Sutanu Roy

Mathematics Institute
Georg-August-University Gottingen

20 September 2011
Operator Algebras and Quantum Groups

- conference in honour of S.L. Woronowicz's seventieth birthday
Woarszawa, Poland

Sutanu Roy (Goéttingen)

DA



@ From multiplicative unitaries to locally compact quantum groups

=] = = E A
Sutanu Roy (Goéttingen)



© Excursion to history

@ From multiplicative unitaries to locally compact quantum groups

=] = = E A
Sutanu Roy (Goéttingen)



c From multiplicative unitaries to locally compact quantum groups

© Excursion to history

© Equivalent pictures of homomorphisms of quantum groups
@ Bicharacters

@ Universal bicharacter
@ Right or left coactions as homomorphisms
@ Morphism as a functor between coaction categories

=] = A
Sutanu Roy (Goéttingen)



c From multiplicative unitaries to locally compact quantum groups

© Excursion to history

© Equivalent pictures of homomorphisms of quantum groups
@ Bicharacters

@ Universal bicharacter
@ Right or left coactions as homomorphisms
@ Morphism as a functor between coaction categories

@ Summary

=] F = = DA

Sutanu Roy (Goéttingen)



@sutanu

Sutanu Roy (Gottingen)



@ From multiplicative unitaries to locally compact quantum groups
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From multiplicative unitaries to locally compact quantum groups

@ Algebraic setting (Multiplier Hopf*-algebras).
e Topological setting (C*-algebras).

@ Measure theoritic setting (von Neumann algebras).
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From multiplicative unitaries to locally compact quantum groups

e Topological setting (C*-algebras).
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From multiplicative unitaries to locally compact quantum groups

Definition

An operator W € U(H ® H) is said to be multiplicative unitary on
the Hilbert space H if it satisfies the pentagon equation

WosWio = WioWi3Wos.

=} = = Hao
Sutanu Roy (Gottingen)




From multiplicative unitaries to locally compact quantum groups

One can define two non-degenerate, normal, coassociative
s-homomorphisms from B(H) to B(H ® H):

A(x) =W(x® )W*
Aly) = Ad(X) o (W*(I @ y)W).

for all x,y € B(H) and X is the flip operator acting on H ® H.
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From multiplicative unitaries to locally compact quantum groups

One can define two non-degenerate, normal, coassociative
s-homomorphisms from B(H) to B(H ® H):

A(x) =W(x @ W*

Aly) = Ad(%) o (W (I ® y)W).

for all x,y € B(#) and X is the flip operator acting on H ® H.
Consider the slices/legs of the multiplicative unitaries:

C={waidW wcB®E).}

C={(d@w)W:we B(H)}

|
I
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From multiplicative unitaries to locally compact quantum groups

Manageability and modularity

e Manageable multiplicative unitary. [Woronowicz, 1997]

e Modular multiplicative unitary. [Sottan-Woronowicz, 2001]
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From multiplicative unitaries to locally com

Equivalent pictures of homomorphisms

Summary

Theorem (Sottan, Woronowicz, 2001)

Let, W € U(H @ H) be a modular multiplicative unitary. Then,

o C and C are C*-sub algebras in B(#) and W € UM(C & C).
o there exists a unique Ac € Mor(C, C ® C) such that

o (idz ® A)W = Wy,Wis.

o Ac is coassociative: (Ac ®idc)o Ac = (ide ® Ac) o Ac.

o A(C)(1® C) and (C ® 1)A(C) are linearly dense in C ® C.

@ There exists an involutive normal antiautomorphism R¢ of C.
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From multiplicative unitaries to locally comp:

Equivalent pictures of homomorphisms

Definition [Sottan-Woronowicz, 2001]

The pair G = (C, A¢) is said to be a locally compact quantum
group if the C*-algebra C and A¢ € Mor(C, C ® C) comes from a
modular multiplicative unitary W. We say W giving rise to the
quantum group G = (C, A¢).
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From multiplicative unitaries to locally compact quantum groups
Excursion to history

Equivalent pictures of homomorphisms of quantum groups
Summary

Definition
Legs of a multiplicative unitary
Locally compact quantum groups

Definition [Sottan-Woronowicz, 2001]

The pair G = (C, A¢) is said to be a locally compact quantum
group if the C*-algebra C and A¢ € Mor(C, C ® C) comes from a
modular multiplicative unitary W. We say W giving rise to the
quantum group G = (C, Ac¢).

