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The Hilbert transform

Definition
For f € C°(R), As a Fourier multiplier:
(Hf)(x) :p.v./ f(y)Ldy. (HF)(€) = —isgn(€) F(¢), €€R.
R X=Y
Question

Is H well-defined and bounded on L,(R) (p # 2)?
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The boundedness of Hilbert transform on R

Results:
@ Unbounded on L, for p =1, 00.
@ Trivially bounded on Ls.
e M. Riesz (1924) Bounded for 1 < p < oo.
o Cotlar (1955) Recursive: p = 2K+ Marcinkiewicz's Interpolation.
e Kolmogorov (1924) Bounded from L; to weak Lj.
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The boundedness of Hilbert transform on R

Results:
@ Unbounded on L, for p =1, 00.
@ Trivially bounded on Ls.
e M. Riesz (1924) Bounded for 1 < p < o0.
e Cotlar (1955) Recursive: p = 2%+ Marcinkiewicz's Interpolation.
e Kolmogorov (1924) Bounded from L; to weak L;.

Classical Cotlar Identity:
(Hf)? = 2 + 2H(f Hf).

Generalised by Mei and Ricard (2017) for amalgamated free product of
von Neumann algebras.
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Motivation:
N

lim F(k)e>™ 0 —; f
N—ro0
k=—N

in Lp-norm, for any f € L,(T)?
Problem

Let f € L,(T) for 1 < p < 0o. Do we have

Z (k)™ 0 — £(6) in Lp-norm?
kEZ
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Motivation:

N
lim Y f(k)e* 0 — f

N—o0
k=—N
in Lp-norm, for any f € L,(T)?
Problem
Let f € Lp(T) for 1 < p < co. Do we have
lim (T1_, ,f)(0) = lim Z f e>™k0 _ £(0) in L,-norm?

N—o0 N—o0
k=—N

Lp-norm convergence <= sup || T1_, ,, : Lp(T) = Lp(T)|| < oo.
N :
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Symbol Multiplier

i sgn(k) H
1(0,00) (k) . 3(1+iH)
1a,00)(K) 5(1 + iM—2miox HM goriax )
& ,‘_,:N _,
l[a,b](k) = l[a,oo)(k) : 1[—b,oo)(_k) HaHp

where M¢(,g(x) = f(x)g(x).

[1H = Lp(T) = Lp(T)|| < 00 <= sup IT1_ypg + Lp(T) = Lp(T)|| < o0

~ Connections to CBAP (completely bounded approximation property).

Runlian Xia Hilbert transforms for groups acting on tree-li 4 September 2024 6/19



Non-Abelian groups

G: discrete group.
Left regular representation

A1 G = U(l(G)) with Agp(h) = p(g2h). L(G) = {Ag} e
Non-abelian Fourier transform
For f € 6L(G), f=>"¢ f(g))\g is a bounded linear map ¢2(G) — £(G).

Non-commutative [,-spaces

-~

Ly(G) := Ly(L(G),7) = “{f : 7(|f|P)? < oo} with 7(f) = F(e).
Fourier multipliers on £(G):

m € Leo(G) ~ Tinf =3 m(g)f(g))\g.
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Noncommutative Cotlar identity
Problem: Does it hold that ||H = T, : Ly(G) = Ly(G)] < o0?

Let G be a discrete group and I be a subgroup of G. There exists a
conditional expectation E from L£(G) to L(I).

Generalised nc Cotlar identity (Mei-Ricard)

H(F)H(f)" — E[H(F)H(F)" — H(fH(F)") — H(fH(f)*)" + H(H(ff*))")]

= H(FH(F)*) + H(fH(F)*)* — H(H(fF*))").

Proposition (Gonzalez Pérez-Parcet-X)
Let H = T,,. TFAE:

@ Generalised nc Cotlar identity holds for H.
@ Condition on the symbol:

(m(gh) — m(g))(m(g~!) — m(h)) = 0,Vg € G —T,Vh € G.
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Proof.
Let X = x — E(x), Vx € L(G). Then the generalised nc Cotlar identity

P e e T =

H(FYH(f)* — H(fH(f)*) — H(fH(f)*)* + H(H(ff*))* =0

for f € C[G] is equivalent to
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Proof.
Let X = x — E(x), Vx € L(G). Then the generalised nc Cotlar identity

B e g

H(F)H(F)* — H(FH(F)*) = H(FH(F)")* + H(H(fF))* = 0

for f € C[G] is equivalent to

> > [mlghym(B) — m(g)m(h) — m(z~)mlgh) + m(g)m(g )] Flgh)F(m)Ae =o0.

g€G—T heG

This is equivalent to

m(gh)m(h) — m(g)m(h) — m(g~T)m(gh) + m(g)m(g~1) = 0,

forany ge G—T and h € G, i.e.

