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Plan of the talk

@ Skew Localizer
» Review of complex index pairings and the spectral localizer
» Periodic spectral localizer
» Example of real index pairing (Kitaev chain)
» Review of real index pairings

» Skew localizer for real index pairings

@ Orientation flow
» Review of real skew-adjoint Fredholm operators
» Review of orientation flow in even component
» Definition and properties of orientation flow in odd component

» Example of orientation flow (half-sided Kitaev chain)
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Complex index pairings

Fredholm operator T on separable Hilbert space H of type
T =PFP +1-P,

where P = P? = P* orthogonal projection and F unitary such that
[F, P] compact

Theorem (Phillips 1997)

Lett € [0,1] — H; be a path of self-adjoint Fredholm operators,
Hoy and Hy invertible such that H;y — Hy is compact for all t and
Hi = F*HoF. If P = x(Ho < 0),

Ind(PFP +1— P) = Sf(t € [0,1] = H) .
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Spectral localizer for odd index pairings
Abounded invertible operator such that U = A|A|~"

D = D* Dirac operator with D~' compact such that
[D, A] bounded and E = x(D > 0) (unbounded Fredholm module)
Index pairing

T=EUE+1-E

Spectral localizer (for k > 0)

L. — kD A
A* —kD

Restriction (Dirichlet) to finite-dimensional range of x((|D| @ |D|) < p)

(n D, A, >
Lf-c,p = N
Ap -k D,

Clearly self-adjoint matrix:
(LH,P)* = LKﬂp
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Spectral localizer for odd index pairings

Theorem (Loring, Schulz-Baldes 2017)

Given D = D* with compact resolvent and invertible A
with invertibility gap g = ||[A~"||~". Provided that
o
D, Alll < (*)

12||All &
and

29 _, *)
K

the matrix Ly , is invertible and

3 Sig(Lx,,) = Ind(EUE +1-E) .
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Spectral localizer for even index pairings
Index pairing
T=PFP+1-P

Gapped Hamiltonian H = H* on H such that P = x(H < 0)

Dirac operator D = D* on H @ H is odd w.r.t. grading I = (§ _9)

Thus D= —TDl = (goog) and Dirac phase F = Dy|Dg|™"

and [H, Dy] bounded
Spectral localizer

—H kD
L, = Ol = —H®TI + &D
(wo H) "

Theorem (Loring, Schulz-Baldes 2020)
If||[H, Do]|| < oo and k, p with (*) and (**), then

Ind(PFP +1—P) = }Sig(Ls,) .




Even periodic spectral localizer
H finite range gapped periodic Hamiltonian on # = (2(Z9) @ CF,

spec(H)
0
Dirichlet boundary condition:
spec(H,)
0
Periodic boundary condition:
spec(H))
0
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Even periodic spectral localizer
H finite range periodic Hamiltonian on # = ¢2(Z9) ® CL,
D = Y7 | Xy; Dirac operator where ~;y; + vy = 2y,

d even, thus

oo © 27:1)@*>:<0 Ds)
quﬂxﬁj 0 Dy 0

Index pairing
PFP+1—-P
for P = x(H < 0) and F = Dy|Do|™"

Theorem (Doll, Loring, Schulz-Baldes, submitted to Adv. Math.)
For p sufficiently large,  sufficiently small

_ pper D
Ind(PFP+1—P) = }Sig bl pg)ﬂ
#(Do)y  Hy

where p multiple of periods.

V.

Skew localizer for real index pairings 8/35




Even periodic spectral localizer
Periodic spectral localizer (for n > 0)

e (X (1= cos(G X)) S sin( X5 )g (—H;;ef 0 >

" Z/ 1 sm( X Z/:1 ( cos(p Xj)) n 0 Ho

Theorem (Doll, Loring, Schulz-Baldes, submitted to Adv. Math.)

o | CAMIHIP P
> P

o I[X, H]|l, and C = 15 - 108 and

: (3)

where g = |H='||=1, M = max_4
n > ¢ such that

2
(1- ﬁ>2+4(1 - 1) < F@niE )

the index of the index pairing is

.....

