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1 Introduction

1.1 The notion of T-duality has its origin in string theory. It asserts that a certain type
of string theory on a target F' partially compactified on a torus is equivalent to another
type of string theory on a dual target F. In the presence of an H-flux the topological

aspects of T-duality are of particular interest.

In the present paper we concentrate on the topological aspects of T-duality, and we neglect

geometric questions and physical interpretations.
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1.2 T-duality as studied in the present paper has a two sides, a constructive one and a
descriptive one. The constructive side is the main focus of the present paper and described

3
below. The descriptive picture relies on the notion of a T-duality triple %

Let T™ := U(1)" denote the n-dimensional torus. Let B be some base space. We consider a
pair (F, h) over B consisting of a T"-principal bundle ' — B and a class h € H3(F,Z). In
Definition @We introduce the notion of a T-dual pair using the following construction. In
ﬁwe construct a space R,, and a homotopy involution 7" : R,, — R,,. This space classifies
a set-valued functor B — P, (B) := [B,R,] with an automorphism 75 : P,(B) — P,(B)
of order two induced by T' ([B, R,,] denotes the homotopy classes of maps from B to R,,).
Let B — P(O)(B ) denote the functor which associates to a space B the set of isomorphism
classes of pairs over B. Then we obtain a (forgetful) transformation vg : P,(B) — Py (B).
In order to define a T-dual of a pair (F,h) we must choose an element x € vy'([F,h]).
Then we define the isomorphism class of the T-dual pair as the underlying class of pairs
of Tx(z), i.e. [F,h] :=vg(Ts(x)).

1.8 1In this approach, by definition a T-dual pair exists precisely for each pair in the
image of vg. The cohomology of the total space of the fibre bundle 7 : F — B has a

decreasing filtration
0C F"H"(F,Z) c F* 'H"(F,Z) C --- C F'H"(F,Z) C F°H"(F,Z) = H"(F,Z)

such that F"H"(F,Z) = 7*(H"(B,Z)). Choose a CW-decomposition B® c BM C ... of
B. By definition, x € F*H"(F,Z) if its restriction to 7—*(B%*~1)) is zero. The associated
graded group is calculated by the Leray-Serre spectral sequence. For this reason we call

this filtration the Leray-Serre filtration.

exex

Theorem 1.1 (Corollary {.8) The pair (F,h) admits a T-dual pair if and only if h €
F2HYF,Z).

1.4 The approach to T-duality in the present paper is similar to (and inspired by) the
point of view of Fr'l}'jjg In that paper the authors work on smooth 7T"-bundles equipped with
real valued cohomology classes hg. The T-dual pair is constructed geometrically using

differential forms.
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1.5 An important aspect of (topological) T-duality is an (expected) isomorphism be-

tween suitable twisted cohomology groups of the bundle and its dual. In order to formu-

late precise statements about T-duality isomorphisms between twisted cohomology groups

one must fix the isomorphism classes of the twists precisely and not only up to torsion.
keschickt .. . .

We refer to FFB , Sec. 4.3, for an explicit example which shows that the torsion part plays a

significant role. The present paper represents an improvement over Frlb]msince it introduces

and studies T-duality of pairs (F, h) with an integral cohomology class h.

Moreover, we make precise the role of the identification of twists u introduced in ﬁ This

point is neglected in H)‘ll']]E

1.6 Note that a T-dual pair of (F,h) is not unique. This has already been observed in
keschickt . . L
H)T)’ , Sec. 4.4. One of the results of the present paper is the detailed description of set of

possible choices.

In order to define a T-dual of a pair (F, h) we must choose an element x € v5'([F, h]). In
general the isomorphism class vg(Tg(z)) of the T-dual pair will depend non-trivially on
the choice of x € v5'([F, h)]).

1.7 In order to study the fibers of v we construct a non-canonical isomorphism (see
Corollary @lwith another functor B +— P,(B). The elements of P,(B) have a geometric
meaning, and the fiber of the forgetful map o5 : P,(B) — P(O)(B) can be studied by
obstruction theory (see @ and @ It seems to be difficult to formulate a general

result. But let us mention the following opposite extremes.

(1) If B = S3, then the transformation 9igs : P,(S?) — Py(S?) is an inclusion of a subset.

(2) If B =R, is the space introduced in ﬁ, then the fibers of i, : Pn(R,) — Poy(Ry)

are torsors over the group H?(T",Z).

1
1.8 In ﬁnﬁ and ﬁnbﬁ'the authors follow a completely different point of view. The class
h € H3(F,Z) is the Dixmier-Douady class of a unique isomorphism class of a stable
continuous trace algebra A := A(F, h) with spectrum F. The authors study the question

of lifting the T"-action on F' to an R"-action on A such that the Mackey invariant is
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trivial. In this case the crossed product A= AxRis again a continuous trace algebra

with a spectrum £ which is a T"-principal bundle. Let h € H 3(ﬁ’ ,Z) denote the Dixmier-
. 1 .

Douady class of A. By the point of view of ﬁnzﬁ, ﬁn’i—the pair (F', h) is the T-dual of (F,h).

The two problems in this approach are to decide under which conditions the required
R"-action on A exists, and to study the set of choices for such an action. A satisfactory
picture can be obtained in the cases n = 1 and n = 2. The case n = 1 is easy and has
been reviewed in Ff&m%in results of ﬁnzﬁ deal with the case n = 2. The necessary
and sufficient condition for the existence of the R™ action is again that h € F>H?(F,Z).
It is then claimed in ﬁnzﬂ, that the action is unique. This is not always true. In fact, it
follows from the diagram given in ﬁnzﬁ, Theorem 4.3.3, and the observation that dj factors
over py : H*(F,Z) — HY(B,Z) that the group H(B,Z)/im(p) acts freely on the set of
R-actions with trivial Mackey invariant lifting the T"-action on F. One can check that

the same group acts freely on the fibers of vg.

For general n > 3 the relation between the the classification of the R™-actions on A(F, h)
with trivial Mackey invariant and the classification of the elements in vj'([F,h]) is not

clear.

1.9 In %Zh]&%he point of view of F[%f%?ls generalized even further by considering torus
bundles with completely arbitrary H-flux differential 3-form with integral periods. It is
then argued that the resulting dual should be a bundle of non-associative non-commutative
tori, and a number of (expected) properties of this duality are detailed. Questions about
choices involved in the construction of the dual object, or about a lift of the invariants to

integral cohomology were not in the focus of these papers.

