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Groupoids in index theory

Smooth compact manifold M : G = M x M = M the pair groupoid.
The tangent groupoid of A. Connes :

Giy=TM x {0} UM x Mx]0,1] = M x [0,1]

It defines : 0 — C*(G4;|arxj0.1]) = C*(Ghy) =3 C*(Glslarxioy) — 0
~ K ® Cy(]0,1]) = C*(TM)

leo] € KK (C*(GY,),C*(TM)) is invertible.

Let €1 - C’*(wa) — C*(gf\/_f|Mx{1}) == C*(M X M) ~ IC.

The index element

Indyrwar i=[eo] ' ®[e1] € KK(C*(TM),K) ~ K°(C*(TM)) .
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The algebra U*(G) = ¥*(M x M) identifies with the C*-algebra of
order 0 pseudodifferential operators on M and

0——=C*" (M xXM)——=V*"(MxM)—=C(S*TM) ——0
~ IC

which gives a connecting element Indy <y € KK (C(S*TM),K).
Let ¢ be the inclusion of S*T'M x R% as the open subset T*M \ M of
T*M then -

Imdprx v = Indprxvr @ [i]

Proposition [Connes]

The morphism - ® Indyrxar : KY(T*M) ~ KK(C,C*(T'M)) — Z is
the analytic index map of A-S.
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General Lie groupoid G = M [Monthubert-Pierrot, Nistor-Weinstein-Xu]
The adiabatic groupoid : G%, = AG x {0} UGx]0,1] = M x [0, 1]
gives Indg := [eg] ! ® [e1] € KK(C*(/AG), C*(QG)).

Pseudodifferential exact sequence :

0——C*"(G) ——=V¥*(G) ——= C(S*"AG) ——= 0

which defines Indg € KKYC(S*AG),C*(G@)) with Inde = Inde ® []
where 7 is the inclusion of S*AG x R* as the open subset 2A*G' \ M of
A*G.

Manifold with boundary - V' C M a hypersurface [Melrose & coauthors]

e (-calculus, (pseudodifferential) operators vanishing on V :
replace M x M by Gy = M equal to the pair groupoid on M \ V
outside V' and isomorphic to G, x R% around V.

e b-calculus, (pseudodifferential) operators vanishing on the normal
direction of V' : replace M x M by Gy = M equal to
M\V x M\ V outside V' and isomorphic to V' x V x R x R*
around V.
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What about more general situations ...

Can we mix the above situations ?

Framework : G = M a Lie groupoid, V C M a submanifold,
I' = V a subgroupoid of G and operators that “slow down” near V in
the normal direction and “propagate” along I' inside V.

Today, in this talk :

e Present the general groupoid constructions involved in such
situations.

e Compute, compare the corresponding index elements and
connecting maps arising.
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The Deformation to the Normal Cone construction

Let V be a closed submanifold of a smooth manifold M with normal
bundle N‘]y . The deformation to the normal cone is

DNC(M,V) =M x R* UN x {0}

It is endowed with a smooth structure thanks to the choice of an
exponential map 0 : U’ C N‘jy — U C M by requiring the map

(0(x,tX),t) for t #0

O (2, X1) |_>{ (x, X,0) fort=0

to be a diffeomorphism from the open neighborhood
W' ={(z,X,t) € NI xR | (z,tX) € U'} of N} x {0} in N) xR on
its image.

We define similarly

DNC(M,V)=M x R* UN{ x {0}
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Alternative description of DNC

Let V be a closed submanifold of a smooth manifold M with normal
bundle N‘]y :

DNC(M,V) =M x R* UN x {0}

The smooth structure is generated by requiring the following maps to
be smooth

Foranyz e M, \eR*, yeV, X ¢ T,M/T,V :
e p: DNC(M,V) = MxR : p(z,A) = (2,}), ply,X,0) = (y,0);
e given f: M — R, smooth with fj,, =0,

FeONOOMLY) 5 R, ) =T iy, X 0) = (@), (x)
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Functoriality of DNC