Ind(PFP+1—-P) = } 5 Sig(L},)-




1d Bogoliubov de-Gennes Hamiltonian (class D)
Gapped Hamiltonian H acting on # = ¢2(Z) ® CN such that H = —H

Fermi projection P = y(H < 0) suchthatP=1—- P
Dirac operator D = X ® 1 with X =", n|n)(n| — |0)(0| position op.
Hardy projection E = x(D > 0) isreal E = E

Index pairing
T=E1-2P)E+1-E

Ind(T) = 0 but well-defined is (Grossmann, Schulz-Baldes 2016)
Indy(T) = dim(Ker(7T)) mod 2
Alternative formula

Indy(T) = dim(Ker(EHE)) mod 2
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Construction of skew localizer

Spectral localizer
L. — kD H
H —-xD

with H = —H and D = D. Then Sig(L,,) = 0.

Use unitary basis change
R _ 1 1—2 142
2\1+2 1—2

0 tH—rD
H+xD 0

then skew-localizer
L. = 1R*L.R = (

and

D = 1R*diag(D,~D)R = (0 ‘D>
D 0

Both real and skew-adjoint



Local formular for Zs-invariant

Restrictions to Ran(x(|D| < p))

- H,— kD ~ D
Ln,p = H 0 o~ B 5 and Dp = 0 P
WH, + kD, 0 D, 0

Real and skew-adjoint matrices
Theorem (Doll, Schulz-Baldes 2021)

For Z,W and f)p as above and k, p with (*) and (**)

Inda(E(1 — 2P)E +1— E) = sgn(Pf(L, ,))sen(Pf(D,))
= sgn(det(eH, + x D,))sgn(det(D,)) .

v
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Example: Kitaev chain (in Majorana representation)

H=1 0 V—u
-Vt pu 0

actingon H = (3(Z) ® C2 with V = 3", [n+ 1)(n| right shift, u € R
H gapped for 1 ¢ {—1,1}, P = x(H < 0)suchthat P=1—- P

Dirac operator D = X ® 1, Hardy projection E = x(D > 0) real E = E
Indx(T) = 1 for || < 1 and Indp(T) = O for |p| > 1

Theorem (Doll, Schulz-Baldes 2021)

For Z,W and 5,, as above and k, p with (*) and (**)

Indo(E(1 —2P)E +1— E) = sgn | det o Vo tu .
V- kX,
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Real index pairings
From now on ‘H with complex conjugation C. For operator Aon ‘H

@ complex conjugate: A =CAC

e transpose: AT = (A)”

Implementation of symmetries:
Symmetry operator S = S = (S*)~! € B(#) such that §? = +1
Symmetries of projection P:
@ even/odd real: S*PS =P
@ even/odd Lagrangian: S*PS=1-P
Symmetries of unitary F in terms of a symmetry operator ¥:

@ even/odd real: YI*FY =F

@ even/odd symmetric: I*FTY = F



Real index pairings
Index pairing
T =PFP+1-P

For given combination of symmetries

e Ind(T)eZ
or

@ Ind(T) € 2Z
or

@ Ind(T) =0

In last case secondary invariant
Inda(T) = dim(Ker(T)) mod2 € Zy ,

may be well-defined.
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Three types of index pairings
@ projection P, unitary F: T = PFP4+1-P
@ projections P, E:
T =PA-2E)P+1-P, T =E1-2P)E+1-E (1)

Proposition
ForT and T' as in (1), Ind(T) = Ind(T") = 0 and Indy(T) = Indo(T"). J

o unitaries U, F:set P=3(' %) and E =} (L.F)

F
1
_ _[FO ,  _[(UO
T_P<0,__>P+1—P, T_E<OU)E+1—E 2)

For T and T' as in (2), Ind(T) = Ind(T’) = 0 and Inda(T) = Inda(T’).

Proposition J




Index pairings with real symmetries (Kitaevs table)

j\d 0 1 2 3 4 5 6 7
S*Fr=F | »*Ex=E | T*F!s=F | S*Ex=1—-£ | $*Fy=F | $*Ex=E | »*FI3=F | T*Ex=1-E€
¥2-1 ¥2-1 P ¥2=_1 ¥2=_1 ¥2__4q s2-_4 24
*PsS=P
0 55251 A 0 0 0 27 0 Z Z
*JS—
1 SSLZIS;U Zs z 0 0 0 27, 0 Zp
S*PS=1—-P
2 <24 Zy A z 0 0 0 2z 0
s*uTs=u
3 2 0 Zp Zp z 0 0 0 27
S*PS=P
4 o 27, 0 Zs Zs Z 0 0 0
S§*Us=U
5 Pl 0 27 0 Zp Zp z 0 0
S*PS=1-P
6 2 0 0 27 0 Zs Zs Z 0
s*uTs=u
7 e 0 0 0 27, 0 Zs Zs z