1.10 The present paper also gives the correct description of the topological invariants
of a[| T-dual, i.e. relations between the Chern classes and the H3-classes. This way, we
improves the results of Hﬂg}l The calculation in ﬁn‘:]?jlis wrong since the inclusion X; — X in
(4) of ﬁ%‘%does not exist in general.

Tt is n<1)t clear at the moment that the notions of a T-dual used in the present paper coincides with
that of H%]j»
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1.11 Let us consider two pairs (F,h) and (F,h) over B. The interest of T-duality
in topology stems to a great deal from an (expected) isomorphism of certain twisted
cohomology groups of the two spaces. Let h(...,...) denote a twisted cohomology theory
in the sense of él%%ﬂt—hoir?{?)t] Let 'H be a twist over I in the isomorphism class determined
by h, and similarly, let H be a twist over I in isomorphism class h. Let p:F xpg F—F
and p: F Xp F — [ be the projections. We assume that there exists an isomorphism of
twists u : p*H — p*H. The triple ((F,H), (F,H),u) is a T-duality triple (see Definition
@3’ if u satisfies a condition called P(u) (see @@P If we assume that (F,h) is T-dual
to (F,h) (in the constructive way), then by Corollary ﬁé’chere exists an u such that

((F,H), (F,H),u) is a T-duality triple.

1.12 Let us assume that ((F,H), (F, 7:{), u) is a T-duality triple. In Definition ﬁ we
define a T-duality transformation T : h(F,H) — h(F,H) of degree —n which is linear
over h(B). It is given by T := p; o u* o p*.

Theorem 1.2 (Theorem ﬁ If the twisted cohomology theory h is T-admissible in the
unkeschickt

sense of [P"S, Definition 3.7], then the T-duality transformation is an isomorphism.

Examples for T-admissible cohomology theories are twisted extensions of K-theory or

cohomology with coefficients in the graded ring R[z, x™!], where x has degree 2.

A corresponding result is also stated in H]E In the approach of ﬁnzﬁ the T-duality isomor-
phism for twisted K-theory is equivalent to an isomorphism K (A) = K(A). In fact it is
a by now classical result that these groups are isomorphic by Connes’ Thom isomorphism

for crossed products with R".

1.13 Assume that F' = B x T™ is the trivial 7"-bundle and that we consider the trivial
twist h = 0. Then the T-dual bundle is again the trivial bundle, F=BxT " and the dual
twist vanishes: i = 0. In this situation the T-duality transformation T : K (BxT") —
K(B x T™) is a K-theory version of the Fourier-Mukai transformation (see e.g. ﬁ%‘]%

Note that the algebraic geometric analog is more precise. In this case F' and F' are bundles

of dual abelian varieties. On F xpg F one has the so-called Poincaré sheaf P. Its first



2 THE SPACE Ry 6

Chern class ¢; (considered as an automorphism of the trivial twist) satisfies the condition
P(c1). The Fourier-Mukai transformation is a functor between bounded derived categories
of coherent sheaves T : DY(F) — DP(F) given on objects by T(X) = Rp,(P (§L§> p*X).
Thus the T-duality transformation considered in the present paper is a coarsification since
it takes in a certain sense only the isomorphism classes of objects into account. But note
that the tensor product with the Poincaré sheaf plays the role of an automorphism of the

trivial twist.

A bundle of abelian varieties has a section. Therefore this case corresponds to the case of
trivial 7"-bundles in the present paper. Non-trivial bundles can be interpreted as bundles
of torsors. In this case in general a good analog of the Poincaré bundle such that P(c;)
(see @q%s satisfied may not exist. We argue below that in the topological situation we
must replace the Poincaré bundle by an isomorphisms u of non-trivial twists in order
to satisfy P(u), and to have a T-duality isomorphism. In algebraic geometry a similar

observation is known, where twists are represented by Azumaya algebras.

1.14 As a specific example in the topological case, let F' — B be some possibly non-
trivial 7"-bundle, and let the twist on F' be trivial (i.e. A = 0). Then the pair (F,0) admits
a T-dual pair (F,h). This is not unique in general (see the example in H)%%, but
one choice is the trivial bundle ' := B x T™. In order to describe the class h € H 3(F ,Z),
we consider F' as the fiber product of n-copies of a trivial T*-bundle F} := B x T". Let
7+ ' — F, denote the corresponding projections. Then one possible choice of h is
h =" prihy, where h; = ¢; x orpn € H¥(B x T, Z), ¢; € H*(B,Z) denotes the Chern
classes of I, and orpn € HY(T',Z) is the orientation class. This example shows that it is
necessary to introduce twists in order to generalize the Fourier-Mukai transformation to

non-trivial torus bundle.

2 The space R,

2.1 Throughout this chapter (and the whole paper) we fix n > 1.
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2.2 If G is an abelian group and k € N, then we consider the homotopy type K(G,n)
of the Eilenberg MacLane space. It is characterized by m;(K(G,k)) = 0 for ¢ # k, and
(K (G, k)) = G. We will denote a CW-complex representing this homotopy type by the

same symbol.

The Eilenberg-MacLane space K (G, k) classifies the cohomology functor H*(...,G). In
fact, there is a universal class z € H*(K (G, k), G) such that f +— f*(z) induces a natural
isomorphism [B, K (G, k)] — H*(B,G), where [B, K(G, k)] denotes homotopy classes of

maps.

Occasionally, we will interpret K(Z,2) also as the classifying space of T := U(1). An
explicit model is U/T", where U is the unitary group of a separable infinite dimensional
Hilbert space. The bundle U — U/T" is the universal T"-principal bundle. Note further
that K(Z",2) = K(Z,2)" has the homotopy type of BT", and this space carries a universal
T"-bundle U" — K(Z,2)".

2.8 We consider the Eilenberg-MacLane space K(Z?",2) & K(Z,2)* = K(Z",2) x
K(Z",2). Let x;,%;, i = 1,...,n be the canonical generators of H*(K(Z,2)*",7Z). Let
q: K(Z,2)* — K(Z,4) be the map classifying the class

T Udy + -+, U, € HY(K(Z,2)™,7) .