Observation

| A\

The unitary operator W = Ad(X)(W*) gives rise to the quantum
group G = (C, A¢) which is dual to G = (C, Ac¢).
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From multiplicative unitaries to locally compact quantum groups

Given a locally compact group G:
e G=(G(G),A) is a locally compact quantum group
with Af(x,y) = f(xy).
A(Ng) = Ag ® \g forall g € G.

o G =(C¥(G),A) is the dual quantum group of G with

o G" = (C*(G),A") is a C*-bialgebra which is known as
quantum group C*-algebra of G.
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From multiplicative unitaries to locally compact quantum groups
Excursion to history

Definition
Legs of a multiplicative unitary

Equivalent pictures of homomorphisms of quantum groups
Locally compact quantum groups

Summary

Let, W be a modular multiplicative unitary giving rise to the
quantum group G = (C, A¢). We write:

@ W, when we consider it as an unitary operator action on the
Hilbert space H ® H

e W, when we consider it as in element of of UM (C @ C).

e f: A— B, when we consider f € Mor(A, B) or
f: A— M(B) where A and B are C*-algebras.

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



@ Excursion to history
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Excursion to history

basic multiplicative unitaries in terms of
e Mutual coactions.

e Hopf *-homomorphisms.
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@ 1997: Ng introduced equivalent notion of morphisms between
e Birepresentations.



Excursion to history

basic multiplicative unitaries in terms of

e Mutual coactions.

@ 1997: Ng introduced equivalent notion of morphisms between
e Birepresentations.

e Hopf *-homomorphisms.

@ 2001: Kustermans defined equivalent notion of morphisms of
quantum groups in terms of

e Hopf *-homomorphisms between universal quantum group.
quantum groups.

e Special coactions of von Neumann algebraic versions of

o & = = A
Sutanu Roy (Goéttingen)



Excursion to history

basic multiplicative unitaries in terms of

e Hopf *-homomorphisms.

@ 1997: Ng introduced equivalent notion of morphisms between

quantum groups in terms of

@ 2001: Kustermans defined equivalent notion of morphisms of

e Hopf *-homomorphisms between universal quantum group.
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Excursion to history

Let us consider G = (C,A¢) and H = (A, A) be two
C*-bialgebras.

Definition

A Hopf *-homomorphism between them is a morphism f: C — A
that intertwines the comultiplications, that is, the following
diagram commutes:
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Excursion to history

Let G and H are two locally compact groups.
e Consider a Hopf * homomorphism from f: Co(H) — Co(G) .

@ f induces a continuous group homomorphism ¢: G — H .

e ¢ induces a Hopf *-homomorphism f: C*(G) — C*(H)
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Excursion to history

Let G and H are two locally compact groups.

e Consider a Hopf * homomorphism from f: Co(H) — Co(G) .
@ f induces a continuous group homomorphism ¢: G — H .

e ¢ induces a Hopf *-homomorphism 7: C*(G) — C*(H) if and
only if kernel of ¢ is amenable.
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Excursion to history

Let G =T, and H = {e}.
@ The Hopf * homomorphism from f: C — Co(F2).

e f induces the trival group homomorphism ¢: Fy — {e}.

e ¢ induces trivial Hopf *-morphism f: C¥(FF) — C
as 5 is not amenable.
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Excursion to history

Let G and H are two locally compact groups.

e Consider a Hopf * homomorphism from f: Co(H) — Co(G) .
@ f induces a continuous group homomorphism ¢: G — H .
@ ¢ induces a Hopf *-homomorphism

o f: C*(G) = C*(H)

o F: C*(G) — CI(H) if and only if kernel of ¢ is amenable.

