N F M 0

of complete bornological A-bimodules, such that HHE'(A, F) = 0 for n > 0.

ProOF. Let F = A® M ® A, viewing the A-bimodule F as a V-module. By part (b) of Theorem m
we then have HHY®" (A, F) = 0 for n > 0.

We now show that the canonical bounded surjection
g AOMR®A - M, a@m®a — ama’,

gives rise to an extension of the desired form.

First, note that g is a bornological quotient map. Ultimately, this will also be a consequence of the
associated extension being semi-split, but we find it instructive to prove this independently.

Let B C M be bounded. By convexity, we may assume without loss of generality that B is a bounded
V-submodule. Then AQ B® A € A® M ® A is bounded in the tensor product bornology. Furthermore,
(A ® B® A) = B, which proves that g is a bornological quotient map. Thus, by Lemma [3.1.12} its

completion g, which is a bounded map from F to M = M, is a bornological quotient map as well.

Equipping the kernel N = ker () < F with the subspace bornology yields an extension

0 N F—1.M 0

of complete bornological modules. Note that
SM—>ARMRA, m—1ml

is a bounded V-linear section of ¢, hence its completion 5 is a bounded V-linear section of §j. Thus, the

extension is semi-split. g

In tandem with Lemma Theorem characterises bornological Hochschild homology
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axiomatically in the following sense. First, part (a) and (c) of Theorem show that together, the
HHgor(A, —) behave like a J-functor (in the sense of [Wei94] Definition 2.1.1]). Second, Lemma m
shows, essentially, that HHE% (A, —) is coeffacable (in the sense of [Gro57, §2.2]) for n > 1. The sought-
after conclusion, that coeffacable §-functors are universal (in the sense of [Wei94, Definition 2.1.4]), does
not apply verbatim, since the categories we are considering are, in general, not abelian. However, the

given characterisation suffices for our purposes.

More precisely, suppose we are given any family of functors H, (—) from the category of complete
bornological A-bimodules to the category of V-modules, satisfying the conclusions of Theorem [3.3.3]
Furthermore, assume that, for any complete A-bimodule M, there is a natural isomorphism Ho(M) —
HEOT (A, M). We can then use dimension shifting to prove that H, (M) — HET(A, M) for all n > 1 as

well.

First, choose a semi-split extension

0 K F M 0

as constructed in Lemma Observe that we may choose F = A ® M ® A, hence HHE' (A, F) = 0
and H,, (F) = 0 for n > 0. Now the long exact sequences associated to the above semi-split extension

provide a commuting diagram

0 —— HHY'(A, M) —— HHS"(A,K) —— HHY(A,F) —— HH" (A, M) —— 0

|
!

F) — 5 Ho(M) ——— 0

—R—

| |
: !

0 — Hy(M) —— Hy(K) ——— H;

—~

with exact rows. Here we use that the isomorphism Hy(M) — HE"(A, M) is assumed to be natural.
From this, we define the map HH.'(A, M) — H; (M), which is an isomorphism by the Five Lemma. In
higher degrees, the long exact sequences above also yield isomorphisms HHE‘fl (A, M) = HHY" (A, K)
and H,, 1 (K) = H, (M) for n > 1. We then conclude by induction that HHY" (A, M) = H,, (M) for all
complete bornological A-bimodules M.
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4 The Case of Crossed Product Dagger Algebras

Assume that a finite group I' acts on a V-algebra A by V-linear automorphisms.

In Section [4.T|we consider A x T bornologically and record elementary observations on its dagger
completion and the corresponding bornological Hochschild homology. In particular, (A x T)" =2 AT x T
(see Lemma [£.1.1). Using the additional structure provided by the group action, we relate the bornologi-
cal Hochschild homology of AT x T to certain hyperhomology groups in Section This is done by
employing the machinery of group hyperhomology coupled with the axiomatic characterisation proved
in Section In particular, using the full strength of the T-grading on A" x T, we reduce to twisted
bornological Hochschild homology (see Definition [4.3.T). The latter is defined in Section [4.3]and can be
expressed in terms of the twisted Hochschild homology of A (see Proposition [4.3.3).

Finally, in Section we spell out in detail how the results of Sections to reduce the
computation of the bornological Hochschild homology of AT x T to the ordinary Hochschild homology
of AxT.

4.1 Dagger Completions of Crossed Product Algebras

Consider the algebraic crossed product A X I'. As a V-module, A X T = @,cr Ay. We make A x T
into a bornological V-module by equipping it with the direct sum bornology of the fine bornologies
on each A-summand. This turns A x I' into a bornological V-algebra. To see this, first note that a
bounded subset of A x T is of the form Yoyer Byv, for B,, € A bounded. Hence, it suffices to check that
(By7Y) - (Bsd) € A(79) is bounded. Observe that

(By7) - (Bsd) = {(a7) - (b5) [a,b € A} = {(ay(b))(v6)[a,b € A} = (By - 7(Bs))(79).