Definition 2.1 We define the homotopy type R,, by the homotopy pull-back diagram

(c,€)

R, K(Z",2) x K(Z",2)
! ql
¥ — K(Z,4)

2.4 For later use we determine the homotopy groups of R,,.

Lemma 2.2 The homotopy groups of R,, are given by

1 0(1] 2 |3|>4
mi(Ry) | |0 Z* |Z| O
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Proof. The homotopy fiber of (c, ¢) is homotopy equivalent to the one of x — K(Z,4), i.e

to K(Z,3). The assertion follows immediately from the long exact sequence of homotopy

groups. a

2.5 Write ¢ = (cq,...,¢,) and € = (€1,...,¢,). We denote ¢; and ¢; toe be the compo-

nents of ¢ or ¢, respectively.

Lemma 2.3 We have

1 0O(1] 2 |3 4
HZ(RH,Z) 710172 |0 Zn(2n+1)—1

Here H*(R™,Z) is freely generated by the components of ¢ and ¢, and H*(R,,,Z) is gen-

erated by all possible products of the components of ¢ and ¢ subject to one relation

O=ciUci+---+c,Uc,.

Proof. Recall from the proof of Lemma @ that the homotopy fiber of R,, — K(Z,2)*"
is K(Z,3). The relevant part of the second page of the Leray-Serre spectral sequence
EY1 >~ HP(K(Z*",2), HY(K(Z,3))) therefore becomes

3 |Z|0] x |0 *
2 10]0] 0 |0 0
1 1]0]0 0 |0 0
0 |z|o|zx 0|25
q/p| 01| 2 |3 4

We read off that H?(R",Z) = 7Z*" is generated by the components of ¢ and ¢. The group
Ey° = H*(K(Z,2)*",7) is freely generated by all possible products of the components of

c and c.

Let 23 € H*(K(Z,3),Z) = ES’S be the canonical generator. It also generates the group
Eg’?’ of the Leray-Serre spectral sequence of the homotopy fibration * — K(Z,4). A part
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of its second page is

3
2
1
0

(el el el Ne)

Z
0
0
Z
0

anlll el i enll N avll Nas)
N | O OO O

I N|o|o| %

w

q/p
Since H3(x,Z) = 0 = H%(x,Z) we conclude that dy”(z3) = 24 € HY(K(Z,4),Z) = Ey° is

the generator. Now by construction ¢*z4y = 1 U2y + --- + 2, U Z,,, and by naturality of

the spectral sequences dg’g(z) = ¢*z4. This implies the assertion about H*(R,,,Z). O

1
2.6 Recall that we consider K(Z",2) = BT" (see @._a

Definition 2.4 We define 7, : F, — R, to be the T"-bundle which is classified by
c:R — K(Z",2), i.e. the pullback of the universal bundle Un.

Let U — K(Z,2) be the universal T'-bundle. The n-fold product U" — K(Z,2)™ is the

universal T"-bundle. By definition we get a pull-back diagram

2.7 Let us fix canonical generators yy, . ..,y, € H'(T",Z). Let F*H*(F,Z), k =0,1,...
be the decreasing Leray-Serre filtration and F%? be the second page of the Leray-Serre

spectral sequence for the bundle F,, — R,,.

Lemma 2.5 We have

i 0123
H(F,,Z)|Z|0|z" | Z

Here the group H*(F,,7Z) is freely generated by the components of w¢. In particular,
restriction to the fiber of F,, — R, induces the zero homomorphism on HQ(FH,Z). Fur-
thermore, H3(F,,,Z) is generated by a class h, € F>*H3(F,,Z) which is represented by
the cocycle y1 ® ¢, + -+ y, ® ¢, € E22’1.
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Proof. We write out the second page EY? (isomorphic to HY(T™,Z) ® H?(R,,,Z)).

3 nm=D(=2)

2 | z"5% |o|ze-n o

1 Zn 0| z* |o

0 Z 0| z*™ |0|zrert
q/p 0 1 2 3 4

We first calculate do'(y;) € Ey° = H?(R,,Z). To this end we consider the universal
T'bundle U — K(Z,2). Let y € H'(T*,Z) be the canonical generator. It also generates

the group Eg’l of the associated Leray-Serre spectral sequence

1 |Z]0]| %
0 |Z|0]|Z
q/p|0]1]2

Since U is contractible dy'(y) € E3° = H?*(K(Z,2),7) is a generator. The bundle
7 : F, — R, is obtained as a pull-back of an n-fold product of the bundle U — K (Z,2)

via the components of c. We conclude by the naturality of the spectral sequences that
dy' (i) € {ci, —ci}

We see that dg’l is an isomorphism onto the subgroup of ES’Q generated by c so that
Eg’l = (0 and E§’O is freely generated by the components of ¢. We see already that
HYF,,Z) = 0.

The group ES’Q >~ H*(T™,7Z) is freely generated by all products y; Uy;, i < j. We now use
the multiplicativity of the Leray-Serre spectral sequence in order see that dg’2<yz‘ Uy;) =
+(y; ® ¢; — y; @ ¢;). We conclude that dg’Q is injective. This implies that E§’2 = 0, and
it follows that H?(F,,Z) is freely generated by the components of 77¢.

We have Ey” = HY(R,,,Z) and dy”(y; ® ¢;) = ¢; Uc; and dy”(y; ® &;) = ¢; U &5

In order to calculate ker(d%g) recall the relation c; U¢y +---+c¢c,Uc, = 0. Let h :=
Y1 @€ +- -4y, UE,. Then we have dy”(h) = 0. We claim that ker(dy?) = Zh @ im(dy?).
Let ¢ := >, aijyi @ ¢ + b jy; ® ¢; for a;,b; ; € Z and assume that dy*(t) = 0. Then
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Z?j:l aijc; Uc; + bijc; U¢; = 0. This implies that a;; + a;; = 0, b;; = 0 for i # j,
and that there exists b € Z such that b;; = b for all ¢ = 1,...,n. But then we can write

t=> i a; ;A3 (y; Uyi) + bh. Tt follows that E3" 22 7 is generated by the class of h.

The group Eg”o ~ H3(T™,Z) is freely generated by the products y; Uy; Uy, i < j < k.