Hopf *-homomorphisms are not always compatible with the
reduced dual but with full dual.

o =5 = = QR
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© Equivalent pictures of homomorphisms of quantum groups
@ Bicharacters

@ Universal bicharacter
@ Right or left coactions as homomorphisms

@ Morphism as a functor between coaction categories
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Equivalent pictures of homomorphisms of quantum groups

e Mutual coactions.

basic multiplicative unitaries in terms of

e Hopf *-homomorphisms.

@ 1997: Ng introduced equivalent notion of morphisms between
e Birepresentations.

2001: Kustermans defined equivalent notion of morphisms of
quantum groups in terms of

e Hopf *-homomorphisms between universal quantum group.
quantum groups.

e Special coactions of von Neumann algebraic versions of
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Equivalent pictures of homomorphisms of quantum groups

basic multiplicative unitaries in terms of

@ 1997: Ng introduced equivalent notion of morphisms between
e Birepresentations.
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Equivalent pictures of homomorphisms of quantum groups

Let, G = (C,Ac¢) and H = (A, Aa) are two quantum groups.
Definition

(Aé ®ida)V = Va3 Vi3

A unitary V € UM(&@A) a bicharacter from C to A if satisfying
(ide ® Aa)V = V1o Vi3

in UM(C ® C ® A),

in UM(C @ A® A).

o =5 = = QR
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Equivalent pictures of homomorphisms of quantum groups

Let, G=H = (C,A¢) be a quantum group.

Definition(Reduced bicharacter)

The unitary WS € UM(C @ C) a reduced bicharacter of
C satisfying
(Mg ®idc)W = W5 Wiy

in UM(C ® C® C),
(idpg ® Ac)WE = WHWE

in UM(C ® C® C).

= & Ha o
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Equivalent pictures of homomorphisms of quantum groups

A unitary V € U(Hc ® Ha) comes from a bicharacter
V e UM(C ® A) (which is necessarily unique) if and only if

Vas Wi, = W5, Vi3Vas

inU(Hc @ He @ Ha),
W55V = V1o Vi3 Wiy

iNnUHc @Ha@Ha).

o =5 = = QR
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From multiplic
E

¢
Equivalent pictures of homomorphisms of quantum groups
Summary

Definition [Sottan-Woronowicz, 2001]

A multiplicative unitary W € U(H @ H) is said to be modular if
there exist positive self-adjoint (may be unbounded) operators Q

and Q on 7 and an operator W € U(H ® H) such that
Q ker Q = ker Q ={0};
@ W(Re QW =Q2Q;
@ V7 €Hand £ € D(Q), & € D(Q),

(e |Wineé)=>7Q¢|W|7e Q).
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From multiplicative unitaries to locally compact quantum groups Bicharacters

Excursion to history Universal bicharacter
Right or left coactions as homomorphisms
Morphism as a functor between coaction categories

Equivalent pictures of homomorphisms of quantum groups
Sll mmary

Definition [Sottan-Woronowicz, 2001]
A multiplicative unitary W € U(H ® H) is said to be modular if
there exist positive seIf—adjointN(may b(i unbounded) operators
and Q on H and an operator W € U(H ® H) such that

@ ker Q = ker Q ={0};

@ WQR®QW*=Q3Q;

Q@ V1,1 €Hand £ €D(QY), ¢ €D(Q),

(e |W|nee) = (0Q|W|7e Q).

If W gives rise to the quantum group (C, A) then W is a
bicharacter from (C°P, A) to (C, A°P).