Consider a commutative diagram of smooth maps

Ve—s M

o

V/( M/
Where the horizontal arrows are inclusions of submanifolds. Let

DNC(f)(x,A) = (fa(x), N for x € M, A € R,
{ DNC(f)(z,X,0) = (fy(z),(dfr).(X),0) forxeV, X eT,M/T,V

We get a smooth map DNC(f): DNC(M,V) — DNC(M',V").
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Deformation groupoid

Let I' be a closed Lie subgroupoid of a Lie groupoid G = GO,
Functoriality implies :

DNC(G,I') = DNC(G?, 1)

is naturally a Lie groupoid; its source and range maps are DNC(s)
and DNC(r); DNC(G,T)® identifies with DNC(G®,T'(?) and its
product with DNC'(m) where m : ng) — G, is the product.
Remarks

e No transversality assumption !

e Nf is a VB-groupoid over Nﬁfﬁ) denoted N& = NG’

T(0) *

DNC(G,T) =G x R* UNE x {0} = G© x R* UNS,) x {0}
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Examples

1. The adiabatic groupoid is the restriction of DNC(G, G(®)) over
GO x [0, 1].

2. If V is a saturated submanifold of G() for G, DNC(G,GY) is
the normal groupoid of the immersion Gy, < G which gives the
shriek map [M. Hilsum, G. Skandalis].

3. m: E — M a vector bundle; consider AE C Ex ECE X E :
M

T=DNC(DNC(E x E,E x E),AE x {0}) = ExR xR
M

Let TH = T1Ex[0,1)x[0,1) and Thom = T |gx {0} x[0,1]-
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Examples

3. m: E — M a vector bundle; consider A C EX ECFE X FE :
M

T=DNC(DNC(E x E,E x E),AEx{0}) 2 ExRxR
M

Let 7TH = T|E><[O,1]><[O,1] and T hom = T|EX{O}X[O’1]'

IndM
E X TM x E——— DNC(E x E,E x E)|gx1 —— E x E
M M M ’ ~
7 ~(93)% -
Thom ™! T hom TH gL, Indg
TE TE x [0,1] TE

Gives Ind™ = Ind™ [D.-Lescure-Nistor].
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The Blowup construction

The scaling action of R* on M x R* extends to the gauge action on
DNC(M,V) =M x R*UN}M x {0} :

DNC(M,V) x R* —s DNC(M,V)

(z,t, \) > (z,At) fort#0
(x, X,0,\) = (z, %X,O) fort=20

The manifold V' x R embeds in DNC(M,V) : Vc——=1V

.

Ve— M
The gauge action is free and proper on the open subset
DNC(M,V)\V xR of DNC(M,V). We let :

Blup(M,V) = (DNC(M,V)\ V x R)/R* = M\ VUP(N{) and

SBlup(M,V) = (DNCL(M,V)\V xRy) /R = M\ VUS(N}) .
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Functoriality of Blup
Ve—> M gives DNC(f): DNC(M,V)— DNC(M', V")

o |

V/C% M/
which is equivariant under the gauge action : it passes to the quotient
Blup as soon as it is defined.

Let Up(M,V) = DNC(M,V)\ DNC(f)~ (V' x R) and define

Blups(M,V) =Us/R* C Blup(M,V)

Then DNC(f) passes to the quotient :
Blup(f) : Blups(M,V) — Blup(M', V")

Analogous constructions hold for SBlup.
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Blowup groupoid

Let I" be a closed Lie subgroupoid of a Lie groupoid G — G, Define

DNC(G,T) = U.(G,T) N U,(G,T)

elements whose image by DNC(s) and DNC(r) are not in I'©) x R.
Functoriality implies :

Blup, (G,T) = DNC(G,T)/R* = Blup(G©, 1)

is naturally a Lie groupoid; its source and range maps are Blup(s)
and Blup(r) and its product is Blup(m).

Analogous constructions hold for SBlup.