Furthermore Fy* & H*(T™, Z) ® H*(R,,,Z) and dy*(y; Uy; Uye) = 4, Ut @ ¢ — 4 U ®

c; +y; Uy; ® c,. We thus see by a simple calculation that dg’?’ is injective. We conclude

that H3(F,,Z) = F>H3(F,,Z) is generated by the class h,, represented by h € E;?. O
f16

2.8 In the proof of Lemma @ we have found a homotopy Cartesian square

K(Z,3) 5 R,
! (c,e) |
* — K(Z",2) x K(Z",2)
We form the pull-back of this square by the map ¢ : K(Z",2) = U" x K(Z",2) —
K(Z™,2) x K(Z™,2) and obtain a cube of homotopy Cartesian squares

i*F,, — F,
pPr \, | Tn
K(Z,3) = R,
Al ! (c,¢) | k|
* —  K(Z",2) x K(Z",2)
/ (VAN
K(Z, 1) — K(Z",2)

Lemma 2.6 We have I*h,, = +pr*z3, where 23 € H*(K(Z,3),Z) is the canonical gen-

erator.
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Proof. The fiber of  is equivalent to K(Z,3). The second page F; of the corresponding

Leray-Serre spectral sequence has the form

3 |Z|0] % | *
2 10]0] 0710 *
1 1010 0 *
0 |z|o|z|o|z™
q/p|0|1] 2 |3 4

We know that H3(F,,7Z) = Z is freely generated by h,. We see that dy® = 0 and
Ey® = H3(R,,7Z) is generated by h,,. On the other hand the group Ey*° = H*(K(Z,3),Z)
is freely generated by z3. Therefore h,, = +z5.

Note that i*F,, & K(Z,3) x K(Z,1)" so that the Leray-Serre spectral sequence E of \
degenerates. Let I* : Ey — F5 be the induced map of the second pages and note that F,

has the form

3 | Z |7 * * *

2 100 0 0 0

1 (0] O 0 0 0 ;

0 17|70 | 770 [ e 0e | e 26
q/p| 0| 1 2 3 4

where E9° is freely generated by z5 € H*(K(Z,3),Z). The map I induces an equivalence
of the fibers of A and x. In particular, it induces an isomorphism I* : ES‘” — ES’3 identi-

fying the generators above. This implies that [*h,, = +pr*z;. O

3 Universal T-duality

3.1 Let (e1,...,en,€61,...,¢6,) be the standard basis of Z?". Let G,, C GL(2n,Z) be the
subgroup of transformations which fix the form ¢ : Z** — Z given by (>, a;e;+b;é;) ==
>y a;b;. In the usual notation G, = O(n,n,Z). In the present paper it will be called

the group of T-duality transformations.



ttl

3 UNIVERSAL T-DUALITY 13

3.2 Each g € G,, induces an equivalence g : K(Z",2)x K(Z",2) — K(Z",2))x K(Z",?2).

Lemma 3.1 There exist a unique lift g in the diagram

g
— R,

R,
l(mé) l(mé)

K(Z",2) x K(Z",2) —— K(Z",2) x K(Z",2)
Proof. We apply obstruction theory to the problem of existence and classification of lifts
g. In fact, the obstruction is the class (c, ¢)*¢* (>, ;U #;) € H*(R,, Z) which vanishes

since g preserves q. Therefore lifts g exist. The set of lifts is a torsor over H?(R,,Z).
Since H?*(R,,,Z) = {0}, the lift g is unique. O

3.3 Welet t € G, be the transformation given by t(e;) = é; and t(¢&;) = e;.

Definition 3.2 The universal T-duality is the lift T ==t : R, — R, of t according to

(71
Note that T'o T = idg, sincetot =1 € G,.
3.4
Definition 3.3 The dual T"-bundle is defined by the pull-back
F, L F,
! !
R, — R,

We further define h, :=T*h, € H3(]§‘n, 7).
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3.5 We consider the pull-back diagram

A

Fn XRn Fn
an / n N\,
Tn \ 7?‘-n /
R,
Lemma 3.4 We have
1 011123

~

H(F, xg, ¥.,2) | Z|0|0|Z

A

Moreover, a’h, = d:fln, and this element generates H3(F,, xr, F,,Z).

Proof. We use the Leray-Serre spectral sequence. The second page is EY? =2 HI(T" x
T, Z) @ HP(R,,,Z). Let y;,9;, i = 1,...,n denote the canonical generators of H'(T™ x
T" Z) (so that the elements decorated with ~ come from the right copy). The relevant
part of the second page has the form

5 T =D En=2)

2 =5 o] zrien- | o

1 z2" o z* |0

0 Z 0| z |o0|zreetD-l
q/p 0 1 2 3 4

Now Eg’l is freely generated by v;,y;, and ES’O is freely generated by c;,¢;. A similar
argument as in the proof of Lemma ﬁ shows that do'(y;) = ¢; and dy' () = ¢. We

conclude that dy" is injective and HY(F, xg, F,,Z) = 0.

The group Eg 2 is freely generated by the products y;Uy;, 5;U7;, 1 < j and y;Uy;. We have
Y (yiUy)) = y;0¢;—yi®c;, dy* (§:U5;) = §;0¢—5:®¢;, and dy” (y;Ug;) = ;0¢;—y:®¢;.

It follows that dy” is injective.
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.. 03 . . . .
In a similar way we see that d,” is injective.

We now calculate Eg 1. We claim that this group is freely generated by one class which can
be represented by > 7 | y; ®¢; or alternatively by > " | §;®@c;. In view of the construction
of h,, and fln, and by naturality of the Leray-Serre spectral sequence this would imply the

assertion of the lemma about the third cohomology.

The group E§’O is generated by the products ¢; U c;j,¢; U ¢;, @« < j, and all products
c; U ¢; subject to one relation > ", c;U¢; = 0. Let t = Z” a; ;Y @ c; + Z” by @
¢+ > Cili ®ci+ >, dij ® € and assume that dy*(t) = 0. Then we have
th a; ;C; (%9 C; + Zi,j b@jCi & éj + Zi,j Ci,jéi & C; + Zi,j d@jéi & éj = 0. This 1mphes
that a;; +a;;, =0, d;; +d;; =0, for all 7,3, b; ; + ¢; ; = 0 for all © # j, and that there
exists a unique e € Z such that b;,; +¢;; = e forall « = 1,...,n. We can now write
0,2 0.2/~ 11~ 0,2 " n 0,2
t = i @idy (Y Vi) + D digdy™ (05 U 0i) — D25z bigdy™ (Y U G5) — > iy biady™ (yi U
Ui) + 62?:1 U; ® c;. This already shows that Eg’l is freely generated by the class of
S 9 @ c;. Finally note that 27 do?(y; Ug) = S0 9 ®@ ¢ — Sor v @ ¢&. This
finishes the proof of the claim. O

4 R, as a classifying space

4.1 'The homotopy type R, classifies a contravariant set-valued functor P, on the cat-
egory of topological spaces defined on objects by P,(X) := [X,R,]. In @ we have
introduced the group G,, of T-duality transformations which by acts by automorphisms

on P,. Of particular interest is the T-duality transformation 7" given in

In the present section we want to describe the geometric meaning of the objects classified

by R, and the action of T. To this end we give another construction of the homotopy
. keschickt . .

type R,,. We closely follow Section 2 of %3 , which deals with the special case n = 1.