(m(gh) — m(g))(m(g~*) — m(h)) =0, Vg € G —T,Vh € G.
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Lemma (Gonzélez Pérez-Parcet-X)

Let G be a discrete group and I be a subgroup of G. Let E be the
conditional expectation from L(G) to L(I'). If the symbol m is left
-invariant, then we have for any p > 1

max{[|E[H(F)H(F) |, [IE[H(FHE) )]l
IETH(HE)") o, | ETHCHE)) )} < [IE(H)]p-

Proposition (Mei-Ricard '17, Gonzalez Pérez-Parcet-X)
Let H : L5(G) — Lo(G) be bounded. If

(m(gh) — m(g))(m(g~*) — m(h)) =0,¥g € G —T,Vhe G

—~ o~ ﬁ
and m is left T-invariant, then |[|H : L,(G) — Ly(G)]| S (pp—_z1> :
B = logy(1 + V2).
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R-trees

Let X be a Hausdorff topological space.

Arc v on X: a subset of X s.t. 3 an bijective continuous function
©:[0,1] = 7.

X is uniquely arcwise connected (UAC): if any two points in X are
joined by a unique arc.

R-tree: a metrisable UAC space X s.t. there is metric d such that the
unique arc joining two points is isometric to a closed interval in the real

line.

Examples: R, simplicial trees.
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Hilbert transforms for groups acting on R-trees
Let G be a group acting on a UAC topological space X by

homeomorphisms.
Choose a point Py in X and write X\{Py} as the disjoint union of

arc-connected subsets L; X; = X\{Po}.
Definition

For every arc-connected subset X;, we choose a constant C; € C
such that sup; C; < co. Define a bounded function on X by

ﬁ:’|X,- = C,', and ﬁ?(Po) =0.
Then the function m induces a function on G by
m(g) = m(g - Py) forany g € G.

Remark
Let Gp, be the stabiliser of Py in G. m is right Gp,-invariant. J
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Theorem (Gonzélez Pérez-Parcet-X.)
The function m defined above satisfies the Cotlar condition that for any
g, heGst g¢ Gp,,

(m(gh) — m(g))(m(g~") — m(h)) = 0.

g ' xo Zo
g
R —
To g-Zo
h - xg gh - xq

~

To ensure Ty, is bounded on L,(G), we need to take C; = C; if X; = g - X;
for some g € Gp,. In particular, when Gp, is a normal subgroup of G, m is
left Gp,-invariant by default.
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Theorem (Gonzélez Pérez-Parcet-X.)

The function m defined above is both left and right Gp,-invariant and
satisfies the Cotlar condition that for any g, h € G s.t. g ¢ Gy,

(m(gh) — m(g))(m(g~*) — m(h)) = 0.

Remark

When G is finitely generated, T, defined above is trivial iff G has property
(FR) (any action on an R-tree has a global fixed point).

o

Theorem (Gonzélez Pérez-Parcet-X.)

Let G act on a UAC space X. We can define a bounded function on G
satisfying Cotlar, and therefore

2

B
T (@) = L@ 5 (527 ) 6= loa1 + VD)

v
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Example I: Free groups

Consider the free group with 2 generators [, acting on its Cayley graph.

m= Cl]lWa + Cg]lwb + C3]lW371 + C4]le*1'

. .:iff%iii, |
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Example II: Baumslag-Solitar groups
The group presentation of B(m, n) is given by
(ryt:trmt™! =

r.
So B(m, n) is an HNN-extension based on ' = Z = (r) associated with A = mZ
and B = nZ.

Consider B(m, n) acting on its Bass-Serre tree by left multiplication.

rt=1r

t1r 11

rmlir
A trm—l tr
trtl

Figure: Bass-Serre tree of B(m, n)
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Each element g € B(m, n) has a unique representation of the form

g =roterit. ¢S with iy € Z, ey, . .. e € {£1},
ifep=1,then0< i, <m-—1,ifeg=-1then0<i <n-—1for k>1.
Consider the action of B(m, n) on its Bass-Serre tree by left multiplication,

the symbol (from our definition) of the Hilbert transform on B(m, n)
admits the following form. For g ¢ T,

m(g):Cl, if 61:1

and
m(g) =G, ife=-1,

where C; and G, are constants. If g € ', we have m(g) = 0.
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Example Ill: Left-orderable groups
A group G is said to be left-orderable if there exists a left-invariant total
order < on G, i.e. if a < b then ga <X gb for all g € G.

@ Torsion-free nilpotent groups, such as the Heisenberg group;

@ Baumslag-Solitar groups BS(1,n) for n > 2;

@ Surface groups and Thompson group F.

Lemma

Every countable left-orderable group acts on the real line R by orientation
preserving homeomorphisms and without global fixed point.

Proposition (Gonzalez Pérez-Parcet-X.)

Let G be a countable left-orderable group. If we view G as a group acting
on the real line R and choose Py = 0 in R, then the corresponding symbol
m given by our definition will be

m(g)=C ife<gandg#e,

m(g)=C ifg<eandg+#e.
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Recent developments and questions

@ (Lu-X.): We have defined and studied the Hilbert transforms on
Coxeter groups.

@ Question: Can we find a more general geometric object to replace
the “ R-trees”? For instance, buildings?
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