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



Equivalent pictures of homomorphisms of quantum groups

Theorem [Woronowicz, 2010]

Let H be a Hilbert space and let W € B(H ® H) be a modular
multiplicative unitary. If a, b € B(H) satisfy W(a® 1) = (1® b)W,
then a = b = A1 for some A € C. More generally, if

a,b e M(K(H) ® D) for some C*-algebra D satisfy

Wiza13 = bpsWip, thena=be C- 1y ® M(D)

Sutanu Roy (Gottingen)



Equivalent pictures of homomorphisms of quantum groups

Corollary [Kustermans, Vaes 2000]

Let (C,Ac¢) be a quantum group. If ¢ € M(C), then

Ac(c) e M(C®1) or Ac(c) e M(1® C) if and only if c € C- 1.
More generally, if D is a C*-algebra and ¢ € M(C ® D), then
(Ac®idp)(c) e M(C®1® D) or

(Ac®idp)(c) e M(1® C® D) if and only if c€ C-1® M(D).

Sutanu Roy (Gottingen)



Equivalent pictures of homomorphisms of quantum groups

quantum groups.

Consider G = (C,A¢), H=(A,Ax) and I = (B, Ag) are
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Equivalent pictures of homomorphisms of quantum groups

Consider G = (C,A¢), H=(A,Ax) and I = (B, Ag) are
quantum groups.

o Given a bicharacter V € UM(C ® A) we have:
° (Rf_— ® RA)V =V.

o V=0(V*) € UM(A® C) is the dual bicharacter.
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Equivalent pictures of homomorphisms of quantum groups

@ Given two bicharacters VEA c UM(C ® A) and
VAZB ¢ UM(A @ B), there exists unique

bicharacter V¢=B € UM(C ® B) satisfying
VC—)B

(V
We denote VE—B
and VA—EB

—>A) VA—)B C—)A(VA—>B
VA—)B % VC—)A

as composition of V¢4

o & = = A
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Equivalent pictures of homomorphisms of quantum groups

o Given two bicharacters VEA cUM(C ® A) and
VAZB ¢ UM(A @ B), there exists unique

C—»B __
Vi3

bicharacter V¢=B € UM(C ® B) satisfying

(VA Vo BV A(vasB).
and VA—EB,

We denote V78 = VA7B 4« VC=A 35 composition of V¢4
@ ldentity bicharacter:

VC—)A _ VC—)A *WC and VC—)A — WA *VC_>A.
o F = E DA



Equivalent pictures of homomorphisms of quantum groups

@ Composition of bicharacters is associative:

(VB—>D ” VA—}B) ” VC—}A — VB—}D ” (VA—>B " VC—)A)
quantum group.

where VB7P ¢ Y M(B ® D) where J = (D, Ap) is a

=] = = E A
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Equivalent pictures of homomorphisms of quantum groups

@ Composition of bicharacters is associative

B—D A—B C—A
(VE=D 4 vA=BY v

VB—}D ” (VA—>B VC—)A)
where VB=P ¢ Yy M(B @ D) where J = (D, Ap) is a
quantum group.
o Compatibility with duality
VC—B _ \yASB  \yCoA
or equivalently

VC—)B VA—)B VC_)AVA_)BVC_}A .
o = = = Ve



Proposition [Ng, 1997; Meyer, R., Woronowicz, 2011]

The composition of bicharacters is associative, and the
multiplicative unitary W€ is an identity on C. Thus bicharacters
with the above composition and locally compact quantum groups
are the arrows and objects of a category. Duality is a contravariant
functor acting on this category.

Sutanu Roy (Gottingen)



© Equivalent pictures of homomorphisms of quantum groups
@ Universal bicharacter
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Equivalent pictures of homomorphisms of quantum groups

e Mutual coactions.

basic multiplicative unitaries in terms of

e Hopf *-homomorphisms.

@ 1997: Ng introduced equivalent notion of morphisms between
e Birepresentations.

2001: Kustermans defined equivalent notion of morphisms of
quantum groups in terms of

e Hopf *-homomorphisms between universal quantum group.
quantum groups.

e Special coactions of von Neumann algebraic versions of
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Equivalent pictures of homomorphisms of quantum groups

basic multiplicative unitaries in terms of

e Hopf *-homomorphisms.