Therefore, (B,7) - (Bsd) is bounded, since A is a bornological V-algebra with respect to the fine
bornology and each y: A — A is bounded by Lemma

Lemma 4.1.1. Let A be a commutative V-algebra of finite type. There is an isomorphism (A xT)t = AT T
and, for each n > 2, an isomorphism (A" x %"= (AN)"" %1,

Proo¥. Lety € I'act on A as V-algebra endomorphism : A — A. Then each 7 € T acts on A’ via its
dagger completion 7': At — A' by Lemma[3.2.11(b). The crossed product At x T is now constructed

with respect to this action. To show that (A x T)" and AT x T are isomorphic, we use their respective
universal properties.

The bornology on A" x T is the direct sum bornology of the bornologies on Af. This means that a
bounded subset is of the form ), 1 Byy with By C At bounded. As T is finite, any bounded subset is
contained in a bounded V-submodule of the form }_,cr M, for M a bounded I'-invariant V-submodule
M < A™. To see this, take M = ¥ cr 7' (Lyer(By)).

We can use this explicit description of the bornology of A" x T to show that each bounded V-
submodule of AT x T has spectral radius 1. First, consider a bounded V-submodule of the form
Z'yel“ My, with M < At bounded and T-invariant. Then

n+1
( Zﬂ/er MY) < Z'yer MnJrl,Y ’

since M is I'-invariant. This implies that

) n—+1 . .
Z”ZO o ( 27€F MlY) < Zn:O i Zver My = Z'yer (ano nnMnH) Y
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is bounded, since Yoo, 7"M" 1 C A" is bounded by assumption. As any bounded V-submodule of
A' T is contained in one of the considered form, Proposition b) applies. This shows that the
natural map A x T — A" x T extends to a bounded map (A x ')t — A" x T’ by Proposition

Conversely, consider the structure maps 14: A - AxTand ir: T — (A xT)*. By Proposition
there is an induced bounded map /f,: A" — (A x I')*. Additionally, the natural map A x T — (A x T)*
provides amap f: T — ((AxTI)") *. The crossed product algebra A x I is uniquely determined by
requiring that the diagram

A—4s AxT a: 14(a)
| oy | |
A — > AxT v(@) —— 1a(v(a)) = w(V)eala)r(y™")

commutes as a diagram of V-algebra homomorphisms. Completing this diagram shows that there is a
map AT T — (A xT)*, which is moreover bounded by construction.

The pair of bounded V-linear maps (A x T)t — At x T and AT xT — (A x )" are mutually inverse,
since their restrictions to A" and T agree. This gives the desired isomorphism.

Now, we combine the first assertion with Lemma [3.1.8)and Lemma [3.2.11(c) to conclude that

—

(AT % T)¥n = ((A X F)*>®n = ((A X 1")®”)Jr = (A®” X F”)Jr SEV IR = (A*)gn xT". 4

By Lemma the n-th chain group of the bornological Hochschild complex of At xTis given by
CZOI (A‘f' 9 l-v) _ (A+ ><] r)®(”+1) ~ (A'f)@(”Jrl) « 1"71+1 )

In analogy to Section we consider for any 7 € T a subcomplex of (C. (A" xT),b). For this,
consider the subgroup C2°F (AT % F)’r indexed by (n + 1)-tuples (o, ..., ¥n) such that yo--- v, € [7].
This defines a subcomplex (C2 (A" x T ),y,g) of (CT (At xT),b). Denote its n-homology by
HH" (AT ), .

Corollary 4.1.2. There is an isomorphism
HH (A" xT) = @ HH (A" xT),
[v]€ll]
foreach n > 0.

PrOOF. This is immediate from Lemma since
CBOT (A‘r « r) ~ (A+)®(n+1) « rn+1 _ @ (A+)®(n+1)(70/- -~/'7n) — @ Czor (A‘r « 1—~)7

(Y0y-weryn ) €T [v]elT]
|

Thus, computing the bornological Hochschild homology of A x T is reduced to computing the
homology groups HHL" (AT % F)W, where y runs through a set of representatives for the conjugacy
classes of T'.
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4.2 Bornological Hochschild Homology and Group Hyperhomology

In Section 2.1 we saw that the computation of the algebraic Hochschild homology may be further
reduced to understanding certain invariant subsets of twisted Hochschild homology groups. But
studying invariants is done by studying group cohomology rather than group homology. Since
we are interested in bornological Hochschild homology, this seems to present a slight complication.
This apparent issue, however, is entirely artificial. In characteristic 0, the modules of invariants and
coinvariants are isomorphic via the algebraic norm map (see [Wei%4, Proposition 6.1.10]). As we
assumed the case of characteristic 0 throughout Section 2} this was of no concern then.

In order to properly generalise the results of Section [2.1|to bornological Hochschild homology, we
adapt the strategy of [Lor92]. This approach makes use of group hyperhomology, for which we refer to
[Wei94, §5.7 and §6.1] and [Bro82, §VIL.5].

Given a finite group I' and a chain complex of V[I']-modules Co, we denote the n-th hyperhomology
group by H,(I',C,). Since I' is assumed to be finite, the spectral sequence computing H, (T, C,)
collapses to H,,(Cs)r. Thus, the hyperhomology groups are simply given by the module of coinvariants
of H,(C,). However, approaching coinvariants through the lens of hyperhomology allows making use
of the axiomatic characterisation of bornological Hochschild homology given by Theorem 3.3.3|

More precisely, we show
HHE (AT % T, M) = H, (T, C5° (AT, M))

for all complete bornological AT x T-bimodules M.

