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〈O〉 = 1 ð ��ñ
Ø}ò Ú×ß��© 

D
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〈D ∪O〉 = (−A2 −A−2) 〈D〉 ð¼ó ñ
Ø éKÚ×ß��© ��'�

D � D̂ � ��� D̂′
�K ����#Í&�'�,£7�&æ��© å£M¶}�©�EÉ ¥ �O¬&­�¶}�K ��#£M¡¢�i����� Ø_ë ÚM��ª��i���Ô£M  ¥ ¶ · ¸ ¥ £7�'���7�Ôô ¥ �' !¬&­ � ��£�ê

〈D〉 = A
〈

D̂
〉

+A−1
〈

D̂′

〉 ð�õ ñ
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c+(D) � ���ç���¤£��K¶¤ 	®×�'� Ù ¸i¡¢æ#�' �¬&­��'�

c−(D) ��7� ­��
w(D) = c+(D)− c−(D)

�,»�Â�½E»���¾{¿À»��
Û&Ä����!Ü��4��¿%Ý
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a���K���� ¥ �i�����©¡��¼á�¸ ¥ è ��¸K� �M�'¡�� � ��¸K¡Î ��'��¶¤ ��'¡Î¶´�'����áJ¡¢¸_â©�&Êi¶¼ �¸i� ª � ��� w(D) �i ����.�K 	¶�
0�#­ ¥ Ø�Ù �'¡¢�K¡Î  ¥	¥å� ��£i¨§æ���­ ¥ Ú�®K¸K�%ª  (¨Î¶ ��7�K���B (¨&¶

P̂D(A) = (−A−3)w(D) 〈D〉 ð�� ñ
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� hM]�ü±hi\fý�þ�hiYfÿ��4X7ø���Y�X7þ ]§^¢b'û�^�egY��!XMøÃùMb#Y�dfb'c��Jb �#egb#û�\�Y�ù!�#\�þ Z7XMY�b�]_ÿ��4X7ø���Y�X7þ ú
(−t 3

4 )w(D) ∗ 〈D〉 ◦ (t− 1
4 ) = P̂K(t

−
1
4 ) = VK(t) ð	" ñ

w[y{z}|�v�y{s$#_o0z&%('*)�z&%,+.-0/2143�57v764o98.#§o0v7/:%
v
�,»�Â�;��.�4��Â'ÛOÄ²�.��Ü�����¿ Ý
�,���4�4�!�������=< ß��© �� �© 	��¸K¡Î ��'��¶¤ ��©¡Î¶}�©¡a�t��¸K¶}�©� Ø ¸#�7�©¡ Ù �©¡&¨'¬&­ ¥  	��£ � ��£ÎÚ � ���Ñª �' 	���ç¡§�´£ �f¥g¦ ¡¢��áJ¡¢¸}â'�&Êi¶¼ �¸i�E®K¸K�P���.ª��K���³G 	¡¢�Ô�7�×¨�>�¸i���©¨��¼áa¸ ¥ è ��¸K� VK(t)

�' 	���7� � ¶¤ å£,� � ¡¢¬&­¯�i ���Í&�© ��7�©� · ¸ ¥ £��'���M�'� Ç ã7 �¸K����Í&�Î¨Î¶¤ 	����¶´ê?A@ ����¿ ��ê�ïÎ¨Î¶4� �7�©¡«¶¼¡Î 	®� �� ¥ �ç�t��¸K¶}�©� � �7�K����¨©�'  VK(t) = 1
�

?A@ ����¿B��ê
ß��' !�'�
D+ �D− � ��� D0

É ¥ �O¬&­�¶}�K ��#£i¡¢�i����� � �7�K�.�,£M  ¥ ¶��i �� · ¸ ¥ £��©���M�±É ¥ �&¬O­f¶¼¡¢� ¥ �K¶¤ �¸i�
1

t
VD+

(t)− tVD
−

(t) = (
√
t− 1√

t
)VD0

(t) ðDC ñ
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TÐeÃY�ba[fb'e��	b#c§^R\¯hi^¢cOebM

M
b'eÃY�b#]çüçY�Xi^Ob'Y�]Ñü eÃ]§^çb'eÃY�b

[m ×m]
ÿ]\¯hK^Oc¢e�MEþ�eg^

m = 2g(F ) + µ(K) − 1
NJX ÷ b'e

g(f)
d�hM]

c b�]¢l&û�øÃb#lOû�^±d�b'cP[�b'e��!b'c¢^§ÿ}`4ø�d7lOû�b
F
dfb�]çüçY�XM^¢b'Y.]Ñü \�Y�d