@ 1997: Ng introduced equivalent notion of morphisms between

quantum groups in terms of

@ 2001: Kustermans defined equivalent notion of morphisms of

e Hopf *-homomorphisms between universal quantum group.
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Equivalent pictures of homomorphisms of quantum groups

Definition

A corepresentation of (C, Ag) on a C*-algebra D is a unitary
multiplier V € UM(C ® D) that satisfies
(Ae (02 IdD)(V) = V23V13.

= & Ha o
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From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

Definition

A corepresentation of (é,A@) on a C*-algebra D is a unitary
multiplier V € UM(C ® D) that satisfies
(Ag ®idp)(V) = Va3 Vas.

Remark

| A\

Similarly corepresentation of (C,Ac) on a C*-algebra D is a
unitary multiplier V € UM(D ® C) that satisfies
(idD & Ac)(V) = Vi V13.

N

Sutanu Roy (Gottingen) Homomorphisms of quantum groups




From multiplicative unitaries to locally compa:
n to histor
Equivalent pictures of homomorphisms of tum groups
Summary

Proposition[Sottan, Woronowicz, 2007] |

o There exists a maximal corepresentation V € UM(C! ® C) of
(C,Ac) on a C*-algebra CY such that for any
corepresentation U € UM (D @ C) there exists a unique
$ € Mor(C", D) such that (¢ @ id¢c)V = U.

Sutanu Roy (Gottingen)



From multiplicative unitaries to locally compa:

Equivalent pictures of homomorphisms of
Summary

Proposition[Sottan, Woronowicz, 2007]

o There exists a maximal corepresentation V € UM(C! ® C) of
(C,Ac) on a C*-algebra C" such that for any
corepresentation U € UM (D @ C) there exists a unique
¢ € Mor(C", D) such that (¢ ®id¢c)V = U.

@ There exists a unique Ag, € Mor(C!, C¥ ® CY) such that:

° (A(A_-., & idc)f) = 17231713
° Aéu(éu)(l ® C") and (C* ® 1)A¢. are linearly dense in
(Cv @ CY).

Sutanu Roy (Gottingen)



Equivalent pictures of homomorphisms of quantum groups

Universal qunatum groups C*-algebra
dual of (C,A) .

(Cv, Ag,) is known as quantum group C*-algebra or the universal

] =5 = ¥ £
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From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

Universa

Universal qunatum groups C*-algebra

((A:“, Ag,) is known as quantum group C*-algebra or the universal
dual of (C,A) .

There exists a maximal corepresentation V € U(& ® CY) of
(C,Ap) and C*-bialgebra (CY, Acu).

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



Equivalent pictures of homomorphisms of quantum groups

A € Mor(C", C) such that
co— N ¢
2|

a'u
Jac
CU®CUWC® C.

There exists two Hopf *~homomorphisms A € Mor(C", C) and

(@)

>

e Ct

A
_—
.
=] F = = DAy
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Resats

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~-homomorphisms
from (CY, Acu) to (A, An).

v
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From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~-homomorphisms
from (CY, Acu) to (A, An).

e There is a unique bicharacter X € UM(C! ® C") such that

VazVio = VipXi3Vas in UM(C" @ K(Hc) ® CY).

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~-homomorphisms
from (CY, Acu) to (A, An).

e There is a unique bicharacter X € UM(C! ® C") such that

VazVio = VipXi3Vas in UM(C" @ K(Hc) ® CY).

Moreover, X is gniversal in the following sense:
(idepo @ NX =V, (A®@idce)X =V and (AR AN)X = W.

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

Preparat

o Let (A, An) be a C*-bialgebra. Bicharacters in UM(C ® A)
correspond bijectively to Hopf *~-homomorphisms
from (CY, Acu) to (A, An).

e There is a unique bicharacter X € UM(C! ® C") such that

VazVio = VipXi3Vas in UM(C" @ K(Hc) ® CY).

Moreover, X is gniversal in the following sense:
(idepo @ NX =V, (A®@idce)X =V and (AR AN)X = W.

@ A bicharacter in UM((A: ® A) lifts uniquely to a bicharacter in
UM(C" @ A) and hence to bicharacters in UM(C ® A)
and UM(C" ® A).

