Homomorphisms of quantum groups

Sutanu Roy
(joint work with R. Meyer and S.L.Woronowicz)

\ -

Tg3xd

Mathematics Institute
Georg-August-University Gottingen

29 June 2011
XXX Workshop on Geometric Methods in Physics,
Biatowieza, Poland

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



Multiplicative uni
Locally comp
Hoof
Equivalent pictures of homomorphi

| bought a new car

@sutanu

Sutanu Roy (Gottingen) Hom phisms of quantum groups




QOutline

@ Multiplicative unitaries

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



QOutline

@ Multiplicative unitaries

e Locally compact quantum groups

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



QOutline

@ Multiplicative unitaries
e Locally compact quantum groups

© Hopf *-homomorphisms

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



QOutline

@ Multiplicative unitaries
e Locally compact quantum groups
© Hopf *-homomorphisms

@ Equivalent pictures of homomorphisms of quantum groups
@ Bicharacters
@ Universal bicharacter
@ Right or left coactions as homomorphisms
@ Morphism as a functor between coaction categories

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



QOutline

@ Multiplicative unitaries
e Locally compact quantum groups
© Hopf *-homomorphisms

@ Equivalent pictures of homomorphisms of quantum groups
@ Bicharacters
@ Universal bicharacter
@ Right or left coactions as homomorphisms
@ Morphism as a functor between coaction categories

© Summary

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



@ Multiplicative unitaries



Multiplicative unitaries

tion
>f a multiplicative unitary

Multiplicative unitary

Definition
An operator W € U(H ® H) is said to be multiplicative unitary on
the Hilbert space H if it satisfies the pentagon equation

WosWip = WioWi3Wos.
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Multiplicative unitaries

Definition
Legs of a multiplicative unitary

Multiplicative unitary

An operator W € U(H ® H) is said to be multiplicative unitary on
the Hilbert space H if it satisfies the pentagon equation

WosWip = WioWi3Wos.

| A

Examples

Consider Hg = L?(G, ) for a locally compact group G with a
right Haar measure \. Then, W € U(L?(G x G, )\ x \)) defined
by We T(x,y) = T(xy,y) is a multiplicative unitary on Hg.
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Multiplicative unitaries

Definition
Legs of a multiplicative unitary

Observations

One can define two non-degenerate, normal, coassociative
s-homomorphisms from B(#) to B(H ® H):

A(x) = W(x @ [YW*
Aly) = Ad(E) o (W*(I @ y)W).

for all x,y € B(H) and X is the flip operator acting on H ® H.
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Multiplicative unitaries

Definition
Legs of a multiplicative unitary

Observations

One can define two non-degenerate, normal, coassociative
s-homomorphisms from B(#) to B(H ® H):

A(x) = W(x @ [YW*
Aly) = Ad(E) o (W*(I @ y)W).

for all x,y € B(H) and X is the flip operator acting on H ® H.
Consider the slices/legs of the multiplicative unitaries:

C={woidW:wcBFH).}!

C={({d®w)W:w e B(H),}
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Multiplicative unitaries

Definition
Legs of a multiplicative unitary

Special class of multiplicative unitaries

Manageability and modularity
e Manageable multiplicative unitary. [Woronowicz, 1997]

e Modular multiplicative unitary. [Sottan-Woronowicz, 2001]
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Multiplicative unitaries

Definition
Legs of a multiplicative unitary

Nice legs of modular multiplicative unitaries

Theorem (Sottan, Woronowicz, 2001)
Let, W € U(H ® H) be a modular multiplicative unitary. Then,

o C and C are C*-sub algebras in B(#) and W € UM(C & C).
o there exists a unique Ac € Mor(C, C ® C) such that

o (idz ® A)W = WiWis.

o Ac is coassociative: (Ac ®idc) o Ac = (ide ® Ac¢) o Ac.

o A(C)(1® C) and (C ® 1)A(C) are linearly dense in C @ C.