Following [Lor92, §2.6], we define a V[I']-module structure on the bornological Hochschild complexes
(Ckor (A*, M),b) and (C5°" (At x T, M),b) for M any complete bornological A" x T-module. For the
first complex, this is done by acting on the ordinary Hochschild complex (Co(A, M),b) as

TmRa @ - @a,) =ymy ' @y(a1) @ @y(an)

and then taking the completion of this action, equipping V[I'] with the fine bornology. The case
of (C5° (A" xT,M),b) is entirely analogous. These actions are compatible with the bornological
Hochschild boundaries, hence descend to a V[I']-module structure on the bornological Hochschild
homology groups.

First, we compute HHE" (At x I, M) in terms of HH"" (A", M) and the group action on the
bornological Hochschild homology. For this, we adapt the proof of [Lor92, Lemma 2.4(a)] to our setting.

Lemma 4.2.1. Let M be a complete bornological AT x T-bimodule. There is a natural isomorphism
HHE" (A" % T, M) = HH)" (A", M) ..

Proor. The inclusion AT — A" x T gives rise to a commuting diagram

Mz At b M HHE" (AT, M) ———— 0
M® (At xT) M HHE" (AY %I, M) ——— 0

b

showing that HHE (Af, M) surjects onto HHE®" (A* x T, M). This surjection factors through the
associated coinvariants as ¢: HHBOr (AT, M)r — HHB‘” (A+ x T, M).
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To see this, recall that the coinvariants are obtained by dividing out the V[I'|-submodule generated
by elements of the form y-m —m = ymy~! —m for v € T and m € M. As v is invertible in V[[],
we may equivalently consider the submodule generated by elements of the form ym —mvy for y € T
and m € M. These are, by definition, contained in the image of b: M® (A" x T') — M, providing the
claimed factorisation.

In order to construct an inverse, consider the canonical surjection

p: M — HH* (AT, M) — HHY" (AT, M) .

We claim that ¢ factors through HHE" (A" xT,M).Soletay € A*xT,a € A" and v € I'. We have to
show that ¢((ay)m) = p(m(avy)) for all m € M. This holds, as

p(m(ay)) = p(m(yy ") (@y) = gy~ (@y)my) = p((ay)m).

Here, we first use 7~ (ay) € At and that the equality holds there, since we factor through HHE"" (A", M).
Surjecting onto the coinvariants then yields the last equality, as we act on M by conjugation.

Since ¢ is induced by the identity and ¢ is induced by the canonical quotient projections, they define
a pair of mutually inverse homomorphisms.

For naturality, we first recall that any bounded A-bimodule map f: M — N induces a morphism
of the bornological Hochschild complexes. This morphism of complexes is compatible with the one
induced by AT — A" x T. Thus, we obtain a commuting diagram

b

ME A? M HH (AF, M) —————— 0
A
N At b N L HHY (AL, N) —————— 0
MT (AT «T) b > M » HHE (AP < T, M) ———— 0
fE@1 f fo
= ) L o
N® (A* xT) b N HHE*" (A % T,N) ———— 0

defining the bornological Hochschild homology groups of interest. The rightmost face then gives rise to
another diagram

HHE" (A1, M) ! HH" (AT,N)

— —

HH§" (A, N)

M T~y ~ PN Ty
HHE" (A % T, M) ! HH" (A* % T,N)

with @p: HHR™ (AY, M) — HH™ (A" x T, M) and @n: HHE (AY,N), — HHE (A* % T,N) the
isomorphisms from above. The back commutes by the above, whereas the left, right and upper faces
commute by construction of the coinvariants as quotients. Since HHZ"" (At, M) — HHE" (AT, M), is

surjective, we conclude that the lower face commutes as well. This proves naturality. O
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Next, we establish that certain hyperhomology groups with coefficients in bornological Hochschild
complexes vanish. We reconstruct the explicit chain map used in the proof of [Lor92 Proposition 2.6(a)]
in Appendix[A]and then check that it continues to work when considered bornologically.

Lemma 4.2.2. Let X be a V-module. Then

H,, (r,ct’or (A*, (AT xT) @ X ® (At % r))) =0

forn > 0.
Proor. By Lemma the maps

Pon: (AXT)@X®(AXD) @AY = (AxT)@X® A)® A®") @ V[T,
(ay@xRb) @ (a1 @ ®ay) — (6(a)dyRx@b) @ (8(a1) @ ®@(a,)) @

assemble into an isomorphism of V[I']-complexes
Pe: Co(A (AXT)@X®@(AXT)) 5 Co(A (AXT)2X®A)® V[I].

Here we use the V[I'|-structure from before for the left hand side, but endow the right with the induced

V[I']-structure. The components of the inverse are explicitly given by

Pn: (AXT)RXRA)QA) @ V] = (AxT)@X®(AxT)) @ A®",
(Y Rx@b) (M Q- @ay) 6 — (6(a)dyRxRb5 1)@ (8(a1) ®--- @(ay)).