µ(K)
dfegb ö Ye��hiû�øÐdfb'c±ü²XMþ!V�XMY�b#Y7^¢b#YBdfb#cgfGb'c&]¢l&û�øÃegY�ùM\�Y�ù,ü

ð eÃ]§^�ü b'eÃY[üçY�XM^¢b'YSW�]§X�e(]_^
µ(K) = 1

ñ ÷ bI�'b#eÃl&û�Y�b©^*L � egb�]§bP\¯hK^Oc¢e�M6b#Y7^¢û�diøg^aY�\�c�TÐegY�^¢chdiù7b
∈ −1, 0, 1
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∆K(t)
÷ b#c¢b�lOû�Y�b©^G]¢eÃl&û�Y�\�Y�hiø(]4b'eÃY�b�]UV�bI�'eÃb'øÃøgb�`�XMcOþàdfb'c � b©^Ob'cOþ�eÃY�hMY7^¢b#Y�dfb#cG]U��þ�þ�b©^¢cOe(]¢l&û�b'Y

\¯hi^¢cOebM
(M +MT )

\�Y�d�� NJhMc ú
∆K(t) = t−

k

2 det(M − tMT )G X ÷ b#e�mÔdfb#YXi�hMY�ù�dfb'cj[fb'e��!b'c¢^�\�hK^¢cOe�M6WMXMY[ü ÷ bI�'b#eÃl&û�Y�b©^*L
� hM] ö øÃbkM�hiY�d�b'c¢ÿ��0XMø���Y�XMþ û�hi^�dfeÃb«`�X7c¢þ ú
∆K(t) = a−nt

−n + a−(n−1)t
−(n−1) + ...+ an−1t

n−1 + ant
nmit a−n = an, a−(n−1) = a−(n−1), ..., a−1 = a1
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K+ �K− � ��� K0
�M�	�Ð�. ��©¡Î¶~³G �� · Òf¡«�7�×¨�>�¸i���©¨��¼áa¸ ¥ è ��¸K���4ß�¸t£M  ¥ ¶}ê
5K+

(z)−5K
−

(z) = z 5K0
(z) ð�n ñ
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®×¸i�,�  	�Eæ©³{�' çË4��Í&�OÊ7�K�.��¶}�©��ê

?A@ ����¿ ��ê�ïÎ¨Î¶4� �7�©¡«¶¼¡Î 	®� �� ¥ �ç�t��¸K¶}�©� O Ø Ë4��Êi��¸K¶}�'�iÚ � ¨©¸P (¨Î¶ PO(v, z) = 1?A@ ����¿B��ê�ï©�,°²�&æ � £,� �©· �K ��çÉ ¥ �&¬&­�¶}�K ��#£i¡¢�i����� D+ �D− � ��� D0 � £i  ¥ ¶ · ¸ ¥ £7�'���7�Ôô ¥ �' �¬O­ � ��£�ê
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v
PD+

(v, z)− vPD
−

(v, z) = zPD0
(v, z) ðDJ ñ
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�,���4�4�!���������àß��© 
L1

∐

L2
�' 	����ÍO� ¥  ���Í© å£��ç���4Å7��Â�»�¿À¿À���F�4���������,E4� Þ ��¿�¿��,æ©³{�' ��'¡ Ù �'¡&¨©¬&­ ¥  	��£ � ��£��©���

Þ »f�#Å�< ß��© 
K = L

∐

O
�K �� � �fæ � ¨'�i�����©�f­ ¦ ��£��©���M��ß � �������' 	���'¡ Ù �©¡&¨'¬&­ ¥  	��£ � ��£Z� � ���,�7�Î¨�Ë4��Êi��¸i¶´�'� O ��ª��i���£M  ¥ ¶}ê

P (K) = P (L
∐

O) = (
1

v
− v)

1

z
P (L) ð H�ñ

Þ »f�#ÅOm ß��© 
K = L1

∐

L2
�© 	���çæ � ¨'�i�����©��£7�©¨'�©¶!æ'¶´� Ù �'¡&¨'¬O­ ¥  	��£ � ��£k�f�t��¸K¶}�©����ª��i���,£i  ¥ ¶}ê

P (L1

∐

L2) = (
1

v
− v)

1

z
P (L1)P (L2) ð �*�7ñ

Þ »f�#Å�|àß��© 
K = L1#L2

�' 	���çæ � ¨'�K�����'��£7�©¨'�©¶!æ'¶´� Ù �'¡&¨'¬O­ ¥  	��£ � ��£k������¸i¶´�'����ª��i���Ô£M  ¥ ¶}ê
P (K) = P (L1#L2) = P (L1)P (L2) ð �7��ñ