@ There exists an involutive normal antiautomorphism R¢ of C.
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Locally compact quantum groups

Locally compact quantum groups

Definition [Sottan-Woronowicz, 2001]

The pair G = (C, A¢) is said to be a locally compact quantum
group if the C*-algebra C and A¢ € Mor(C, C ® C) comes from a
modular multiplicative unitary W. We say W giving rise to the
quantum group G = (C, Ac¢).
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Locally compact quantum groups

Locally compact quantum groups

Definition [Sottan-Woronowicz, 2001]

The pair G = (C, A¢) is said to be a locally compact quantum
group if the C*-algebra C and A¢ € Mor(C, C ® C) comes from a
modular multiplicative unitary W. We say W giving rise to the
quantum group G = (C, Ac¢).

| A\

Observation

The unitary operator W = Ad(X)(W*) gives rise to the quantum
group G = (C, Ag) which is dual to G = (C, Ac¢).
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Locally compact quantum groups

From groups to quantum groups

Given a locally compact group G:

o G =(Gy(G),A) is a locally compact quantum group
with Af(x,y) = f(xy).
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Locally compact quantum groups

From groups to quantum groups

Given a locally compact group G:
o G=(G(G),A) is a locally compact quantum group
with Af(x,y) = f(xy).
o G = (C*(G),A) is the dual quantum group of G with
A(rg) = A\g® A forall g € G.
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Locally compact quantum groups

From groups to quantum groups

Given a locally compact group G:

o G =(Gy(G),A) is a locally compact quantum group
with Af(x,y) = f(xy).

o G = (C!(G),A) is the dual quantum group of G with
A(Ng) = Ag @ Az forall g € G.

o GY = (C*(G),A") is a C*-bialgebra which is known as
quantum group C*-algebra of G.
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Locally compact quantum groups

Notations

Let, W be a modular multiplicative unitary giving rise to the
quantum group G = (C, A¢). We write:

o W, when we consider it as an unitary operator action on the
Hilbert space H @ ‘H

o W, when we consider it as in element of of UM (C @ C).

e f: A— B, when we consider f € Mor(A, B) or
f: A— M(B) where A and B are C*-algebras.
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Hopf *-homomorphisms

Hopf *~homomorphism

Let us consider G = (C,A¢) and H = (A, A) be two
C*-bialgebras.

Definition

A Hopf *-homomorphism between them is a morphism f: C — A
that intertwines the comultiplications, that is, the following
diagram commutes:

c—L——a

c] |as

C®CWA®A.
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Hopf *-homomorphisms

Drawback of Hopf *~homomorphisms

Let G and H are two locally compact groups.
e Consider a Hopf * homomorphism from f: Co(H) — Co(G).
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Hopf *-homomorphisms

Drawback of Hopf *~homomorphisms

Let G and H are two locally compact groups.
e Consider a Hopf * homomorphism from f: Co(H) — Co(G).

e f induces a continuous group homomorphism ¢: G — H.
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Hopf *-homomorphisms

Drawback of Hopf *~homomorphisms

Let G and H are two locally compact groups.
e Consider a Hopf * homomorphism from f: Co(H) — Co(G).
e f induces a continuous group homomorphism ¢: G — H.
e ¢ induces a Hopf *-homomorphism f: C¥(G) — C*(H) if and
only if kernel of ¢ is amenable.
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Hopf *-homomorphisms

Drawback of Hopf *~homomorphisms

Let G and H are two locally compact groups.
e Consider a Hopf * homomorphism from f: Co(H) — Co(G).
e f induces a continuous group homomorphism ¢: G — H.
e ¢ induces a Hopf *-homomorphism f: C¥(G) — C*(H) if and
only if kernel of ¢ is amenable.

Conclusion

Hopf *~homomorphisms are not compatible with the duality.
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Hopf *-homomorphisms

Drawback of Hopf *~homomorphisms

Let G and H are two locally compact groups.
e Consider a Hopf * homomorphism from f: Co(H) — Co(G).

e f induces a continuous group homomorphism ¢: G — H.
e ¢ induces a Hopf *-homomorphism f: C¥(G) — C*(H) if and
only if kernel of ¢ is amenable.

Hopf *~homomorphisms are not compatible with the duality.
But, ¢ induces a Hopf * morphism f“: C*(G) — C*(H).
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@ Equivalent pictures of homomorphisms of quantum groups
@ Bicharacters



Bicharacters

Equivalent pictures of homomorphisms of quantum groups

Bicharacters

Let, G = (C,A¢) and H = (A, An) are two quantum groups.