SBlup, s(G,T) = DNC,(G,T)/R% = SBlup(G?, T®)
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In summary

We start with :
N—=+a@

Lo

rOC__. (0

Let N be the restriction of N§ = ng(g) to NIE;(E)(;) \I'©® and G the

restriction of G to G(O \ I'(9),

NE /R* inherits a structure of Lie groupoid : PANE = IPNIE;(ES).

NE /R* inherits a structure of Lie groupoid : SNS = SNﬁ(g).
Blup, 4(G,T) = GUPNS = GO\TO UPNG,) .
SBlup, (G,T) = GUSNE = GO\ TO USNG,) .

These Lie groupoids come with natural local compactification :

Blup, s(G,T") C Blup(G,I') and SBlup, (G,I') C SBlup(G,T)
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Remark about corners

Let I' = V be a closed Lie subgroupoid of G = M where V C M is a
hypersurface, M = M_ U M, with M_NM,; =V.

Facts

1. SBlup(M,V)=M\VUSNM ~M_u M,,

2. The restriction of SBlup, (G,I') to M is a longitudinally
smooth groupoid over the manifold with boundary M, .

Consequence: The construction holds for groupoid over manifold with
corners.
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Examples of blowup groupoids

1. Take G = G a Lie groupoid and G =G xR xR = GO xR .
Recall that DNC(G,G0) = G x R* UAG x {0} = G x R.

Blup, +(G,G% x {(0,0)}) = DNC(G, G xR* = G xR

Gauge adiabatic groupoid [D.-Skandalis]
2. Let V. C M be a hypersurface,

Gy, = SBlup, (M x M,V x V) C SBlup(M x M,V x V)

-~

The b—calcuTus groupoid Melrose’s b-space

Go = SBlup, s(M x M,A(V)) C SBlup(M x M,A(V))
The O-calcu‘lqls groupoid Mazzeo—Melz)se’s 0-space

Iterate these constructions to go to the study of manifolds with
corners [Monthubert]. Or consider a foliation with no holonomy on V
[Rochon]. Define the holonomy groupoid of a manifold with iterated
fibred corners [D.-Lescure-Rochon].
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Exact sequences coming from deformations and blowups

Let I' = V' be a closed Lie subgroupoid of a Lie groupoid G=M,
suppose that I' is amenable and let M=M \ V. Let N ¢ be the

restriction of the groupoid N& = N to NY = NIV,

DNC,(G,T) =G x RLUNF x {0} = M x R UNY
DNC,(G,T) = GM x RL UNE x {0} = M x R} UAY

SBlup,.(G,T) = DNC,(G,T)/R% = GM USNE = MUSNY)

0 — C*(G x R} ) ——— C*(DNC4 (G,T)) ——> C*(NF) —=0

0 —— C*(GM x R}) —— C*(DNC(G,I)) —> C*(NF) —>0

0 —— C*(GM) —— C*(SBlupr+(G,I")) —> C*(SNF) —> 0
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Connecting elements

0 —> C*(G x R%) ——> C*(DNC}4 (G,T)) ——> C*(NE) —> 0 dpnoe,
0 —= C*(GM x RY) —= C*(DNC4(G,T)) —> C*(NF) —= 0 050

0 —— C*(GM) ——— C*(SBlupy,s(G,T)) — C*(SNE) —— 0 sp1up

Connecting elements : dpnc, € KKY(C*(NF),C*(G x R%)),
Osne, € KKYC*(NF), O*(G%Ox R*)) and
&gBlup S KKl(C*(SNIG),C*(G%))
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Connecting elements

0 —— C*(G x R}) —— C*(DNC4(G,T)) — C*(NE) — 0 dpnec,

0 —— C*(GM x R}) —— C*(DNC1(G,T)) —— C*(NF) —=0 9 55+
A B 39
0 —— C*(GM) ——— C*(SBlupy,s(G,T)) — C*(SNE) —— 0 sp1up

The 8’s being K K-equivalences given by Connes-Thom elements.
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Connecting elements