Sutanu Roy (Gottingen) Homomorphisms of quantum groups




From multiplicative unitaries to locally co

Equivalent pictures of homomorphisms
Summary

Theorem [Ng, 1997; Meyer, R., Woronowicz, 2011]

There is an isomorphism between the categories of locally compact
quantum groups with bicharacters from C to A and with Hopf
*-homomorphisms C" — A" as morphisms C — A, respectively.
The bicharacter associated to a Hopf *~homomorphism

@ CY— Avis (A @ Aap)(XC) e UM(C ® A).

Sutanu Roy (Gottingen)



From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

Theorem [Ng, 1997; Meyer, R., Woronowicz, 2011]

There is an isomorphism between the categories of locally compact
quantum groups with bicharacters from C to A and with Hopf
*-homomorphisms C" — A" as morphisms C — A, respectively.
The bicharacter associated to a Hopf *~homomorphism

@ CY— Avis (A @ Aap)(XC) e UM(C ® A).

Furthermore, the duality on the level of bicharacters corresponds to
the duality ¢ — ¢ on Hopf *-homomorphisms, where ¢: Av 5 Cu
is the unique Hopf *-homomorphism with

(@ ®ida)(X4) = (ide ® 9)(X).

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



© Equivalent pictures of homomorphisms of quantum groups

@ Right or left coactions as homomorphisms
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Equivalent pictures of homomorphisms of quantum groups

e Mutual coactions.

basic multiplicative unitaries in terms of

e Hopf *-homomorphisms.

@ 1997: Ng introduced equivalent notion of morphisms between
e Birepresentations.

2001: Kustermans defined equivalent notion of morphisms of
quantum groups in terms of

e Hopf *-homomorphisms between universal quantum group.
quantum groups.

e Special coactions of von Neumann algebraic versions of
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Equivalent pictures of homomorphisms of quantum groups

basic multiplicative unitaries in terms of

@ 1997: Ng introduced equivalent notion of morphisms between
e Mutual coactions.

quantum groups in terms of

quantum groups.

e Special coactions of von Neumann algebraic versions of
o & = = DAy

@ 2001: Kustermans defined equivalent notion of morphisms of



From multiplicative unitaries to locally comp

Equivalent pictures of homomorphisms of
Summar

A right or left coaction of (A,A) on a C*-algebra C is a
morphism agr: C - CR Aor a;: C — A® C for which following

diagram in the left or the right hand side commutes:

C K CoA C M LA®C
aRl lidc@AA aLl lAA(@idc
C®AM>C®A®A, AR C v AR AR C.

Sutanu Roy (Gottingen)



Summar

A right quantum group homomorphism from (C,A¢) to (A, Ap) is
a morphism Ag: C — C ® A for which following two diagram
commute:
c—2F .coA C 2 . coA
ARl lidc@AA Act lAC@idA
C®AWC®A®A. C®Cidc®AR CRCRA,

Sutanu Roy (Gottingen)



Summar

A left quantum group homomorphism from (C,A¢) to (A,Ap) is
a morphism A;: C — A® C for which following two diagram
commute:
C 2 L aAscC C & L amcC
ALl lAA(X)idC Acl lidA@AC
A®CM>A®A®C. C®CWA®C®C,

Sutanu Roy (Gottingen)



From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

Theorem [I\/Ieyer, R., Woronowicz,

For any right quantum group homomorphism Ag: C — C ® A,
there is a unique unitary V € UM(C ® A) with

(idé (%9 AR)(W) = Wy V3.

This unitary is a bicharacter.

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

Theorem [I\/Ieyer, R., Woronowicz,

For any left quantum group homomorphism A;: C - A® C,
there is a unique unitary V € UM(C ® A) with

(ida- (%9 AL)(W) = V1o,Wis.

This unitary is a bicharacter.