Definition
A unitary V € UM(C ® A) is called a bicharacter from C to A if

(Ap@ida)V = VosViz  inUM(C® Ca A),
(idpg ® Aa)V = VioViz  inUM(C 0 A A).
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Bicharacters
V)

Equivalent pictures of homomorphisms of quantum groups

Bicharacters

Lemma

A unitary V € U(Hc ® Ha) comes from a bicharacter
V e UM(C ® A) (which is necessarily unique) if and only if

VosW = WS ViaVas  in U(He @ He @ Ha),
W Vi = VioVisWss  in U(He @ Ha @ Ha).
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Bicharacters

Equivalent pictures of homomorphisms of quantum groups

An important theorem

Theorem [Woronowicz, 2010]

Let H be a Hilbert space and let W € B(H ® H) be a modular
multiplicative unitary. If a, b € B(H) satisfy W(a® 1) = (1® b)W,
then a = b = A1 for some A € C. More generally, if

a,b e M(K(H) @ D) for some C*-algebra D satisfy

Wisaiz = bpsWip, thena=b e C- 1y ® M(D)
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Equivalent pictures of homomorphisms of quantum groups

An important theorem

Corollary

Let (C,Ac) be a quantum group. If ¢ € M(C), then

Ac(c) e M(C®1) or Ac(c) e M(1® C) if and only if c € C- 1.
More generally, if D is a C*-algebra and ¢ € M(C ® D), then
(AC X idD)(C) (S M(C RI1® D) or

(Ac®idp)(c) e M(1® C® D) if and only if c € C-1® M(D).

V.
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Bicharacters

Equivalent pictures of homomorphisms of quantum groups

Properties of bicharacters |

Consider G = (C,A¢), H= (A, Ax) and I = (B, Apg) are
quantum groups.
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Bicharacters

Equivalent pictures of homomorphisms of quantum groups

Properties of bicharacters |

Consider G = (C,A¢), H= (A, Ax) and I = (B, Apg) are
quantum groups.
o Given a bicharacter V € UM(C ® A) we have:
° (Re (9 RA)V =V.
o V=0(V*) e UM(A® C) is the dual bicharacter.
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Equivalent pictures of homomorphisms of quantum groups

Properties of bicharacters Il

o Given two bicharacters VEPA e UM(C ® A) and
VAZB ¢ YUM(A @ B), there exists unique
bicharacter V€78 € UM(C ® B) satisfying

VC—>B (V1C—>A) VA—)B C—>A(VA—>B) )

We denote V78 = VA7B 4« VCA 35 composition of V¢4
and VA7B,
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Equivalent pictures of homomorphisms of quantum groups

Properties of bicharacters Il

o Given two bicharacters VEPA e UM(C ® A) and
VAZB ¢ YUM(A @ B), there exists unique
bicharacter V€78 € UM(C ® B) satisfying

VC—>B (V1C—>A) VA—)B C—>A(VA—>B) )

We denote V78 = VA7B 4« VCA 35 composition of V¢4
and VA7B,

o ldentity bicharacter:

VC—}A _ VC—)A % WC and VC—)A — WA % VC—>A.
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Bicharacters

Equivalent pictures of homomorphisms of quantum groups

Properties of bicharacters Ill

o Composition of bicharacters is associative:

(VB—>D " VA—)B) " VC—)A — VB—)D " (VA—>B " VC_>A).

where V=P ¢ Y M(B ® D) where J = (D, Ap) is a
quantum group.
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Equivalent pictures of homomorphisms of quantum groups

Properties of bicharacters Ill

o Composition of bicharacters is associative:
(VB—>D " VA—)B) " VC—)A — VB—)D " (VA—>B " VC_>A).
where VE=D e U M(B @ D) where J = (D, Ap) is a

quantum group.

o Compatibility with duality:

VC—>B Vf;B V2 —>AvA—>BVc—>A )
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Bicharacters

Equivalent pictures of homomorphisms of quantum groups

Category of locally compact quantum groups

Proposition [Ng, 1997; Meyer, R., Woronowicz, 2011]

The composition of bicharacters is associative, and the
multiplicative unitary WE is an identity on C. Thus bicharacters
with the above composition and locally compact quantum groups
are the arrows and objects of a category. Duality is a contravariant
functor acting on this category.
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. . . Right or tions a
Equivalent pictures of homomorphisms of quantum groups >
a P P a group Morphism a unctor bety

Corepresentation and universal bialgebra of a quantum

group

Definition
A corepresentation of ((A:,A(A_-) on a C*-algebra D is a unitary

multiplier V € UM(C ® D) that satisfies
(Aé (%9 IdD)(V) = V3Vi3.