� hPþ�hiY�d�hM]�����\¯`0j2�²ÿ��0XMø���Y�XMþxhi\:�{dfb#þ G b'ùZ��hiY.d`W.b#egY¯þ!�Mù7øge(l&û�]_^ÑhiøÃøgù7b'þ�b'eÃY�b#]�üçY�Xi^¢b#Yfÿ��4XMø���Y�XMþ��#\�dfbk��Y�egb#c¢b'YSW
÷ b#]§^Ob'û7^JXiý�b'Y�^O]¢eÃl&û7^Oøge(l&ûPb#egY���\.]¢hMþ�þ�b#Y�û�hiY�ùP� Nae(]OlOû�b#Y6dfb'þ�����\�`4j2�²ÿ0]¢X�NaeÃb�dfb#þ ö øgb M�hiY�dfb#c§ÿ�\�Y�dPZ7XMY�b�]_ÿ��4X7ø���Y�X7þ�W\�Y.d_�INJhic ú
������»���Æ4�#�4��� ��ß��© 
� �' 	�ä¸i¡Î ��©�.¶¼ ��'¡Î¶}�©¡²�t��¸K¶}�©� Ø ¸��M�'¡ Ù �'¡&¨'¬O­ ¥  	��£ � ��£©ÚM��ª��K�.�Ô£M  ¥ ¶´ê

(1) VK(t) = PK(t,
√
t− 1√

t
)

(2) ∆K(t) = PK(1,
√
t− 1√

t
)

j
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[�Xçû�h ÷ b#Y��!XMøÃùMb#Y�dfb0Y&\E\f^&hiY7^Ob'Y4^�� NJhMc0d�h7]4ùMøÃb'e(l&û�b���X7þ��.��ÿ��0XMø���Y�XMþXWK]§eÃY�dj�_b#dfX�lOû�WMXMY�b#egY.hiY�dfb#c4WMb'c&]OlOû�eÃb#d�b'Y�W�NJh7]4þ�hiYhM\:�0hiY.dfb'cOb'þ G b'ù7bKW:�4L ��L�df\�c&lOûEd�hM] ÷ b�]_^Oegþ�þ�b'YEdfb�]�û��2V�b#c ÷ X7øge(]OlOû�b#Y_fGXMøÃ\�þ�b'Y�]ab'eÃY�b�]aüçY�XM^¢b'Y.]��'b'eÃùMb#YÔmihiY�Y�L

ö�÷�÷ egø(df\�Y�ù õ ú fGb#cO]OlOû�egb�dfb'Y�b±üçY�XM^¢b#YÔþ�eg^�dfb#þ�]¢b'ø ÷ b'YO��X7þ����7ÿ��4X7ø���Y�X7þ

TÐeÃYAN~b#eå^Ob'cOb#]7�~b#eÃ]�V�eÃb'ø�d�h��!k�c*W�d�hM]O]{b#]~]¢eÃl&û ÷ b'eÃþ���X7þ��.��hM\�lOûP\�þ mMb'eÃY�b�WMXMøÃø(]_^hdiY�dfeÃùMb�üçY�XM^¢b#Y�egY�WKhicOe(hiY7^ObKW7d`L û�L�d�hM]O]Ðb�]]¢eÃl&û,Y�e(l&û7^�\�þ b'eÃY�b ÷ eÃdfeÃcOb'm�^¢eÃXMY.hiøÃbg�Jb �'eÃb'û�\�Y�ù�û�hMY�dfb'øg^IW:�!X7øgùM^�dfeÃc¢b#m�^�hi\�]ad�b'c c øÃb'e(lOû�\�Y�ù ú
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VK(t)
 (¨Î¶��7�©¡�£M¡�«&¬0¶}� � �� 	���M�´£ VK(t)

�M�'¡²Ê ¥ �' 	��¨Î¶}��¡ÐãÎÓ�¸K���'��¶��7�Î¨P>f¸i���©¨h�¼á�¸ ¥ è ��¸K��¨Ø´î Ú
c+(D)
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σ(K)
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mindegVK(t) ≥ −c−(D)−
1

2
σ(K) ð � ó ñ

maxdegVK(t) ≤ c+(D)−
1

2
σ(K) ð � õ ñ

É{Òf¡
spanVK(t) = maxdegVK(t)−mindegVK(t)

£M  ¥ ¶}ê
spanVK(t) ≤ c+(D) + c−(D) = c(D) ð � � ñ
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spanVK(t) = c+(D) + c−(D) = c(D) ð � " ñ

maxdegVK(t) +mindegVK(t) = c+(D)− c−(D)− σ(K) = w(D)− σ(K) ð � C ñ
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