Sutanu Roy (Gottingen) Homomorphisms of quantum groups



From multiplicative unitaries to locally compact quantum groups Bicharacters
Excursion to history Universal bicharacter
Equivalent pictures of homomorphisms of quantum groups Right or left coactions as homomorphisms
Summary Morphism as a functor between coaction categories

Theorem [Meyer, R., Woronowicz, 2011]

For any right quantum group homomorphism Ag: C — C ® A,
there is a unique unitary V € UM(C ® A) with

(idé (%9 AR)(W) = Wy V3.

This unitary is a bicharacter.
Conversely, let V' be a bicharacter from C to A, and let
V eU(Hc ® Ha) be the corresponding concrete bicharacter.
Then
Ag(x) =V(x®1)V* forall x e C

defines a right quantum group homomorphism from C to A.
These two maps between bicharacters and right quantum group
homomorphisms are inverse to each other.
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[Meyer, R., Woronowicz, 2011]

For any left quantum group homomorphism A;: C - A® C,
there is a unique unitary V € UM(C ® A) with

(ida— (%9 AL)(W) = V1o,Wis.

This unitary is a bicharacter.

Conversely, let V' be a bicharacter from C to A, and let

V eU(Hc ® Ha) be the corresponding concrete bicharacter.
Then

Ar(x) = (Ra® Re)(V*(1 @ Re(x))V)  forall xe C

These two maps between bicharacters and left quantum group
homomorphisms are inverse to each other.
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Theorem [Meyer, R. nowicz, 2011]

For any left quantum group homomorphism A;: C - A® C,
there is a unique unitary V € UM(C ® A) with

(ida— (%9 AL)(W) = V1o,Wis.

This unitary is a bicharacter.

Conversely, let V' be a bicharacter from C to A, and let

V eU(Hc ® Ha) be the corresponding concrete bicharacter.
Then

Ap(x) =00 (Rc ® Ra)(V(Rc(x) @ 1)V™) forall x e C

These two maps between bicharacters and quantum group
homomorphisms are inverse to each other.
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Theorem [Meyer, R. nowicz, 2011]

For any left quantum group homomorphism A;: C - A® C,
there is a unique unitary V € UM(C ® A) with

(ida— (%9 AL)(W) = V1o,Wis.

This unitary is a bicharacter.

Conversely, let V' be a bicharacter from C to A, and let

V eU(Hc ® Ha) be the corresponding concrete bicharacter.
Then

Af(x) =00 (Rc ® Ra)Ar(Rc(x)) forall x e C

These two maps between bicharacters and quantum group
homomorphisms are inverse to each other.
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Lemma

Let A;: C > A® C and Ag: C — C ® B be a left and a right

quantum group homomorphism. Then the following diagram
commutes:

Ap

A®C

ARl lidA®AR

C®Bm>A®C®B.

=] F
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C
ac|
®

C

A; and Ag are associated to the same bicharacter
V e UM(C ® A) if and only if the following diagram commutes:
A
— ¢ -cCc®C

C

lidc@A[_
- >
Anoide CRARC.
o =) = = v v




© Equivalent pictures of homomorphisms of quantum groups

@ Morphism as a functor between coaction categories

Q>




Lemma

Right or left quantum group homomorphisms are injective and
satisfies

AR(C)(1® A) is linearly dense in C® A
A (C)(A®1) is linearly dense in A® C

Equivalently right and left quantum group homomorphisms are
injective and continuous as coactions.
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Lemma

Right or left quantum group homomorphisms are injective and
satisfies

AR(C)(1® A) is linearly dense in C® A
A (C)(A®1) is linearly dense in A® C

Equivalently right and left quantum group homomorphisms are
injective and continuous as coactions.

o Let €*alg(A) or €*alg(A, A) denote the category of
C*-algebras with a continuous, injective A-coaction.
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Lemma

Right or left quantum group homomorphisms are injective and
satisfies

AR(C)(1® A) is linearly dense in C® A
A (C)(A®1) is linearly dense in A® C

Equivalently right and left quantum group homomorphisms are
injective and continuous as coactions.

o Let €*alg(A) or €*alg(A, A) denote the category of
C*-algebras with a continuous, injective A-coaction.