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



Equivalent pictures of homomorphisms of quantum groups

Corepresentation and universal bialgebra of a quantum

group

Definition
A corepresentation of ((A:,A(A_-) on a C*-algebra D is a unitary

multiplier V € UM(C ® D) that satisfies
(Aé (%9 IdD)(V) = V3Vi3.

| \

Remark

Similarly corepresentation of (C,Ac¢) on a C*-algebra D is a
unitary multiplier V € UM(D ® C) that satisfies

(idp ® Ac)(V) = Via Vis.
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. . . Right or tions a
Equivalent pictures of homomorphisms of quantum groups >
a P P a group Morphism a unctor bety

Universal quantum group C*-algebra

Proposition[Sottan, Woronowicz, 2007]

o There exists a maximal corepresentation V € UM(C" ® C) of
(C,Ac¢) on a C*-algebra C such that for any
corepresentation U € UM(D & C) there exists a unique
é € Mor(CY, D) such that (¢ ® id¢)V = U.
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Equivalent pictures of homomorphisms of quantum groups

Universal quantum group C*-algebra

Proposition[Sottan, Woronowicz, 2007]

o There exists a maximal corepresentation V € UM(C" ® C) of
(C,Ac) on a C*-algebra C" such that for any
corepresentation U € UM(D & C) there exists a unique
¢ € Mor(CY, D) such that (¢ ® id¢c)V = U.

@ There exists a unique Ag, € Mor(CY, C" @ C") such that:

o (Mg ®idc)V = VagVis
o An(CY)(1® CY) and (C" ® 1)Ag, are linearly dense in
(Cv @ CY).
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Bicharacters
Universal bicharacter

Equivalent pictures of homomorphisms of quantum groups

Universal C*-bialgebras associated to a quantum group

Universal qunatum groups C*-algebra

(6“, A, ) is known as quantum group C*-algebra or the universal
dual of (C,A) .
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Equivalent pictures of homomorphisms of quantum groups

Universal C*-bialgebras associated to a quantum group

Universal qunatum groups C*-algebra

(6“, A, ) is known as quantum group C*-algebra or the universal
dual of (C,A) .

4

Corollary

There exists a maximal corepresentation V € U(C ® C*) of
(C,A¢) and C*-bialgebra (CY, Acu).
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Bicharacters
Universal bicharacter

Equivalent pictures of homomorphisms of quantum groups

Reducing morphisms

There exists two Hopf *-homomorphisms A € Mor(C", C) and
A € Mor(C", C) such that

Ct—"—>C v ——" ¢
AC”\L iAc A@ul J/Aé
C“®C“—>A®A C®C. Cug Cu e Coc.
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Equivalent pictures of homomorphisms of quantum groups

Preparation results for lifting of bicharacter

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~homomorphisms
from (CY, Acu) to (A, An).

v
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Equivalent pictures of homomorphisms of quantum groups

Preparation results for lifting of bicharacter

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~homomorphisms
from (CY, Acu) to (A, An).

e There is a unique bicharacter X € UM(C" @ C!) such that

V23]N712 = ]712.)(13]/23 in L{M(C“ QK(Hc)® CY).

v
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Equivalent pictures of homomorphisms of quantum groups

Preparation results for lifting of bicharacter

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~homomorphisms
from (CY, Acu) to (A, An).

e There is a unique bicharacter X € UM(C" @ C!) such that

V23]N712 = ]712.)(13]/23 in L{M(C“ QK(Hc)® CY).

Moreover, X is universal in the following sense:
(idepo @ NX =V, (A®idce)X =V and (A AN)X = W.

v
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Equivalent pictures of homomorphisms of quantum groups

Preparation results for lifting of bicharacter

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~homomorphisms
from (CY, Acu) to (A, An).

e There is a unique bicharacter X € UM(C" @ C!) such that

V23]N712 = ]712.)(13]/23 in L{M(C“ QK(Hc)® CY).
Moreover, X is universal in the following sense:
(idepo @ NX =V, (A®idce)X =V and (A AN)X = W.

