
Seminar algebraic topology: Bordism
theory and the Hirzebruch signature

theorem

• Target: students of mathematics from the fifth semester

• The seminar introduces bordism theory as a generalized coho-
mology theory, the Pontryagin-Thom construction to carry out
computations and gives a proof of the Hirzebruch signature theo-
rem.

• Ort: Sitzungszimmer(probably)

• Contact: Thomas Schick thomas.schick@math.uni-goettingen.de,
Tel. 39-27799

• Preliminary meeting: to be determined

The concept of bordism started out as a way to classify manifolds
upto a suitably wide equivalence relation to make the (otherwise im-
possible) task of classification more doable.

It developped into a full-fledged and beautiful theory which pro-
ved very useful in algebraic and geometric topology and also in global
analysis and index theory.

Throughout bordism theory, the tangent bundle and constructions
based on it are fundamental. This requires to also cover quite a bit of
the theory of vector bundles in the seminar.

The idea of bordism is used to collect the bordism classes of compact
manifolds into a nice algebraic object: the bordism groups (and even
the graded bordism ring). Moreover, taking into account that manifolds
often live inside some other space (and generalizing this), one gets to
the point to define a full fledged (generalized) homology theory based
on the idea of bordism (actually: several, depending on extra structure
like orientation which is taken into account).

It turns out that there is a very powerful way to identify the geo-
metric idea of bordism with homotopy theoretic concepts. This goes
under the name of “Pontryagin-Thom construction”. The keywords to
make it work are “embedding” and “transversality”. They show that
bordism groups are homotopy groups of certain spaces, called “Thom
spaces”. Big surprise: these can often be computed very well.

The concept of bordism allowed Hirzebruch to give a beautiful re-
lation between the signature of a given oriented manifold and coho-
mological invariants which can be computed locally from the tangent
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bundle: the famous Hirzebruch signature theorem. To define thes co-
homological invariants one needs a surprising relation between new
algebraic concepts (multiplicative sequences) and topology.

The goal of the seminar is now clear:

• introduce bordism

• understand its fundamental properties (all the way to “its a ge-
neralized homology theory”)

• understand the Pontryagin-Thom construction

• computate bordism using the Thom spaces

• use this computation to prove the Hirzebruch signature theorem

• develop/introduce the relevant background (like vector bundle
theory, characteristic classes, Serre theory of homotopy groups,. . . )

We will follow a mix of several references, and will often start with
later chapters. This means that it could be intersting and helpful for
the preparation of a presenation to have alook at earlier chapters. As
a general rule, we will not be able to prove all the results which will
be used in the course. Instead, the presentation will present them and
then base further arguments on them.
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