4 Ry AS A CLASSIFYING SPACE 16

4.2 We start with the universal 7"-bundle U" — K(Z,2)" and the T"-space Map(1™, K(Z, 3)),

where T™ acts by reparametrization. In a first step we form the associated bundle

p:R,(0) :=U" Xpn Map(T", K(Z,3)) — K(Z,2)" .

We define a T™-bundle via pull-back

i

Fn(()) — ur
1
R,(0) & K(Z,2)"

There is a canonical map

h,(0): F,(0) — K(Z,3)" .
It is given by ﬁn(O)([v,¢],u) = ¢(s), where s € T™ is the unique element such that
sv = u. Here u,v € U", ¢ € Map(T", K(Z,3)), [v, 4] € R,(0), and ([v, ¢],u) € F,,(0).

4.3 A pair (F, h) over a space B consists of a T"-bundle F' — B and a class h € H3(F,Z).
An isomorphism between pairs (F,h) and (F”, 1) is given by a diagram

F 2 p
! 1
B = B

where ® is a T"-bundle isomorphism such that ®*h’ = h.

Given a map f : B’ — B of spaces we can form the pull-back

FrF = F
l !
B L B

We define the pair f*(F,h) := (F’, f *h) over B’. Pull-back preserves isomorphism classes

of pairs.

4.4 Let ]5(0) be the contravariant set-valued functor which associates to each space B

the set P)(B) of equivalence classes of pairs.
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Lemma 4.1 The space e R, (0) is the classifying space for 15 . More precisely, the pair

cl2

[F,.(0),1h,(0)] € Pgy(R,(0 )) induces a natural isomorphism vp : [B,R,(0)] — Pg)(B)
such that vp(f) = f*[F,(0),h,(0)].

unkeschickt

Proof.  This is completely analogous to the proof of [3; Proposition 2.6]. We therefore

refrain from repeating the proof here. O

4.5 By Lemma we have an isomorphism 7o(R.,(0)) = Py)(*). Furthermore, note
that Pry(x) = H*(T",Z) canonically. We define R,,(1) C R,,(0) to be the component
which corresponds to 0 € H3(T",Z). Restricting the pair [F,(0), H,(0)] gives the pair
[F,.(1),h,(1)] over R,,(1). We let P be the functor classified by R,,(1). Observe that
Py(B) C Py(B) is the set of isomorphism classes of pairs [F, h] such that the restriction
of h to the fibers of F' vanishes.

4.6 By Lemma@we have Py (S') = H3(S" x T"). By the Kiinneth formula H?(S* x
" 7) = H3(T",Z) ® H¥(T",Z), and m (R, (1)) & Pyy(S? x T") = HX(T",Z) corre-

sponds to the second summand.

We consider the isomorphism ¢ : 71 (R, (1)) — H?*(T",Z) as a cohomology class ¢ €
HY (R, (1), H*(T",Z))), i.e. as a homotopy class of maps ¢ : R, (1) — K(H*(T",7Z),1).
We define R, as the homotopy pull-back

¢l

fin — f{n(l)
1
«  — K(H*(T"),1)

Furthermore, we consider the pull-back

F, — Fn(l)
! LA
R, — ﬁn(l)

and let h,, € H3(F,,, Z) be the pullback of h,,(1). Note that by construction and naturality
fln pulls back to zero on the fiber of Fn — f{n. Since Rn is simply connected, it then
even belongs to the second step F2H?3(F,, Z) of the Leray-Serre filtration associated with
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4.7

Lemma 4.2 The homotopy groups of R,, are given by

i |01 2 |3]|>4
m(Ry) [ %02 |Z]| 0

Proof. By construction, R, is connected and simply connected. The homotopy fiber
of R, — R,(1) is equivalent to the homotopy fiber of * — K(H*(T" 7Z),1), ie. to

K(H*(T™,Z),0). Hence this map induces an isomorphism 7;(R.,) = m;(R,,(1)) for i > 2.

Since K(Z, k) is an h-space for each k we have an equivalence
Map(T*, K(Z,3)) ~ K(Z,3) x QK (Z,3) ~ K(Z,3) x K(Z,2) .

We use the exponential law to write Map(7™, K(Z, 3)) as an iterated mapping space, and
obtain in the same way an equivalence

n(n—1) n(n—1)(n—2)
2 6

Map(T", K (Z,3)) ~ K(Z,3) x K(Z,2)" x K(Z,1)" %" x K(Z,0)

The long exact sequence of homotopy groups for
Map(T™, K (Z,3)) — R,(0) — K(Z,2)"

and the fact that m3(K(Z,2)") =2 0 = m(K(Z,2)") and m(K(Z,2)") =2 Z" yields the
exact sequence

n(n—1) o

07" - mRa(1) = Z" 5277 % 1 (Ry(1)) — 0.

Furthermore, we observe that m3(R(1)) 2 Z and 7;(R,,(1)) = 0 for i > 4.

n(n—1)

We have seen in Subsection @that m (R, (1)) = H2(T?,Z) = Z"= . We conclude that

a must be surjective. Consequently it is injective and § = 0.

We therefore have an exact sequence

0—-2Z"— mR,(1) —-2Z"—0,

and this implies that my (R, (1)) = my(R,,) = Z*". O
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4.8 Since the fiber of p: R,, — R, (1) is equivalent to K(H?*(T",Z),0) = m(R,(1)) we
can consider this map as the universal covering of R,,(1). We now consider the problem

of existence and classification of lifts in the diagram

R, — *

f/ »l l
!

B L R,1) & K@HXT"Z)1)
It follows from the construction of R,, that a lift f exists if and only if ¢ o f is homotopic
to a constant map. The lift itself depends on the choice of an explicit homotopy. If a lift
exists, the set of homotopy classes of lifts is a torsor over H°(B, H*(T",7Z)).