@ A bicharacter in UM((A: ® A) lifts uniquely to a bicharacter in
UM(C" ® A") and hence to bicharacters in UM(C @ AY)
and UM(C" @ A).
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Universal bicharacter

. . . Right or bactions a ms
Equivalent pictures of homomorphisms of quantum groups = e

Morphism as a functor betv on categories

Category of universal objects

, 1997; Meyer, R., Woronowicz, 2011]

There is an isomorphism between the categories of locally compact
quantum groups with bicharacters from C to A and with Hopf
*-homomorphisms C" — A" as morphisms C — A, respectively.
The bicharacter associated to a Hopf *~homomorphism

@: CY— A¥is (Ap ® Aap)(X€) e UM(C ® A).
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Bicharacters
Universa

. . q R
Equivalent pictures of homomorphisms of quantum groups !

Category of universal objects

Theorem [Ng, 1997; Meyer, R., Woronowicz, 2011]

There is an isomorphism between the categories of locally compact
quantum groups with bicharacters from C to A and with Hopf
*-homomorphisms C" — A" as morphisms C — A, respectively.
The bicharacter associated to a Hopf *~homomorphism

@: CY— A¥is (Ap ® Aap)(X€) e UM(C ® A).

Furthermore, the duality on the level of bicharacters corresponds to
the duality ¢ — @ on Hopf *~homomorphisms, where ¢: Av s Cu
is the unique Hopf *-homomorphism with

(@ ®@ida)(XA) = (idgw ® 9)(X€).
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@ Equivalent pictures of homomorphisms of quantum groups

@ Right or left coactions as homomorphisms



racter
coactions

Equivalent pictures of homomorphisms of quantum groups

Right/Left coactions

Definition
A right or left coaction of (A, Ap) on a C*-algebra C is a
morphism ag: C - C® Aor a;: C — A® C for which following
diagram in the left or the right hand side commutes:

aR o

C CRA C AR C
O‘Rl iidc@AA O‘L\L lAA@idC
C®AWC®A®A, A®CWA®A®C.
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Right or left coactions a:

Equivalent pictures of homomorphisms of quantum groups 2
a P P a group Morphism as a functor

Right quantum group homomorphisms

Definition
A right quantum group homomorphism from (C, A¢) to (A, A4) is
a morphism Ag: C — C ® A for which following two diagram
commute:
c—2F ~CoA C—2F ~CoA
ARi lidc@AA Acl \LAc(@idA
C®AWC®A®A. C®CWC®C®A,
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Right or left coactions a:

Equivalent pictures of homomorphisms of quantum groups 2
a P P a group Morphism as a functor

Left quantum group homomorphisms

Definition
A left quantum group homomorphism from (C,Ac¢) to (A, Ap) is
a morphism A;: C — A® C for which following two diagram
commute:
c—=AwC C——>AaC
AL\L lAA@idC Acl lidA@AC
A®CM>A®A®C. C®CWA®C®C,

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



ters
| bicharacter
Right or left coactions a:

Equivalent pictures of homomorphisms of quantum groups Rt 25 & e b

Right quantum group homomorphisms and bicharacters

Theorem [Meyer, R., Woronowicz, 2011]

For any right quantum group homomorphism Ag: C —» C ® A,
there is a unique unitary V € UM(C ® A) with

(idé & AR)(W) = Wy, V3.

This unitary is a bicharacter.
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Equivalent pictures of homomorphisms of quantum groups

Right quantum group homomorphisms and bicharacters

Theorem [Meyer, R., Woronowicz, 2011]

For any right quantum group homomorphism Ag: C —» C ® A,
there is a unique unitary V € UM(C ® A) with

(idé & AR)(W) = Wy, V3.

This unitary is a bicharacter.
Conversely, let V' be a bicharacter from C to A, and let
V e U(Hc ®Ha) be the corresponding concrete bicharacter. Then

Ag(x) =V(x®1)V* forall x e C

defines a right quantum group homomorphism from C to A.
These two maps between bicharacters and right quantum group
homomorphisms are inverse to each other.
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ters
| bicharacter
Right or left coactions a:

Equivalent pictures of homomorphisms of quantum groups Rt 25 & e b

Left quantum group homomorphisms and bicharacters

Theorem [Meyer, R., Woronowicz, 2011]

For any left quantum group homomorphism A;: C - A® C,
there is a unique unitary V € UM(C ® A) with

(ida- X AL)(W) = V12VV13.