Observe that the ¢,, and 1, are bounded. This is the case, since we are considering bornological algebras
with a bounded group action by I'. Thus, taking bornological completions shows that

Ch(A, (AXT)@X®(AXT)) 2 Cy(A, (AXT)@XRA) R V[ =2 Cyh(A (AXT) @ X® A)QVI[T],

by Lemma and using that V[I'] is complete with respect to the fine bornology. Moreover, it holds
true that

Ch(A, (AXT)@X®RA)R V[T =Cu(A (AxT)® X® A)®VIT]

since T' is finite. This follows more generally for any complete bornological V-module. Indeed, since
M® V[ = @, cr M as bornological V-modules and the direct sum of complete bornological modules
is complete, M ® V[I'] = M ® V[I']. Now observe that

Cu(A, (AXT)® X® (A xT)) = Cbor (A+,(A+><r)®X®(A+>qr))

as well as

Cu(A, (AxT) @ X® A) = Chor (A*,(A*xf)@X@A*),

by combining Lemma with Lemma Thus, we just showed that

ctor (At (AT uT) @ X @ (AT xT) ) 2 Cr (ah (4t xD) @ X @ AT ) @ V[r]

as V[I']-complexes, which gives an isomorphism

H, <r,CE’°r (A*, (A" xT)® X® (AT % r))) ~H, (r,CEOr (A*, (AT xT) ®X®A*) ®V[F]>
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of hyperhomology groups. Since C5°" (A‘L, (ATxT) XAt ) carries the trivial V[I']-complex struc-
ture, Shapiro’s lemma ([Bro82, Proposition 6.2]) implies that

H, (r, Cber (A*, (AtxDeXxe At ) ® V[r}) ~H, (1, cber (A*, ATxTD) e X® A*))

with 1 the trivial group. These groups vanish for n > 0, proving the claim. 0

Following the strategy of [Lor92, Proposition 2.6], we combine Lemma and Lemma to
identify the bornological Hochschild homology of At x M with certain hyperhomology groups with
coefficients in bornological Hochschild complexes. In our case, this now makes use of the results of

Section 3.3

Theorem 4.2.3. Let M be a complete bornological At x T-bimodule. There is an isomorphism
HHE" (AT % T, M) = H, (T, C5° (AT, M))

foralln > 0.

Proor. To prove the claimed isomorphism, it suffices to check that there is a natural isomorphism
HH'(")’Or (A+ xT,M) = Hy(T, Cbor (A+, M)) and that H, (T, Cbor (A+, —)) satisfies the conclusions of
Theorem [3.3.3] This was remarked at the end of Section 3.3

Since Hy (T, C2" (A1, M)) = HH™" (AY, M) , by the spectral sequence computing the left hand side,
Lemma provides a natural isomorphism HHE" (A'xT,M) = Hy(T, Chor (AT, M)). Lemma m
gives the required vanishing. Finally, any semi-split extension

0 M M M" 0

of complete bornological A" x I'-bimodules is also a semi-split extension of complete bornological
At-bimodules. This gives a short exact sequence of bornological Hochschild complexes

0 —— C3 (AY, M) —— C" (AF, M) —— C" (A*,M") —— 0
as established in the proof of Theorem part (3). Thus, there is a long exact sequence
- — Hyq (T,C2 (AT, M")) — H, (T, C5 (AT, M'))
— H, (T, C5" (A1, M)) — H, (T, C3" (AT, M")) — ---

of hyperhomology groups. g

In the end, we want to apply Theorem in the case of M = A" x T. Note that AT x T carries a
natural I'-grading, meaning that A" x T decomposes as A" X T = @, cr A™y. More generally, a complete
bornological T-graded AT x I-bimodule is a complete bornological A x I'-bimodule M which can be
written as M = @, cr My for M, complete bornological A" x T-modules such that (Aty)M; C Moys
and M, (A%6) C M. for all 7,6 € T. Morphisms of complete bornological I-graded A" x T are required
to preserve the grading.

Corollary generalises to the bornological Hochschild homology of AT x T with coefficients in
I-graded bimodules. For this, we rewrite the n-th chain group of C5°" (AT x T, M), with M a complete
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bornological I'-graded A % T-bimodule, as
Chor (AT T, M) = MT (AT % T)?" 2 M@ (A xT)*"

using Lemma and Lemma For each y € T, we can define a subgroup of M ® (A x I')®"
spanned by elements of the form m,, ® a1y1 ® - - - ® ayy, with 9 - -9, € [y]. Taking completions
defines a subcomplex (C8°" (A" x T, M) 7,5) of (C5°r (At x T, M),b). Denote its n-th homology by
HHET (AT T, M).
Corollary 4.2.4. Let M be a complete bornological T-graded AY x T-bimodule. There is an isomorphism

HH (A" %I, M) = B HH) (A" %I, M),

[vlelT]

for eachn > 0.

Proor. Since direct sums commute with completions, the given algebraic decomposition immediately
gives the appropriate decomposition of (C5%" (At x T, M),b). The claim follows by taking homology.[]

With this in mind, both Lemma and Lemma generalise well to the graded case.
Lemma 4.2.5. Let M be a complete bornological T-graded AT x T-bimodule and let X be a T-graded V-module.