Theorem (Doll, Schulz-Baldes 2021)
All Z»-indices can be calculated via skew localizer. J
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Skew localizer for real index pairings

Commuting symmetry operators S and ©

Hamiltonian H such that S*HS = +H and [H,X] =0

Dirac operator D = (gng) such that ¥*DpY. = D(()*) and [Dy,S] =0

L. — —H Dy
kDy H

Even symmetry Q build from £.S such that

Spectral localizer

Q'L.Q=—-L,
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Skew localizer for real index pairings
Unitary root R of Q such that
R =Q, R=FR

Skew localizer R

L, = R*L.R
real and skew-adjoint, and D = 1R*DR real and skew-adjoint
Restriction to finite-dimensional range of X(!BI < p): Z,W and Ep

Theorem (Doll, Schulz-Baldes 2021)
If ||[H, Do]|| < oo and , p with (*) and (**), then

Indo(PFP+1—-P) = sgn(Pf(/L\,{’p))sgn(Pf(Bp)).

Covers T=P(f )P +1—-Pand T=E(1-2P)E+1—E
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Skew localizer for real index pairings

For pairing of two unitaries or two projections supplementary even
chiral symmetry

Flaol, = —Lo,,  [IDyl, = —D,

In suitable basis

i, - 0 -B;) B, - 0 -C
B, 0 C, 0
Theorem (Doll, Schulz-Baldes 2021)

For k, p with (*) and (**)

Indp(PFP + 1 — P) = sgn(det(B,))sgn(det(C,)).

Main tool for proof: Orientation flow
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Real skew-adjoint Fredholm operators

‘H separable Hilbert space with complex conjugation C

Set of bounded real skew-adjoint Fredholm operators on H
FBgew(H) = {T €B(H): T =T = —T*, T Fredholm}

where T = CTC complex conjugate of T € B(#)
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Real skew-adjoint Fredholm operators

‘H separable Hilbert space with complex conjugation C

Set of bounded real skew-adjoint Fredholm operators on H
FBgew(H) = {T €B(H): T =T = —T*, T Fredholm}

where T = CTC complex conjugate of T € B(#)

Connected components
@ FBuewev(H) = {T € FBgew(H) : dim(Ker(T)) € 2Z}
@ FBgewod(H) = {T € FBgew(H) : dim(Ker(T)) + 1 € 2Z}

Fundamental group

U8 (FBskew,ev(%)) =™ (FBSK@W,Od(IH)) = 2
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Real skew-adjoint Fredholm operators

‘H separable Hilbert space with complex conjugation C

Set of bounded real skew-adjoint Fredholm operators on H
FBgew(H) = {T €B(H): T =T = —T*, T Fredholm}

where T = CTC complex conjugate of T € B(#)

Connected components
@ FBgewev(H) = {T € FBgew(H) : dim(Ker(T)) € 2Z}
@ FBgewod(H) = {T € FBgew(H) : dim(Ker(T)) + 1 € 2Z}

Fundamental group

U8 (FBskew,ev(%)) =™ (FBSK@W,Od(IH)) = 2

Aim: Find explicit isomorphism 74 (Flﬂ%skew,od(”ﬂ)) — 7o
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Review of orientation flow in even component
t€[0,1] = T; € FBgew.ev(H) With To and Ty invertible
Orientation flow: Ofa(t€[0,1] = T;) €Zp
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Review of orientation flow in even component
t€[0,1] = T; € FBgew.ev(H) With To and Ty invertible
Orientation flow: Ofa(t€[0,1] = T;) €Zp
T; = —T; = spec(Ty) € R, T; = Tt = spec(T;) = —spec(Ty)

spec(T}) |
2

0
/\1t
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Review of orientation flow in even component
t€[0,1] = T; € FBgew.ev(H) With To and Ty invertible
Orientation flow: Ofa(t€[0,1] = T;) €Zp
Ti = —T{ = spec(T;) € 1R, T; = Tt = spec(T;) = —spec(Ty)
spec(T}) |

2
/\1t

—1 |

Theorem (Carey, Phillips, Schulz-Baldes 2018)

Ift € [0,1] — T; is analytic Ofz(t € [0,1] — T;) is modulo 2 equal to the
sum of all eigenvalue crossings through 0 along the path, each one
counted with its multiplicity.
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Review of orientation flow in even component
Theorem (Carey, Phillips, Schulz-Baldes 2018)

Lett € [0,1] — T; € FByew(#) be such that Ty and Ty are invertible
(i) If Ty invertible for all t € [0, 1] then Ofy(t € [0,1] — T;) = 0.
(ii) Fort e [1,2] — T; € FBgew(H) with T, invertible
Ofy(t € [0,2] — Ti)
= Ofp(t€[0,1] = T;) + Ofx(t € [1,2] — Tt) mod 2 .

