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Science today is marked by the collection of huge sets of data. The
bottleneck is more and more the evaluation of this data.

In particular, one has to retrieve the decisive qualitative information
in an efficient way (typically from noisy and high dimensional data
which is presented in inappropriate coordinates).

Topology is (from the point of view of geometry in pure mathema-
tics) the area which does precisely such a kind of job. In the last decades
there has now also been a very active development to implement this
in practical terms.

Example questions: given a scan of living tissue on the scale of cells:
distinguish the different components (the membranes), detect connec-
tions (in particular their time evolution), but do this with noisy data
and suppress irrelevant artefacts.

One suggestion to develop and apply algebraic topology to solve
these problems will be the theme of the seminar, where we try to get
all the way to some more or less real applications. The larger part, will
be dedicated to develop the algebraic topology and geometry basics.

More precisely, our tool are homology groups (there is one for each
integer n). Very roughly, these count n-dimensional holes in a topologi-
cal space. E.g., an n-dimensinal sphere has precisely one n-dimensional
hole, whereas a disk (of any dimension) has no hole at all (trivial ho-
mology).

To apply this to point sets (this is, what data measurement will
produce), we construct a sequence of interesting topological spaces from
this point set and apply homology to each of the spaces in the sequence.
The persistent homology (our main tool) focuses on those homology
features which persist for a long time in the sequence of spaces.



The seminar does start with a quick intro into the relevant aspects of
topology, focusing then on the aspects which are relevant for topological
data analysis. This way, it is suitable for the students which have taken
a course in algebraic topology (but can’t obtain credit if covering a talk
introducing topological material they have already learned), but also
for newcomers.

In later parts, will then see how the theory is used in practice,
and learn about some fundamental theoretical features of persistent
homology.

Examples for applications:

e given a set of points in R* wich represent (centers of) atoms of a
large molecule, determine tunnels and cavities in the molecule

e determine the placement of sensors in sensor networks
The most significant topological basics consist of
e knowing and applying simplicial complexes

e know homology (of simplicial complexes), compute it and inter-
pret the information

e understand homology as a functor

e knowing advanced computation tools for homology (from homo-
logical algebra): exact sequences

Specific for topological data analysis are

e skilled construction of simplicial complexes from data, e.g. Rips
complex, Delauny-triangulation,. ..and comparison of these

e persisten homology and bar codes
e cfficient algorithms to compute homology

e Flow complexes (and Morse theory)



Program

Nr Thema Quelle Name Termin
1 simplicial complexes M, (EH, Z)
2 (simplicial) homology: intro M, H (EH, Z)
3 (simpicial) homology II EH, (M, Z)
4 Simplicial complexes associated with point clouds EH III.2-111.4
5  persistent homology EH VII.1, Z, 6.1
6  Algebraic classification of persistent homology 72C 3
7 Algebraic classification of continuous persistence CB
homology (advanced)
8  algorithms for (persistent) homology EH 1V.2, VII.1
9  Fast algorithm for homology in R3 DH
10 stability of persistent homology EH VIIIL.2
11 Kiinneth formulas in persistent homology (advan- GP
ced!)
12 Application: pockets in proteins IX.2, GJ1
13 Application: coverage in sensor networks SG
14 A.-persistence (advanced) BM, B
1. Simplicial complexes ([13, Sections 1-3,14,16], also [8, III.1], [15,
2.3]
Content: Definition of simplicial complexes and maps (abstract
and geometric realization, triangulation, subdivision); formulati-
on of simplicial approximation theorem and nerve theorem (pro-
bably at best with sketch of proof). Examples.
2. simplicial homology [13], |12, Theorem 2.44, p. 230] (also [8, IV.1,IV.2,
I11.2], [15, 4.2]
Introduce algebraic chain complexes and their homology and then
simplicial homology of a simplicial complex (briefly discuss role
of coefficients). Introduce Betti numbers. Prove homotopy inva-
riance and explain its significance. Examples
3. (simplicial) homology II (choice from [8 IV.3,IV.4], [13, 1,2]: in-
troduce important slightly advanced properties/constructions of
homology and computational tools. Relative homology, pair se-
quence, exact sequences, Mayer-Vietoris, more example compu-
tations.
4. simplicial complexes assiciated to point clouds [8} II1.2-4].

fundamental principle: understand a geometric object/data by
choosing coverings and the combinatoris of intersection patterns.



10.

Discuss classical constructions to assign to a discrete subset of R™
sensible thickenings.

Content of the presentation: coverings, nerve, nerve-theorem, Cech-
complex, Rips-complex; spherical inversion, Voronoi-cells, Voro-
noi decomposition, Delaunay and a-complexes

. persisten homology [8, VII.1], [15, 6.1 part]:

Content: start with exmple of death and birth of connected com-
ponents. State principle of older, define persistent homology and
persistence-diagrams, give examples (in particular from [15]

. Classification and main theorem of persistent homology |16, Sec-

tion 3.
Explain (with field coefficients) the classification of persistent ho-
mology /persistence modules (compare also [2, Theorem 1.2.4].

Discuss the problems with more general coefficients and in the
context of multidimensional persistence [4].

Classification of continuous persistent cohomology [5]

Persistent homology inspires delicate algebraic problems: how to
classify the resulting modules? This comes up due to the variety of
different contexts. For example, a-shapes and Rips complexes are
indexed by the (positive) reals. Eminent algebraist have studied
the problem. Discuss the result found in [5] and perhaps also in
[1].

. Algorithms for persistent homology [8, V.2, VIL.1], |15, 7.3], [13,

10-11]
goal: describe efficiently usable algorithms to compute persistent

homology.

Cover: matrix reduction for homology and for persistent homolo-
gy. Describe algorithmn, present example, analyse efficiently (po-
tentially: discussion of sparse matrix techniques).

. Fast algorithm for homology in R? [8, V.4] and [6] .

Describe algorithm to compute homology of sub-simplicial com-
plexes of R3. Discuss efficiency. Briefly cover Alexander duality
as the basic tool to reduce to degree 1. Desired extension: use for
persistence as in [8, VII.2].

stability of persistence [8, VIII.2]

Cover: bottleneck metric, stability in bottleneck metric (for tame
functions); Wasserstein metric, stability for Wasserstein metric



11.

12.

13.

(reduced amount of detail. If time permits: cover aspects of com-
putability, following [8, VIII.1]

Application: pockets in proteins [8, IX.2] |11]

Content: Describe the problem, discuss the 1-dimensiona; “toy”-
case from [8]; brief discussion of the Ansatz from [11]; including
an introduction to the flow complex (which is a glimpse to Morse
theory)

Application: Coverage in sensor networks [7].

Explain the setup, main result, and prove of this result. The paper
deals with the question how sensors have to be placed to cover
a bounded domain if the topological type is unknown (assuming
conditions on the regularity of the boundary).

A-persistence (advanced). Follow [3] or [2, Chapter 2 and 3].

Cover the additional structure one can give to (co)homology given
by products and higher coherence structure products. Note that
such structure can be used to distinguish non-homotopic spaces
with the same homology. Give an idea of how persistence can be
extend to A..-persistence.
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