0 —— C*(G x R}) —— C*(DNC4(G,T)) — C*(NE) — 0 dpnec,

j j 3°
W e e

0 —— C*(GY xRY) —— C*(DNC4(G,T)) ——>= C*(Nf) ——>0 351?@
A B 39

0 —— C*(GM) ——— C*(SBlupy,s(G,T)) — C*(SNE) —— 0 sp1up

The j’s coming from inclusion.
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Connecting elements

0 —— C*(G x R}) ——— C*(DNC4(G,T)) — C*(NE) — 0 dpnec,

j j 3
\//—\/ %

\ °
0 —— C*(GY xRY) —— C*(DNC4(G,T)) ——>= C*(Nf) ——>0 3D7v‘5+

B B 39

0 —— C*(GM) —— C*(SBlupy,s(G,T)) —> C*(SNE) —> 0 5514

Proposition
a,S'Blup 02 /80 ® L;] — 68 ® []8] %Y 8DNC'+ S KKl(C*(SNIG)7C*(G))

Proposition

If M meets all the G-orbits, j is a Morita equivalence - and therefore
8DNC’_|_ determines 8SBlup.
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Connecting elements

0 —— C*(G x R}) —— C*(DNC4(G,T)) — C*(NE) — 0 dpnc,

J J 59

e U

Y o
0 ——= C* (G} x RY) —> C*(DNC4(G,T)) —= C*(NF) —>=0 9

e B B9

0 —— C*(GM) ——— C*(SBlup,s(G,T)) — C*(SNEF) — 0 dsB1up

Proposition
6SBlup 02 B ® [5] — 56 ® []8] %Y aDNC'—|— < KKl(C*(SNIG)7C*(G))

Proposition

If A, — (N, is nonzero for every z € V, then 7,7,79 are
isomorphisms.
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Index type connecting elements

0 — C*(G x R%) —— ¥*(DNC4+(G,I)) —> Epnc, —> 0 Indpnc,

j j i
< \J/\_/ U o
* M * *
0——C (GMXR_F)%\I/ (DNC_{—(G’F))%ED/NXCZL%O IndD/NxC/’_i_
8 B 3o

—_—

0o— > C*(G%:) > U*(SBlupr.s(G,T)) —> Sspiup ——> 0 Indspiup
Proposition
Indspiy®B3[j] = A2®[j%|® IndpNne, € KK (C*(Sspiup), C*(G)).
Proposition

e The (f’s are K-equivalences.

o If A, — (N{¥), is nonzero for every x € V, the j’s are
K-equivalences. o
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Boutet de Monvel type construction

G = M is a Lie groupoid, V. C M a closed transverse submanifold :
GV, = V is a Lie groupoid - M:M\VandG:G%.

Following [Debord S. (2014)] : Poisson-trace bimodule Epr (G, V).
0 —— C*(G) —— C*(SBlupy s(G,V)) — C*(SNG)) —= 0

Epr(G,V) Epr(G,V) EL(G,V)

0 —— C*(GY, U*(GY, C(S*AGY)) —— 0
14 |4 |4

Boutet de Monvel type pdo algebra ¥},,,(G,V): algebra of matrices

R = (;E g) with ® € U*(SBlup, s(G,V)), P € Epr(G,V),

T € Epp(G,V)* and Q € ¥*(GY)).
Boundary symbol algebra ¥7 (G, V): algebra of matrices ((f Zq? )

bound

where ¢ € U*(SNT), q € C(S*AGY,), p, t* € Eprp.
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Boutet de Monvel type construction
Two symbols:

e classical symbol o, : V5, (G, V) — Co(S*ASBlup, s(G,V)) ,
¢ P
o (T Q) = go(P);

o boundary symbol rppr : Ui, (G, V) — X (G, V) defined by
- (cp P) _ (r,i(cb) 7«<V><(P))
T Q rv (1) ov(Q)
where
P

- 78 U (SBlup,s(G,V)) — ¥*(SN{) is the restriction;
- oy: ordinary order 0 principal symbol on the groupoid Gy;
- 1y, Ty : restrictions to the boundary.

Computation of all kinds of connecting maps and index maps...



Thank you for your attention !