(a) There is a natural isomorphism
b t ~ b t
HHg*" (A" % T, M)v = HHg" (A", M}y

for every v € T.
(b) There is a T-grading on (AT x T) ® X ® (A" x T) such that

H, (r,c&’or (A*, (A'XT) @ X® (At «T) m)> -0

for each oy € T and for n > 0.

Proor. For part (a), we recall that T acts on the M factor in (Ca (At, M),b) by conjugation. Thus, the
T'-action stabilizes M|,). This shows that (Ce (A+, My, ),E) is a complex of V[[']-modules. Moreover, by
construction, CBM (AT xT, M)W = My, Together with the way the subcomplex (Ck,’or (AT T, M) 7,5)
is defined, this gives a commuting diagram

-

Mpy) ® AT Mpy) HHG™ (47, M) ——— 0
M'Y

M® (AT %T) HHE™ (AT %I, M), —— 0

b
with exact rows. From here on we can continue as in the proof Lemma

For part (b), we define a I'-grading on (A X T) ® X ® (A xT) by

(AxT)®X®(AxTI)), = P Ase Ve Ay.
o1
denn=y
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Taking completion of these sums gives a decomposition for (AT % T) ® X ® (A" x T). Note that

r _ bor
H, (r,c{’o (a4 (AT%T) e X @ (A 1) )) - h%ﬂ H, (r, Cher (A4, (AT HT) 9 X ® (AT wT) m)) ,

since completed tensor products commute with direct sums and hyperhomology is additive. As

JHn(r,cEOf (A*,(A*r «T)®X® (A" x r))) =0

by Lemma we conclude that

H, (r,c?or (A*, (AFxT)® X ® (AT 1) m)) =0

forally €T 'and n > 0. O

Using Lemma we strengthen Theorem in case of I'-graded bimodules.

Theorem 4.2.6. Let M be a complete bornological T-graded A" x T-bimodule. There are isomorphisms
b t ~ b t
}H{nOr (A xT, M)’y = H, <r/ Cr (A ’M['Y]))

forally €T and n > 0.

Proor. We consider the groups HHEOr (At xT, M)W as part of a functor: Associate to a I'-graded
complete bornological A" x T-bimodule the sum

HHEOI‘ (A+ X F,M) = [ ﬁr]HHgor <A+ «q F,M)’Y
7]e

If we consider only I'-graded bimodules, the results of Theorem continue to hold true. Now
Lemma [4.2.5(a) shows that the isomorphism of Theorem is compatible with the given decomposi-
tions. Thus, following the proof strategy outlined at the end of Section we can inductively show
that the isomorphisms

HHE" (AT % T, M) = H, (T, C5° (AT, M))

of Theorem are in fact induced by a family of isomorphisms
HHE (AT % T, M), = H,(T,C (A", M,))
n 4 % n VAT 7 04 .
Here, 7 runs through a set of representatives of the conjugacy classes of I'. O

The hyperhomology group in Theorem can be further simplified. For this, we reconstruct the
explicit chain map used in the proof of [Lor92, Proposition 2.6(b)] in Appendix[A|and then consider it
in the bornological context.

Proposition 4.2.7. Let M be a complete bornological T-graded At x T-bimodule. There are isomorphisms
H, (T,C5 (AT, M) ) = H,(C,, CBr (4%, M,))

forally €T and n > 0.
PrOOF. As in the proof of Lemma we start with algebraic considerations first. Fix oy € I' and
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consider the complex
C, (A, M«y) ®V[CW] V[F] .

Acting on the right factor turns this into a complex of V[I']-modules. By Lemma the maps

Pn: (M,y & A®n) ®V[C7] V[l — Mm ® A®",
My @ (@@ @ay) @6+ (0 'myd) @ (6 a1) @ @6 Hay))

assemble into an isomorphism
Qe : Ce. (A,Mry) ®V[CV] V[F] = Ce (A, M[,y])

of V[I'|-complexes. The inverse ¢, of ¢, is defined as follows. Let [y] = {71,...,7¢} and for each
vi € [7], choose a fixed §; € T such that 51’751-_1 = v;. Now let

Yu: M) ® A®" — (My @ A®") @y, VIT],
Mm@ @ay) — (51-_17711'51‘) ® ((51-_1(111) Q- @5?1(01,1)) ®5i_1.

1
We view the V[C,]-tensor products as quotients of V-tensor products and consider the corresponding
quotient bornology. Note that then both ¢, and ¢, are bounded, since we are given bornological
algebras endowed with bounded group actions. Taking bornological completions now shows that

Cu (A, My) @yic, VIT] = Cp (A, M) -

There is an isomorphism

Cu (A, M,) ®y(c,) VIT] 2 Cy (A, My) @y VIT].
Indeed, as V[C,]|-modules,

Cn (A, My) @yic, VI = D Cu (A M)
0eC\T

and therefore

Cu (A, My) @y, VIT] = @ Cu (A My) =Cp (A M,) ®yic, VI
deC\T

Using Lemma [3.2.11fc) and Lemma we also conclude that
Cu (A, M) = Ch" (AT, M,)

as well as
Cu (A, M) 2= CH (AT, M) .