4.9 The classification of homotopy classes f (considered just as maps, not as lifts) lifting
a homotopy class f is more subtle. In order to study this problem we assume that B
is path connected and equipped with a base point b € B. Let fy be a lift of f and
consider z € m (R, (1)) = HY(B, H*(T",Z)). Then we consider the lift f; = xfo, i.e. the

composition of fo with the deck transformation associated to z.

Assume that fo and fl are homotopic. Let H : I x B — R,, be a homotopy. Then
poH :S'x B — R,(1) can be considered as a map h : B — Map(S", R,,(1)). We have
the following diagram

{t} 5 Map(S",Rn(1))

I h evy | ) (4.3)
B L R, (1)

where ev; : Map(S*, R,,(1)) — Ry, (1) is the evaluation at 1 € S*.

Vice versa, if 2 € (R, (1)) is such that the diagram above admits a lift &, then f, and

x fo are homotopic.

4.10 The existence problem for a lift h can be studied using obstruction theory. The fiber
of the map ev; is QR,,(1)). In the proof of Lemma @ we have seen that the homotopy
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groups of R,,(1) are given by

? 0 1 2 |3|>4

n(n—1)

m(Ry(1) | x| 272 |Z* |Z| 0

It follows that the homotopy groups of QR,,(1) are given by

v 0 1 12]>3

~ n(n—1)

m(OQR,) | 257 |22 | Z| 0

n(n—1)

We therefore have obstructions in H'(B,Z~ 2 ), H*(B,Z*") and H*(B,Z), and a general

discussion seems to be complicated.

4.11 Let P, be the set-valued functor classified by R,,. For each space B we have a
natural transformation ug : P,(B) — ]5(1)(3) induced by composition with the map

R, — R,(1).

We conclude from Subsection @ that the fibers of up are homogeneous spaces over
H°(B,H*(T", 7Z)).

Consider a class [F,h] € Pyy(B). By Subsection @, it belongs to the image of up if and
only the restriction [F,h] pa) to a 1-skeleton BW C B is trivial. Since every principal
torus bundle on a 1-dimensional complex is trivial, this is equivalent to the condition that
the restriction of h to Fipa is trivial, or equivalently h € F*H?(F,Z). Let us fix a map
f:B— Rn(l) representing a pair [F, h| with this property. If we choose a homotopy

from ¢ o f to the constant map, then we distinguish an element in the fiber uz'([F, h)]).

4.12  In Section ﬁwe have introduced a pair (F,, h,,) over R, such that h,, € F2H3(F,,,Z).

This isomorphism class of pairs gives rise to a classifying map f(1) : R,, — R, (1).

Lemma 4.4 The set of homotopy classes of maps f which are lifts of f(1) in the diagram

is a torsor over H*(T™", 7).
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Proof.

Since R, is simply connected we know the existence of lifts. Let now z € 71 (R,,(1)). We

choose a base point b € R,, and identify m (R, (1)) = H*(F,,Z), where F,,; denotes the

fiber of F,, over b. In particular we view z € H*(F,,;,Z).

We must show that the existence of a lift A in the diagram ﬁ (with B replaced by
R, and f replaced by f(1)) implies that x = 0. Assume that a lift h exists, adjoint
to a map H: S x R, — R,(1). This corresponds to a T"-bundle F — S* x R,, and
a class h € H*(F,Z). Let pr : S' x R, — R, be the projection. Since R, is sim-
ply connected pr induces in isomorphism in second cohomology and the bundle F' is the
pull-back via pr of a T"-bundle from R,,. Since H restricts to f on {1} x R,, and the cor-
responding 7"-bundle is F,,, necessarily ' = pr*F,, = S! x F,,. By the Kiinneth formula
H3(F,7Z) = H3(F,,Z) ® H*(F,,Z), with corresponding decomposition i = h,, & u. By
the definition of h and the calculation of 71 (R, (1)) in Subsection @, the restriction of u
to F, 4 is 2. Since the restriction H*(F,,Z) — H*(F,,Z) is trivial by the description of
H?*(F,,Z) given in Lemma % it follows that z = 0. O

4.13  We now fix one choice of f in Lemma @
Proposition 4.5 The map f: R, — R, is a weak homotopy equivalence.

Proof. By Lemma %] and Lemma ﬁ it suffices to show that f induces isomorphisms

on my and ms.

Note that H2(R,,Z) = Homz(ms(R,),Z) = Z*'. We have a natural map =z : R, —
K(Z,2)™ which classifies the T"-principal bundle F, — R,,. We consider the components
x; € HQ(RH,Z)

Let 1, . .., y, be the generators of H(T™, Z) as before. We consider the second page of the
Leray-Serre spectral sequence Eg”q of the fibration F,, — R,,. Since h,, € F2H 3(f‘n,Z),
there are elements Zq,...,Z, € Hg(ﬁn,Z) and a;; € Z such that h,, is represented by
h=3 iy @+ Y4 ®% € Ey' = H(T",Z) ® H*(R,, Z).
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Under the pull-back induced by f the spectral sequence E is mapped to the spectral
sequence E considered in .7 In particular i is mapped to h = Yoy ® €. Since
ffx; = ¢; we see that a;,; = 0. Furthermore we see that f*%; = ¢;. It follows that
f*: H*R,,Z) — H*R,,Z) maps (x1,...,Tn,&1,...,4,) to a basis and is therefore

surjective and injective. This implies that f, : m(R,,) — WQ(Rn) is an isomorphism.

It now suffices to show that f : m3(R,,) — m3(R,,) is surjective. A generator g € m3(R.,,)
is represented by a map ¢ : S — R,,. The corresponding pair is the trivial torus bundle
pr, : S3xT™ — 53 with the cohomology class of the form h = pr}z for some z € H*(S?,Z)

which is a generator.

It suffices to show that the isomorphism class of pairs [S? x T™, prz] is the pull back of
[F,.,h,] on R,. We consider the composition g : S* — K(Z,3) SR R,,, where the map i
was defined in ﬁ and the first map realizes a generator of m3(K(Z,3)). It then follows
immediately from Lemma ﬁthat g*[Fn, h,] = [S? x T +priz]. Choosing the opposite

generator of m3(K(Z,3)), if necessary, the assertion follows. O

414

Corollary 4.6 The functors P, classified by R, and P, classified by R,, are isomorphic.
The group H*(T™,Z) acts freely on the set of such isomorphisms, and it acts transitively

if we fix the composition with p,: P, — ]5(1).