(iii) Ift € [0,1] = T{ € FBw.w(#) be such that To = Ty and Ty = T{ is
connected to t € [0,1] — T; via a norm-continuous homotopy in
FBew(H) leaving the endpoints fixed,

Ofg(t € [O, 1] = Tt) = Ofg(t € [0,1] = Tt/) .
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Review of orientation flow in even component
Theorem (Carey, Phillips, Schulz-Baldes 2018)
Lett € [0,1] — T; € FByew(#) be such that Ty and Ty are invertible
(i) If Ty invertible for all t € [0, 1] then Ofy(t € [0,1] — T;) = 0.
(i) Forte [1,2] — T; € FByew(H) with T, invertible
Ofy(t € [0,2] — Ti)
= Ofp(t€[0,1] = T;) + Ofx(t € [1,2] — Tt) mod 2 .

(iii) Ift € [0,1] = T{ € FBw.w(#) be such that To = Ty and Ty = T{ is
connected to t € [0,1] — T; via a norm-continuous homotopy in
FBew(H) leaving the endpoints fixed,

Ofg(t € [0, 1] — Tt) = Ofg(t & [0,1] — T;) .

Theorem (Carey, Phillips, Schulz-Baldes 2018)
Of, induces isomorphism
Ofz : my (FBskew,ev(H)) — Za




Index as Orientation flow

Theorem (Carey, Phillips, Schulz-Baldes 2018)
For Lagrangian P real F
Inda(PFP +1 — P)=0f5(t € [0,1] — (1 — t)2(1 — 2P) + tFu(1 — 2P)F™).
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Index as Orientation flow

Theorem (Carey, Phillips, Schulz-Baldes 2018)
For Lagrangian P real F
Inda(PFP +1 — P)=0f5(t € [0,1] — (1 — t)2(1 — 2P) + tFu(1 — 2P)F™).

Proof of connection of Z,-index and Pfaffian of skew localizer:

Homotopy inveriance:

Indo(PFP 41— P) = Ofa(t € [0,1] — (1 = t)D + tL,)

Restriction to finite volume:

Indy(PFP +1— P)

Ofy(t € [0,1] — (1 — )D, + tL,. ;)
= sgn(Pf(/L\H,p)) sgn(Pf(ﬁp))
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Motivation of orientation flow in odd component

Fort € [0,1] — T; € FBgew,0a(H) with Ker(Tp), Ker(Ty)
one-dimensional define orientation flow

of (te[0,1]—T;) € Zo
fulfilling

(i) concatenation (if) homotopy invariance (iii) normalisation
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Motivation of orientation flow in odd component
Fort e [0,1] = T; € FByew.oa(H) With Ker(Tp), Ker(Ty)
one-dimensional define orientation flow

of (te[0,1]—T;) € Zo
fulfilling

(i) concatenation (if) homotopy invariance (iii) normalisation

Concatenation: For t € [0,1] — T;and t € [1,2] — T; such that
dim(Ker(Tp)) = dim(Ker(7T1)) = dim(Ker(72)) = 1

Of(t€[0,2] T;) = Of(te[0,1] — T;) + OF(t € [1,2] = T;) mod 2
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Motivation of orientation flow in odd component
For t € [0,1] = T; € FBgkew,0a(H) With Ker(Tp), Ker(T1)
one-dimensional define orientation flow

Of,(t S [0, 1] — Tt) € Zo
fulfilling

(i) concatenation (if) homotopy invariance (iii) normalisation

Concatenation: For t € [0,1] — T;and t € [1,2] — T; such that
dim(Ker(Tp)) = dim(Ker(7T1)) = dim(Ker(72)) = 1

Oof'(te[0,2] — T;) = Of (t€[0,1] — T;) + Of (t € [1,2] — T;) mod 2
Homotopy invariance: For t € [0,1] — Ty and t € [0, 1] — T/ with

To = Ty and Ty = T{ having one-dimensional kernels connected via
norm-continuous homotopy in FBgew,0d(7) leaving the endpoints fixed

of (te€[0,1]— T;) = Of (te[0,1] —~ T;)