This unitary is a bicharacter.
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Equivalent pictures of homomorphisms of quantum groups

Left quantum group homomorphisms and bicharacters

Theorem [Meyer, R., Woronowicz, 2011]

For any left quantum group homomorphism A;: C - A® C,
there is a unique unitary V € UM(C ® A) with

(ida- X AL)(W) = V12VV13.

This unitary is a bicharacter.
Conversely, let V' be a bicharacter from C to A, let
V e U(Hc ®Ha) be the corresponding concrete bicharacter. Then

A A

AL(X) = (RA & Rc)(V*(l & Rc(X))V) forall x € C

is a left quantum group homomorphism from C to A.
These two maps between bicharacters and left quantum group

homomorphisms are bijective and inverse to each other.
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or left coactions a:

Equivalent pictures of homomorphisms of quantum groups 2
a P P a group Morphism as a functor t nc

Commutation relation between left and right

homomorphisms

Lemma
Let Aj: C - A® C and Ag: C — C ® B be a left and a right
quantum group homomorphism. Then the following diagram

commutes:
A
C - A®C
AR\L iidA(X)AR
C ® B m A X® C X® B.
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Equivalent pictures of homomorphisms of quantum groups 2
a P P a group Morphism as a functor t n coaction cate

Commutation relation between left and right
homomorphisms

Lemma

A; and A’i are associated to the same bicharacter
V e UM(C ® A) if and only if the following diagram commutes:

c— 2 .cecC

Acl iidc@AL

C®CA—R®MC>C®A®C'
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@ Equivalent pictures of homomorphisms of quantum groups

@ Morphism as a functor between coaction categories



as homomorphisms

Equivalent pictures of homomorphisms of quantum groups 5
q P P q group Mol’phlsm as a functor between coaction categories

Coaction category

Lemma

Right or left quantum group homomorphisms are injective and
satisfies
ARr(C)(1® A) is linearly dense in C® A

A (C)(A®1) is linearly dense in A® C

Equivalently right and left quantum group homomorphisms are
injective and continuous as coactions.
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ons as homomorphisms

Equivalent pictures of homomorphisms of quantum groups A .
q P P q group nctor between coaction categories

Coaction category

Lemma

Right or left quantum group homomorphisms are injective and
satisfies
ARr(C)(1® A) is linearly dense in C® A

A (C)(A®1) is linearly dense in A® C

Equivalently right and left quantum group homomorphisms are
injective and continuous as coactions.

o Let €*alg(A) or €*alg(A, An) denote the category of
C*-algebras with a continuous, injective A-coaction.
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tions as homomorphisms

Equivalent pictures of homomorphisms of quantum groups ¢
q P P q group Morp ism as a functor between coaction categories

Coaction category

Lemma

Right or left quantum group homomorphisms are injective and
satisfies
ARr(C)(1® A) is linearly dense in C® A

A (C)(A®1) is linearly dense in A® C

Equivalently right and left quantum group homomorphisms are
injective and continuous as coactions.

o Let €*alg(A) or €*alg(A, An) denote the category of
C*-algebras with a continuous, injective A-coaction.

@ A-equivariant morphisms as arrows in €*alg(A).
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ons as homomorphisms

Equivalent pictures of homomorphisms of quantum groups A .
q P P q group nctor between coaction categories

Assumptions

o (A,Ap) and (B, Ag) be locally compact quantum groups.

e a: C — C ® A be a continuous right coaction of (A, A) on
a C*-algebra C.

o Ar: A— A® B be a right quantum group homomorphism.

e For: C*alg(A) — C€*alg be the functor that forgets the
A-coaction.
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Equivalent pictures of homomorphisms of quantum groups A .
q P P q group Morphism as a functor between coaction categories

Homomorphism as a functor between coaction categories

Theorem [Meyer, R., Woronowicz, 2011]

There is a unique continuous coaction «y of (B, Ag) on C such
that the following diagram commutes:

C——2——>CQRA

'Yl lid(_‘@AR

C®B———CRA®B.
a®idg

&
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tions as homomorphisms

Equivalent pictures of homomorphisms of quantum groups ) A .
q P P q group Morphism as a functor between coaction categories

Homomorphism as a functor between coaction categories

Theorem [Meyer, R., Woronowicz, 2011]

There is a unique continuous coaction «y of (B, Ag) on C such
that the following diagram commutes:

C——2——>CQRA

'Yl lid(_‘@AR

CIB———C®AQB.
a®idg

This construction is a functor F: €*alg(A) — €*alg(B) with

Jor o F = For as any A-equivariant morphisms D — D’ are also

B-equivariant for D, D’ € €*algA.