@ A-equivariant morphisms as arrows in C*alg(A).
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e (A,Ap) and (B, Ag) be locally compact quantum groups.
of (A,Aa) on a C*-algebra C.

o Ar: A— A® B be a right quantum group homomorphism.
A-coaction.

@ For: C*alg(A) — €*alg be the functor that forgets the

o & = = A
Sutanu Roy (Goéttingen)

@ a: C — C ® A be an injective and continuous right coaction
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Theorem [Meyer, R., Woronowicz, 2011]

There is a unique continuous coaction «y of (B, Ag) on C such
that the following diagram commutes:

C——=>CRA

’Yl lidc@AR

C®Ba—®|dB>C®A®B
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Theorem [Meyer, R., Woronowicz, 2011]

There is a unique continuous coaction «y of (B, Ag) on C such
that the following diagram commutes:

C——2——>CQRA

’Yl lidc@AR

C & B a—®id,‘3> C & A (%9 B.
This construction is a functor F: €*alg(A) — €*alg(B) with
Jor o F = For as any A-equivariant morphisms D — D’ are also
B-equivariant for D, D’ € ¢*algA.
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Theorem [Meyer, R., Woronowicz, 2011]

There is a unique continuous coaction «y of (B, Ag) on C such
that the following diagram commutes:

C——2——>CQRA

’Yl lidc@AR

CB——C®AQB.
a®idg
This construction is a functor F: €*alg(A) — €*alg(B) with
Jor o F = For as any A-equivariant morphisms D — D’ are also
B-equivariant for D, D’ € €*algA. Conversely, any such functor is
of this form for some right quantum group homomorphism Ag.
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e (A,Ap) and (B, Ag) be locally compact quantum groups.
@ a: C — C® A be a right quantum group homomorphism
where (C, A¢) is a quantum group.

e 3: A— A® B be another right quantum group
homomorphism.

o Fo: C*alg(C) — C*alg(A) and Fz: C*alg(A) — C*alg(B) be
the associated functors.
° VC—)B _ VA—)B " VC_>A.

=] F DA
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[Proposition ]

There exists v: C — C ® B which is the unique right quantum
group homomorphism that makes the following diagram commute:

C CRA
Vl lidc@)ﬁ
C®B CRARB.

a®idg
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CProposion ]

There exists v: C — C ® B which is the unique right quantum
group homomorphism that makes the following diagram commute:

C CRA
Vl lidc@)ﬁ
C®B CRARB.

a®idg

which satisfies Fg o F, = F,.
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There exists v: C — C ® B which is the unique right quantum
group homomorphism that makes the following diagram commute:

C CRA
Vl lidc@)ﬁ
C®B CRARB.

a®idg

which satisfies Fg o F, = F,.
Moreover, V7B is the bicharacter associated to .
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Summary

e Multiplicative unitaries are the fundamental objects.

=] = = E A
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Summary

e Multiplicative unitaries are the fundamental objects.

@ Every modular/manageable multiplicative unitary
W e UM(C @ C) admits a unique lift to X € UM(C" @ CY).
Hence they are basic in sense of Ng and hence
the birepresentations (bicharacters in our terminology) are
indeed the correct notion of homomorphisms between
quantum groups.

=] F = = DA
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Summary

@ Kustermans introduced the notion of homomorphisms

between quantum groups (von Neumann algebraic setting) as

Hopf*-homomorphisms between universal C*-bialgebras which
is equivalent to the bicharacters.

o = QA
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Summary

@ Kustermans introduced the notion of homomorphisms
between quantum groups (von Neumann algebraic setting) as
Hopf*-homomorphisms between universal C*-bialgebras which
is equivalent to the bicharacters.

@ Last but not least, bicharacters induces a functor between
coaction categories via left/right quantum group
homomorphism which is a new realization of homomorphisms
between quantum groups.

[m] =5 = =
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http://arxiv.org/abs/1011.4284 /v2
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Summary

Thank you for your attention!
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