Motivation of orientation flow in odd component
Normalisation: For t € [0,1] — T; € FBy.w(#) such that
t € [0, 1] — Ker(T;) is constant and one-dimensional

Of(te[0,1]—=T) = 0
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Motivation of orientation flow in odd component
Normalisation: For t € [0,1] — T; € FByew(#) such that
t € [0,1] — Ker(T;) is constant and one-dimensional

of(te[0,1]—T;) =0
Orientation flow not fully determined

Proposition (Doll 2024)

Any path t € [0,1] — T; € FBgew(H) such that Ker(Ty) = Ker(T7) is
one-dimensional is homotopic to a path t € [0,1] — T; € FBgew(#)
connecting To = Ty to Ty = T; such that Ker(To) C Ker(Ty).

Fort € [0,1] = T; € FBgew(#) such that Ker(Tg) = Ker(Ty) is
one-dimensional
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Definition of orientation flow in odd component
Orientation flow w.r.t. real one-dimensional reference projection

P.; € B(#) defined for paths t € [0, 1] — T; € FBw.w(#) such that
dim(Ker(Tp)) = dim(Ker(Ty)) = 1

Ofp, (t € [0.1] = Ty) = Of(t € [0,1] = PLTiPL
if 'DKer(T,-) 7J/— Pl-ef fori = 0,1

ref ref
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Definition of orientation flow in odd component
Orientation flow w.r.t. real one-dimensional reference projection

P.; € B(#) defined for paths t € [0, 1] — T; € FBw.w(#) such that
dim(Ker(Tp)) = dim(Ker(Ty)) = 1

Ofp (t €[0,1] = T;) = Of(t € [0,1] — P

ref TtPJ-)
if 'DKer(T,') J/_ P fori= 0,1

ref

-1 0
te[0,1]— Tot = (1 -0y To0p + tTo (i
te[0,1]— Tyt = (1 —18)T1 + tO; T1 O (i

Orientation flow w.r.t. P.,:

Ofp (t€[0,1] = T;) = Of(t € [0,1] — PL(To* T)PL)  (i=0)

ref ref

Ofp, (t€[0,1] = Tr) = Of(t € [0,1] = PL(T« T1)iPL)  (i=1)

ref

1
f Py L Pur 56t O) = (0 )E@(Spanman(mKer(m)) and

0)
1)
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Definition of orientation flow in odd component

Definition

Lett € [0,1] — T; € FByew(#) be such that To and T; have
one-dimensional kernels and let P.; € B(#) be a real one-dimensional
projection. Then the orientation flow of the path t € [0, 1] — T; w.r.t.
P.: is defined as

Ofp (t€[0,1] — T;) = Of(t €[0,1] — Pt

! p-L
ref7-tP

ref

where

Ti if Pt £ Pier(To)s Pret £ Prer(Ty) »
r_ ) (Tox T if Py L Prer(ryy: Pt £ Pcer(Ty)
(T * T1 )t if P,ef 7[ PKer( To) Pref 1 PKer( Ty) >
(Tox T*To)t if P L Prar(riys Par L Pre(Ty) -
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Properties of orientation flow in odd component
Theorem (Doll 2024)

Lett € [0,1] — Ti € FBgew(H) fulfill dim(Ker(Tg)) = dim(Ker(T7))
and let P.; € B(H) be a real one-dimensional projection.

() Ift € [0,1] — Ker(T) is constant, then Ofp_(t € [0,1] — T;) =
(i) Forte [1,2] — T; € FBgew(#) with dim(Ker(T2)) = 1

Ofp_(t€[0,2] = T)

=1

= Ofpref(t € [07 1] = Tt) + Ofpref(t € [1,2] = Tt) mod 2
(1i1) Ofpref(t €[0,1]—=Tp) = Ofp (t €[0,1] — Ti_y).
(iv) Ofp_(t € [0,1] — T;) = Ofp (t € [0,1] = —T3).
(v) Ift€[0,1] — T] € FBu.w(#') has invertible endpoints
Ofpref(t € [0, 1] ) Tt,)
= Ofp (t€[0,1] — T;) + Of(t € [0,1] — T{) mod 2

v
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Properties of orientation flow in odd component
Theorem (Doll 2024)
Lett € [0,1]— Ty andt € [0,1] — T be such that To = Ty and

Ty = T{ have one-dimensional kernels. If the paths are connected via
a norm-continuous homotopy in FBy.w () leaving the endpoints fixed,

Ofpref(t € [0, 1] — Tt) = Ofpref(t € [0, 1] — Tt/) .
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Properties of orientation flow in odd component
Theorem (Doll 2024)

Lett € [0,1]— Ty andt € [0,1] — T be such that To = Ty and
Ty = T{ have one-dimensional kernels. If the paths are connected via
a norm-continuous homotopy in FBy.w () leaving the endpoints fixed,

Ofpref(t € [0, 1] — Tt) = Ofpref(t € [0, 1] — Tt/) .