&
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Equivalent pictures of homomorphisms of quantum groups ) A .
q P P q group Morphism as a functor between coaction categories

Homomorphism as a functor between coaction categories

Theorem [Meyer, R., Woronowicz, 2011]

There is a unique continuous coaction «y of (B, Ag) on C such
that the following diagram commutes:

C——2——>CQRA

'Yl lid(_‘@AR

C ® B a—®id,‘3> C R AR®B.
This construction is a functor F: €*alg(A) — C*alg(B) with
Jor o F = For as any A-equivariant morphisms D — D’ are also
B-equivariant for D, D’ € €*algA. Conversely, any such functor is
of this form for some right quantum group homomorphism Ag.

v
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Equivalent pictures of homomorphisms of quantum groups
q P P q group Mol’phlsm as a functor between coaction categories

Assumptions

(A,An) and (B, Ag) be locally compact quantum groups.

@ a: C — C® A be a right quantum group homomorphism
where (C, A¢) is a quantum group.

B: A— A® B be another right quantum group
homomorphism.

Fo: €*alg(C) — C*alg(A) and Fg: C*alg(A) — C*alg(B) be
the associated functors.

VC*)B _ VA*)B " VC—)A.
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Bichar:
Uni ter
Right or | ions as homomorphisms

Equivalent pictures of homomorphisms of quantum groups i A .
q P P q group Morphism as a functor between coaction categories

Composition of right quantum group homomorphism

There exists v: C — C ® B which is the unique right quantum
group homomorphism that makes the following diagram commute:

C CoA
’Y\L lidc®ﬁ
COB———>CRA®B.

a®idg
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Equivalent pictures of homomorphisms of quantum groups A @7 [ o €5 ETeeilEme
a p P a group Morphism as a functor between coaction categories

Composition of right quantum group homomorphism

Proposition

There exists v: C — C ® B which is the unique right quantum
group homomorphism that makes the following diagram commute:

C CoA
’Y\L lidc®ﬁ
COB———>CRA®B.

a®idg

which satisfies Fg o F, = F,.
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Equivalent pictures of homomorphisms of quantum groups A @7 [ o €5 ETeeilEme
a p P a group Morphism as a functor between coaction categories

Composition of right quantum group homomorphism

Proposition

There exists v: C — C ® B which is the unique right quantum
group homomorphism that makes the following diagram commute:

C CoA
’Y\L lidc®ﬁ
COB———>CRA®B.

a®idg

which satisfies Fg o F, = F,.
Moreover, V€75 is the bicharacter associated to .
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Summary

@ Multiplicative unitaries are the fundamental objects.
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Summary

@ Multiplicative unitaries are the fundamental objects.

e Every modular/manageable multiplicative unitary
W e UM(C ® C) admits a unique lift to X € UM(C" @ CY).
Hence they are basic in sense of Ng and hence
the birepresentations (bicharacters in our terminology) are
indeed the correct notion of homomorphisms between
quantum groups.
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Summary

@ Vaes introduced the notion of homomorphisms between
quantum groups (von Neumann algebraic setting) as
Hopf*-homomorphisms between universal C*-bialgebras which
is equivalent to the bicharacters.
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Summary

Summary

@ Vaes introduced the notion of homomorphisms between
quantum groups (von Neumann algebraic setting) as
Hopf*-homomorphisms between universal C*-bialgebras which
is equivalent to the bicharacters.

@ Last but not least, bicharacters induces a functor between
coaction categories via left/right quantum group
homomorphism which is a new realization of homomorphisms
between quantum groups.
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More details

http://arxiv.org/abs/1011.4284 /v2
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Thank you for your attention!
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