Thus, there is an isomorphism

Csor (AY, M) Ryc,] VIT] = Chor (A*,MM)
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of V[I'-complexes. Shapiro’s lemma ([Bro82] Proposition 6.2]) then gives an isomorphism
b ~ b ~ b
H, (€, €2 (4%, M,) ) 2 H, (T,C5 (A, My) @y () VIT]) = H, (T, C2 (A%, M)

of hyperhomology groups, as claimed. g

4.3 Complements on Twisted Bornological Hochschild Homology

Let g: A — A be a V-algebra homomorphism. As in Section 2.1 we consider the A-bimodule Ag, with
right A®-module structure given by a - (a7 ® ap) = apag(ay). Since g is bounded in the fine bornology,

we can also endow A’ with a twisted A*-bimodule structure. Denote this (A¢)*-module by A;. We
write C0" (AT, g") = Cpr (AT, ALL).

Definition 4.3.1. The complex (C5°" (A%, ¢"),b gt) is the g'-twisted bornological Hochschild complex

of A*. Its n-th homology is the n-th gf-twisted bornological Hochschild homology of A, denoted by

HHEr (A, gh). J
We use the strategy of [CCMT18, Proposition 4.1.7(a)] to prove an analogue of Lemma for

¢'-twisted bornological Hochschild homology. For this, we need a flatness result.

Lemma 4.3.2. Let A be a commutative V-algebra of finite type. The canonical map A — A is flat.

Proor. This is [CCMT18, Lemma 4.1.4]. U

Proposition 4.3.3. Let A be a torsion-free commutative V-algebra of finite type. The natural homomorphism
HH, (A,g) — HH, (A+ , g+>

induces an isomorphism
A @4 HH, (4,8) = HHE™ (A" ")
foralln > 0.

Proor. Consider the (unnormalised) bar resolutions (Be(A),b’) of A and (B}fOr (A*),g) of A%, re-
spectively. Let M be an (A¢)"-module. The proof of [CCMT18, Proposition 4.1.7(a)] shows that the
natural chain map

M ® ge Bo(A) = M @4yt BE (AT)

is a quasi-isomorphism. We claim that for M = A;, the quasi-isomorphism specialises to the asserted
isomorphism.

First, we show that the homology of A; ®4e Be(A) is given by AT @4 HH,, (A, g). For this, we
observe that
AT ®p Ag — A;r, a®b s ab

is an isomorphism of A®-modules. This is the case, since the twisted right Af-module structure of A;r

is the extension of the twisted right A-module structure of A¢. Thus,
Afy @40 Bo(A) 2 AT®4 ©Ag @0 Bo(A) 2 AT®4 Co (4,3)

is a chain isomorphism. Since A" is a flat A-module by Lemma the n-th homology of the last
complex is given by AT @4 HH,, (4, g).

Second, we show that the homology of A;,r B (pe)t Bbor (A1) is given by HHEr (A*,g%). For this, we
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first rewrite A¢ as a quotient of A®. Note that the twisted multiplication map
pe: A® = Ag, a®b > ag(b)

is a surjective A°-module map. Thus, for | = ker(u) we obtain an isomorphism A®/] = A, of
A®-modules. We consider the tensor product Ag ® 4 (A®)" as an (A®)"-module, by acting on the right.
With the aid of Lemma [3.2.10} this yields an isomorphism

Ag @pe (A%)T 2 (A%/]) @ pe (A%)T 22 (A%)T/](AS)T = (A/])T = (Ag)T

of (A®)*-modules. Note that (A,)" is by construction the (A®)*-module, with right structure the
extension of the right structure on A,. That is, (A)" = A;L. Thus, as (A®)"-modules, A; ® 4e (A®)" =
A?,. This now implies that

8

A; ®(aeyt BET(AY) 22 Ag @ pe (A®)T @ ey B (AT) = Ag ® e BYT(AT)
is a chain isomorphism. The n-th chain group can be rewritten as
Ag @4e B (AT) = (A/]) @4 B (AT) = B (AT) /] B"(AT).

We note that J B2 (A") = (JB,(A)) B (A") and that B,,(A) is a commutative V-algebra of finite type,
since A is. Recall that B2' (A1) = (A+)®(”+1) by definition and that AT = Zlg by Theorem 3.2.9} Thus,
using Lemma [3.2.11|c) we deduce that

BYr(AT) = (A) 70 e (A1) T e (450D ) e (B,(A))1
Thus, Lemma applies to produce an isomorphism
BLOT(AY) / BUOT(AT) = BUOT(AT) /(] By(A)) BEF(AT) = (Bu(A) /] Bu(A)).

Algebraically,

Bi(A)/]Bu(A) = (A%/]) @ae Bu(A) = Ag ®4e Bu(A) = Cu(A, Q).
Taking completions then shows that

ALy @ gy BET(AT) 2 Cy(4,8)" = Chr (A*,g*) .

Here, the last isomorphism is the chain of isomorphisms

chr (atgt) = (a7 = (R Y 2 (AT = €4, )"

provided, again, by Theorem and Lemma c).