Let B be a space. Note that the group G,, of T-duality transformations acts by automor-
phisms on P(B). In particular each element = € P, (B) has a canonical T-dual & := T'(x)

(see :

Assume that we have fixed an isomorphism ¢ : P, = f’n Then we can transfer the

T-duality transformations to P,. Assume that (F,h) is a pair over B.

Definition 4.7 We say that (F, h) has a T-dual pair (F, fz) if there exists a lift x € pn(B)
of [F,h] € Py(B) such that (F, h) is the underlying pair of eo T o e ! (z).
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Recall that F?H3(F,Z) C H3(F,Z) denotes the second step of the Leray-Serre filtration
ilt
of the cohomology associated to the bundle F' — B (see ﬁﬂ

Corollary 4.8 A pair (F,h) admits a T-dual pair if and only if h € F>H3(F,Z).

unkeschickt

In [[3; Section 4.4], we have given an example where for n > 2 even the topology of the
underlying 7"-bundle of a T-dual pair (F', k) depends on the choice of the lift of (F,h) to
an element of P,(B).

5 T-duality transformations in twisted cohomology

unkeschickt

5.1 1In [3) Section 3.1] we have introduced a set of axioms which describe the basic
properties of twists and twisted cohomology theories which are used in connection with
T-duality considerations. Since in the present paper the main focus lies on the category of

twists and since simple realizations can be given, we shall recall here two explicite models.

For the first model we fix a space K (Z, 3) representing the homotopy type of the Eilenberg-
MacLane space. It determines a model of twists as follows. To each space B we associate
the category of twists T'(B). Its objects are the maps H : B — K(Z,3). The morphisms
Homp(p)(H, H') are homotopy classes of homotopies from f to f’. Note that T'(B) is a
groupoid. Its isomorphism classes are classified by H*(B,Z), and the sets Homyp ) (H, H')
are torsors over H*(B,Z) in a natural way. Note that B — T(B) extends to a groupoid-
valued functor. In order to define the monoidal structure on T'(B) we use the h-space
structure of K(Z,3).

Our second model is as follows. It associates to each space locally trivial bundles H — B
of C*-algebras with fibre K, the compact operators of a separable infinite-dimensional
Hilbert space. The structure group of such a bundle is PU, the projective unitary group of
the Hilbert space with the strong topology. The morphisms Homy(zy(H, H') are homotopy
classes of bundle isomorphisms. We again obtain a groupoid-valued functor B +— T'(B).

Since we have an isomorphism of homotopy types BPU ~ K(Z,3) we see again that the
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isomorphism classes of objects in T(B) are classified by H*(B,Z) (this class is usually
called the Dixmir-Douady invariant). And furthermore, Hompp)(H,H') is again a tor-
sor over H?(B,Z). The monoidal structure on T'(B) is induced by the fiberwise tensor
product.

The second picture is very suitable to give a short definition of twisted K-theory at least
for locally compact B. If H € T'(B) is a twist, i.e. a bundle of C*-algebras H — B, then
we can form the C*-algebra Cy(B,H) of continuous sections of H vanishing at infinity.
Then we define

K(B,H) := K(Cy(B,H)) .
Below we will only use the axioms fixed in g’l%%.l] and not rely on any concrete

realization.

unkeschickt

5.2 For a space B we consider a category T(B) of twists as in [[3; Section 3.1]. Let
H € T(F,) be a twist with isomorphism class [H] = h, € H3(F,,Z). Set further
H := T*H € T(F,), where T was defined in @ Then [H] = h,, (see again @)

-, . £ et
Recall the definition of a,, and a,, in @.—Smce arh, = a’h, by Lemma @, we conclude
that there exists an isomorphism w : a*H — a*H in T(F, xg, F,). Since by Lemma @

H2(F, xg, F,,,7) = 0, this isomorphism is in fact unique.

5.3 We consider the pull-back diagrams

T x 1" % F, xg, Fa, ™ & F, ™ % F,
J, l 9 l l ? l l
* — Rn * — Rn * - RTL

Let y1,. .., Yn, U1, - - - Un be the canonical generators of H'(T™ x T™,Z) as in the proof of

Lemma ﬁ

We choose trivializations of twists £ : 0 — @*H and ¢ : w*H — 0. Then we consider the

automorphism

pr;f s axAy v kA VU g 4 ~ * ok prit
¢:0 = prow'H =v'a,H — via,H = priw"H — 0.



5 T-DUALITY TRANSFORMATIONS IN TWISTED COHOMOLOGY 25

We can identify ¢ with a class ¢ € H*(T" x n, 7). If we decompose
O=P1®bm ® b € HX (T, Z) x 18 HY(T",Z) @ H(T",Z) & 1 x H*(T", Z)

according to the Kiinneth formula, then the component ¢, € HY(T",Z) ® H 1(T”, Z) is

well-defined, not depending on the choices of ¢ and t.

5.4

Proposition 5.1 We have
i=1

1
Proof. Note that by Lemma ﬁ and Proposition @_we have a canonical equivalence
~ keschickt _ | . . .
R, =R;. In F[)B’ we studied in detail the topology of Ry and the associated T-duality.

The idea of the proof is to reduce the present task to the case n = 1.

We consider the n-fold product F' — B of the T*-bundle F; — F; (i.e. F = (F,)", B =
(R1)™). Let p; : B — R; denote the projections. Let (z,2) : B — K(Z",2) x K(Z",?2)
be the map with components z; := pfc and 2; := p;c. We now apply obstruction theory

to the lifting problem
R,
s (c.€) ]
B % K@) x Kzr,2)
It follows from z; U Z; = 0 that > | z; U Z; = 0 so that this diagram admits a lift. Since

H3(B,Z) = 0 such a lift is in fact unique.

We therefore have a pull-back diagram of principal T"-bundles

R

F
! !

B L R,

We define h := f*h,,. In this way we obtain a pair (F,h) over B. We further have natural

projections pr, : ' — Fy, ¢ = 1,...,n. Using the characterizations of h,, and h; in
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Lemma @ the naturality of Leray-Serre spectral sequences, and H3(B,Z) = 0, we see
that

h = Z pr,h; . (5.2)
i=1

Let Ts : B — B be the product of the T-duality transformations 7" : R; — R4 on each

factor. Since T is a homotopy equivalence, there is a unique lift a in

R,
a, T|
B " R,

Since the composition B = R, — K(Z",2) x K(Z",2) coincides with (z,2) we have

a = f, and the following diagram commutes upto homotopy

B L R,
Tp | T |
B L R,

This shows that we have a pull-back diagram

LR,
} >
B L R,

T"xT" — Fxphk "2 F,xg F,
! ! !
* — B = R,

It follows from Lemma @ (in the case n = 1) and the Kiinneth formula that H?(F xp
F,7) = 0. Therefore (f x5 f)*u: (f xp f)*a:H — (f xp f)*a’H is the unique isomor-

n

phism.