Theorem (Doll 2024)

Fort € [0,1] — T; € FBy.w(H) such that Ker(Ty) = Ker(T7) is
one-dimensional Ofp_(t € [0,1] — T;) in independent of P, € B(H).

v
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Properties of orientation flow in odd component
Theorem (Doll 2024)

Lett € [0,1]— Ty andt € [0,1] — T be such that To = Ty and
Ty = T{ have one-dimensional kernels. If the paths are connected via
a norm-continuous homotopy in FBy.w () leaving the endpoints fixed,

Ofpref(t € [0, 1] — Tt) = Ofpref(t € [0, 1] — Tt/) .

Theorem (Doll 2024)

Fort € [0,1] — T; € FBy.w(H) such that Ker(Ty) = Ker(T7) is
one-dimensional Ofp_(t € [0,1] — T;) in independent of P, € B(H).

v

Theorem (Doll 2024)
For any real one-dimensional projection P... € B(H)

OfPref LT (FBskew,od(H)) — Zg
is an isomorphism.

o
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Orientation flow for half-sided Kitaev chain
Kitaev chain described by

1 < V4 Ve (V= V)

O 2\W(vov) —(V+ V*)) EBEEe )

where V =3, |m+ 1)(m| right shift on ¢3(Z)
Insertion of magnetic flux 27« in the cell betweenn—1 € Zandne Z

e _ Z(ema _ 1))

’
Hno = Ho+ Voot Vi, Ve =|n){n—-1|0=
h, o+ VnatVia na = |M{n—1]| 5 (z(e‘m‘—1) (e — 1)

PHS - KHpaK = —Hno, K = <? (1))

Cayley transformation x = (', ")
a€[0,1] = Tha = 16" Hnak € FByew(3(Z) ® C?)
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Orientation flow for half-sided Kitaev chain

a€[0,1]—= Tha = 16"Hnak € IFIBskeW(Ez(Z) ® CZ)

Orientation flow
Of(a ~ [0, 1] — Tn,a) = 1
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Orientation flow for half-sided Kitaev chain

a€[0,1]—= Tha = 16"Hnak € IFIBskeW(Ez(Z) ® CZ)
Orientation flow
Of(a ~ [07 1] — Tn,a) = 1

Restriction H;. . of Hp ., onto right half-line Hilbert space ¢2(N) @ C2

ac[0,1] Trna = 16" Hrnak € FByew(2(N) @ C?)

Ker(T; no) = Ker(T; 1) one-dimensional
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Orientation flow for half-sided Kitaev chain

a€[0,1] = Trna = 16" Hrnak € FByew(£?(N) ® C?)

Ker(T; no) = Ker(T, 1) one-dimensional

Proposition (Doll 2024)

Let P, € B(¢?(N) ® C?) be a real one-dimensional projection, then

1, n>2

0, n<A1
OfF’ref(a € [07 1] = Tf',n,a) = { ’ —

Sketch of proof:

Ker(T; pno) = Ker(T, 1) = Orientation flow independent of P,;

n<1: aec[0,1]— T, p,constant = Orientation flow vanishes
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Proposition (Doll 2024)
Let P, € B(¢?(N) ® C?) be a real one-dimensional projection, then

0, n<A1
1, n>2

Ofp (a €[0,1] = Trpna) = {

Sketch of proof:
n Z 2 Pref = PKCr(Tr,n,O)

Hf,n,t = K,((1 - t)Hr’n’O + tHr’n"])Kz*

:< 0 Zm22|m)(m—1|> —2t< 0 |n>(n—1]>
> mz2 M —1)(m| 0 In—1)(n| 0

One eigenvalue crossing

i n) _ )
Flons (:l:\n = 1>> = x(1-2n (:I:]n = 1>>

= OfPref(a c [0, 1] —> Tr’n’a) . 1



Thank you for your attention!
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