Now note that the intermediate identifications make only use of natural quotient maps, hence

assemble to define an isomorphism
A;» ®(Ae)+ Bl.)or(A‘l') ~ Ck:or (A+, g'l')

of chain complexes. The n-th homology of the last complex is given by HHE" (A, ¢") as claimed. O
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4.4 Hochschild Homology of Crossed Product Dagger Algebras

We now combine the results of Section and Section View A' x T as a I'-graded complete
bornological A" x T-bimodule. In combination, Corollary Theorem and Proposition
show that

HH" (A" % T) = ) HH) (A" xT)
[lelr)
= @ H, (1, (4!, (atxT), )
[rlelr]
= P H,(C, Chr (A", (A" xT),))
[lelr)

Note that (A" x r>“r = A'y. As an At-bimodule, we have that Aty = Afﬁ. Since C, is finite,

bor 1 1 ~ bor + t ~ bor I
H, (€, Chor (4%, (AT %T), ) ) = HH" (4%, (A" % r)y)q =~ HH}" (A", )C7
for each [y] € [I']. Thus,
HHE™ (A" % T) = @ HHE (4%, «f)c :
[v]€[T] !
By Proposition this reduces the computation of the bornological Hochschild homology of A" x T
entirely to the computation of the twisted Hochschild homology of A. From Section 2.1 we know this to
be equivalent to computing the Hochschild homology of A xT.

If A is, moreover, torsion-free as a V-algebra, Proposition shows that
At @4 HH, (4,7) = HH; (4%,91).

Assume now that K, the field of fractions of V, is of characteristic 0. Along the base change V — K,
we can then take full advantage of the results established in Section 2| In our setting, this is the most
natural choice of a base change to characteristic 0. Let A = K® A, which is a commutative K-algebra of
finite type and is endowed with a group action by T as well. Write 77: A — A for the endomorphism
induced by v: A — A. Since the base change V — K is flat, we can show that

A®aHH, (A,v) =2HH, (A7)

analogously to Lemma If we now assume A to be smooth, HH,, (4,7) is computed in Section
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A Two Isomorphisms of Chain Complexes

We work in the setting of Section[4.2] Lemma[A.T|and Lemma [A 2] reconstruct the explicit isomorphisms
of V[I']-complexes used in the proof of [Lor92, Proposition 2.6].

Lemma A.1. Let X be a V-module. There is an isomorphism

Co(A,(AXT)RX®(AXT)) =5 Co(A,(AXT)®X®A) @ V[T

of V[I']-complexes.

Proor. For each n > 0, let

Pn: (AXT)@X@(AXD)) @AY = (AXT)@X®A)®A®") @ V[T],
(ay@x@b8)® (a1 @ ---@ay) — (5(a)dy@x@b) @ (5(a1) @ ®(an)) @,
Here we equip the left hand side with the V/[I']-structure from before, whereas on the right hand side T
acts trivially on the first factor. Then
pn(8- (a7 @ x®bO) @ (a1 @ -+~ @ ay)])

=pn((g(@)gr@x@bog™) @ (g(ar) ® - @ g(an)))

=((6371)(8(a)) (687 )gy ®x ® b) @ (68~ )(8(a1)) @ -~ @ (5™ 1) (8(an))) ® (6871) ™

=)0y Rx2b)® (5(a1) ®@--- @ d(ay)) @ o

=g [(6(a)dy@x@b) ® (8(a1) ® - ®(ay)) ® 5]

=g Pu((aYRx D)@ (11 @ ®ay))

shows that each ¢, is I'-equivariant. To check that ¢, is a chain map, we compute

(pp—1b)((ay @ x QD) @ (11 ® - - - R ay))
= pu1 (07 © 39 b6(01)0) © (20 - D 1)

+ri(m®x®b5)®(~~®aiai+1®-~)

+ E—l)”(ana’y RxQb) D (M@ ® un_1))
=(6(a)by@x@b6(a1)) @ (0(az) @ -+ @6(ay)) @61

+ E((S(a)é'y RXxRb) R (- ®6(aai 1) ®---) D5}

+ E_—ll)”(&(ana)éfy Rx@b) @ (8(a) @ ®@8(a,_1)) @1

and
(b@1)gn)((ay@x@b0) @ (a1 @ ®an))
=be1)((6(a)dy@x@b)® (0(a1) @ @d(ay)) ®61)
= (6(a)6y © x ®bd(a1)) @ (8(a2) ® - -~ © 8(an)) © 5"
+ E(&(ﬂ)&y@) x@b)@ (- ®6(a;))6(ai41)®---) @67 ¢
=1

+ (=1)"(6(an)d(a)dy @ xR bS) @ (6(a1) ® - -- @ (ay_1)) @6 L.

These two expressions agree, since each v € I' defines a V-algebra homomorphism of A by assumption.