A ~ ~ C
Let V € T(Fy) and V € T(F;) be twists in the classes h; and h;. Then by @'there
exists isomorphisms r : f*H = Yor . pr;Vand i : f*7:( =3, pr;‘f). The choice of these
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isomorphisms is not unique. However, their restrictions to the fiber over * — B is unique.
This follows from the structure of H2(F,Z) (and of H*(F,Z)) implied by Lemma @ in

the case n = 1 and the Kunneth-formula.
At this moment we fix some choices of k and &.

Let ¢; : F' Xp F - Fi Xgr, ]§‘1 be the projection onto the ¢th component, and let r :
FxpF — F,r: F xpg F — F denote the projections onto the factors. Note that
for:ano(fxBf), fof:dno(fxBf), a;oq; =pr;or and a; o¢q; = pr; or. We now

have fixed isomorphisms
ke (f xp f)rayH = Zq . PR (fxp flragH Zq* V.

Note that there is a unique isomorphism ) : ELT]A/ — a3V. This induces another isomor-
phism
sy qzdi i (r*s

Zq*a’{V 2 (Fxp fyrain

\-/

O (fxpfragH =) qay
i=1
It follows that (f xp f)*u = ®. We can now restrict ® to the fiber 7" x 7™
13 ickt .
It was shown in H%l,nB?ZS% That the restriction of Y to a fiber T' x T is classified by a
generator of H2(T" x T*,Z), namely by y U in the canonical basis of H'(T" x TV, Z).
If we restrict the whole composition defining ® to the fiber and use the definition of ¢,,,

together with the uniqueness of the restrictions x and 4 and our freedom in the choice of

t and ¢, we obtain the result. O

5.5 Let us consider a diagram

where ' — B and F — B are some T"-principle bundles. Let H € T(F) and H € T(F)
be twists. We assume that (F,’H) and (F,H) are intertwined in the following sense:
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if ¢1,...,¢, € H*(B,Z) are the Chern classes of F and éi,...,¢, € H*(B,Z) are the
Chern classes of F', then the isomorphism class [H] € H®(F,Z) shall be represented
by Yy ® ¢ € E21’2, the Fs-page of the Leray-Serre spectral sequence for F', where
we use the canonical generators y; € H'(Fy,Z) of the (principal) fiber of F. We also
require the corresponding statement for [7:(] Note that this implies in particular that
[H] € F2H3(F,Z) for the Leray-Serre filtration.

Let us further assume that there exists an isomorphism wu : }3*7:( — p*H.

Fix b € B. Let I}, and Fb denote the fibers over b. The existence of v implies the existence
of isomorphisms v : Hjp, — 0 and ©: 0 — 7:l‘ - We now consider the composition

) *
| \F‘bxF‘b |F

p\FbH\Fb - p\F Hr, - 0) € H2<Fb X FbaZ) :

Definition 5.3 We say that u satisfies the condition P(u), if

b) €Y yiUgi+span(y; Uy, 4 Us;) Ve DB . (5.4)

=1

Of course, it suffices to check this for one point in each component of B.

Definition 5.5 An n-dimensional T-duality triple over B is an intertwined triple (F, H), (F,H), u)

as above such that u satisfies P(u).
zt5

5.6 Here is our main construction of 7T-duality triples. Let f : B — R, classify an
element = € P,(B). Let (F, h) represent the underlying isomorphism class of pairs. Then

we have a pull-back

f

F = F,
! i
B L R,
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such that h = f*h,,. Let # := T'(z) € P,(B) be the T-dual element and let (F, k) represent

the underlying isomorphism class of the dual pair. We have a pull-back diagram

FLor,
l !
B L R,

such that f*hn — h. We consider the diagram

A

FXBF

N\ /

Let f xp f: F xz F — F, XR, F, be the canonical map. We then get a T-duality

triple ((F, f*H), (F, f*ﬂ), (f X B f)*u) In fact, P((f xp f)*u)) is satisfied by Propostion
d3

and the two triples are intertwined by Lemma and naturality of the Leray-Serre

spectral sequence.

5.7 Consider a T"-bundle F' — B and a twist H € T(B). The following follows from

d3
Corollary ﬁzand Proposition ﬁ_

Corollary 5.6 The pair (F, H) belongs to some n-dimensional T-duality triple ((F,H), (F, ), u)
if and only if [H] € F?H*(F,Z).

In general, the corresponding 7T-duality triple is not unique. It is obtained by lifting
[F,[H]] € Pg)(B) to some element [B EN R,| € P,(B) and pulling back the universal

T-duality triple ((F,,, H), (F,,, ®),u) over R,, using f.

5.8 There are natural notions of an isomorphism between 7T-duality triples and of pull-
back along a map of base spaces. We thus can define the set-valued functor which asso-
ciates to a space the set of isomorphisms classes Triple, (B) of n-dimensional 7T-duality
triples. After some calculations we expect that R, is close but not equal to a classifying

space for Triple,,.
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unkeschickt

5.9 In 3] Definifion 3.7] we have introduced the notion of a T-admissible twisted co-
2
homology theory Ah(...,...). Examples are twisted K-theory (see @_Wand twisted two-

periodized cohomology with real coefficients. Let ((F,H), (F,H), u) be a T-duality triple.

trd| Definition 5.7 We define the T-duality transformation

T :=pouop : h(F,H) — h(F,H) .

This transformation has degree —n.

5.10

Theorem 5.8 If (F,H), (F,H)) is a T-duality triple, and if h is a T-admissible twisted

cohomology theory, then the T-duality transformation 1S an isomorphism.

unkeschickt

Proof. Exactly as in [3; Proof of Theorem 3.13] one uses induction, the Mayer-Vietoris
exact sequence and the 5-lemma to reduce this to the case B = . For B = % one observes

that the n-dimensional T-duality transformation is an iterated 1-dimensional T-duality

. . . . . . o unkeschickt
transformation which is an isomorphism by the definition of T-admissibility and F[)B, e-
orem 3.13]. O
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