46



Finally, the maps

Pn: (AXT)@X®A) @A) @ V[I] = (AxT)®@X® (AxT))® A%,
(@Y Rx@b) @ (1 ® -+ @ ay) ©5 = (6(a)dy@x @b~ 1) © (6(a1) ® - -+ @ 6(an))

define inverses. Indeed, on generators we see that

(Ynpn) ((ay ®x @) ® (a1 ® -+ - ® an))
=Pn((6(a)0y @ x@b) @ (8(a1) ® -+ ® 8(an)) ® )
= (67" @x@b(e )T @ (67 (6(m) @ - © 5 (d(an)))
=@yRxRb0) R (a1 @ ®ay)

and that
() (@Y @x @) ® (1 @ -+ - R an) ®J)
= pu((6(a)0y @ x @657 @ (0(ay) @ - ®8(an)))
— (671 (6(@) (6167 @ x @b (51 (B(m)) @ -+ @671 (8(an))) @ (67
=@yRxb)) (M@ - Ray) 7.
Thus, ¢, is an isomorphism of V[I']-complexes. O

Lemma A.2. Let M be a T-graded A x I'-bimodule. For each <y € T, there is an isomorphism
Ce (A, M'y) ®V[Cv] V[F] = Ce (A, Mm)

of V[I']-complexes.

Proor. Fix y € I. If m, € M, and § € I so that 6 196 = 7/, then 6 'm, 6 € M, < My, Thus, for
each n > 0, let

Pn: (My ® A%") @yc,) VIT] = My @ A",
My @M Q- ®@ay) @6 +— (5‘111175) ® ((5—1(a1) Q- -- ®5‘1(an))

The right side carries the V[I'|-structure from before and the left side is equipped with the induced

V[I]-structure. Equivariance is immediate from

Pn(g- My ® (a1 @ - @ay) ®4])
=@u(my @ (m @ @a,) @ (6g7"))
=((6g7 ) Iy (6g7 ) @ (671 Har) @ -+~ @ (687) " (an))
= (8007 my0)g ™) @ (g(67 () @ - @ g(67 (an)))
=g [(67'my8) @ (67 (@) @+ ® 5 (ap))]
=g Pu(my, @ (11 ® - Ray) Q).
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For € € C, we also have that

Pn(my @ (1 @ -+ @ ay) @ (€6))
= ((8) 'y (e)) @ ((€6) M (a1) ® - - - @ (€8) " (an))
= (6 (e tmye)d) @ (6 (e m)) @@ (67 (e (m)))
= pul(e 'mye) @ (e H(a1) @ @e H(an)))

which shows that the ¢, are V[C,]-balanced. To see that ¢, is a chain map, we note that

(pn-1(b®1))(my @ (a1 @ -+ @ an) @ J)
= Pn— 1(”17111 ®(ﬂz® ®an)®(5

n—1
2 Dim,y @ (- Qa1 @) @0

i=1

+ (=1)"(anmq) @ (a1 @ -+ - @ a, 1) ®(5)
= (67 (mya1)8) ® (67 (a2) @~ @67 (an))
Y ) e (e e ) @ )
+ (—1)”((5‘1(anm7)(5) @0 Ha) @ - @6 N ay_1))

and

(bpu)(my @ (a1 @ -+ ®ay) ®9J)

b((671my8) @ (67 (a1) @+ ® 6 (an))
((5‘1%5)5‘1(&1)) © (67 (a2) @ - @6 (an))

+ Z (67 myb) @ (- @67 (a)0 (ai41) ® -+ -)

+(—1)”(571(ﬂn)(57 m,6)) © (071 (a) ® -+~ @6 (ay-1)).

The final expressions agree, since the 5! are V-algebra homomorphisms and the V[I]-structure of M (]
is defined as the restriction of its A x I'-structure.

To obtain an inverse of ¢., we will define an inverse ¥, of each ¢,. Let [y] = {71,..., 7.} and for
each 7; € [], choose a fixed ¢; € T such that 6;y; 1'— 4,. We then define

Yn: My ® A®" — (My @ A®") @yic) VIT],
mz-®(a1®~~®an) = (67 mio) @ (67 (a1) @ - @6, Han)) ®@6;

It remains to check that ¢, and ¢, are mutually inverse. We start with
(n@n) (my @ (a1 @+ @ an) @6) = Pu((07 myd) @ (57N () @ -+ @67 (an)))

Since 6~ 196 € [v], there is a unique 7; € [7] such that 671y = v = 6v6; ! Note that this implies that
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60; € C,. Now (5’111175 € M,,, from which we deduce that

(0 myd @ (67N a1) ® - ® 6 (an)))
= (67167 my8)5) @ (671 (6 Hm)) ® - @67 167 an))) ® 67
= ((66:) " )m4 (861)) ® ((66) " (m) © - -~ @ (88;) " (an)) @ 67
=1, ® (a1 @ ®@ay) @ (66;6; 1)

=My @ (M- ®a,) X0,
since we consider a V[C,]-balanced tensor product. Conversely, we find that

(Pntn)(m; @ (a1 @ - @ ay))
= (67 m0;) ® (07 (a1) @ -+~ @ 67 (an)) @ 6771

= (6 1) 716 tmisn)o; ) @ (((67) (6 ) @@ (6, 1) 71)(6;  (an)))
=m; QM Q- Qay).

Thus, @, is an isomorphism of chain complexes.
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